Advanced Topics in Applied Probability
- Introduction to Lattice Models

Exercises denoted by (x) are harder or use additional theory.

Exercises — Set 6

For subsets @Q,, C Z¢, we write Q,, / Z¢ as n 7 o if the following hold:
e the sequence (Qn)nen is increasing, i.e., @, C Qn11 for all n € N, and

e the sequence (Q,,)nen invades Z2, ie., | Q, = Z4.
neN

1. (Uniqueness of thermodynamic limit) Consider the weak limit of random-cluster measures on
Qn = [-n,n]*NZ%, with any fixed boundary conditions ¢ (recall Exercise 1(c) in Set 5). Let Q,, C Z¢
be another sequence @, *Z¢ as n  co. Show that the weak limit is the same:
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2. (Equivalence of 2-Potts and Ising models) Show that the 2-Potts model

7g,2[0] = Z;,exp (/3’ Z 5%,%)7 cex={1,2}V, Z;Q = Z exp (ﬂ Z 5%7%),
a
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is equivalent to the Ising model

Agj2lo] = dexp (g Z O'UUU), ceX={-1,+1}", Zé/2 = Z exp (g Z O'UOU>.

/2 (uw)EE ) (uw)EE

3. (Duality for random-cluster models) Let G = (V, E) be a finite planar graph and let G* = (V*, E*)
be its dual graph. For a random-cluster configuration w ~ ¢, 4.c, we associate the dual random-cluster
configuration w* by setting w*(e*) := 1 —w(e) for all e* € E*, where e € E is the unique edge crossed
by e*. Show that

p* q(l—p)

Pp.giclw] = dpr gvi6- W], where 1—p* D and ¢ =gq.

[Hint: Euler’s formula)

4. (%) (Critical probability for random-cluster models) Fix ¢ > 1. Let
pe(q) = sup{p > 016 (p,q) = 0} = sup{p > 0|6°(p,q) = 0}
be the critical value for the random-cluster model, where 6°(p,q) := ¢>z 72 [0 < oo] for b € {0,1}.
(Recall that the equality p.(q) for both b € {0, 1} follows from convexity of the free energy.)
For example, by using analogous arguments as for percolation (¢ = 1 case), prove that p.(q) > psa(q),

where psq(q) = 1_‘(\% is the solution to the self-duality equation p* = p.

[Hint: e.g. prove that %(psq,q) = 0 using planar duality and the fact that the number of infinite clusters is a.s. 0 or 1.]



5. (Kramers-Wannier duality for Ising model) Let G = (V, E) be a finite planar graph, embedded
in the plane, and let 9°V := {v € V| v belongs to the boundary of the unbounded face of G}. Let g
be an additional “ghost” vertex (geometrically, a new vertex added on the unbounded face of G) and
set OF := {(v,g) |v € 9°V}. We define G := (V, E) with vertices V = V U{g} and edges E = EUJE.

Now, fix 8 € (0,00) and consider the Ising model /\GBB;G on G with plus b.c., with partition function

Z[?G = Z exp (5 Z O’udv>.
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Let G* = (V*, E*) be the dual graph of G, and define 3* € (0, 00) so that tanh 8* = e~27. Show that
2#V" (cosh B)#F" 25, = P#P Z5e5,.

where

ZfrffG* = Z exp(ﬁ* Z auov),

oe{—1,+1}V* (u,v)EE*

is the partition function of the Ising model )\gf‘fa* on G* with free b.c.

6. (Average magnetization in the Ising model) Let G = (V, E)) be a finite graph and Ag ;, the Ising
model on G (with free b.c.) in an external magnetic field of constant magnitude h > 0,
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with partition function (5, h) — Zg p,
Zgh = Z e BHR(o),
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(a) Show that the average magnetization Mg j, in this model (noting that Ag [o,] is just the expected
value of the spin at the vertex v) equals

1 1 0
Mgy == Agnlow] = =7 log Zs 1.
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(b) Show that the cumulant generating function of the total magnetization

m = E Oy

veV

can be expressed as
log Ag.n [etm] =log Zg nyt/p — log Zg n,

and the r:th cumulant of m is

Kr(m) = % (a%)r log Z3 1.

Upon finding mistakes and/or typos, please contact me!



