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Abstract

As extensions to the corresponding results derived for time homogeneous McKean-
Vlasov SDEs, the exponential ergodicity is proved for time-periodic distribution dependent
SDEs in three different situations:

1) in the quadratic Wasserstein distance and relative entropy for the dissipative case;

2) in the Wasserstein distance induced by a cost function for the partially dissipative
case; and

3) in the weighted Wasserstein distance induced by a cost function and a Lyapunov
function for the fully non-dissipative case.

The main results are illustrated by time inhomogeneous granular media equations, and
are extended to reflecting McKean-Vlasov SDEs in a convex domain.

AMS subject Classification: 60B05, 60B10.
Keywords: Time-periodic McKean-Vlasov SDE, exponential ergodicity, relative entropy, Wasser-
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1 Introduction

Recently, by using the log-Harnack and Talagrand inequalities, the exponential ergodicity in
relative entropy is proved in [8] for a class of McKean-Vlasov SDEs, which include as typical
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examples the granular porous media equations investigated in [3], [5]. Next, by using coupling
methods, the exponential ergodicity in different probability metrics have been derived in [I1] for
partially dissipative and non-dissipative models. Moreover, these types of exponential ergodicity
have been investigated in [12] for reflecting McKean-Vlasov SDEs. In this paper, we extend
these results to time-periodic (reflecting) McKean-Vlasov SDEs.

Let D C R? be a convex domain. When D # R?, it has a non-empty boundary dD. In this
case, for any x € 9D and r > 0, let

Npr i ={n€R’: n|=1,B(x—rn,r)ND =0},
where B(z,r) = {y € R : |z — y| < r}. We have
Ny = UpsoMpr #0, € 0D, r > 0.

We call 4, the set of inward unit normal vectors of 9D at point x. Since D is convex, A, # ()
for x € 0D and

(1.1) (r —y,n(x)) <0, y€ D,v € dD,n(x) € A,

Let Z2(D) be the space of all probability measures on the closure D of D, equipped with the
weak topology. Consider the following reflecting McKean-Vlasov SDE on D C R%:

(12) dXt = bt(Xt, D%Xt)dt + Ut(Xt7 D%Xt)th + H(Xt>dlt, t> O,

where W, is an m-dimensional Brownian motion on a complete filtration probability space
(Q,{Z: }>0,P), Zx, is the distribution of X;, n(z) € A, for x € 9D, I; is an adapted increasing
process which increases only when X; € 0D, and

b:[0,00) x R x 2(D) - RY 5:[0,00) x RY x (D) — R @R™

are measurable. When D = R? we simply denote & = £ (D). In this case, we have 9D = ()
so that I; = 0 and (L2) reduces to

(13) dXt == bt(Xt,gXt)dt -+ O't(Xt,gXt)th, t Z 0.

The SDE ([I2) or (L3]) is called well-posed for distributions in a subspace PCP (D), if
for any s > 0 and any .#,-measurable variable X, with Zx, € ,@, (C2) has a unique solution
(X)e=s with Ly, € C([s, 00); 2), the space of continuous maps from [s, c0) to & under the
weak topology. In this case, we denote P}, = Zx, for the solution with Ly, = p € 2. When
s = 0, we simply denote P = Fy,.

In this paper, we investigate the exponential ergodicity of (L2)) and (L3]) with ¢o-periodic
coefficients for some to > 0 :

(bt+toaat+to) = (btuat)v t >0,

such that the corresponding results derived in [8] [I1], 12] are extended to time inhomogeneous
models. By the tg-periodicity and the well-posedness for distributions in &2, we have

(14) Ps*,tlu“ = Ps*—i-nto,t—i-ntolu“a l 2 S Z 0, n e Na H € @
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In this case, a probability measure fiyg € P is called an invariant probability measure, if
Py 1o = fio. Combining this with (IL4)), we see that the measures

s = P&sﬂo, S € [0, t(]]
satisfy
(15) Ps*—i-mto,s—i-(m—i-n)tglas = [, M,M E Z+7 s € [07 to]

Let W: 2 x & — [0,00) with W(u,v) = 0 if and only if 4 = v. We call (L) exponential
ergodic in W, if there exist constants ¢, A > 0 such that P} := Fj, satisfies

(1.6) WP,y nohts fis) < e "W (p, i), n €N, € P, s € 0,1
By (I4), this is equivalent to
WPt st (mnyto s Bs) < ce™ W (u, fis), n,m € Zy,u€ P, s 0t

So, we will only consider ([L6l).

The remainder of the paper is organized as follows. In Sections 2-4, we study the exponential
ergodicity for ((L3]) without reflection, where Section 2 considers dissipative models for W being
the quadratic Wasserstein distance Wy or the relative entropy H, Section 3 concerns with
partially dissipative models with W = W, induced by a cost function 1, and Section 4 deals
with fully non-dissipative models for W = W, 1, induced by a cost function ¢ and a Lyapunov
function V. Finally, these results are extended in Section 5 to the reflecting SDE (I.2) on a
convex domain D.

2 Exponential ergodicity in relative entropy and W,
Corresponding to [3, [, 8] where the exponential ergodicity in entropy is investigated in the

time homogeneous case, we consider the exponential ergodicity in relative entropy for (I.3)).
Recall that the relative entropy for probability measures piq, o € &2 is given by

pa(plogp), if p= G4,
H = H2
(alp2) { 00, otherwise.

For the symmetric diffusion process generated by L := A+ VV on R? with fi(dz) := ¢"@dx €
. the exponential ergodicity in H with rate A > 0 is equivalent to the log-Sobolev inequality

A log ) < SRV IP), f € CHRY, (/) =1,

where p(f) := [ fdu for a measure p and f € L*(p). According to the concentration property
of the log-Sobolev inequality (see [1]), there exists ¢ > 0 such that i(e°I”") < oo, so that by
Young’s inequality, H(u|i) < oo implies

u(l - 1) < e {H(plm) + log e ) } < oc.
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Therefore, to investigate the exponential convergence in entropy, it is natural to consider dis-
tributions in the Wasserstein space

Pri={pe @ u-]P) < oo},

which is a Polish space under the quadratic Wasserstein distance

%
Wo(p1, po) == inf (/ |95—y|27f(d95>dy)) s s plo € P
R4 xR4

TEC (11,142)

2.1 Assumptions
Let d, be the Dirac measure at x € R?. We assume

(Hy) 6:(0,00)]4]l0¢(0, o) || is locally integrable in ¢ > 0, and there exist Ky, Ko, K3 € L}, ([0,00); R)
such that
low(z, 1) — o2y, V)II* < Ks(t) (lv — yI* + Wa(p,v)?),
2(be(, ) = by, v),x = y) + low(w, 1) = ooy, v) s
< Kl(t)|x - y|2 + KQ(t)WQ(:u> V)27 t>0,z,y € Rdmu> Ve 322-

According to [0, Theorem 3.3] (see also [10]), under this condition the SDE (I.3]) is well-posed
for distributions in &5, and

(2.1) W (Pl g, Phyv)? < els SO0y, (4 1)2 > 5 > 0,0 € P,

s

To deduce from (2.1]) the exponential ergodicity in entropy, we need the following condition.

(Hs) oi(x, ) = o4(x) does not depend on u, oo™ is invertible, and there exist increasing positive
measurable functions A, k1, kg such that

200w, 1) = be(y, v),x — )" + llow(@) — ou(y)lls

< 1t — yl* + ra(t) | — y[Wa(p, v),
I(o0?) (@)l < A®), t=0,2,y €RY p,v € P,

Obviously, (Hs) implies (H;) for Ki(t) = k1(t) + B and Ks(t) = “Z(B?Q for 5; > 0, but in
applications we may take better choices of (K7, K5) than that implied by (Hs). For any ¢ >
s >0, let

A(s,t) := sup A(r), Ki(s,t) = sup r;(r), i=1,2.

r€(s,t] re(s,t]

We intend to establish the following type of estimate
(2.2) HL(P!ul P ) < o(s, DB (uly), t > 5,1 € 2,

for a reasonable class of measures v € &,. In the time homogeneous situation, one takes v as
the invariant probability measure so that P;,v = v for all ¢ > s.

4



As explained above, to derive (22), we need to establish the log-Sobolev inequality for
P, To this end, we apply the Bakry-Emery curvature for the associated time-distribution
dependent generator of ([L3]):

1
L, = §tr{athV2} +bi(,p)-V, t>0,p€ P
According to [4], we introduce

Li(f.9) = ={ow0;V [, Vg), f.g€CRY,

D5 ) = gLl F) = T L) + 50TLF ), f € GRS,

(NN

(2:3)

To make I'? ., meaningful and also for late use, we assume

(H3) A= ||o¢]|ee € L},.([0,00)), at leat one of the following two conditions holds:
(1) oy is constant for each ¢ > 0;

(2) o(z)is C'int and C? in z, by(x) is C! in x, and there exists a function y € L, ([0, 00); R)
such that
U2 (F ) =wLi(f f), t>0,feC(RY), pe P

Finally, for any constant ¢ > 0, we write v € T, if v € & satisfying the Talagrand inequality

(2.4) Wo(u,v)* < cH(plv).

According to [2], this inequality is implied by the log-Sobolev inequality
(2.5) v(f*log f*) < e([VfP), fe€CyRY),v(f*) =1,

for which we denote v € Log..

2.2 Main results
Theorem 2.1. Assume (Hy) and that (L3) is ty-periodic for some ty > 0 with

to
(2.6) Aie —/ (K, (1) + Fo(r)}dr > 0.
0
(1) (C3) has a unique invariant probability measure fig such that
(27) WQ(PS*,SJ,-ntOIU“a ﬁ8)2 < e_nAW2(u>ﬂs)2> He 322977' € N> s € [O>t0)

(2) If (H2), and one of (H3)(1) or (Hs)(2) with fgo vsds > 0 hold, then there exists a constant
¢ > 0 such that for anyn € N, up € &5 and s € [0, ty),

(28) max {H(Psis+nt0/“1“|ﬁ8)’ WQ(Psis—i-ntO/J“? ﬁ8)2} S Ce_An min {H(/J““js)? W2(/J“? ﬁ8)2}‘
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To illustrate this result, we consider the time-dependent version of granular media equations
studied in [3, Bl §]. Let V € C%2([0,00) x R%) and W € C%2(]0, 00) x R??) such that

(2.9) / e @y —I—/ e VHOViWAWEY) qdy < 00, A > 0.
Rd RdxRd

Consider the following PDE on %, the space of all probability density functions on R? such
that the corresponding probability measure is in H:

where for a probability measure p or a probability density function p

Wep= [ W(yudy), Wep:= [ W(, y)p(y)dy.

R4 R4

We will use V) and V@ to denote the gradient operators in the first and second components
on the product space R? x R?, so that

IVOVOWi(a,g)| = sup  [VOVOW,(a,y)l, t> 0,2,y € R

u,0ERY, Jul,[v]<1
where V,, stands for the directional derivative along u. We let

IVOVEW, |l = sup [VIVEOW,(z,y)].

z,ycRd

For any probability density p on R? and any s > 0, let P,p be the solution of ([2.I0) for ¢ > s
and ps = p. When (V,,W,) is ty-periodic, py € %, is called an invariant solution of (2.9) if
B3P0 = po- In this case, let

ps := Py po, s€0,t).

Moreover, for any two probability density functions py, ps,
H(p1|p2) := H(p1(z)dz|pz(z)dz).
Let I; be the d x d identity matrix.

T1.2| Theorem 2.2. Let (Vi, W;) be ty-periodic for some ty > 0, and there exists v € Ljoe([0, to]; R)
such that \ := JO Yedt > 0 and

(2.11) Hessv, i) > (3 + IVOVOW, |lo) L, t € [0,10), 2 € R
Then (ZIQ) has a unique invariant solution py € Py such that

max {W2(p578+nto (ZE)CL'L', Ps (I)dl’)2, H(Psis+ntop|p5)}
< ce” min {Ws(p(z)dz, ps(z)dz)*, H(p|ps)}, neN,pe Zo,s€[0,tg).

(212



2.3 Proofs

We first prove the following lemma which also applies to the non-periodic case.

Lemma 2.3. Assume (H,), (Hs). For anyt > s >0, let

t t— t)?
PHI| (2.13) Pst = A(s,t)<1 fls_s;l()&t) + ( S>gz<s’ ) ez(t‘s)“l(””@(“).

(1) Foranye > 0,c>0 andv €T,

H(P] | PSv) < d atef (K1t K2)(ndryy, (1, v)?
< oy stef (Frt-Kz) (TdTH( v), t>s+¢e,5>0pu€ Ps.

(2.14)

(2) If (H3)(2) holds and v € Log. for some constant ¢ > 0, then

H(P, tlu| t’/) < ¢te TR dTW2( Ps*,rl/)z
S 0(87 T>¢t—€,tef: “E+HER) ) dTH(IU" s,ry)7 t Z T+ &,r Z S Z 07 % € 932

2.15)

holds for

c(s,r) = cA?A(s,r)ze_”er@de + 4Af/ o227 w0qr > 5> 0.

Proof. (1) By [10, Theorem 4.1] or [6, Theorem 4.1], assumption (Hs) implies
H(P! | Pl w) < ¢ W, v)?, t>5>0,p,0€ Ps.
So, for t > s + ¢ we obtain
(216)  H(PIulPiw) = B(PL o Py il P Pl ) < b WPy, Py )
Next, by [L0, Theorem 3.1], assumption (H;) implies

Wo (P, Pry_v)® < o2 I IR Ay, (4 1)2,

sts

Combining this with (ZI6]) and applying ([2.4) we prove ([2.14).

(2) Noting that P},v = P},(P;,v), to deduce (Z13)) from (Z.I4) we need only to prove
Prv € Ty, which follows from P v € Log.(s- To this end, we let v, := PJ,v and consider
the decoupled (classical) SDE of (IEI)

DCP| (2.17) AX? = by(X7, vp)dt + oy (XP)AW,, t> 5, XY € R
For any € &, let (PY,)*'n = Lxy for Lxv = p. Then

(2.18) Plv=(P/)v, r>s
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Now, for v € Log., ||(cs07)7| < A(s) implies

(8) (\U*Vf °

f
According to [4, Theorem 4.1} for the time inhomogeneous Markov semigroup associated with
(ZI7), we remark that in this result I'(f) is misprint from @ (see Lemma below for
D =RY), (Hs) and ([ZI7) yield that v, := P} v = (PY,)*v satisfies

* 2
c(s,r) " ( o7V £l
12 7

Sine [0, || < A, this implies P;,v € Ty, as desired.

(2.19) v(flog f) < ), 0<feCHRY,u(f) =1,

(2.20) v,(flog f) <

), 0< feCHRY, v(f) = 1.

O

Proof of Theorem[21. By shifting a time s € [0, ¢y), for simplicity, we only consider s = 0.

(1) By (26) and the ty-periodicity, the uniqueness of fip and (Z7)) follows from ([ZI]). So, it
suffices to prove the existence of [ig.

Take

(2.21) fin = P00, n €N

We intend to prove that i, converges to some [y € &5 as n — 0o, so that by a standard
argument using the semigroup property of P := ;.

P =P'P* nm¢cZ,,

n+m n-m?

we conclude that jig is an invariant probability measure. To this end, it remains to show that
{ptn}n>1 is a Wo-Cauchy sequence, i.e.

(2.22) lim sup Wy (fin, insx) = 0.
n—o0 k)Zl
By (1)), (C4) and (20), we obtain
(2.23) Wo(fn, pnyn)? < e o7 IRy, (5, P 60)2 = e B[ X |,

where X; solves (L3) with X, = 0. By taking y = 0,v = Jy in (H;), and noting that the
periodicity and (Hs) implies that [b.(0, )| + ||o¢(0)|| is bounded and ||oy(z)|| < ¢o(1 + |z|) for
some constant ¢y > 0, we find constants ¢q, co > 0 such that

2(be(, ), @) + llow(@) s

= 2(b(, 11) = 0:(0,80), & — 0) + [loe(x) — 02(0) I35
+2(be(0, 00), 2) — [lo2(0) |5 + 2(o2(2), 02(0)) s

< Ki(t)|z* + Ka(t)pu(] - 1*) + er(1 + |)

A
<ot (Kat) g ) la + Kool 1), £ 20,2 € R e P
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So, by applying It6’s formula to (IL3]) for Xy = 0, we obtain
X% < {(Kl(t) + 2%) X2 + K2(t)E|Xt\2}dt +dM,
for some martingale M;. By Duhamel’s formula, this and Xy = 0 implies
(2.24) E|X,|? < s / ol (2 350)dr g ¢ > ),
0
By (28] and the to-periodicity, we obtain

s+kio A Mk
/ (Kl(T)+K2(T>+—>dT:——<O, SZO,]{JEZ+.
s 2t 2

So, letting 7] :=sup{n € Z; : r > n} for r > 0, by (224) we find a constant C' > 0 such that

sup IE|)Q|2 < sup ey

b Alt=9)/to) | pt A
/ o K (A K (r)+ g ldr g
>0 >0 0

(2.25) .
_(t=s)A 20

<C [ e 2 ds < — < 0.
0 A

Combining this with (Z23]), we prove the desired ([2:22).
(2) By @2I3) and (2.7), it suffices to find a constant ¢ > 0 such that fig € Log..
a) When (H3)(1) holds, let {Ps;):;>s be the semigroup associated with the SDE

(2.26) dX; = by (Xy, fig)dt + o dW,,
that is, letting (X;E,t)tzs being the solution starting from x at time s,
P f(x) =Ef(XZ,), f€ B[R t>s.
By (H,) which implies K5 > 0, we have
2(bi(, fio) — bi(y. fio), x —y) < Ki()]w =y, 2.y € Rt >0,

(2.27) '
/ Ki(s)ds < =\ < 0.
0
Then P, := POJ satisfies
(2.28) VD, f| < e i K1&Mds p 17 £ < e 2 /0P Vf| ¢ > 5> 0

for some constant ¢; > 0. So, for any f € C}(R?),
t
_ _ _ d. . _
P(f*108 f*) = (Puf*)log(Pif?) = / 3o Pl (Posf?) og(Py, %) }ds
0

t *\7 D 2|2 t
:/ pS|O'SV_Ps,tf | ds <C§/ ||O_8||2e—>\L(t—s)/tonSpSt|vf|2d8
0 Ps,tf2 a 0 7
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By the tg-periodicity and ||o.||* € L*([0, t]), we obtain

Lt/to] (it 1yto

/ HO_ H2 Al (t—s /tOJdS < Z / HO_SH2e—)\(Lt/t0J—i—1)dS
< (/ ||<78||2ds) Ze_(i_l))‘ = c<oo, t>0,
0 =0

so that there exists a constant ¢ > 0 such that
Pi(f*log f?) — (Pf*) log(P.f?) < cP|Vf|?, t>0,f € CHRY).

Moreover, by [227), ([226]) is exponential ergodic with unique invariant probability measure
fio as it reduces to (L3)) when L%, = [io. By taking ¢t = nty and letting n — oo, we prove
tn € Log. for all n > 1.

b) When (H3)(2) holds with ~ := foto vsds > 0, we apply Lemma for s =0 and v = d.
Then (2.19) holds for ¢ = 0, so that by the tg-periodic and 7 > 0, we find a constant ¢’ > 0
such that

nto }
c(0,nto) = 46; / e 2l w¥r < ¢/, neN.
0

Moreover, by [2.20), i, := Fy ;00 satisfies

c(0,nt .
108 £ < SO 101,V ) < clOuntahnal(97),0< £ € G, ol £) = 1.
0 lloco
Therefore, p, € Log. for all n > 1, which together with ([27)) implies jig € Log, . O

Proof of Theorem[2.2. 1t is easy to see that for any s > 0 and probability density function p,
P;,p is the density function of Z%, for X; solving (L3) from time s with Zx, = p(x)dz and

(2.29) o(x) = V214 bz, p) = -V{V,+ W, ®p}(x), t>0,2€]R ue P
Then (ZII) implies
2(bi(z, 1) = be(y,v), v —y) = 2(be(@, p) — be(y, v), @ — y) + 2(be(y, 1) — be(y,v), x — y)
=2 [ 1(@2) [ (Hessmole +rly — )o = 0) — u)ar

+ 2 (VIWily, ) = n(VIWily, ), 2 = y)
< =2+ [VOVEOW o)z = y[? + 2 VEVE Wi |oo |z — y Wi (11, v)
< =203+ [VOVEW o)z =y + 2| VOVE Wi |aoz = y[Wa(p, ).

Thus, (H;) holds for
(2.30) Ki(t) = =27 — [VIVOW ||, Ky(t) = [VOVEW |,
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and (Hs) holds for

kkt] (2.31) kri(t) = =2(7 + [VOVOW ), ka(t) = 2| VIVEW,| .
Moreover, since ¢ is constant, (H3)(1) holds. Therefore, the proof is finished by Theorem
21 0O

3 Ergodicity for partially dissipative models

For any ¢ € U = {9 € C*([0,00)) : 1(0) = 0,9’ > 0, [|¢)'||oo < 00}, let

Py={pe P pi(-1) < oo},
Wolwr)i= nt [ (e = y)n(dedy), pove 2,
T€C (V) JRd xRA
Then &2, is complete under Wy, i.e. a W, -Cauchy sequence in &, converges with respect to
W, Let || - ||zip be the Lipschitz constant for functions on RY. We assume

(H,) (Ellipticity) o¢(z, ) = o4(x) does not depend on g, and there exist « € L}, ([0, 00); (0, 00))
and a measurable map
6:[0,00) x R" - R @ R?
such that
sup {lov|lzip + 16¢ellzip} < 00, T >0,
te[0,7]

oi(z)oy(x)" = auly + G1(x)6y ()", t> 0,2 € RY,

(Hs) (Partial dissipativity) Let ¢ € ¥, v € C([0,00)) with v(r) < Kr for some constant
K >0 and all » > 0, such that
(3.1) 200" (r) + (v)")(r) < —ke0(r), 7 =0

holds for some x € L}, ([0, 00); R). Moreover, b is bounded on bounded subsets of [0, 00) x

loc

R? x 22, and there exists 6 € L},.([0,00); (0,00)) such that

loc
1. . .
(3.2) (Or(, p) — be(y,v), @ —y) + §H0't($) —61(y)l s
< |Zl§' - ?J|{9tww(ﬂ, V) +7t(|x - y|)}a t> O>$ay € Rdnu“al/ € yﬂ”

Theorem 3.1. Assume (H,) and (Hs), with ¢" <0 if 6, is non-constant for somet > 0. Then
([L3) is well-posed with distributions in &y, and P} satisfies

(3.3) Wy (P, Pyv) < e holma=0ellddogy, ()t >0, 5,0 € 2.
Consequently, if (by, oy) is to-periodic, V' (t) < CY'(s) for some constant C' > 1 and allt > s >
0, and

to
A= / {Kks — 0,]|¢||oo }ds > 0,
0
then ([L3) has a unique invariant probability measure fig € Py such that
(3'4) Ww(P;,erntoM’ ﬁs) < e_n)\Ww(/“’L’ ,as)a neNpe ‘@w’ s € [O>t0)'
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Proof. As explained in the proof of Theorem ] that we only consider s = 0. The well-
posedness and ([B.3) follow from [I1Il Theorem 3.1] by using coupling methods. So, it suffices to
prove the existence of the invariant probability measure jip when A > 0 and the coefficients are
to-periodic. Let zy € RY. It suffices to show that the sequence {P;:tocsxo}nzl is a W-Cauchy

sequence so that its limit is an invariant probability measure of (IL3]). By (B3] we have

Ww(P* 5960’ P(*n-i-m)to(sxo) < Ce_")‘Ww((SxO’ Py

nio mio

Oz)s Mym > 1.
Since A > 0, it suffices to prove

(3.5) sup Wy, (84, P

mito
m>1

Ozy) < 00.
By ¢/(t) < C¢/(s) for t > s, we have

s+ 1) —(s) = / T (< / $(r)dr = Cut), 5.t 0.

This implies

n

¢(Zsi> < Ciw(si), s;>0,n>1.
=1

i=1

Consequently, by (B3] and A > 0, we obtain

n—1 0o
Ww(éxo’ P;:t()(sx()) <C Z Ww(PiTto(sxm P(j;'-i-l)toéxo) < dei(éxo’ Ptt)éxo) Z e < o0,
=0 =0
Therefore, (B.5) holds. 0

To illustrate Theorem [3.1], we present below an example associated with time-inhomogeneous
granular media equations. Let W; = W, and 2, (R?) = 22,,(R?) for o(r) =r.

Example 3.1. Let a € L'([0, ] : (0,00)) and

Vi[0,tg) x RT =R, W:[0,t] x REx R* = R
be measurable with V; € C?(R9), W, € C%(R? x R?), and for some constants R, 0;,0; > 0,
(3.6) Hessv, 1wy () > (92at1{|,|>3/2} — Hlat1{|.|SR/2})Id, t€10,t0], 2 € R%
Consider ([L3]) with to-periodic coefficients
(3.7) or = aly, bz, p) = —-V{V,+ W, ®u}(x), (t,x,1) €[0,t] x R x 2.

Let y(r) = 61(r A R) — O(r — R)™ for r > 0, and

»(r) ::/ e_IOSV(“)d“dS/ telorduqy >,
0

s

12



Then
c1(¥) :==1nf ' (r) >0, ca(v) :=supd'(r) < oo.

r>0 r>0

t 1v7(2

Yooy ||V( Aval )Wt||oo

A= 2/ — dt > 0,
0 <C2(¢) c1(¥) )

then (3] has a unique invariant probability measure fip € & such that

If

Wy (P 14 fig) < e_)‘"Wd,(,u,ﬁo), neN,ue P =P,y

Consequently,
2(¢)

(¥
Proof. Tt is easy to see that ¢ € C*(]0, 00) with ¢/ > 0 and

Q

Wi (P, s fio) < e MWy (, fig), n €N, u€ 2.

~—

00 tef(f Y(u)du ¢ r 1
. / 1 fT’ = lim —— = —-
A y(r) = lim e M = T 6

So, 0 < ¢1(¢) < (1) < o0 and

c1(P)Wy S Wy < co(4) W
By Theorem B it suffices to verify ([B.1) and (3.2)) for

2 2a
3.8 r) = 2ay(r), 0 := ——||[VOVOW, |00, ke := L.
( ) %( ) tf)/( ) t Cl(w> H t“ t C2(¢)
Firstly, by the definitions of v and v, v, := 2ayy in (B.8) we have
2
20,0 (r) + 20,(¥/7) (1) = =207 < ———4j(r), 7 >0
ca2(1)

Then (B holds for v, and x; in (3.8)).
Next, by [B:6) and ([B.7), we have 6 = 0, and as in the proof of Theorem 2.2]

200z, 1) = be(y, v), @ — y)

= -2 /[Rd p(dz) /01<Hessvt+wt(.7z)(x +r(z—y))(r—y),r—y)dr
+2(r(VIWi(y, ) — n(VIOWi(y, ), 2 — y >

< 20z —y/? /0 1 (OraeLjorr(y—o)i<r/2) — 02041 {fosr(y-a)|=R/2) ) AT
+ 2|VIVEOW, || Wi (1, )|z — ]

2
<2l — yhy(Je = yl) + —=VOVOW, [laolz — y[Wy (1, v)
a1 ()
holds for any t € [0,ty], =,y € R? and p,v € P, = £,. Hence, [B2) holds for v, and 6; in
BS). 0
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4 Ergodicity for non-dissipative models

We consider the fully non-dissipative case such that [I1, Theorem 2.1] is extended to the periodic
setting. For any ¢t > 0 and p € &2, consider the second-order differential operator

1
LM’ | (4.1) Ly, = itr{atafvz} + b () - V.
For any positive measurable function V' on R, let
Py ={peZ:ulV) < oo}
(H7) (Lyapunov Condition) There exist 0 < V' € C*(R?) with lim|, e V(z) = oo and Ky, K €
L},.([0,00); R) such that
H11| (4.2) sup lo(t, 2)VV(x) < 00,
t>0;x€R4 I+ V(SL’)
(4.3) L,V < Ko(t) — K1(t)V, t>0,u € Py.
Since lim,|o V(2) = oo, [@3)) controls the long distance behaviour of the associated

stochastic system. To ensure the exponential ergodicity, we also need conditions in short
distance. For any [ > 0, consider the class

Uy = { € C*([0,1;]0,00)) : %(0) =3'(1) = 0,¢| gy > 0}

For each ¢ € ¥,, we extend it to the half line by setting ¢(r) = ¥ (r A l), so that ¢ is
non-negative and Lipschitz continuous with compact support and

o TV (1)
(4.4) Cyp 1= ?EIO) o) < 0.

For any constant 3 > 0, define the quasi-distance on 2y (R?):

Wy sv(p,v) ;== inf /Rd Rdw(lfﬁ—y\)(l + BV (x) + BV (y))m(dx, dy), p,ve Py.

WS ARY)

To prove the exponential convergence of P} under Wy, gy, the dependence on distribution for
the drift will be characterized by

Wy oy (i, v) = inf Jparga 0z —y))(1+ BV () + BV (y))7(dz, dy)

R et (1) [garga V(|7 —y)(1+ BV (x) + BV (y))7(dz, dy)
> WIﬁﬁV(Ma V)

W lo(L A+ Bu(V) + (V)

(4.5)
W,V c gzv.

14



(Hg) (Local monotonicity) b is bounded on bounded set in [0, 00) x R? x 2. Moreover, there
exist [ > 0,9 € ¥; and u;, K,0 € L. ([0,00); [0, 00)) such that

200" (1) + K/ (r) < —wy (1) (r), r€[0,1],t >0,
L. A 2
(be(x, ) = be(y,v), x —y) + §||<ft(af) — 01yl 7
< K|z —y)? + Oz — y[Wy v (u,v), z,y€ R pve Pyt >0,

By (H7), for any [ > 0 we have
Ki(t)V(x) + Ki(H)V(y) — 2Ko(1)

AAO| (4.6 ki g(t) == inf eR,
(46) nplf) = ik BT+ V(z)+ V(y)
and when K;(t) > 0 and [ > 0 is large enough, x;g(t) > 0. Moreover, (H,) and (H7) imply

[VV(z) = VV(y)|
ap(t) :=Cy sup
(4.7) |lz—y|€(0,0) { "N —y[{B 1+ V() + V(y)}

T {o:(x) = 6:(y)}(6:()*VV)(2) + (@(-)*VV)(y)]I} < 00
lz —y{B1 4+ V(z) + V(y)} '

For Ko, ki3, and u; given in (Hy), (Hs), (£0) and (£1), let

AA2 (48) Al’ﬁ(t) ‘= min {Iilﬁ(t), ul(t) - 2K0(t)ﬁ - Oél’ﬁ(t)}, t Z 0.
Theorem 4.1. Assume (Hy), (H7) and (Hg), with ¥" < 0 when 64(-) is non-constant. Then

(L3) is well-posed for distributions in Py, and P} satisfies

(49) W¢75V(Pt*u> Pt*V) <e fg{)\m(S)_es}dSW¢ﬁV(Ma V)a t>0,u,v € Py.

Consequently, if (o4, b)) is to-periodic and

to to
A= / {\ip(s) —0s}ds > 0, / K, (t)dt > 0,
0 0
then (L3)) has a unique invariant probability measure fig € Py such that

(4.10) W50 (Pl sntohts fis) < € "Wy gy (1, fis), n€N,p€ Py,s € 0,t).

Proof. The well-posedness and ([A9) is included in [11l, Theorem 2.1]. So, it suffices to prove
the existence of invariant probability measure g € & for the tyg-periodic case with A > 0.
Again, for (I0) we only consider s = 0. Let 2y € R%. By (1) we have

Wy gv (P, 0u, P,

nto

n+mt05 ) e_AnW¢7gv(5xo,Pmt05 ), n,le

Therefore, it suffices to prove

PRW| (4.11) sup EV (X, ) < 00 for Xo = o,

m>1

15
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which together with the above inequality implies that { Py, 6z, }n>1 is a Wy, g1-Cauchy sequence
and its limit is an invariant probability measure in &?y,. By ([@3]), 1t6’s formula and

(n+m) to
/ Kl(s)ds:n/ Ki(s)ds =:nXg >0, n,meN,
0

m

we obtain we obtain

nt nt() nt
EV(XntO) < V(g’;o)e_ Jo "0 K1(s)ds + / |K()(S)|e_ S K1(T)drd8
0

(i+1)t C Kyf Sy Ki(r)r g
V(zo +Z | Ko(s)le 0 s

+ <Zoe—(n—i—1)/\o>/0 C|Ko(s)|ds, n>1,

which is bounded in n > 1 since Ao := [,° Ky(t)dt > 0. So, @) holds. O

In the following example the SDE includes a class of fully non-dissipative models, for instance
when VDTV > 0, in the sense that

sup <bt(x>ﬂ)_bt(yau)>z_y> >0, 7’>0,/L€<@.

jo—yl=r

Example 4.1. Let a € C([0,t]; (0,00)), by € C*(R?) with by(z) = —|z|P~1a for |x| > 1, and
W, € C?(R? x RY) measurable in t € [0, to] with

(4.12) IVOVOW oo + [VIWi||oo < ey and [|[VIVIW, || < oy
for some constant ¢ > 0. We take ty-periodic (b, o) with

p(VIOWy(, -))
T+up(V) 7
or = Jaly, (t,x,1) €[0,t] x R x Py,

by(x, i) == aybo(x) +

where V(z) := el*” for some p € [3, 1]. Moreover, let

(4.13) W (, v) = mf‘4dWGAM—yM1+V@%Hthm%@A

WSAVRY)

Then when £ > 0 is small enough, (L3) has a unique invariant probability measure g such
that

WV(P5i5+ntOM7ﬂS) < Ce_AnWV(Mnas)u n e N7 He gZV7 s € [07 t(])

holds for some constants ¢, A > 0.
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HH1

HH2

Proof. 1t is easy to see that (H;) with
(414) KO = Oéteo, Kl(t) = atﬁl,

holds for some constants 6y, 60, > 0, (Hs) holds for 6 = 0. Next, let Dy := || V|| + 6 and let
[ > 0 such that in (4.0])

(4.15) kis(t) == inf 0V (x) + 6,V (y) — 26

> kooy, te(0,t
ooyl B+ V() + V(y) = o 0, %]

holds for some constant ky > 0. Now, we take ¢» € ¥; such that

20" (r) + Doy (r) < —Dyp(r), r €10,]]

holds for some czpnstant Dy > 0, for instance 1) and D; are the first mixed eigenfunction and
eigenvalue of 2;? + DO% on [0, ] with Dirichlet condition at 0 and Neumann condition at .
Then the first inequality in (Hg) holds for

(416) f(t = OétDo, ul(t) = DlOét, t e [O,to]

Moreover, noting that |V (z) — V(y)| < coto(|Jz — y|)(1 + V(x) + V(y)) holds for some constant
co > 0, we find a constant ¢; > 0 such that

AT (1) ~ATOW ) IVWhelilV) — (V)
blea) =t <« (i om, T AN ) )

(
crea { W V(M, v)
ST )w V(v )§C1€5 atW¢BV(M7 V).

Combining this with Dy := || V0’|« 4 6 and [@I2)), we obtain the second inequality in (Hg) for
the above K, := a; Dy and

(417) Ht = Cléﬁ_l@t, t e [O,to]

Since (7)) implies oy g(t) — 0 as 8 — 0, by (@), (1), (@I5), (EI6) and (@IT), there exist

constants [3,e9 > 0, k; such that for any ¢ € (0, ¢
Aip(t) — 0, > ki, tel0,t).
Then the desired assertion follows from Theorem [A.1] and the fact that
C™'Wy < Wy 5y < CWy

holds for some constant C' > 1. O
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5 Extensions to reflecting McKean-Vlasov SDEs

In this section, we investigate the exponential ergodicity for the reflecting McKean-Vlasov SDE
(C2) on a convex domain D. By the convexity, the reflection on boundary does not make any
trouble in the proofs of previous results on ergodicity, so that all these results work also for

@2).
Let TOD be the tangent space of 9D, which is well defined when 9D is C*.

Theorem 5.1. Let D be conver, b,o € C([0,00) x D x P,(D)), and in (Hy)-(Hs) we use
(D, P5(D)) to replace (R, Py), and in (Hs)(2) assume further that OD is C* and there exists
a measurable function h : [0,00) X 0D — [0,00) such that

(5.1) ({Vulow]) v, v)lop = 0, (0r07v — hyv)|op =0, v € TOD,t > 0.
Then assertions in Theorem 211 holds for (L2) replacing (L3).

Proof. By [12, Theorem 2.6], (H;) implies that (L2) is well-posed for distributions in 2y(D)
and satisfies

(5.2) Wo (P, Pyv)? < eh K1OTKdsyy, (1 1) v € Py(D).

Let xg € D. Since D is convex, we have (z — zg,n(z)) < 0 for x € 9D, so that as in the proof
of Theorem 1] by (H;) and applying 1t6’s formula to | X; — zo|* for Xy = x4, we obtain

A
d[X; — 202 < {c + (Kl(t) + g) X, — 202 + Ka(t) E| X, — :c0|2}dt +dM,
0

for some martingale M;. Since A > 0, this and the proof leading to ([Z27]) gives the same
estimate, so that by (B.2]) we prove the first assertion.
Under (Hs) holds, by [12, Theorem 2.4], there exists a constant ¢; > 0 such that

(5.3) Wy Py, Pav) < elH(plv), p,ve Py(D).
So, as in the proof of Theorem 2.] it remains to prove the Talagarnd inequality

(5.4) Wi (p, io)* < coEnt(ulfio), p€ Pa(D)

for some constant ¢y > 0. o
~ When (H3)(1) holds, by the convexity of D, for (X7, X}) solving the following SDE with
Xy =ux,X{eD: ) B )
dXt = bt(Xt> ﬂo)dt + O-thVt + n(Xt)dlt,
(H,) implies ) ) ) )
d X7 — X/ < K (8)|XF - XP|2dt, t>0,
so that B B ) B
Xp = X2 <eh MO0y wyeD, t>0.

Thus, the associated P; satisfies the gradient estimate ([2.28). Then (5.4]) holds as shown in the
proof of Theorem 2.1]

When (H3)(2) holds, the corresponding proof in that of Theorem 2] also works provided
Lemma 2.3/(2) holds for (I2)). According to its proof it suffices to prove [4, Theorem 4.1] for
(L2), which is included in the following Lemma O
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Let T'} and T’y be in Z3) for o4, b; not depending on x on a convex C? domain D replacing
RY, where by(z) is Ct in z, o4(z) is Ct in t and C? in z. Consider the reflecting SDE

E1° (55) dX&t = bt(X&t)dt + Ot(Xs,t)th + H(Xt)dlt, t Z S.
Let P;,u = Zx,, for the solution with Zy, ; = p. The generator is
1
L, = §tr{ata;‘V2} +b,-V, t>0.

We have the following lemma, which extends [4, Theorem 4.1] to the reflecting case.

i

N2| Lemma 5.2. Let {Pi}i:LQ,tZ() be in 23) on a conver C* domain D replacing R? for o,, b, not
depending on p, and let (5] hold. Let v € L}, ([0,00);R) such that

loc

(5.6) L2(f, ) =l (f, f), fe D).

Let s >0,q, > 0 and v, € (D). If the log-Sobolev inequality

(5.7) vs(f?log ) < dqus(Ti(f, f)), [ € Co(D),ws(f*) =1
holds, then for any t > s, vy := P;,vs satisfies

(5.8) vi(f*log ) < dqui(Ti(f, ), [ € Cy(D),n(f?) =1,
where

t
(5.9) g = qee 2 rdr +/ e 2frmduqy ¢ > s

Proof. Let Py, f(x) := (P;,0.)(f). We first prove

(510) \/Féo(PSOﬁlf? PSO,Slf) < e_fsol %dtpso,m \/ F;(fa f)> S1 > S0 > 0.

for f € C(D).
By the Bochner-Weitzenbock formula, the inequality (5.6]) is equivalent to

VI (f PP
AL (S F)

Next, since 0D is C? and convex, the second fundamental form is non-negative, i.e.

(5.11) L3(f f) = wLi(f f) + , feCRY).

I(Vf,Vf)(z):=—(Vym,Vf)(x) =Hess;(n,Vf)(x) >0, feC*D),Nflop=0,2¢€ D,

where the second equality follows from Vy;(n, Vf)|op = 0 due to (n, Vf)|sp = 0. Combining
this with (B.1), we see that for any f € Cp°(D),s1 >t >0, and x € 0D,

<Il, VF;(PLSL]&’ Pt,81f2)>(x)
= ({Va(0107)}V P, f2, VP, [2)(2) + 2Hessp, , 2 (n, (0:07)V Py, f2) () 2 0.
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Combining this with (EI1]) and applying It6’s formula to (B.5]), for any s; > sq > 0,

Ay THB o f2. P 2) (Ko )
_ { %(8tr%)(Pt,81f27 Pt,81f2> - Ftl(LtRf,stzv Rﬁ,s1f2
\/F%(Pt,51f2a Pt,s1f2)

M, + (0, Vo[ THP, 2, Py f2) (X, ) Yl
> { P%(Pt781f27 Pt781f2) o |VFiPt,Slf2> Pt781f2)
= 1

Ftl (Pt,sl f27 Rf,s1f2)§ 4F%(Pt,81 f27 Rf,s1 f2>
> %\/Pg (Pt781f2a Pt,81f2)(X80,t)dt + th> te [50> Sl]

L LUl 2 P ) G

2
L }(Xso,t)dt + dM,

holds for some martingale (M;)ic[s,,s,)- By Gronwall’s lemma this implies (5.10).
By (EI0), the desired assertion follows from a standard semigroup argument, we include
below for completeness. Let f € C%(D) with inf f2 > 0. By the chain rule and Schwarz

inequality, (5I0) implies

LY P, f? P, f?
O (VPP = 2 T L)

_ 2 (P T )
- 4P87tf2

(5.12)

< e_2f;%ndrps,tr%(fa f), t>s>0.
So,

Ps,t(f2 108; f2) - (Ps,tf2) log Ps,tf2 - /t iPs,r{(Pr,tf2) log(Pr,tfz)}dr

dr
_/tP Fqln(Pr,tf2>Pr,tf2)
B s o Pr,tf2

Combining this with (57) and (512), we obtain
ve(f*log f?) = vs(Py4(f* log f?))

< 47/3 (Ps,trtl(fa f)) / e_2frt “/ud“d’r‘ —+ Vs ((Ps,tf2> log(Ps,tf2>)

t
dr AP [ oy

S 4Vt (Ftl(.fa f)) / e_2f: 'yudud,r, + 4QSVS (Fi (\/Ps,t.f2> \/Ps,t.f2)) ‘l’ (Vs(Ps,tf2)) 1Og (Vs(Ps,tf2))

s4wuwﬁf»(/e*ﬁ%“mwn&*ﬁ%M}+mu%Mywﬁ>

Therefore, (5.8) holds for ¢ in (B.9). O
Finally, we have the following extensions of Theorems Bl and (4.1]).

Theorem 5.3. Let D be convez, use D replace RY in (Hy)-(Hg), and in (H;) we assume further
(VV.n)|sp < 0. Then assertions in TheoremBIl and Theorem Al hold for (L2) replacing ([L3]).
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Proof. The well-posedness of ([[2)) as well as estimates (83]) and (£9) have been included in
[T2, Theorems 2.7, 2.8], so that the other assertions follow from the proofs of Theorems Bl and
41l Indeed, the proof of Theorem B.1] has noting to do with the reflection. Moreover, by Itd’s
formula, ([A3)) and (n, VV)|sp < 0, we derive

dV(X;) < {Ko(t) — Ki(t)V(X;) ydt + dM,

for some local martingale M, so that the proof of (4.I1]) works also for the present case.

O
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