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Abstract

We will study metric measure spaces (X,d, m) beyond the scope of spaces with
synthetic lower Ricci bounds. In particular, we introduce distribution-valued lower
Ricci bounds BE; (k, 00)

e for which we prove the equivalence with sharp gradient estimates,

e the class of which will be preserved under time changes with arbitrary ¢ €
Lipy(X), and

e which are satisfied for the Neumann Laplacian on arbitrary semi-convex sub-
sets Y C X.

In the latter case, the distribution-valued Ricci bound will be given by the signed
measure k = kmy + £ogy where k denotes a variable synthetic lower bound for
the Ricci curvature of X and ¢ denotes a lower bound for the “curvature of the
boundary” of Y, defined in purely metric terms.

We also present a new localization argument which allows us to pass on the RCD
property to arbitrary open subsets of RCD spaces. And we introduce new synthetic
notions for boundary curvature, second fundamental form, and boundary measure
for subsets of RCD spaces.
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1 Introduction

Background. Synthetic lower bounds for the Ricci curvature as introduced in the foun-
dational papers [LV09, [Stu06al [Stu06b] by Lott & Villani and the author, opened the door
for the development of a far reaching, vast theory of metric measure spaces (X, d, m) with
lower bounded Ricci curvature. The theory is particularly rich if one assumes in addi-
tion that the spaces are infinitesimally Hilbertian. For such spaces, Ambrosio, Gigli &
Savare in a series of seminal papers [AGS14al [AGS14bl [AGST5| |Gig18] developed a pow-
erful first order calculus, based on (minimal weak upper) gradients of functions and on
gradient flows for semiconvex functionals, in particular, energy on L?(X, m) and entropy
on Py(X,d). This was complemented by a huge number of contributions by many oth-
ers, leading e.g. to sharp estimates for volume growth and diameter, gradient estimates,
transport estimates, Harnack inequalities, logarithmic Sobolev inequalities, isoperimet-
ric inequalities, splitting theorems, maximal diameter theorems, and further rigidity re-
sults, see e.g. [EKST5, [KST19, I[CM16l (Gigl3], Ket15al, Ket15b, [ES17] and references therein.
Moreover, deep insights into the local structure of such spaces have been obtained [MN19],
[BS18| and also an impressive second order calculus could be developed [Gigl§].

Objective. The purpose of the current paper is to enlarge the scope of metric measure
spaces with synthetic lower Ricci bounds far beyond uniform bounds. We will study in
detail mm-spaces (X, d, m) with variable Ricci bounds k£ : X — R. More precisely, we
will present the Eulerian and the Lagrangian characterizations of “Ricci curvature at x
bounded from below by k(x) and dimension bounded from above by N” and prove their
equivalence.

Most importantly, we will also study mm-spaces with distribution-valued Ricci bounds.
The crucial point will be to present a formulation of the Bakry-Emery inequality BE; (k, c0)
for k € Wh>(X)

e which allows us to prove its equivalence with sharp gradient estimates,
e the class of which will be preserved under time changes with arbitrary ¢ € Lip,(X),

e and which is satisfied for the Neumann Laplacian on arbitrary semi-convex subsets
Y C X.



In the latter case, the distribution-valued Ricci bound will be given by the signed measure
k=kmy +losy (1)

where k£ denotes a variable synthetic lower bound for the Ricci curvature of X and /¢
denotes a variable lower bound for the “curvature of the boundary” of Y, defined in
purely metric terms. We introduce new synthetic notions for boundary curvature, second
fundamental form, and boundary measure for subsets of RCD spaces.

In our approach, the technique of time change will play a key role. In operator lan-
guage, “time change” with weight e¥ means that £, the Cheeger energy for the mm-space
(X,d, m), is now considered as a quadratic form on L?(X,e*m). This changes the un-
derlying geometry and — with appropriate choices of 1 — it allows non-convex sets to be
made convex (“convexification”).

The distribution-valued Ricci bound BE; (k, 00) with & as in will imply a gradient
estimate for the Neumann heat flow (VPY);>o on Y of the type

VELf|(@) < B[R G g () | ®

Here (PY, BY ),cys>0 denotes reflected Brownian motion on Y and (L2Y);>, the local time
of Y, is defined via Revuz correspondence as the positive continuous additive functional
associated with the surface measue oyy .

Note that

e for non-convex Y, no estimate of type can hold true without taking into account
the curvature of the boundary;

e even for convex Y, estimate (2)) will improve upon all previous estimates which
ignore the curvature of the boundary.

For instance, for the Neumann heat flow on the unit ball of R", the right hand side of
will decay as Coe~1* for large ¢t whereas ignoring ¢ will lead to bounds of order Cj.

We also present a new powerful localization argument which allows us to pass on the
RCD property to arbitrary open subsets of RCD spaces.

Outline. Besides this Introduction, the paper has five sections, each of them of inde-
pendent interest. Let us briefly summarize them.

In Section 2, we define and analyze metric measure spaces with Ricci curvature
bounded from below by distributions. Our BE;(k, o0) condition for k € W~1°(X) is the
first formulation of a synthetic Ricci bound with distribution-valued x which leads to a
sharp gradient estimate.

Section 3 is devoted to the study of mm-spaces with variable Ricci bounds. The
main result will be the proof of the equivalence of the Eulerian curvature-dimension con-
dition (or “Bakry-Emery condition”) BE,(k, N) and the Lagrangian curvature-dimension
condition (or “Lott-Sturm-Villani condition”) CD(k, N) — as well as four other related
conditions. This provides an extension of the seminal paper [EKS15] towards variable
k (instead of constant K) and of the recent paper [BHS19] towards finite N (instead of
N = ).



In Section 4 we present two extensions of our recent work [HS19] with B. Han on
transformation of the curvature-dimension condition under time-change, both of funda-
mental importance. Firstly, we prove that for ¢ € Lip,,.(X) N Dioc(A), time change with
weight i leads to a mm-space (X’,d’;m’) with X’ = {¢ > 0} which satisfies RCD(k’, N")
for suitable &/, N’. This is of major general interest since it allows for localization within
the class of RCD-spaces. Secondly, we prove that for arbitrary ¢ € Lip,(X), time change
with weight e leads to a mm-space with distribution-valued Ricci bound & given in terms
of the distribution-valued Laplacian At. This will be a crucial ingredient in our strategy
for the proof of the gradient estimate in the final Section 6.

In Section 5 we extend the existence result and the contraction estimate for gradient
flows for semiconvex functions from [Stul8a] to the setting of locally semiconvex functions.
The contraction estimate for the flow will be in terms of the variable lower bound for the
local semiconvexity of the potential. And we will prove the fundamental Convexification
Theorem which allows us to transform the metric of a mm-space (X,d, m) in such a way
that a given semiconvex subset Y C X will become locally geodesically convex w.r.t. the
new metric d’. Moreover, in a purely metric manner, we introduce the notion of variable
lower bound for the curvature of the boundary. In the Riemannian setting, such a bound
will be equivalent to a lower bound for the second fundamental form of the boundary.

The paper reaches its climax in Section 6 with the proof of the gradient estimates
for the Neumann heat flow on not necessarily convex subsets Y C X. The proof of these
gradient estimates is quite involved. It builds on results from all other sections of the

paper.

e Given a semi-convex subset Y of an RCD(k, N)-space (X,d, m), to get started, we
perform a time-change with weight e¥ in order to make Y locally geodesically convex
in (X,d) := (X,e¥ ®d). The choice ¢ = (¢ — {) V with V = £d(.,0Y), any € > 0,
and ¢ being a lower bound for the curvature of 9Y will do the job, see Section 5.

e Under the assumption that ¢ € Dj..(A), the transformation formula for time
changes provides a RCD(k’, N’)-condition for the time-changed space (X,d’,m’),
Section 4.

e Together with the local geodesical convexity of Y this implies that also the restricted
space (Y, d}, m{ ) satisfies the RCD(k’, N')-condition. Making use of the equivalence
of Eulerian and Lagrangian characterizations of curvature-dimension conditions, we
conclude the BEy(k’, N')-condition for (Y,d} m}.), Section 3.

e To end up with (Y,dy my) requires a “time re-change”, i.e. another time change,
now with weight e=%. In general, however, ¥ will not be in the domain of the
Neumann Laplacian AY. Ricci bounds under time re-change thus have to be formu-
lated as BE; (k, 00)-condition for some k € W~1°°(X) in terms of the distributional
Laplacian AY 1), Section 4.

e The BE;(k,c0)-condition will imply the gradient estimate |VPY f| < PF|Vf| for
the Neumann heat flow (VPY);>o on Y in terms of a suitable semigroup (Pf):>o,
Section 2.

This “taming semigroup” (Pf);>¢ will be represented in terms of the Brownian motion on
Y by means of the Feynman-Kac formula involving the integral fot k(Bs)ds (taking into
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account the effects of the Ricci curvature in Y'), and the integral f(f ((Bs)dLs (taking into
account the effects of the curvature of 9Y').

Basic concepts and notations. Throughout this paper, (X, d, m) will be an arbitrary
metric measure space, that is, d is a complete separable metric on X inducing the topology
of X and m is a Borel measure which is finite on sets of an open covering. Moreover, we
assume that (X, d, m) is infinitesimally Hilbertian and that m is finite on bounded sets.

To simplify notation, we often will write LP(X') or LP(m) or just L? instead of LP(X, m)
and, similarly, Lip(X) instead of Lip(X, d). The space of Lipschitz functions with bounded
support on X will be denoted by Lip,,(X) whereas as usual Lip,(X) denotes the space of
bounded Lipschitz functions. The number Lipf will denote the Lipschitz constant of f.

Let us briefly recall that the energy functional (“Cheeger energy”) £ : L*(X) — [0, oo]
is defined as

5(f)=/X\Df\2dm

in terms of the minimal weak upper gradient |Df| (which in the sequel often will also
be denoted by |V f|). The set Lip,,(X) is dense in W'?(X) := D(€) = {f € L*(X) :
E(f) < oo}. The minimal weak upper gradient |Df]| gives rise to a map WH?(X) —
LYX), f = T(f):=|Df|? = |Vf|? such that E(f) = [T(f)dm. By W,.?(X) we denote
the set of all (m-equivalence classes of ) measurable functions f on X such that each point
in X has a neighborhood U such that f = fiy m-a.e. on U for some fy € WH2(X). By the
Lindel6f property of complete separable metric spaces (and by using truncation by means
of standard cut-off functions on metric balls) it follows that f € W,'?(X) if and only if
there exist an exhausting sequence of open sets U, C X and a sequence of f,, € W?(X)
such that f = f, m-a.e. on U, for each n.

Our assumption that (X,d,m) is infinitesimally Hilbertian simply means that the
energy & is a quadratic form or, in other words, that its domain W1?(X) is a Hilbert space.
In this case, by polarization, £ and T extend to bilinear maps I' : W1?(X) x W12(X) —
LY(X)and €: Wh(X) x WH(X) — R with (¢,4) — [ (¢, ) dm.

Indeed, the bilinear form £ is a quasi-regular Dirichlet form on L?(X,m), [Savi4].
Its generator A is the “Laplacian” on the mm-space (X,d,m). The associated semi-
group (“heat semigroup”) (e®!);>o on L?*(X, m) will extend to a positivity preserving,
m-symmetric, bounded semigroup (F;)¢>p on each LP(X, m) with

HPt <1 for each p € [1, 00],

‘ ‘ Lp(X,m)—LP(X,m)

strongly continuous on LP(X,m) if p < oco. Quasi-regularity of £ implies that each
f € WH2(X) admits a quasi continuous version f (and two such versions coincide q.e. on
X). Thus in particular, for each f € Upe[l o] LP(X,m) and ¢ > 0, there exists a quasi-

continuous version P,f of P,f (uniquely determined q.e.). The m-reversible, continuous
Markov process (P, B;) cx oo (with life time () associated with & is called “Brownian
motion” on X. It is uniquely characterized by the fact that

Piaf(x) =B [f(B) lp<qy],  Puf(x) = Eo [f(Bar) Lizeeey) - (3)

(The factor 2 arises from the fact that by standard convention, the generator of the
Brownian motion is %A whereas the generator of the heat semigroup in our setting is A.)
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2 W 1>*_valued Ricci bounds

The goal of this section is to define and analyze metric measure spaces with Ricci curva-
ture bounded from below by distributions. In particular, we will give a meaning to this
extended notion of synthetic lower Ricci bounds and — most importantly — we will prove
that these Ricci bounds lead to sharp estimates for the gradient of the heat flow. These
results are of independent interest.

In the context of this paper, they are of particular importance since in Section [0 we
will prove that the Ricci curvature of a semiconvex subset Y of an RCD-space (X, d, m)
is bounded from below by the W ~1°°(X)-distribution

K:kmy—FgJay

where k£ denotes a variable synthetic lower bound for the Ricci curvature of X and /¢
denotes a lower bound for the “curvature of the boundary” of Y while o4y denotes the
“surface measure” on JY. In particular, the Ricci curvature of Y will be bounded from
below by a function if and only if ¥ is convex.

2.1 Taming Semigroup

In the sequel, we also need certain normed spaces, denoted by WhH+(X), W1>(X) and
W-1t>(X). We will define these spaces tailor made for the purpose of this paper. Our
concept will be based on the 2-minimal weak upper gradient |Df|.

Definition 2.1. We put
W (x) = {f € W) |[1f]+ [DSI]] e < o0

loc

and Wh(X):={f € W2(X) H|Df|HLoo < 0o0}. Moreover, we put

loc
WhH(X) = {f c L'(X): fin) € W'3(X) forn € N and sup H]f[n” + |Df[n}|||L1 < oo}
where fi) == (f An)V (=n) denotes the truncation of f at levels £n, and

1l = sup [l fial + 1Dl = (1] 0+ s [ ]

Remark 2.2. i) The precise definition of these spaces will not be so relevant for us.
What we need are the following properties: WY (X)) contains all squares of functions



from WH3(X); W1e(X) includes Lipy(X); T extends to a continuous bilinear map
WHT(X) x Whee(X) — LY(X,m).

ii) W1>(X) is a Banach space. If the mm-space (X, d, m) satisfies some RCD(K, 00)-
condition, according to the Sobolev-to-Lipschitz property, the space W1°(X) will coincide
with the space Lipy(X) and the space W (X)) will coincide with the space Lip(X).

iii) Wh*(X) is a normed space but in general not complete. For instance, the func-
tions fij(r) = \/rv (1/j), j € N, on X = [-1,1] will constitute a Cauchy sequence in
WHH(X) but their L'-limit f.(r) = /7 is not contained in W' (X). For Riemannian
(X, d,m), the completion of W' (X) will coincide with Wh'(X).

For general (X,d,m), the definition of WV (X) is quite sophisticated and allows for
ambiguity, see e.g. [ADMT])]. For a detailed study of the spaces WP(X) for p € (1,00),
see [GHI10).

iv) For f € WY (X)), there exists a unique |Df| € LY(X) with

|Df| = |Dfin)] m-a.e. on {|f| <n} foreachn € N.

Indeed, by locality of the minimal weak upper gradient, the family |D fi,|,n € N, is con-
sistent in the sense that |Dfi,| = |Df;)| m-a.e. on the set {|f| < min(n,j)} for each
n,j € N. Hence, |Df,],n € N, is a Cauchy sequence in L'(X) and therefore, it admits
a unique limit in L'(X), denoted by |Df|.

Lemma 2.3. f,geW'(X) = fgeWHH(X).

Proof. 1t suffices to prove the claim for f = g. Given f € W12(X), put h =
obviously h € L*(X). Moreover, hyz € W'(X) for each n since |hyz| < n|f| and
|Dhjzy| < 2n |Df|. Finally,

sup/|Dh[nz]|dm§2/]f| |Df]dm < HinVLQ.

This proves the claim. O]
Lemma 2.4. The map T extends to a continuous bilinear map T : WHH(X)xWhe(X) —
LY(X) and £ extends to a continuous bilinear form
€ WHHX) X WE(X) S R, (f.9) > [ T(fg)dm.
X
Here and in the sequel continuity on W1h>(X) is meant w.r.t. the semi-norm [ >
DA -

Proof. (|Dfm]),, is a Cauchy sequence in L*(X) for f € Wh'(X). Hence, (I(f,9))
is a Cauchy sequence in L'(X) for g € WH*(X). Denoting its limit by T'(f, g), yields

n

Whoe:

ol < [ X olim=tim [ PG gldn < [y o

Definition 2.5. W 1>(X):= Wl’H(X)/, the topological dual of WHH(X).
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More precisely, this space should be denoted by W1~ (X). We prefer the notation
W=1%(X) for simplicity — and in view of the fact that W'*+(X) = WH(X) in ‘regular’
cases.

Remark 2.6. L°°(X) continuously embeds into W—1°(X) via

(0, k) wrins py—1,00 1= / dpkdm (Vo € WHT(X))

for each k € L*>(X).

Corollary 2.7. A continuous linear operator A : WH*(X) — W~12(X) can be defined
by
(680w == [ To.w)dm (99 € WHHX))
X

On Whee(X)ND(A), this operator obviously coincides with the usual Laplacian A.

Example 2.8. Let (X,d, m) be the standard 1-dimensional mm-space with X = R and
let 7 form € N and i = 1,...,2"! be the centers of the intervals of length 3™™ in the
mid-third construction of the Cantor set S C [0,1]. Choose p(z) = (3 — |z|)+ or, more
sophisticated, choose a nonnegative function ¢ € C*(R) with {¢ > 0} = (=1/2,1/2) such
that the closures of {Ap > 0} and {Ap < 0} are disjoint. Put

] 2n1

®(x) = lim ®;(z) =) 37"p(3"(x — 7). (4)

Jj—o0
n=1 i=1

Then ® € WH(R), more precisely,

1@l < Hs@l\oo, Ve[l < [[Velloo-

But A® is not a signed Radon measure.
To prove the latter, for each j € N, choose a C*-function f; <1 on R with f; =1 on
{A®; >0} and f; =0 on {®; # ®}. Then with C := [ (Ago(x))er:L’ > 0,

/Od(é®)+ > /fj d(A®), /f] aae), = | fjACI)jdx:/o(Aq)j)+da:
= i:ZB”/ (Ap 3"(x—x)))+dx:C(2j—1) — 00

n=1 i=1

as j — oo. Thus fol d(é(I))Jr = o0. Furthermore, by scaling

[ atae), -

for all k € N. This proves that (é¢)+ s mot a locally finite measure and thus A® is no
Radon measure.



Proposition 2.9. Given k € W1°(X), we define a closed bilinear form £~ on L?(X)
by
gﬁ(fa g) = g(f7 g) + <f g, E>W171+,W*1’°°

for f,g € D(EF) :== WHA(X). The form is bounded from below on L*(X) by —C(C + 1)
where C' = ||K|lw-1.0(x)-

Associated to it, there is a strongly continuous, positivity preserving semigroup (P )¢>o
on L*(X) with

||Ptﬁ||L2—>L2 < eC(C—H)t.

Remark 2.10. (i) The form £ is not only lower bounded, it is a “form small perturbation
of £7. Indeed, for every § > 0 and all f € WH?(X)

.0 2 =D~ (0+ ) 11

(i1) If k € L>°(X) then (Pf)i>o is given by the Feynman-Kac formula associated with the
Schrodinger operator —A + k with potential k:

Py f(x) = E,[e Jo"P2)% £(Boy) 1iyey]

where (P, (Bt)i>o0) denotes Brownian motion starting in x € X.
Note that P,-a.s. for m-a.e. x, the random variables f(Bsy) and f (Bas)ds do not
depend on the choice of the Borel versions of f and k, resp., since E O[f(th) 1{2t<<}} =

[ g Pif dm and B[ [} 6(Bas) Lipseeyds] = [ [ g Pt dmds for g € L'(X,m).

Proof of Proposition and Remark (i). The lower boundedness and more generally the form
smallness easily follow from

(P mhwsegas| < NP lwe < O R +2C | flls - E(7)
< (C+CH)-IIBa + 6.

In particular, this implies that £7(f) > —(C + C?)||f||* for all f and thus by spectral
calculus
(f P f)e 2 e CFO 13,

According to the first Beurling-Deny criterion, the semigroup (P );>o is positivity
preserving if and only if

feDE") = [fleD(E)and EX(|f]) < E°(]),

see [Dav89], Theorem 1.3.2. This criterion obviously is fulfilled. Indeed, £%(|f]) = £%(f)
for f € WH2(X) = D(E"). O

Of particular interest will be to analyze the semigroup (P[);>¢ in the case where
k = —A for some ¥ € Lip(X). Recall that this semigroup is well understood in the
“regular” case where 1) € D(A) N L>*(X). Indeed, then

Pl f(x) = By [e Jo 249 f(B) 14, ] (5)

or, in other words, PFf(z) = E, [ef[f A(B2s)ds £(Byy) 1(ar<cy] . For general 1, however, this
Feynman-Kac formula a priori does not make sense. We will have to find an appropriate
replacement of it.



Proposition 2.11. (i) Given ¢ € Lip(X), put k = —A. Then the closed, lower
bounded bilinear form EF on L*(X) with domain W'%(X) is given by

E"(f.9) =E(f,9) +E(fg.4). (6)
(For the last expression here we used the fact that £ extends to a continuous bilinear form
WHH(X) x Lip(X) — R, Lemma [2.4, and that fg € WYH(X) for f,g € WL2(X),
Lemmal[2.3.)

The strongly continuous, positivity preserving semigroup on L*(X) associated to it
satisfies
; 2
HPtKHLQ—)LQ S e(Llpw) t.

(ii) Putw := e 2Ym. Then the unitary transformation (= Hilbert space isomorphism)
d: LX(X,m)— LX(X,m), fef=e"f

maps the quadratic form E%, densely defined on L*(X, m), onto the quadratic form
£%(g) == €"(e™"g) —/ T(9) - ¢*T(¥)| drh,
X

densely defined on L*(X,w) and bounded from below by —(Lipy)? || g]|2..
(Since 1 is bounded on bounded sets, I coincides with the Gamma-operator for the metric
measure space (X,d,m) and ® maps WH2(X,d, m) bijectively onto W'%(X,d, m). More-
over, £ is Just a perturbation of the canonical energy on (X,d,m) by a bounded zeroth
order term.)

(iii) The semigroup (Pf)eo on L*(X,®) associated with the the quadratic form E"
is related to the semigroup (Pf)>o on L*(X, m) via

jf’ff =¥ PrF (e_’z’f).

Furthermore, it can be represented in terms of the heat semigroup (Pt)tzo on L*(X,m) by
the Feynman-Kac formula with potential —T'(1)). Since the latter is a bounded function,
the semigroup is bounded on each LP(X,m) with

HptN ||LP(X,n‘1)ﬁLP(X,ﬁ1) < i

for all p € [1,00]|. This allows us to conclude that for each ¢ € Lip,(X), the original
semigroup satisfies

< l1=2/pl oscy+(Lip)*t

HPfKHLP(X,m)HLP(X,m) - (7)

Proof. The norm estimate in (i) follows from the fact that
ELA) 2 ()~ Lipw- [ T(F) 2dm = —(Lipw) | 7]
and the estimate in (iii) from
T (/e—pw (Bt f)]l’ewdﬁl)l/p < e mila=2o) e g
< o~ f[(1=2/p)¢] ,(Lip®)*t jsup[(1-2/p)y] | ”f”LP(m)'

The rest is straightforward. O]
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A more explicit representation for the semigroup (P/);>o will be possible by extending
the Fukushima decomposition which in turn is an extension of the famous Ito decompo-
sition. In the Euclidean case with smooth v, the latter states that

o8y = vBy+ [ voBgan+ [ suds

This indicates a way how to replace the expression 3 fot A (Bys)ds appearing in by
expressions which only involve first (and zero) order derivatives of .

Lemma 2.12 (“Fukushima decomposition”).

(i) For each ¢ € Lip,,(X) there exists a unique martingale additive functional MY
and a unique continuous additive functional which is of zero quadratic variation NV such
that

W(B;) = ¥(By) + M + NY (Vt €10,0) Py-a.s. for ge. v € X (8)

(ii) For each ¢ € Lip(X) there exists a unique local martingale additive functional

MY such that for each z € X,

MY = lim M/ (Vt €10,Q)) Py-a.s. for ge.x € X

n—oo

where M¥" denotes the martingale additive functional associated with the function 1, =
Xn - ¥ € Lip,(X) according to part (i) and where x,(.) = [1 —d(B,(z),.)]+ for n € N.
(iii) The quadratic variation of MY is given by

<Mw>t—/0tr(w>(35)ds (W €[0,C)) Py-as. for ge. z€ X

for any choice of a Borel version of the function I'(¢)) € L= (X, m).

For the defining properties of “martingale additive functionals” and of “continuous
additive functionals of zero quadratic variation” (as well as for the relevant equivalence
relations that underlie the uniqueness statement) we refer to the monograph [FOTTI].

Proof. Assertion (i) is one of the key results in [FOTII]. Indeed, it is proven there as
Theorem 5.2.2 for general quasi continuous ¢ € D(€) and it is extended in Theorem 5.5.1
by localization to a more general class which contains Lip(X). Also assertion (iii) for
Y € Lip,,(X) is a standard result, see [FOTT11], Theorem 5.2.5. Let us briefly discuss its
extension to general ¢ € Lip(X).

Given ¢ € Lip(X) and z € X, we define ,, = x,, - ¥ with cut-off functions y,, as above
and stopping times 7y :=inf{t > 0: B; &€ B\(2)} for A € N. Then we put

X Ag¥n
Mt T Mt/\T)\

for any A < n. Thus M” is a martingale with ]ExMt’\ =0 and

tAT

(M), = / I'(¢)(Bs)ds P,-a.s. for q.e. v € X.
0
It follows that for q.e. x, the family (M}),ey is an L2-bounded martingale w.r.t. P, with
t t
B [(0)"] <E.[ [ 1@)B)as] = [ Par@)@ds < wipw)? v
0 0
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Thus the limit M; := limy_, Mt’\ exists and is a martingale w.r.t. P, for q.e. x € X.
Moreover, (M), = limy oo (M*); = [o D(¢)(B)ds. O

Proposition 2.13. Given ¢ € Lip,(X), put
N = (B, — ¥(Bo) — M}’ (9)

with MY as defined in the previous Lemma, part (ii). Then with (Pfja)e=0 as defined in
Proposition for each [ € ,c oo L (X, m),

t’?gf(x) =E, [ewaf(Bt) 1{t<<}} form-a.e. v € X. (10)

Proof. In order to derive the representation formula (10) with the additive functional
N given by @, we will replace the (non-existing) Feynman-Kac transformation with
potential %éw by

(a) a Girsanov transformation with drift —I'(¢,.)
(b) together with a Feynman-Kac transformation with potential 1T'(¢)
(c) followed by a Doob transformation with function e¥.

Each of these transformations provides a multiplicative factor in the representation of the
semigroup which together amount to

~MP LMY | =% J§ TW)(Bo)ds | (B —v(Bo) — N}’

€ € =et.

Let us perform these transformations first under the additional assumption that ¢ €
Lip,,(X) in which case all details can be found in the paper [CZ02] since in this case
Y € D(E) and py = I'()m is a Kato class measure (indeed, it is a measure with
bounded density).

(a) In the first step, we pass from the metric measure space (X,d, m) to the metric
measure space (X,d,m) with m = e 2m or, equivalently, we pass from the Dirichlet
form E(f) = [T(f)dm on L*(X,m) to the Dirichlet form £(f) = [ T'(f)di on L*(X, ).
This amounts to pass from the heat semigroup (F;):>o to the semigroup (]A%)tzo given by
Girsanov’s formula

~ N _ w_,
Byof(z) =E,[f(B)] = Ey[e ™ 2 (M%) £(,) Li<cy] for m-ae. z € X

with MY being the martingale additive functional as introduced in the previous Lemma.
(b) In the second step, we pass from the Dirichlet form £(f) = [ T'(f)dm on L*(X, m)

to the Dirichlet form £%(f) = [ [[(f) —T'(¥) - f?]d on L?(X, ). This amounts to pass
from the semigroup (P,);>o to the semigroup (P} )0 given by Feynman-Kac’s formula

Prof(x) = By [e2 s OB p(BY 1, ] = Eu[e™ F(By) 1jieq)] for m-a.e. 7 € X.
(c) In the final step, we pass from the Dirichlet form £7(f) = [ T()=T (@) f*]dm on
L?(X, 1) to the Dirichlet form £%(f) = [ [D(f) + T'(f?,¢)]dm on L?(X,m), see previous
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Proposition. This amounts to pass from the semigroup (Pf);o to the semigroup (P);so
given by Doob’s formula

Pt%f(x) = ) t/2( wf)( ) [efw(BO)fM’}ud)(Bt) f(Bt) 1{t<€}] =E, [eNtw f(Bt) 1{t<§}]

for m-a.e. x € X. This proves the claim in the case ¥ € Lip,,(X).
For general ¢ € Lip(X), we choose cut-off functions x,,n € N, as in the previous
Lemma and put v, = x,, - ¥ and k, = —At,,. Then by the previous argumentation,

P f(z) =E, [eNtwn F(By) 1iegy] for m-a.e. x € X
for each n € N. It remain to prove
Prsf(x) = Py f(x) for m-a.e. x € X (11)
as n — oo as well as
Ex[ " f(By) Li<ey] — Ep [V Y (B, Li<cy] for m-a.e. z € X. (12)

To prove the latter, let us first restrict to f € LP(X, m) for some p € (1,00]. Then

B, [ F(B) Leqy] = Eale™ (B Tpeg]| < Ba | (€% + ™) 1F(B) coiomy |

For every ¢, s € (1,00) with % + % + 1 =1, by Hélder’s inequality

P Y
Ex [eNi |f|(Bt) 1{C>t>‘l'n}:| S GQIWHLOO ']Ex [6 M, |f|(Bt) 1{C>t>‘rn}}

< Ml g MO £(B) 1,

IN

. 2 1/s
AlYlpee+5Liy)*t [€_SM;/)_7<Mw>t 1{t<<}}

1/
[’f’p (Bt) 1{t<4}] g {C > 1> T"}]
< AWl 5MipD)t (p | FPYUP(g) Pz[{<>t>7n}}1/q

s2
for m-a.e. © € X. For the last estimate we used the fact that e=sM!' =% (M") Litccy 18
a super-martingale. Thus obviously E, [eNtw |f1(By) 1{<>t>Tn}} — 0 for m-a.e. z € X as

n — oo. Analogously, we can estimate

2lenlleet3Mpa ) (P PP () PL[{C > ¢ > 1} ]

<
< 2liee+5 Lipytldlizee)®t (Pt/2|f\p)1/p(x) ‘P, [{C St > Tn}} 1/q
— 0

Pn
Ex eNt |f‘<Bt) 1{C>t>7'n}:|

for m-a.e. € X as n — oo. This proves in the case f € LP(X,m) for some
p € (1,00]. The claim for f € L'(X,m) follows by a simple truncation argument and

monotone convergence.

To prove , it suffices to consider the case f € L?(X,m). The assertion for f € L?,
p # 2, follows by density of L?’NL? in L and by boundedness of P’ (as well as boundedness

13



of P/ uniformly in n) on LP, cf. previous Proposition. To deduce in the case p = 2,
Duhamel’s formula allows us to derive

/ g(PEf — PP fydm = — / E(Prg- PEnfop— i) ds

for all f,g € L?. Thus

t
[ [otees = regyim] < v [ (R Py am

0 n+1(z

. e 2 1/2
< (Lip(¥) + [|4]|=) / [/B P (Prg) + [Pl dm|
0 n+1(z
i , 7172
-[/XF(H“"Sf)HPf"Sﬂ dm| " ds.
Form boundedness of £% w.r.t. £ implies
[ 1(Prg) +|Prof? am < € (5(Pro) + | Pl

for all s € [0,¢]. Hence, fot Ix F(P;”g) + ‘P;g|2dmds < Cy - |lgll7. and thus

t
/ / F(P:g)+|Pfg‘2dmds—>0
0 JBnti1(z)

as n — oo. Similarly,
t
Kn Kn 2 Kn Kn Kn
| [ TRy P in < € (£ (Prng) + [ Prgll) < o ol
0 JX

uniformly in n. This proves ’ i g(Pff — P f) dm’ — 0 as n — oo which is the claim. [

Corollary 2.14. (i) Given ¢ € L*(X) and ¢ € Lip,(X), the semigroup (P))i>o for
k= ¢ — A is given by

Piyf(z) = E,[efoBaN 1By 10, g] (13)

for each f € Upe[lm] LP(X,m) and for m-a.e. x € X.

(ii) Even more, letting ﬁ’t”f denote a quast continuous version of Pl f, then
Pof(a) = Eylem o oBN 5 1 ]
holds true for q.e. v € X.

Proof. (i) Define a semigroup (Q;);>o by the right hand side of (13), i.e. Qaf(x) :=

E,[e” Jo ¢(Bs)ds+Ntwf(Bt)}. We will prove that it is associated with the quadratic form £*.
Put kg = —Aq. From the probabilistic representations of Q; f and P f, we easily deduce

PRS- Quf = /0 PR (6 Quuf) ds
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(“Duhamel’s formula”) and thus

hm (f — Quf)f dm — E%(f) = lim - //P“Of (Qe_sf) dmds—/fgbdm

t—0 t

(Note that £ is obtained from £"° by perturbation with a bounded potential. Hence,
both Q; and P are strongly continuous semigroups on L?.) Therefore,

hm (f = Quf)fdm = E"(f)

for all f € D(E") and thus Q;f = Pff for all t and all f.
(ii) follows by standard arguments for quasi-regular Dirichlet forms. O

Remark 2.15. Throughout this subsection, the assumptions ) € Lip(X) (or € Lip,(X))
always can be replaced by ¢ € WHe(X) (or ¢p € Wh°(X), resp.). In the Fukushima
decomposition, then one has to choose a quasi-continuous version 1; of ¥ to guarantee
well-definedness of the contribution 1) (By;) — 1) (By).

2.2 Bochner Inequality BE;(x,00) and Gradient Estimate

For n € N, we define the Hilbert space V" (X) := ( — A+ 1)%/2 (L2(X)) equipped with
the norm

1Al = =2+ D2 2
Of particular interest are the spaces V1(X) = D() = W'(X), V3(X) = D(A), and
V3I(X)={fe€D(A): Af € Dom(E)}.

];)eﬁnition 2.16. Given k € W=1°(X), we say that the Bochner inequality or Barky-
Emery condition BE;(k,o0) holds true if T(f)V/? € VY(X) for all f € V*(X) and if
- [ v g an- [ L TR A ()08 gy ()
be >0

for all f € V3(X) and all nonnegative ¢ € V(X).

Note that equally well also the first integral in the above estimate can be restricted to
the set {I'(f) > 0}.

Theorem 2.17. Given k € W=1(X), the Bochner inequality BE,(k,00) is equivalent
to the following gradient estimate GE(k,00): Vf € VY{(X), Vt > 0:

L(P.f)"? < PF(T(f)Y?) m-ae on X (15)

Proof. a) Assume that BE;(k,00) holds true. Put ns(r) = (r + )2 — /2 as an ap-
proximation of /2. For fixed § > 0, nonnegative ¢ € V!(X). f € V3(X), and t > 0
consider

5 a /¢P“ ns(C(P— Sf)))
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as an absolutely continuous function on (0,t). Then

/(bP” HY?) dm—/qﬁF(Ptf)l/Q dm
= 11m/¢P“ n5(D(£))) dm—/cbna(F(Ptf))dm

= (]sg% [agé) —CLE)J)]
=l [ [T +2 [ 0T AL) dm]as

= = [ et [ () (L AL dm]ds
0 {T(fs)>0}

where we have put ¢, = Pf¢ and f, = P,_,f. The crucial point now is that the semigroup
(P,)i>0 preserves the class V3(X) where f is chosen from, and that the the semigroup
(PF);>o preserves the cone of nonnegative elements in V!(X) where ¢ is chosen from.
Assuming BE;(k, 00) and applying it to f, and ¢, in the place of f and ¢ implies that
in the last integral the expression in [...] is nonpositive. This proves the claimed gradient
estimate for f € V3(X). The assertion for general f then follows by approximation.
Indeed, each f € V1(X) is approximated in V'-norm by the sequence f, := Py, f € V?.
Moreover, the map V! — L? g+ I'(g)"/? is continuous, and so is P : L? — L?. Hence,

T(P.f)"? =lim (P, f,)"? < PF(T(f.)"?) = PF(T(f)'?).

b) Now let us assume that the gradient estimate holds true. Let us first derive the
assertion on domain inclusion which in our formulation is requested for BE;(k, c0). Using
the gradient estimate, we conclude that

¢ [ [rw = ey ey am < g

t X

[D(F)M2 = TR D(f) dm. (16)

By spectral calculus, it is well known that for ¢ — 0 the LHS of converges monoton-
ically to £%(T'(f)"/?) and

NHY2eDE) = lim- {r( £V2 — PET( f)1/2] D(f)Y2 dm < oc.

t—0 t X

To deal with the RHS of (T6]), first observe that I'(P,f)/2 — ['(f)¥/2 as t — 0 since

ID(P.f) — ‘— ‘/ OL(P,f, AP, f)ds <2/ PED(f)Y2 - PED(Af)Y2ds < Ot

for f € V3(X). Moreover, obviously each of the integrals [, ...dm in can be replaced
by f{r(f)>o} ...dm. But on the set {I'(f) > 0}, the chain rule for the I' operator yields

1 1/2 1/2
Thus for ¢t — 0, the RHS of converges as follows

1/X [r(f)W _ F(Ptf)m] D)2 dm — —

L(f,Af).

t D Afydm = [ (A7) dm

{T(5)>0}
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Combining the asymptotic results for both sides of , we obtain
EXT(f)V?) < A2 < oo,

in particular I'(f)1/2 € D(E%) = VY(X) for f € V3(X). Since the class of these f’s is
dense in V2(X) = D(A), it follows that T'(f)/? € D(EX) = WL2(X) for all f € D(A).
This yields the domain assertion requested for BE;(k, 00).

c) To derive the requested functional inequality for BE;(k,00), we integrate the
gradient estimate for f € V3(X) w.r.t. ¢s dm and subtract [ ¢s '(f)/?dm on both sides.
Here for arbitrary ¢ € V1(X) and § > 0, we put

L(f)'

¢6=¢'m-

This yields

¢ [ [re = ey san < 5

t X

[F(f)I/Q . F(Ptf)l/2] s dm.

In the limit ¢ — 0, this gives

1
EF(D(f)Y? — —I(f, A dm.
( (f) ) ¢5) S /{I‘(f)>0} F(f)l/g (f7 f) ¢5 m

One easily verifies that for 6 — 0 this converges to

Ex 1/2 o 1 A
(P 0) < /{r<f>>o}r(f)1/zr<f’ f) & dm

which is the claim. O

Corollary 2.18. The Bochner inequality BE;(k,00) with k € W1°(X) implies
g(F(f)l/Q) < ||Af||%2 - <F(f>, H>W1,1+7w—1,oo

for all f € D(A) and thus

1

() < = (IAfI: +(C +C2/5) - ()

for each ¢ € (0,1) with C' := ||K||lw-1.00.

Localization. In the sequel, we will also localize various statements. Ding this will
require some care since in general X will not be locally compact. Given a space G(X)
of functions (or of m-equivalence classes of functions) on X we denote by Ggoc(X) the
set of all functions g (or m-equivalence classes of functions, resp.) on X “which semi-
locally lie in G(X)” in the sense that for each bounded open subset B C X there exists
a gp € G(X) such that g = gg on B (or m-a.e. on B, resp.). This way, e.g. we define the
1,14
spaces W 7(X).

sloc

We denote by W, 1>°(X) the set of all x such that for all bounded open sets B ¢ X

sloc
there exist kp € W™1°(X) which are consistent in the sense that (¢, kp)wri+ -100 =
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(¢, Kpr)wia+ w1 for all such B, B" and for all ¢ € WH*(X) with support in BN B'.
In this case, we say that Kk = kg on B and put

(9. H>W§;”,Wf1’°° 1= (¢, Kp)wiie w100

sloc

provided ¢ is supported in B.

Lemma 2.19. The Bochner inequality BE;(k, 00) is equivalent to the fact that T'(f)'/? €
VI(X) for all f € V*(X) and

= [ D@6+ ()G Ao 2 (D6 sy 1 (D

for all f € V3 (X) and all nonnegative ¢ € V,L(X).

The domain inclusion requested for BE;(k, c0) obviously implies the inclusion for the
localized domains: T'(f)/? € VI (X) for all f € V2 (X).

sloc

Proof. “=": Given ¢ € V,L(X) and f € V3 (X), there exists bounded open B C X such
that ¢ = 0 on X \ B and there exists fp € V3(X) with f = fp on B. Applying to
fB and ¢ implies for f and ¢.

“<”: Given nonnegative ¢ € V1(X), by partition of unity we can find countably
many nonnegative ¢, € V,i(X) such that ¢ = > ¢,. Applying to each ¢, and the
given f € V3(X), and adding up these estimates yields for the given ¢ and f. O

3 Equivalence of BE;(k, N) and CD(k, N)

Throughout this section, (X,d, m) will be a metric measure space, N € [1,00) a number,
and k: X — R will be a bounded, lower semicontinuous function. We present the Eulerian
and the Lagrangian characterizations of “Ricci curvature at x bounded from below by k(x)
and dimension bounded from above by N ” and prove their equivalence. Put Ky = inf, k(x)
and K, = sup, k().

Without loss of generality, we will assume that (X,d, m) satisfies the Riemannian
curvature-dimension condition RCD(K, oc0) for some constant K € R. Among others,
this will guarantee that the space is infinitesimally Hilbertian, that the volume of balls
does not grow faster than e, and that functions with bounded gradients have Lip-
schitz continuous versions (“Sobolev-to-Lipschitz property”). Moreover, it implies that
['(u)Y/? € D(&) for each u € D(A).

In the sequel, as usual Py(X) will denote the space of probability measures p on X
with [d?(.,z)du < oo equipped with the L*-Kantorovich-Wasserstein distance W,. We
say that a measure w € P(Geo(X)) represents the Wy-geodesic (jir)refo,) if ptr = (€, )y for
r € [0,1]. Here Geo(X) denotes the set of d-geodesics v : [0,1] — X and e, : Geo(X) —
X,t+— ~, denotes the projection or evaluation operator.

Thanks to our a priori assumption RCD(/K, 00), there exists a heat kernel (pt(as, y))
on X such that

z,yeX,t>0

Pf(x) = / £ () prl. ) dm(y)
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defines a strongly continuous, non expanding semigroup in LP(X, m) for each p € [1, c0).
For p = 2, this actually can be defined (or re-interpreted) as the gradient flow for the
energy € in L?(X,m). Moreover,

dP; u(y) == [ / pe(w,y) dp(z)| dm(y)

defines a semigroup on Py(X). The latter can be equivalently regarded as the gradient flow
for the Boltzmann entropy Ent in the Wasserstein space Py(X). Here and in the sequel,
Ent(p) := [ulogudm if 4 = um and Ent(u) := oo if p is not absolutely continuous
w.r.t m.

Definition 3.1. We say that a metric measure space (X,d, m) satisfies the curvature-
dimension condition with variable curvature bound k and dimension bound N, briefly
CD(k,N), if for every ug, p1 € Po(X) N D(Ent) there exists a measure w € P(Geo(X))
representing some Wa-geodesic (fiy)rejo,1) connecting po and piy such that

d d
—E ——E
. nt (i) T nt(p,)

1 ) 1 2
> / / KA d () drt [Bnt (o) ~Ent ()]
=0+ 0 JGeo(X) N

The (k, N)-convexity of the entropy allows for various straightforward reformulations,
cf. [Stul8b].
Lemma 3.2. The following are equivalent:

(i) the mm-space satisfies CD(k, N);

(ii) for every po, pn € P2(X) ND(Ent) there exists a measure w € P(Geo(X)) repre-
senting some Wy-geodesic (ji)rejo,1) connecting po and py such that

/ /Geo FO) A1 dm(y )dﬁL%/ol [iEnt(ur)}2d :

(i11) for every o, € Po(X) ND(Ent) there exists a measure w € P(Geo(X)) repre-
senting some Wa-geodesic (fiy)rejo,1) connecting po and gy such that for all r € (0,1)

d d
aEnt(ur) —d—Ent i)

Ent(p,) < (1—17°)Ent(uo)+7“Ent(u1)
ot ([ ko) + 5[] )as

where g(.,.) denotes the Green function on [0, 1].

Moreover, in (i) as well as in (iii), the phrase “for every g, 1 € P2(X) ND(Ent) there
exists a measure ™ € P(Geo(X)) representing some Wy-geodesic (fi,)rep,1) connecting jig
and p1y such that ... " can equivalently be replaced by “for every measure w € P(Geo(X))
representing some Wa-geodesic (fiy)rejo,1) with endpoints juy, ju1 of finite entropy ... "

Proof. Firstly note that the addendum follows from the uniqueness of the measure rep-
resenting a Ws-geodesics connecting a given pair of measures of finite entropy [GRS16].

(ii) = (i): Trivial since fol [%Ent(,us)fds > [Ent(p) — Ent(uo)]g.
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(i) = (iii): Given a Ws-geodesic (jir),efo,1) and its representing measure w € P(Geo(X)),
apply (i) to ps, ftsis in the place of g, 1 to deduce for a.e. s € (0,1)

2

d - 1rd 2
But(y,) = /G o MO a0+ )]
(where the LHS has to be understood as the distributional second derivative of a semi-
convex function). Integrating this w.r.t. the measure g(s,7)ds on (0,1) yields (iii).

(iii) = (ii): Given a Wa-geodesic (tty)refo,1) and its representing measure 7w € P(Geo(X)),
we add up the estimate (iii) together with its counterpart with 1 — r in the place of r to
obtain

Ent(u,) + Ent(u1_,) < Ent(ug) + Ent(uy)

- / lotrs) + g1 ( / o RO () [ i) ) ds.

Dividing by 7 and then letting r — 0 yields (ii). O

Definition 3.3. We say that (X,d,m) satisfies the 2-Bochner inequality or 2-Bakry-
Emery estimate with variable curvature bound k and dimension bound N, briefly BEs(k, N),
if

[ T80 =T ANgdm > [ [0(7)+ AL odm

for all f € D(A) with Af € D(E) and all nonnegative ¢ € D(A) N L>®(X, m) with
A¢p € L*(X,m).

Our first main results states that also for variable curvature bound k and finite IV,
the Eulerian and Lagrangian approaches to synthetic lower Ricci bounds are equivalent.
For constant k, this has been proven in joint work [EKS15] of the author with Erbar and
Kuwada. For variable k and N = oo, it has been proven in joint work [BHS19] with
Braun and Habermann. In particular, in the latter work a formulation of the transport
estimate has been given in terms of the following quantity:

1/2
Won(u v t) i= inf E|e 2lo*BiBds (Bl B2
2,k(lu7 ) ) (B,B?) ( 2t 2t)
where the infimum is taken over all coupled pairs of Brownian motions (B!)o<s<2; and
(B?)g<s<on With initial distributions g and v, resp.

Theorem 3.4. The following are equivalent
(i) the curvature-dimension condition CD(k, N)

(i) the evolution-variational inequality EVI(k, N):  for all pg, 1 € Pa(X) with finite
entropy and for w € P(Geo(X)) representing the unique Wa-geodesic connecting
them:

1d* N
24t t:oWQ(Pt po, 1) > Ent(po) — Ent(p)
1 1 d 2
— Y2 — | 5
o faen (kR + 5[] Jar
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(111) the differential transport estimate DTEy(k, N):  for all pg, 1 € Po(X) with finite
entropy and for @ € P(Geo(X)) representing the unique Wa-geodesic connecting
them:

L T // A1 dre() -+ = [ Bt (o) ~Ent ()|
2 dt li—o 2473 Mo, t:ul Geo(x ’77" v ™ r N nt{ Lo ne{ f1

(iv) the transport estimate TEy(k, N): for all uo, pn € P2(X) and all 0 < s < t:

t 2

Wa (o, i, t)* < War(po, pia, 5)° — Ent (P} o) — Ent(P )| dr

1
N
(v) the gradient estimate GEy(k, N): for all f € D(E) and allt > 0:

D(Pf) + et (AR)? < PPI(f)

N

(vi) the Bochner inequality BEy(k, N).
Here and henceforth, % 4 (1) == limsup,,_,o(f(t+h)— f(t))/h denotes the upper derivative.

Proof. (i) = (ii): Using the equivalent CD(k, N) formulation from the previous Lemma
3.2(iii) and passing there to the limit » — 0, one easily sees that (i) implies

+

dr

Ent(u,) < Ent(u;) — Ent(ug)

r=0
2
//1—7’ (v) |7 de () dr+N/ (1—-r) Ent(ur)]d.

Thus the claim (ii) is an immediate consequence of the fact that

+

1d N
_ OEnt(,ur) > 5 Wz(Pt f1os 111)°,

d+

dr

[AGT15], Thm. 6.3.

(ii) = (i). We follow the standard path of argumentation. Given two probability
measures fig, f1 of finite entropy, let (yi,),co,1], represented by 7, denote the unique W5
geodesic connecting them and note that the standing CD (K, co)-assumption implies that
the u,’s also have finite entropy. Consider the heat flow starting in p, with observation
point g as well as with observation point p;. Note that

1d* 1 df

- P* 'r2
O_rdt OWQ(MO’ tHr)

- P* , 2
1—rdt t:OW2< ¢ 1)

since W (pto, 11)* = wWa(po, pr) >+ 15 Walptr, p11)? whereas Wa(po, pn)* < 3 Wa(po, By par) >+
ﬁWg(Pt*uT, u1)?. Applying the EVI(k, N) with p,, o as well as with g, gy in the place

21



of pg, 1 thus yields

1—7rd" rdr
< _ P* - 2 _ _‘ P* - 2
0 — 2 dt tZOWQ(/’LO’ t /’L ) + 2 dt t:OWQ( t:u 7/’61)
< (1—7)|Ent(u,) — Ent ()

[ s (L HotE )+ [Em)] o

+ r[Ent(ur) — Ent(u;)

- [a=a ([ xR+ 5 [EE)] )]
= Ent(u,) — (1 —r)Ent(ug) — r Ent(uy)

[ ([ o P i)+ 5[] s

This proves the CD(k, N)-estimate.

(i) = (iii): For ¢t > 0 let ¢, ¢ denote a Wa-optimal pair of Kantorovich potentials
for the transport from P;pp = w;m to Pfu; = v, m. Then following [AGT15|, Thm. 6.3
and Thm. 6.5, by Kantorovich duality for a.e. £ > 0

dt 1 . . . 1
% §W2(Pt po, B M1)2 = 13121 : [¢t(Ut — us) + @Dt(vt - vs)}dm
= —&(Pr,us) — E(Wy,vy).
Moreover,
dr dr
E(drw) < —Ent(p)| . —E(dr,w) < —%Em(ﬂi) i
Thus
dt 1 dr dr
— ~Wo (P} 1o, P 111)* < —Ent (! — —Ent(u! 18
o7 5 We(Blho, i)™ < —-Bat(py)| = —-Ent(u,)| (18)
where (4i!),ej0,1), represented by 7', denotes the W-geodesic connecting puf) := P} iy and

wh := Puy. Together with (i) this implies

dt 1 2

1 ‘ 1 .
TaWaE PP < = [ kP dn ) dr ot [Bne(Pr ) ~ Bat(Pn)
dt 2 0 JGeo(X) N

for a.e. t and thus

1 1 * * 2 ]' 2 ]‘ ° ! <12 t
—[—Wz(Psu,Ps V) ——Wz(uo,ul)] < ——/ (/ / E(ye)|Y]° dme(y) dr
sL2 2 0 0 JGeo(X)

S
1 2
+ [Ent(Pt*uo) - Ent(Pt*ul)} >dt.

Passing to the limit s — 0 finally yields the claim (iii) since Ent (P} 1) as well as Ent( P/ o)
are continuous in ¢ and since 7' weakly converges to 7 and k is lower semicontinuous.
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(iii);pe = (i). This implication can be proven with the “trapezial argument” from
[KS18]. Note that thanks to the local-to-global property of the CD(k, N)-condition, for
this implication it suffices that the differential transport inequality holds locally, that is,
for each z € X there exist ¢ > 0 such that DTE(k, N) holds true for all pg, 3 which are
supported in Bs(z).

Given fig, p11 of finite entropy and € € (0, 3) as well as ¢ > 0, note that

1 1 1
W (po, p11)* = ~Wa(po, pe)® + T Walke, p-e)® + “Wa(p—e, pn)?

whereas

Wa(po, #1)2 < EW2(,U0, P #6)2 + _—QEWQ(P,: fe, P #1—6)2 + ZWQ(Pt M1, M1)2-

1
Thus
1 d+ ) 1 odr 1dt
0< gd—W2(Mo7 Pipe)® + v T o0 g Ve By pe, By )+ — o Wa(£, fi—c; ).

Estimating the first and third term on the RHS by means of EVI(K,00) (which is true

as consequence of our standing a priori assumption) and the second term by means of
DTE(k, N) yields

0 < E[Ent(,ug) — Ent (o) — KWz(Mo,ue)Q}

opla-er [ [ O () dr ) — Bt

2
= |Ent(pn-0) — Ent(m) - K Wml,s, m)?).

In the limit € — 0, this gives the CD(k, N)-inequality (i).

(iii) & (iv). The proof of this equivalence follows the argumentation for proving
Theorem 5.6 and Corollary 5.7 in [BHS19].

(v) = (iii)joe:  This follows similar as in the proof of Theorem 5.16 in [BHS19] from
a localization argument.

(v) & (vi): The proof follows the standard line of argumentation via differentiating
the forward-backward evolution. More precisely, for bounded, nonnegative ¢ € D(€) and
fixed t > 0, put a(s) := [ ngko(Pt_sf) dm. This function is absolutely continuous in s
with

/¢s [(A - Qk)r(fs) - 2F(f87 Afs)} dm

for a.e. s € [0,t] where we have put ¢, := P?*¢ and f, := P,_,f. Assuming (vi) implies
(OEE Y ENNAL
- N S S
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and thus
[ o(RFT( ~ TR dm = att) - a0)
2 t
N/o /¢P§’“(APtsf)2dm
%e—ﬂﬁt /Ot/gb (PSA‘Pt—Sf)2 dm

2 oers
= N@ 2K /¢(Aptf)2 dm.

v

v

Varying over ¢, this yields (v). Conversely, assuming (v) yields

%/¢(Af)2 dm = liml[%eﬂ(lt/(b(APtf)Q dm}

t—0 ¢
<l | / 6(PPT(f) ~ D(P.f) di]
— [ ol@-2mr(p) - 20(7.87)] dm

for all bounded nonnegative ¢ € D(E) and all sufficiently regular f.

(i) = (vi). We will first derive an estimate of the form (4.2) in [EKSI5] for
Wo(Pju, Pfv). Given measures p,v € Po(X) of finite entropy and numbers A\, ¢ > 0
we can estimate similar as in (18)

d+

s §W2(Pt*M7P§tV)2 < o Entey)| A Ent(u;) .
From Lemma [3.2] we easily deduce
() 3ty < —1) (E t(ut) — Ent( f))
—En — A—En —1)- (En — En
dr el o dr o)l oy = Ho 1

-/ -] ( / o KOO + [ Ent()] ) r

where 7} denotes the measure on P(Geo(X)) representing the geodesic (pl),e1) from
P} to P,v. Adding up these inequalities and using Young’s inequality we obtain

S WP B < (A= 1) - (Ene(uh) — Bnt(u))
[ ([ i anto)+ g [En)] )
[ [P

N ! 1
—(A—1)2- —d
+4< ) /01—7"—|—)\7’T

IN

1
N
= —/ [1—7r+ Ar] / k(v |3 dﬂg\(’y)dr +—(A—=1) log A.
0 Geo(X) 4
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Introducing the function

1
Fa(w,y) == lim inf {/0 [1 =7+ Ar]k(y)dr = v € Geo(X), 70 € Br(z),71 € BR(y)}

and denoting by ¢} the Wy-optimal coupling of Py and Py,v, the latter estimate can be
rephrased as

d+ 1 * * 2 2 A N

__WQ(Pt M’P)\ty) < - ]C)\(ZE,y)d (Iay)th ($7y)+_()‘_1) 10g>‘ (19)

Slightly extending the scope of [BHS19], we define

— ~2 [Tka(BL,,B2,)ds | 2/ Rl R2 1/2
Wapa(p, v, t) := (311171122) E[e 0 FALE2s: 52 d*(By;, Bi\:)
where the infimum is taken over all coupled pairs of Brownian motions (B!)g<s<o; and
(B?)o<s<2x With initial distributions p and v, resp. Following the proof of Theorem 4.6
in [BHS19], from ([19) we conclude

dt 1 . N
o §W2,,M(Pt w, P5v)? < Z()\ —1) log A

and thus
* * 2 2 N
Wora (B, Pv)” < Wap,v)" + (A= 1) log A - ¢. (20)

To proceed, we now will make use of a subtle localization argument. Recall from
[AGS08] or from [BHS19], Lemma 2.1, that we may assume without restriction that k
is continuous (even Lipschitz continuous). Given z € X and € > 0, choose 6 > 0 and
K, such that K, < k < K, + € in Bys(z). Then following the proof of Theorem 4.2 in
[Stul8b], we conclude that for each p < 2, there exists T > 0 such that for all £, A\ > 0
with (1 4+ A\) < T and for all p, v with support in Bs(2)

WP/, Pryw)? < e” Um0 W 3 (P, Pryw)®. (21)

Combining this with the previous estimate yields
N
Wo( Py, Pry)? < em(RemaOFDE, [Wg(u, v)? + S (A =1 logh-1]. (22)

This is very similar to the estimates (4.1) and (4.2) in [EKSI5] which are used there
as key ingredients for deriving gradient estimates — the main difference being now that
p < 2 on the LHS of (22). Given a bounded Lipschitz function f on X and putting
Grf(z) = supyeg, (2 %, following the proof of Theorem 4.3 in [EKS15], instead of
their estimate (4.7) we now obtain with y = d,,v = ¢, and ¢ > 2 being the dual exponent
for p

/ |f() = f)| dap (@) < / (PulGRA) - Wy (Pibs, Pub,)
|

RS

+2 72

- W2(Py6y, Pxdy).- (23)
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Choosing a sequence (Y, )nen such that y, — x and |V P, f(x)| = limsup,, W as
in [EKS15], and putting A\, = 1 + ad(z,y,) leads to
d 1
0 GPI@ +IVAI) = lim o (Paf(@) = Pf)
a\1/a —(K.—e)t gN
< (RIGRST) (@) ey [T a2
Optimizing w.r.t. @ and passing to the limit R — 0 then yields
2t
FARN @ +[VRI (@) < (RIS ()00 (24)

N

Integrating this estimate w.r.t. ¢(z)dm(z) with a bounded nonnegative ¢ € Lip(X)
supported in Bs(z) and then differentiating it at ¢ = 0 yields the following perturbed,
local form of the Bochner inequality

- [ S+ orAndn = (Ko [ ¢r<f>dm+% / S(AT)? dm

q—2/¢r 172)

/(k; 2€) 6T (1) dm+N/gz5Af

q—2/<z>r )

provided f € D(A)NLip(X) with Af € D(£). Covering the whole space by balls Bs/2(2)
of the above type, we can find a partition of unity consisting of functions ¢ of the above
type which allows us to deduce the perturbed Bochner inequality on all of X, cf. the
analogous argumentation formulated as Theorem 3.10 in [BHS19]. Since € > 0 and ¢ > 2
were arbitrary we finally obtain the Bochner inequality in the following form:

v

1 1
- [5rru) ot andn > [kortyam+ ¢ [oan?an
for all f € D(A) N Lip(X) with Af € D(E) and all bounded nonnegative ¢ € Lip(X).
Following the argumentation in the proof of Lemma [2.19, one verifies the equivalence to
the Bochner inequality BEy(k, V) in its standard form. This proves the claim. O

4 Time-Change and Localization

This section is devoted to prove the transformation formula for the curvature-dimension
condition under time-change. In contrast to our previous work with Han [HS19], we
now also will consider weight functions e¥ where ¢ is no longer in Dy,.(A) but merely
in Lip,(X). This will result in W~1*-valued Ricci bounds involving the distributional
Laplacian A.

Moreover, we deal with weight functions é = ¢¥ where the local Lipschitz function ¢
may degenerate in the sense that ¢ = 0 is admitted. Choosing ¢ to be an appropriate
cut-off function, this allows us to “localize” the RCD-condition: we can restrict a given
RCD-space (X, d, m) to any subset X' := {¢ > 0} C X.

26



4.1 Curvature-Dimension Condition under Time-Change

Assume that a metric measure space (X,d, m) is given which satisfies RCD(k, N) for
some lower bounded Borel function k£ on X and some finite number N € [1,00). Given
¥ € Lipyy.(X) N Dioe(A), we define a new metric and a new measure on X by d' := ¢¥ ©d
and m’ := e*¥m, resp. Recall that

(ew ®© d) (z,y) := inf { /1 ¥ (rs)
0

Remark 4.1. Since both metric and measure are transformed in a coordinated manner,
the Cheeger energy on the new mm-space (X,d',m’) coincides with the Cheeger energy on
the old space:

Yslds : v € AC(X), o =z, = y}~

£(f) = / D f2dm’ = / DfPdm = £(f).

The point is that this energy now is regarded as a quadratic form on L*(X,m’). The new
Laplacian thus is given by A'f = e 2V Af.

Brownian motion (P, B})zex >0 on the new mm-space (X,d’,m’) is obtained by “time
change” from the Brownian motion (P., By)zex+>0 on (X,d,m):

]P);; = ny Bllt = BT(t)7 C, = O-(g)

and vice versa By = B, ¢ = 7((’) with

t t
O'(t) ::/ 62¢(Bs)d5’ T(t) = / 6—2¢(B;)ds
0 0

such that T(o(t) = o(7(t) = t.
Note that in the case of bounded 1, the new Brownian motion (P, B;) has infinite
lifetime ¢’ if and only if (P, B;) has infinite lifetime (.

Theorem 4.2 ([HS19]). i) For any number N' € (N,oco], the “time-changed” metric
measure space (X,d',w’) satisfies BEy(K', N') with

N —2)(N' —2)
N —N

" [k: A T()]. (25)

ii) Assume that k is lower semicontinuous, Then (X,d’,m') satisfies RCD(K', N') for
any lower bounded, lower semicontinuous function k' on X and any number N' € (N, o]
such that

(N = 2)(N' —2)
N — N

K <e ¥ [k’ — Ay — L'(v) m’-a.e. on X'.

Remark 4.3. i) Let us re-formulate the previous Theorem in terms of ¢ := e~¥. That
is, assume that ¢ € Lip,,.(X) N Dioc(A) is given with ¢ > 0 on X and define a metric
and a measure on X by d' := é ®d and m’ := #m, resp. Observe that for v := —log ¢,

¢ € Lip(X) NDipe(A), ¢ >0 <= 1 € Lip;,.(X) N Dioe(A)
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with A(¢?) = e (AT (¢) — 2A%). Thus the metric measure space (X,d',m’) satisfies
RCD(K', N') for any lower bounded, lower semicontinuous functions k' on X and any
number N’ € (N, 00| such that

(N =2)(N' - 2)
N —N

1
K < k¢* + §A¢2 — 2+ N(¢)  w'-ae on X' (26)

ii) Another remarkable way of re-formulating the previous result is in terms of

pim (N 2) (V2

with N* := 2 + % provided N* > 2. Then estimate (26]) can be re-written as

K <p~ N2 [k — p ! Ap] m'-a.e. on X' (27)

Recall that in the case N* = 2, estimate (27)) states

K <e [k: — A¢] m'-a.e. on X'

4.2 Localization

We are now going to relax the positivity assumption on ¢, admitting ¢ also to vanish on
subsets of X.

Theorem 4.4. (i) Given ¢ € Lip,,.(X) such that the set {¢ > 0} is connected. Define a
metric measure space (X', d',w’') by
1 1

X' :={¢ >0}, d:¢®d, m’:zﬁm

Then d’ is a complete separable metric on X' and w' is a locally finite Borel measure on
(X', d"). The metric measure space (X', d';m’) is infinitesimally Hilbertian.

X

The sets Lip,.. (X', d) and Lip,,. (X', d') coincide. For f € W (X', d,m) = W2(X', d',w’),

oc loc

the minimal weak upper gradients |Df| and |D'f| w.r.t. the mm-spaces (X,d,m) and
(X', d',m’), resp., coincide.

(i) Assume in addition that ¢ € Lip,,.(X) N Dioe(A). Then the metric measure space
(X', d",m’) satisfies RCD(K', N') for any number N' € (N, o0] and any lower semicontin-
uous function k' on X' with

1
E < k¢® + §A¢>2 — N*T(¢)  mw'-a.e. on X'

(N—2)(N'-2)

where N* := 2 + *————.

Proof. (i) The crucial point is the completeness of the metric d’. Since the metrics d’ and
d are obviously locally equivalent on X', this will follow from the fact that

. / . /
ygg)l(/d(x,y)—oo (Vz e X').
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To see the latter, let points € X’ and z € 90X’ be given and let (v;)icpo1) be any
absolutely continuous curve in (X,d) with 79 = = and v; = z. Without restriction, we
may assume that v has constant speed. Let L = Lip¢. Then

| 1 [t 1
—f'ystZ—/ ds — 0o
L stz [ 1
ast — 1.

(ii) It is easy to check that the RCD(k’, N') condition has the local-to-global property,
see [Stuld] for the proof in the case N’ = oo. Therefore, it suffices to prove that X’ is
covered by open sets B such that the Boltzmann entropy is (&', N')-convex along Wj-
geodesics with endpoints supported in B. We are going to verify this for B := B(z) :=

{y € X' :d'(y,2) < r} with

B, (B (2)) :={z € X :d(z,B},(2)) <r} C X"

Given such a ball B = B!(z), we choose ¢p € Lip;,.(X) N Dioc(A) with ¢p = ¢ in
B.,.(2), ¢5 = 1 in X \ B,(B},(2)), and ¢p > 0 in X. See the subsequent Lemma
for the construction of such ¢p’s. According to the previous Theorem [4.2] the mm-space
(X, (Z%B ©d, fgm) satisfies RCD(K', N') with N’ and £’ as claimed. Thus the Boltzmann

B

entropy is (k', N')-convex along 2-Kantorovich-Wasserstein geodesics (fi¢)scfo,1) W.r.t. the
metric Q%B @d. If the endpoint measures po and jq are supported in §;(z), however, these

are exactly the 2-Kantorovich-Wasserstein geodesics w.r.t. the metric é ®»d. This proves
the claim. O

For the reader’s convenience, we quote an important result concerning cut-off functions
from [AMSI16], Lemma 6.7.

Lemma 4.5. Given a locally compact RCD(K, 0o)-space (X, d, m) and open subsets Dy,
D, C X with Dy C Dy, there exist ¢ € Lip,(X) N D(A) with A¢p € L=(X) and ¢ =1 in
Dy, =0 1in X\ Dy, and ¢ >0 in X.

Corollary 4.6. Assume that a metric measure space (X,d,m) is given which satisfies
RCD(K, N) for some finite numbers K, N € R.

Then for any open subsets Doy, Dy C X with Dy C Dy, there exists a metric measure
space (X', d',w’') satisfying RCD(K', N') for some finite numbers K', N' € R such that

Dy C X' C Dy, d’ = d locally on Dy, m =m on Dy.

Proof. Previous Theorem, part (ii), plus existence of cut-off functions with bounded
Laplacian according to previous Lemma. O

4.3 Singular Time Change

In the previous paragraph we dealt with an extension of Theorem where ¢ = —log ¢
is allowed to degenerate in the sense that it attains the value oo on closed subsets of
arbitrary seize. Now we will deal with the extension towards i) which are no longer in
Dioc(A) but merely in Lip,(X).

Assume that a metric measure space (X, d, m) is given which satisfies BEy(k, N) for
some lower bounded function k£ on X and some finite number N € [1,00).
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Theorem 4.7. Given ¢ € Lip,(X), the “time-changed” metric measure space (X,d’,m’)
with d' := eV ©d and m' := e*¥ m satisfies BE;(k, ) for

k= [k— (N =2)I'(¥)] m— Ay. (28)

Proof. i) Without restriction, assume that & is bounded. Choose K € R, with k > — K
on X. Given v € Lip,(X)ND(£), we will approximate it by v, := P;/,%. Thanks to the
BEy(— K, N) assumption, the heat semigroup preserves the class of Lipschitz functions
and of course it always maps L? into D(A). Thus ¢, € D(A) with sup,, Lip ¥, < oo and
with ¥, = 1 := ¢ in D(E) and in L. To see the latter, observe that by Ito’s formula,

K 9 7
1+ ﬁ<EId(Bt, x)) < E, cosh <\ / Nd(Bt’ x)) < Kile
since A cosh (\/md( . ,IE)) < K - cosh (\/Wd( . ,x)) by Laplace comparison. Thus

IPub(a) = 9(@)] < Lip - Ed(Buva) < Lip - /2 (ent —1).

ii) For n € NU{oc}, consider the mm-space (X,d,, m,) with d,, := e¥» ©®d and m,, :=
erm. Let (P)iso and (P, B!").exs>0 denote the heat semigroup and the Brownian
motion, resp., associated with it. Note that Bf = B;, ) with 7,(t) being the inverse to

oo(t) = /0 " e20n(B.)ds.

Also note that due to the BE;(—K, co)-property, the lifetime of the original Brownian
motion is infinite and thus also the lifetime of any of the time-changed Brownian motions.
Moreover, as n — oo, obviously 7,,(¢) — 7(t) (even uniformly in w), thus B — By®
a.s. and

P f(e) =B £(B3)] = E.[7(B%)] = P f(@) (29)

for every bounded continuous function f on X and every z € X.

iii) According to Theorem [£.2] for finite n, the the mm-space (X, d,, m,) satisfies the
BE; (ky, 00)-condition with

kn = e [k (N = 2)[V |2 — Awn} . (30)
In particular, the associated heat semigroup (P]");>o satisfies
V] < P (|9 (31)
with the Feynman-Kac semigroup P/ given in terms of the Brownian motion on (X, d,, m,,)

by

30



As already observed before, this can be reformulated as
1 rt
Pljo(w) = B[ Bk g (5, )]
in terms of the Brownian motion on (X, d, m). Moreover,

1 t 1 Tn(t)
—/ ku(By,))ds = -/ [k — (N = 2)[ Vi, |* — A, (B.)ds
0 0

2 2
= A, (Tn(t)) - N, (Tn(t))
with A, (t) := 1 [ [k — (N — 2)|Veb,|?] (B,)ds and

2

1

N, (t) := 3 /Ot A, (Bg)ds = 1, (By) — ¥n(Bo) — My(t),

the additive functional of vanishing quadratic variation in the Fukushima-Ito decomposi-
tion of v, (B;) whereas M,, denotes the martingale additive functional.

iv) Since ¢, — ¢ in D(E) as n — oo, obviously

M) = A = 5 [ [k (=2 V0] (B.)ds

P,-a.s. for m-a.e. x. Moreover, A, is Lipschitz continuous in ¢, uniformly in n, and
Tn(t) = Too(t) (uniformly in w). Thus P,-a.s. for m-a.e. x

A (1(t)) = Ao (T (1))

as n — oo.

To deal with the convergence of N, (Tn(t)), let N, and M, denote the additive func-
tional of vanishing quadratic variation and the martingale additive functional, resp., in
the Ito decomposition

$(Br) = $(Bo) + Moo(t) + Noo ),
see (9). As n — oo, of course, ¢,,(By) — 1(By) (uniformly in w) and

Un(Br, 1)) = ¥u(B]") — Y(By)

P,.-a.s. for every x.
Furthermore,
2
B M (70 (8)) = Moo (1))

< 2]Em‘Mn(Tn(t)) - Mm<7n(t))(2 + 2Em}Moo<Tn(t)) - Moo(Too(t»\2

Too(t) 9 Tn (£)VToo (t) 9

— 2B [ [V - O (B ds + 2B [ Vol*(B,) ds
0 Tn (£) AToo (t)

= Ct-EWn =)+ Ct-EW) - |Yn — V]

— 0
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as n — oo and thus M, (7,(t)) = My (7s(t)) Ps-a.s. for m-a.e. z.

v) Define the taming semigroup (P;*);>o by
Pt”g(x) ~E, eono(Too(Zt)qLNoo(Too(Zt) Q(an,(%))} (32>

with A, and N, as introduced above. Then for every bounded, quasi continuous function
gon X

Plrg(x) — Pfg(x)

as n — oo for m-a.e. x € X. (Note that quasi continuity of g implies that ¢ — g¢(B;)
is continuous P,a.s. for m-a.e. € X.) Moreover, recall from Proposition (iii) and
estimate that

|[Prg(@)] < e“F M gl

uniformly in n for m-a.e. z € X with constants Cy, C; depending only on 1), on sup,, osc(v,),
and on sup,, Lip¢,,. For any test plan IT on X, therefore

/ /0 11%’“"9(%) 45| ds dII(~) — / /0 1P:g(%) 14| ds dIT(). (33)

vi) Now assume that f € D(A) N Lip(X). Since the mm-space (X,d, m) satisfies
an RCD-condition, it implies |V f| € D(£) N L>(X). By quasi-regularity of the Dirichlet
form (£, D(£)), therefore |V f| admits a quasi continuous version. Thus applying (31),
([29), and to a quasi continuous version g of |V f| yields

[Pzt - PEstolane) [ [P - P dine)
< / /0 B[V 1) | ds dTT()
< vl / / P |V o £1(7) 4] ds dTI()

1
- //o PE|Vao f(7s) 15| ds dT1()

for any test plan IT on X. Therefore, PF|V ., f| is a weak upper gradient for P f. Hence,
in particular,

Voo S| < PE[Voo f].

By density of D(A)NLip(X) in D(E), this L'-gradient estimate extends to all f € D(E).
According to Theorem , the latter indeed is equivalent to the L!-Bochner inequality
BE; (k, 00) with

ko= [k — (N = 2)|VY[)|m — Ay. (34)

This proves the claim in the case ¥ € Lip,(X) N D(E).

vii) In the general case of ¢ € Lip,(X), let us choose a sequence of 1; € Lip,(X) N
D(E), j € N, with ||¢;|lc < [|¥]|oes Liptp; < Lipy and ¢; = ¢ on B,(z) for some
fixed z € X. For j € N, let (Pfj )i>0 denote the heat semigroup on the mm-space
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(X, e¥i®,e*im) and let (P,7);>o denote the associated taming semigroup defined as in
(32)) with 1) now replaced by ;. Then obviously

[PYF = PP f(2) < Iflloe - P (Bs & By(2) for some s < te2l¥l=) — g
as j — oo as well as
[Prg = Pg|(2) < llgloo - €@+ - P (B, ¢ Bj(2) for some s < tel¥l) — 0,

Thus for any f € D(A N Lip(X) and any test plan IT on X, as j — oo,
/ |PYf(n) = P f (o) dI(y) -+ / [P f(n) = P f ()] dI()
1
< [ ] Poiwision il dsant)
1
PPV oo f1(7s) || ds dIT().
> [ [ Rt il dsanca)

Arguing as in the previous part vi), this proves that the mm-space (X, e?®, €2¥ m) satisfies
BE;(k, 00) with £ = [k — (N — 2)|V¢[?]m — A, O

Corollary 4.8. For ¢ € Lip,(X), the heat flow P));>o on the metric measure space
(X,d',m') with d’ := e ©d and m’' := e*¥ m satisfies

(VP (2) S B. |- |V'F|(B))| (35)
with

A= 3 [ [ (V= 200 B+ A7 4 (B - ()

where (M’f’)tzo denotes the martingale additive functional in the Fukushima decomposi-
tions of (Y(By))e>o-

Equivalently, this can be re-formulated as
(VP f|(2) < Befe |9 F|(B)). (36)

now with V in the place of V' and with A" replaced by

A= /0 [k — (N — 2)0(¢)] (BL)ds + M.

Example 4.9. Let (X,d,m) = (R?, dgu, Miep) be the standard 2-dimensional mm-space.
Define functions ¥;, j €N, and ¢ : R* — R by

Vi1, 02) = @j(w1) - n(22),  P(21,72) = P(21) - N(22)

with ®,®; as defined in [{) for some ¢ € C*(R) and with n € C*(R) given by n(t) :=
(t2 = 1)3t for t € [—1,1] and n(t) := 0 else. For each j € N, the time-changed mm-space
(R?,d;, m;) with d; :== i ©dgye, m;j := €*¥i myep, corresponds to the Riemannian manifold
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(R, g;) with metric tensor given by g; := €*¥i geye. Its Ricci tensor is bounded from below
by

]Cj = —6_2ij¢j
cf. previous Theorem. cf. Propostion . (Note that the measure-valued Ricci bound
is giwen by k;m; = —Ay;.) In the limit j — oo, we will end up with a mm-space
(R?, do, Moo ) with distributional Ricci bound given by

k= —A.

5 Gradient Flows and Convexification

This section is devoted to extensions of the results from [Stul8a] on existence of gradient
flows and from [LS18] on convexification of semi-convex subsets towards functions with
variable lower bound for the convexity ([Stul8a]) or domains with variable lower bound
for the curvature of the boundary ([LS18]), resp. Of particular importance is the fact that
these lower bounds may change sign. Even the case of constant positive lower bounds
leads to new insights not covered by previous results.

5.1 Gradient Flows for Locally Semiconvex Functions

The goal of this subsection is to extend the existence result and the contraction estimate
for gradient flows for semiconvex functions from [Stul8a] to the setting of locally semi-
convex functions. The contraction estimate for the flow will be in terms of the variable
lower bound for the local semiconvexity of the potential.

Let (X,d,m) be a locally compact metric measure space satisfying an RCD(K, c0)-
condition (cf. Definition for some K € R. Assume moreover, that we are given
a continuous potential V' : X — R which is weakly /-convex for some continuous, lower
bounded function ¢ : X — R in the following sense: for all z,y € X there exists a geodesic
(Yr)refo,1] connecting them such that for all r € [0, 1]

V() <A =7)V(v)+rVin) —/0 0(vs)g(r, s)ds - d*(70,71) (37)

where ¢(r, s) := min{(1 — s)r, (1 — r)s} denotes the Green function on [0, 1].

We say that a curve (2;)icp,00) in X is an EVI,-gradient flow for V' (where EVI stands
for “evolution-variational inequality”) if the curve is locally absolutely continuous in ¢ €
(0,00) and if for every t > 0, every y € X, and every geodesic (7,),eo,1] connecting x;
and y,

1dt

_§Ed2(xt,y) = V(z) = V(y) +/0 (1 =7) b(y,) dr - d*(z4, ). (38)

Theorem 5.1. For every xg € X, there exists a unique EVly-gradient flow for V' starting
in xo (and ezisting for all time). Flows starting in xo and yo satisfy

d(zy, ) < e Jo f@swedsg( g y0) (39)

for all t > 0. Here {(z,y) := sup, fol {(~yy)dr with sup,, taken over all geodesics (7Vt)iefo,1]
in (X, d) with v = 2,71 = y.
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Proof. Existence and uniqueness of an EVIy-gradient flow (®;(x)):>o for any x € X with
A := inf{ follows from our previous work [Stul8al. Following the previous proof, one
also can deduce the refined EVI,-property. Indeed, this will follow as before by a scaling
argument from the EVIg_,,-property for the heat flow on the weighted metric measure
space (X, d, e~V m) which (obviously) satisfies the RCD(K + nf, oo)-condition. If we now
compare two flows, then we can apply twice: first to the flow (x¢);>0 and with y; in
the place of y; then to the flow (y:):>0 and with z; in the place of y. Adding up both
estimates yields (after some tedious arguments to deal with weakly differentiable functions
with double dependence on the varying parameter)

———d2(l't7yt) > Z(Imyt) 'd2(xt7yt)-

Alternatively, one can argue as follows: Given ¢ > 0, let X be covered by balls
B; = B, (z;) such that ¢; < ¢ < {; + € on By, (z). Thanks to the Localization Theorem
, for each i there exists an RCD-spaces (X;,d;, m;) with B,.(z;) C X; whose local data
on B, (z;) coincide with those of the original one. Thus as long as the flow does not
leave B,.(z;), we can consider the original flow also as an EVI-gradient flow for V' on the
mm-spaces (X, d;, m;).

Given any (X,d)-geodesic (V¢)eo,1) and r,s € [0,1] with ,,7, € B,,(2;) we thus
conclude that

d
dt

t=0

d(®:(7r), Pe(s)) < —Li-d (v 7s) < —d(%,%)-/s (£(v,) — €) dg.

Adding up these estimates for consecutive pairs of points on the geodesic (7;)scpo,1) finally
gives

7|, Jogd(®:(70), i(1)) < —/0 ((7q) dg + €.

Choosing v optimal, we therefore obtain for arbitrary zy,x; € X and for all t > 0

t=0

ilogd(q)t(xo),@(xl)) < —U(DPe(wo), Pi(z1)) + €.

dt
Thus .
d(B(z0), By(21)) < e BB @lan)dstet 4@, (20) @, (x1)).
Since € > 0 was arbitrary, this yields the claim. O]

As pointed out in [Stul8a] in the case of constant ¢, the existence of EVI-flows for V
can be regarded as a strong formulation of semiconvexity of V.

Corollary 5.2. Fvery weakly (-convex function is indeed strongly ¢-convex in the sense
that the inequality holds for every geodesic (7V¢)tcjo) in X.

A closer look on the proof of the previous Theorem shows that appropriate re-
formulations of the results also hold true for flows which are defined only locally.
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Theorem 5.3. Assume that continuous functions V and { : Y — R are defined on an
open subset Y C X and that V' is {-convex on Y in the sense that the inequality
holds for every geodesic (7;)icjo,1) contained in Y .

(i) Then for each xy € Y there exists a unique local EVI;-gradient flow (x¢)icpo,r) for
V' with mazimal life time 7 = 7(x¢) € (0,00]. If T < 00 then z, = limy_,, x; exists and
x, € 0Y.

(ii) For any pair of initial points xg,yo € Y and their EVI,-flows (2¢)i>0, (Yt)t>0, the
estimate -

d(@e, ye) < e o o5 (g, g1)

holds for all t < T* where T* = T*(x¢,yo) denotes the first time where a geodesic con-
necting x; and y; will leave Y .

Proof. (i) Existence and uniqueness of a local EVl-gradient flow are straightforward.
Applying the estimate to points xy and yo := zs proves that the flow (z;); has finite
speed. Assuming 7 < oo, the family (x;);<, will be bounded and therefore admits a
unique accumulation point for ¢t — 7, say 2, € Y. Assuming that 7 is the maximal life
time for the flow implies that x, € 9Y.

(ii) follows exactly as in the case of the globally defined gradient flow. O

The Hessian along Geodesics

On a Riemannian manifold (M, g), the Hessian D?f of a smooth function f : M — R
can be regarded as a bilinear form D?f : TM x TM — R or equivalently as a quadratic
form on the tangent space T'M. With the latter interpretation, for £ = (z,v) € T M with
xr €M and v e T, M,

1 d?
o P
for any v € Geo,(M) with 49 = v. Here Geo,(M) denotes the set of all geodesics
v : (a,b) = M with 0 € (a,b) and vy = x. (As usual, ‘geodesics’ are constant speed and
minimizing.)

D*f(¢) = FOn)l o (40)

Definition 5.4. Given a geodesic space (X,d), an open set Y C X and functions V :
Y - Rand X : Y — R. We say that the Hessian of V' along geodesics (or the geodesic
Hessian of V') is bounded from below by A, briefly

D&,V =X onY,

if for every unit speed geodesic 7y : (a,b) — Y the function Ao~y : (a,b) — R is locally
integrable and u :=V oy : (a,b) = R is locally absolutely continuous with

u" > Xovy on (0,1) in distributional sense.
Example 5.5. A function V : X — R is strongly K-convex if and only if

D&,V >K onX.
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Proposition 5.6. Given a geodesic space (X,d), an open set Y C X, a continuous
function V 1Y — R, and a number k € R. Then

D&,V >-kV onY
if and only if for all geodesics v : [0,1] = Y of length < R, := 7/+/k and for all s € (0,1),

V(ve) < ol (14]) - V(ve) + o (141) - V(). (41)

Indeed, it suffices to verify the latter for s = 1/2, and at each point x € X for all
sufficiently short geodesics with vy, /o = x.

Proof. By definition D3,V > —kV on Y if and only if for each geodesic v : (a,b) = Y
the function u := V o : (a,b) — R is absolutely continuous and satisfies v’ > —ku on
(a,b) in distributional sense with & := |¥|? k. Straightforward calculations and comparison
results for Sturm-Lioville equations yield that this is equivalent to

(=)

V(’ys) < ox

. () .
(E=r) 13 - V) + o ((E=7) [4]) - V(%) (42)
foralla <r <s <t <bwith (t—7r)|y| < R, := 7/+/k. The latter obviously follows from
by linear rescaling of the interval [r,t] onto [0, 1]. Conversely, follows from (|42))
with a = 1,b = 1 by passing to the limit » \,0,¢ 1 and using continuity of V. [

5.2 Convexification

In this subsection, we will prove the fundamental Convexification Theorem which (via
time-change) allows to transform the metric of a mm-space (X, d, m) in such a way that
a given semiconvex subset Y C X will become geodesically convex w.r.t. the new metric
d’. We will prove this in two versions: first, for closed sets Y, then for open sets Z.

Throughout this section, we fix a locally compact RCD(K, oo)-space (X,d, m). Given
a function V : X — (—o0, 0], we denote its descending slope by

Viy) = V()™
d

V= V|(x) := limsup
VI @)

Yy—x

provided z is not isolated, and by |V~V|(z) := 0 otherwise. Moreover, we put |[V*V| :=
V= (=V)I.

Definition 5.7. We say that a subset Y C X 1is locally geodesically convex if there ezists
an open covering | J;c; Us D X such that every geodesic (7Vs)sepo,) in X completely lies in
Y provided vo,v1 € Y NU; for some 1 € 1.

Every geodesically convex set is locally geodesically convex but not vice versa.

Example 5.8. Let X denote the cylinder R x S* and Yy = {(t,¢) : t = 0,|¢| < 7/2}.
Then'Y := B1(Yy) is locally geodesically convex but not (geodesically) convex.

Theorem 5.9. Let V, / : X — R be continuous functions and assume that for each € > 0
there ezists a neighborhood D, of the closed set Y :={V < 0} such that
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e 1 -e<|VV|<l4+einD\Y
o Vis ({ —¢€)-conver in D\ Y.
Then for every e > 0, the set Y is locally geodesically convex in (X,d’) ford’ = e~V &d.

Remark 5.10. (i) The above Theorem provides a far reaching extension of our previous
result in [LS18] which covers the case of constant negative £. Now we also admit variable
¢ and 0’s of arbitrary signs.

(i) Note that in the case of positive £, the set Y will already be convex in the old
metric space (X, d) and it will be “less convex” in the new space (X,d").

(111) In the above Theorem, without restriction, we may put V =0 in Y. Moreover,
for both functions V' and (€ it suffices that they exist as continuous functions on D\ Y°
for some neighborhood D of Y .

Proof. Let € > 0 be given and put d’ = e =9V & d.
(i) In order to prove the local convexity of Y in (X, d’), let z € Y be given and choose

e > 0 sufficiently small (to be determined later). In any case, assume that (31£)? < 2.

Choose 0 > 0 such that o
e 1 -e<|VV|[<1+4€einBs(2)\Y
e V is geodesically (¢(z) — €)-convex in Bs(z) \ 'Y
o |[{(x)—{(z)| <eforall z€Bs(z)\Y.

Our proof of the local convexity of Y will be based on a curve shortening argument under
the gradient flow for V: Assume that (7,)ac(0,1] Was a d’-geodesic in Bs/3(2) with endpoints
Y0,71 €Y and 7, € Y for some a € (0,1). Then we will construct a new curve (72)qe0.1]
with the same endpoints but which is shorter (w.r.t. d’) than the previous one — which
obviously contradicts the assumption. For each a € [0, 1], we consider the gradient flow
curve ((IDt('ya))t>o for V starting in ®g(7,) = 7, and we stop it as soon as the flow enters

the set Y. Then we put 72 := &, (v,) where Ty = inf{t > 0: ®;(,) € Y}.

(ii) To get started, let us first summarize some key facts for the gradient flow for V|
that is, for the solution to #; = —VV/(z;) in the sense of EVI-flows. For x € Bs(2) \ Y,
let (®(z)) refo.ry denote the EVI-gradient flow for V starting in « with maximal life time

7 =7(z) in Bs(2) \ Y. Note that V(z) < (1+¢)é for 2 € Bs(z) \ Y and for a.c. ¢,

%@(zﬁ,m) VU@t 1) > —(1+6)? and < —(1— €2

We easily conclude that 7(x) < oo for @ € Bs/3(z) and, since (1££)* < 2,
(I)T(m)((l,’) e dY N Bg(z).

In particular, 7(x) = To(z) = lim, o 7,.(z) with T,.(z) := inf{t > 0 : V(P4(2z)) < r} for
r > 0.

(iii) To proceed, it is more convenient to parametrize the flow not by time (as we
did before) but by “height”, measured by the value of V. That is, for r > 0 we put
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d,(z) = ®p((2) with T,(z) as above. Moreover, for z € Y we put T,(z) := 0 and
@T(x) =z for all » > 0.
The (¢(z) — €)-convexity of V' implies
d(®,(2), &,(y)) < el T DT d(z,y), (43)
see [LS18], Lemma 2.13 (or, more precisely, estimate (10) in the proof of it).

(iv) Given any rectifiable curve (Vq)ae,1] in Bsss(z) let (73)acpo1) be the curve in
Bs(z) \ Y° defined by 7° = ®y(7,). Then
L0 . |5, |
et £V () 4

el€'/2=t(7a))V (7a) . [¥al.

[Hal

IAIN A

Indeed, for every € > 0 one can choose € > 0 such that (¢/2 — {(z)) > (2¢ — £(x))(1 £ €)?
for all x € Bs(z)\ Y. Here and above, the sign in the expression (14 ¢)? has to be chosen
according to the sign of (2 — ¢(x)).

Measuring the speed of the curves now in the metric d = =9V ® d, the previous
estimate yields

ol < 1l
and, moreover, 72| < |¥,|" whenever v, € Y and |9,|" # 0. This proves the claim. O

In the previous Theorem, we used the gradient flow w.r.t. a function V' (which shares
basic properties with the distance function d(.,0Y)) as a path-shortening flow on the
exterior of Y in order to prove that the closed set Y is locally geodesically convex w.r.t. the
new metric d’.

To make a given open set Z C X locally geodesically convex w.r.t. a new metric d’,
we will proceed in a complementary way: we will use the gradient flow w.r.t. a function
V' which shares basic properties with the negative distance function —d(.,07) as a path-
shortening flow in the interior of Z. This is the content of the Second Convexification

Theorem.

Theorem 5.11. Let V,/ : X — R be continuous functions and assume that for each ¢ > 0
there exists 0 > 0 such that

o 1 —e<|VV|<1+c€ontheset{—d<V <0}

o V is (£ — €)-convex on the set {—6 <V < 0}.

Then for every € > 0, the open set Z := {V < 0} is locally geodesically convex in (X,d’)
ford' = eV o d.

Proof. Given € > 0, we choose § > 0 as above. Then for each r € (0, 0], we can apply the
First Convexification Theorem [5.9| with V' as above, with the closed set Z, := {V < —r}
in the place of Y, and with D, := Z\ Z,.. This yields that the set Z, is locally geodesically
convex w.r.t. the metric d’ := "9V ® d. Having a closer look on the proof of Theorem
5.9, we see that we can choose an open covering J,.; U; D X, independently of 7, such
that every d’-geodesic (7s)sejo,1) in X completely lies in Z, — and thus in particular in
Z — provided 9,71 € Z,. NU; for some ¢ € I. This proves the claim: every d’-geodesic
(7s)sefo,1) completely lies in Z provided v, 71 € Z N U; for some i € 1. O]
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5.3 Bounds for the Curvature of the Boundary

The canonical choice for the function V' in both of the previous Convexification Theorems
is the signed distance function V =d(.,Y) —d(.,X \ Y) (or suitable truncated and/or
smoothened modifications of it). In the Riemannian setting, a lower bound for the Hes-
sian of this function has a fundamental geometric meaning: it is a lower bound of the
fundamental form of the boundary. In the abstract setting, this observation will provide
a synthetic definition for the variable lower bound curvature of the boundary.

Definition 5.12. Let a closed set Y C X and a continuous function £ : X — R be given,
and put V(z) == d(z,Y) —d(z, X \'Y). We say that Y is locally (-convex or that { is
a lower bound for the curvature of Y if for every e > 0 there exist an open covering
UZ.E] U; D JY and continuous functions V; : U; — R for i € I such that

e (1—-a) V<V, <(14¢€V onU;
e 1 —ec<|VV|<1+eonl
o V; is (¢ — €)-convex on Us.

We say that Y is locally ¢-convex from outside (or that Y is locally (-convex from inside)
if the three latter properties are merely requested on U; \'Y (or on U;NY?Y resp.) instead
of being requested on Uj.

Remark 5.13. The previous approach does not only allow us to define lower bounds for
the curvature of the boundary (interpreted as lower bounds for the “second fundamental
form of the boundary”) but also to define the second fundamental form yy itself as well
as the mean curvature pgy: the former as the Hessian (restricted to vectors orthogonal
to VV') and the latter as the Laplacian of the signed distance function V- = d(.,Y) —
d(., X \Y). That is,

Tov(f, f) = Hy (£, ) = T( TV ) = 5T, T()
provided V' € Dioe(A) and T'(f,V) =0, and
poy = AV.

This concept of curvature bounds for the boundary has been introduced in [LS18],
restricted there to the case of constant, nonpositive . As already observed there, the two
most important classes of examples are Riemannian manifolds and Alexandrov spaces. In
these cases, if not explicitly specified otherwise, m always will denote the corresponding
n-dimensional Riemannian volume measure L£" or the n-dimensional Hausdorff measure
H™. The proof of the next result is literally as in [LS18].

Proposition 5.14. Let X be a Riemannian manifold, Y a closed subset of X with smooth
boundary. Then { is a lower bound (or interior lower bound or exterior lower bound,
resp.) for the curvature of OY if and only if the real-valued second fundamental form of
aY satisfies

Iy > (.
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Lemma 5.15. Let (X,d) be an Alexandrov space with generalized sectional curvature

> K. Put px = 57= if K >0 and px = oo else. Moreover, given z € X put p(z) =

sup{r > 0:|V*d(.,2)| =1 in B.(2)}. Then for each r € (0, px A p(2)), the curvature of
the boundary of Y := X \ B,(2) is bounded from below by

-1 if K=0
(= —cotg(r) =< —VK cot(vVKr), if K >0 (44)
—v—K coth(v/—Kr), if K <0.

Proof. Given z € X and r € (0, pg), put
%(7’2—d2(:c,z)>, if K =0
Viz) = V,.(z) = m<cos (\/?d(a:,z)) — CoS (\/Er), it K >0
L (cosh (V=Kr — cosh (vV—Kd(z,2))), if K <0.

v/—K sinh (\/jr) (45)

Then obviously {V <0} =Y and |[V-V| =1 on dY (and close to 1 in a neighborhood of
dY’). Moreover, by comparison results for Hessians of distance functions in Alexandrov
spaces

D% d*(x,2) <2, it K=0

D%, cos (VKd(z, 2)) > —K cos (VKd( x,z)), if K >0

D}, cosh (V=Kd(z,z2)) < (=K) cosh (vV-Kd(z,2)), if K <0.
Thus D%,V > —cotg(r) on 9Y (and > — cotx(r) — € in a neighborhood of 9Y). This
proves the claim. O

Lemma 5.16. Let (X,d) be an CAT space with generalized sectional curvature < L. Put
pL = ﬁ if L > 0 and p;, = oo else. Then for each r € (0,pr), the curvature of the
boundary of Y := B,(z) is bounded from below by

: if L=0
¢ = coty(r) :={ VL cot(vLr), if L>0 (46)
v/—L coth(v/=Lr), if L <0.

Proof. Given z € X and r € (0, p), put

_2%02_0'2(37’2))’ if L=0
Vi) = { ~Zraumy (oo (VEd@) - cos (VD) 250
_ﬁ¢m&¢ﬂ)@%hWCD“W%hWCTMLdD,ﬁL<Q

Then obviously {V <0} =Y and [V-V| =1 on dY (and close to 1 in a neighborhood of
dY'). Moreover, by comparison results for Hessians of distance functions in CAT spaces
D% d*(x,2) > 2, if L=0
D%, cos (VLd(z, 2)) < —L cos (VLd(z, 2)), if L>0
D}, cosh (V=Ld(z,z)) > (—L) cosh (vV—Ld(z,z2)), if L <0.

Thus D%,V > cotr(r) on Y (and > cotr(r) — € in a neighborhood of 9Y") which proves
the claim. O
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Proposition 5.17. Let (X, d) be an Alexandrov space with generalized sectional curvature
> K. Put pg = #ﬁ if K >0 and pg = oo else. Assume that a closed setY C X satisfies
the “exterior ball condition” with radius r < px. That 1s,

X\Y = JBi(2)

ZGYT
with Y, :={z€ X :d(2,Y) =r, p(z) >r}. Then'Y is locally (-convex with { = — coty r.

Proof. For x € X, put
V() = sup Vi ()

ZEYT

with V., as introduced in Lemma Then obviously Y = {V < 0} and

sing d(z, Y,

IV V() = ) vt V)| (@)

sing r
forallz € X. Hence, 1 —e < |V~ V|(z) < 1forallz € U\Y for a suitable neighborhood U
of JY'. Moreover, for each z € Y,, by comparison results for Hessians of distance functions
in Alexandrov spaces,

cosk d(x, z)
D2 V., > _ TR )
Geo V1, (.T) - SiHKT
and therefore,
COSK T
DZ..V(z) > — —
Geo (ZL‘) e SiHKT'
for all x in a suitable neighborhood U of 0Y. This proves the claim. O

Analogously, we conclude

Proposition 5.18. Let (X,d) be a CAT space with generalized sectional curvature < L.
Put pp, = #Z if L >0 and pr, = oo else. Assume that a closed set Y C X satisfies the
“reverse exterior ball condition” with radius r < pp. That 1s,

Y = ﬂ B,(z)

for some compact set Z C X. Then Y 1is locally {-convex with £ := coty, r.

Proof. Similar as in the proof of the previous Proposition, put
V(z):=sup(-V;.)(z)
z2€Z

with V,., defined as before, but now with L in the place of K. Then it is easily seen that
V<0onYand V > 0on X \Y. Moreover, by comparison results for the Hessian of
distance functions under upper curvature bounds,

Déeo Viz) > coSy, (supzez d(:v,z))

> cotr(r + ¢)

sing, r
for all x € B.(Y'). Furthermore,
smL.(r —€) <IVV|(2) < Sln[i(T‘ +€)
sing, r sing, r
for all z € B.(9Y). O
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The Convexification Theorems [5.9 and from the previous subsection immediately
yield

Theorem 5.19. i) Assume that { € C(X) is an exterior lower bound for the curvature
of OY. Then for every ¢ > 0, the set Y is locally geodesically convexr in (X,d") for
d' =e OV od where V=4d(.,Y).

ii) Assume that ¢ € C(X) is an interior lower bound for the curvature of Y. Then
for every € > 0, the set Y° is locally geodesically convex in (X,d’) for d' = =9V o d
where V= —d(., X \Y).

Remark 5.20. The Convezification Theorems[5.9 and[5.11] provide a method to make a
given set convex by local changes of the geometry. By construction of this transformed
geometry, the given set will be “as little convex as possible”. Indeed, in regions where the
set already was conver, the set will be transformed into a less conver set.

[ =/

Figure 1: Euclidean plane: convex disc, nonconvex complement

Figure 3: Conformally changed plane: decomposition into two convex subsets

Example 5.21. Let X = R” for n > 2, equipped with the Fuclidean distance and the
Lebesgue measure. If we apply the previous results to the complement of a ball, say Y =
R" \ B,(2), then we see that Y (as well as Y°) will be locally geodesically convex in
(R, 49% & d) for any € > 0 where

=0V = %(1— |“’_2Z’2).

r
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On the other hand, applying the previous results to a ball, say Z = B, (2), then we see that
Z (as well as Z ) will be locally geodesically convex in (R™,e'=9% & d) for any € > 0 with
the same v as before. The same “convexification effect” will be achieved by choosing

|z — 2|

=—1
¥(x) 0g —
in a neighourhood of 0B, (z). In the case n = 2, with this choice of ¥, in a neighorhood
of OB,.(2) the space (R, e¥ ®d) will be a flat torus. In particular, OB, (z) will be a totally
geodesic subset. This provides a simple explanation why both, B.(z) and its complement,
are convetw.

6 Ricci Bounds for Neumann Laplacians

6.1 Neumann Laplacian and Time Change

Let a metric measure space (X, d, m) be given; assume that it is geodesic, locally compact,
and inﬁnitesimally Hilbertian Observe that due to the local compactness, W?(X) =
{u € WA2(X) : [y[Dlu) + 1) dm < 0},

By restriction to a Closed set Y C X, we define the mm-space (Y, dy, my). Here dy
denotes the length metric on Y induced by d and my denotes the measure m restricted
to Y. The Cheeger energy associated with the restricted mm-space (Y, dy,my) will be
denoted by €Y and its domain by F¥ = D(EY) = W'(Y). To avoid pathologies,
throughout the sequel, we assume that Y = Y0, m(Y) > 0, m(9Y") = 0, and that dy < oo
onY xY.

The minimal weak upper gradients (and thus also the I'-operators) w.r.t. (X,d, m)
and w.r.t. (Y, dy,my) will coincide a.e. on Y i.e. FY.(Y?) = Foe(Y?) and T (u) = T'(u)

loc
a.e. on Y for all u € FY_(Y?). Moreover,

W1’2(X)\Y C WH(Y) c Wh(Y?) (47)

where WH2(Y0) := {u € Fioc(Y?) : [,o[[(1) + v?]dm < 0o} and

£ (u) = /Y T(u) dm (48)

for all u € WH2(Y). In particular, the restricted mm-space (Y, dy,my) is also infinitesi-
mally Hilbertian.

The heat semigroup associated with the restricted mm-space (Y, dy, my) will be called
Neumann heat semigroup and denoted by (P} );>o. The associated Brownian motion will
be called reflected Brownian motion and denoted by (PY, BY).

Remark 6.1. i) In literature on Dirichlet forms and Markov processes (in particular, in
[CE12]), Chapter 7, “reflected Brownian motion” on the closure of an open set Y° C X
is by definition (and by construction) the reversible Markov process associated with the
Dirichlet form EY given by with domain WH(Y°?) C L*(Y, my).

ii) In general, the sets W12(Y') and W'2(Y") do not coincide, see subsequent Example.
In [LS18], Section 4.2, equality of WYA(Y) and WY2(Y) was erroneously stated as a
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general fact. Instead, it should be added there as an extra assumption. Equality holds if
Y is regularly locally semiconvex, see Proposition [6.4] below, and of course also if Y° has
the extension property W12(Y?) = WLQ(X)‘YO.

Example 6.2 (Based on private communication with T. Rajala). Given X = [—1,1]?
with Fuclidean distance d and 2-dimensional Lebesgue measure m, put

Y =X\ | B3 (2,,0)

neN

where {x, }nen denotes a countable dense subset of [—1,1]. Then W12(Y) # WH2(Y?).
For instance, the function u(z,y) = sign(y) belongs to W'2(Y°) but not to WH2(Y).

Indeed, functions in WH2(Y?) can have arbitrary jumps at the x-aris since Y° has two
disconnected components, one being a subset of the open upper half plane, the other one
being a subset of the open lower half plane. On the other hand, functions in W12(Y') will
be continuous along almost every vertical line which does not hit one of the small balls
By (zn,0), n € N, (which is the case for more than half of the vertical lines).

Definition 6.3. An open subset Z C X is called regularly locally semiconvex if there
ezists an open neighborhood D of 0Z and functions V,{ € DM (A) such that V' is -convex
and V = —d(.,0Z) in DN Z.

Here and in the sequel, we put Di™(A) := {f € Dic(A) with f,T(f),Af € C(X)}
and DO™(A) :={f € Dioc(A) with f,T(f),Af € C(X) N L¥(X)}.

Note that D™ (A) C Lip,(X) provided the Sobolev-to-Lipschitz property holds.

Proposition 6.4. Assume that (X,d, m) satisfies RCD(K, N) for some K, N € R and
that Y is reqularly locally semiconvex. Then

WLQ(Y) _ W1,2(Y0>
and |Dyu| = |Du| m-a.e. on'Y for every u € WH2(Y?).

Proof. i) To simplify the subsequent presentation, we assume that the defining functions
¢,V for the regular semiconvexity of Y° can be chosen to be in D™ (A) and not just in
D (A). Under this simplifying assumption, for any e > 0 also ¢ := (e—¢) V € D™ (A)
and thus the time-changed mm-space (X,d’,m’) with d = ¢¥ ®d and m’ = €?¥m will
satisfy RCD(K”, 00) with some K’ € R. The general case can be treated by a localization
and covering argument.

ii) Recall that a function v € L*(Y,my) is in WH(Y) with weak upper gradient

g € L?(Y,my) if and only if for each test plan IT in (Y,dy, my)

/C}“(%)—“(%)}dﬂ(v)é/c/o g(e) [e] dt dIL(y).

where C := C([0,1],Y). Now observe that any test plan II in (Y,dy,my) can also be
regarded as a test plan in (X, d, m). (Indeed, for each curve v € C([0,1],Y) C C([0, 1], X),
the speed w.r.t. (X, d) will be bounded by the speed w.r.t. (Y,dy).) And IT is a test plan
in (X,d,m) if and only if it is a test plan in (X,d’,m’). Moreover, g is a weak upper
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gradient w.r.t. (X,d, m) implies that ¢ = e ¥g is a weak upper gradient w.r.t. (X,d, m’)
and vice versa since
el = €07 14).

iii) Now let us fix a test plan II in (Y,dy,my). For n € N, define II/, to be the
“piecewise geodesic test plan” in (X, d’,m’) such that ((et)*l_[n) o] is the Wj-geodesic
which interpolates between the measures (e;,).II for @ = 0,1,...,n. Thanks to the
RCD-property of (X,d’,m’), such a piecewise geodesic interpolation indeed is a test plan.

For each ¢t € [0,1], we know that v, € Y for IT-a.e. v since (e;),lI < C'm and
m(9Y) = 0. Geodesic convexity of Y w.r.t. d’ thus implies

v eY?  (vtelo,1])

for Il,-a.e. 7. In particular, thus for each n € N and each € > 0, there exists a compact
set Y. C Y such that I1,(C.) > 1 — €. where C. := C([0,1],Y;). Put

I (.) =

T.(C) I,(. NC,).

iv) Given the compact set Y, C Y°, there exists u, € W?(X,d’,m’) such that
u = U, |D'u| =|D'u| m-a.e. on a neighborhood of Y,.

Since II¢ is a test plan in (X, d’,m’), we obtain for each n € N and each ¢ > 0

[ [ ipdeoiaaniy = [ [ e pan,)

> // 1D () il dt T ()
> /!ue M) = ue(0)| dIl; ()

= . {U(%) - U(70)| dIL,(7)

In the limit € — 0 this yields

[ 1ot dedn,6) = [ Jutn) = utoo) i) = [ Jutr) = utoo)| diier
cJO C C

Since by assumption |Du| € L?(Y, my ), according to the subsequent Lemma we may pass
to the limit n — oo and finally obtain

// | Dul(7ve) || dt dTI(y /|U ) — (v }dH

This proves the claim: u € W?(Y") with minimal weak upper gradient m-a.e. dominated
by |Dul. []
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Lemma 6.5 (Private communication by N. Gigli). Assume that (X,d, m) satisfies RCD(K, N)
for some K, N € R. Then for every test plan I1 in X and every g € L*(X, m)

i ([ seo k) = [[ oo fdaane) (49)

where 11, denotes the “piecewise geodesic test plan” such that ((et)*Hn) 18 the Wa-

te[0,1]
geodesic which interpolates between the measures (e;/n):Il for i =0,1,...,n.

Proof. First of all, observe that it obviously suffices to prove the claim for test plans
supported on bounded subsets of X. Secondly observe, that it suffices to consider bounded
continuous functions g. Indeed, given any g € L*(X, m) and € > 0, there exists g. € Cy(X)
with ||g — g:||z2 < e. Since 1I,, is a test plan, this implies

‘//01[9(%)—95(%)] Mdtdnn(v)r < // 9() — ge ()| dtdIL, (v // |4 [2dtdIL, ()

< e-supC), -sup A,

for each n € NU{oo} with I, := II where C,, is the compression of the test plan II, and

/ [ > dtdIL,,( / [ [*dtdTT(y

Due to the RCD (K, 0o)-assumption, the compression of II,, is bounded by the compression
of IT times a constant depending on K and the diameter of the supporting set of II. Thus

//0 l9(7e) = g=(v0)] [l dt Il () — 0

uniformly in n € NU {oo} as ¢ — 0.
It remains to prove for bounded continuous g. This will be an immediate conse-
quence of the weak convergence

dry () = [Vl dtdll,(v) — ||dtdll(y) =: dmw(y) (50)

as measures on the space X := [0,1] x C([0, 1] — X). To prove the latter, we first observe
that the total mass of the measures m,, is uniformly bounded on X since

/dﬂ'n //y%y dtdIL,,( //\%\ dtdTI(y (51)

Properness of X (due to the RCD(K, N)-assumption) and uniform boundedness of the
supporting sets of II,, then guarantees the existence of a subsequential limit ... Lower
semicontinuity of the map ~ — || implies that w,, < w. Now assume that 7, # 7.
Then in particular 7o, # 7 on the set {(t,7) : || # 0}. Once again using the lower
semicontinuity of v +— || this will imply

hmmf/ || 2dtdIL,,, (v /|7|al7‘rOo /|7|d7r—/ |, |2 dtdIT(~y

which is a contraction to from above. Thus 7., = 7 and hence follows and so
does in turn (49). O
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Given a bounded continuous v € W'?(X), let us consider the mm-space (Y, d}, m})
with m{, = €*¥ (m|]y) = (e*m)|y and d}, = (dy) = (d')y. On the level of the mm-
spaces, it is clear that restriction and time-change commute. Hence, the time change of
the reflected Brownian motion is equivalent to the reflected motion of the time changed
process; and the time change of the Neumann heat flow is the Neumann version of the
time changed heat flow.

Now let us have a closer look on the transformation of the curvature-dimension con-
dition under time change and restriction.

Proposition 6.6. Assume that (X,d, m) satisfies the RCD(k, N)-condition for some finite
number N > 2 and some lower bounded, continuous function k. Moreover, assume that
Y s locally geodesically convez in (X,d’") where d = e¢¥ ®d for some ¢ € Lip,(X) N
D (A). Then for any (extended) number N' > N, the mm-space (Y,d{,, m!,) satisfies

loc

the RCD(K', N')-condition and the BEy(k', N')-condition with

(N —2)(N'—2)

K= [k - Ay — N

V.

Proof. i) To get started, we first employ the equivalence of the Lagrangian and Eulerian
formulation of curvature-dimension conditions as formulated in Theorem [3.4] to conclude
that (X,d, m) satisfies the BEy(k, IV)-condition.

ii) Next we apply our result on time change, Proposition or [HS19], Theorem 1.1,
to conclude that (X, d’, m’) satisfies the BEy(k’, N')-condition with the given N’ and &'.

iii) Once again referring to Theorem for the equivalence of the Lagrangian and
Eulerian formulation, we conlucde that (X, d’, m’) satisfies the RCD(k’, N’)-condition.

iv) In the Lagrangian formulation, it is obvious that a curvature-dimension condition
is preserved under restriction to locally geodesically convex subsets. Since by assump-
tion Y is locally geodesically convex in (X, d’), it follows that (Y,d},m} ) satisfies the
RCD(%', N')-condition.

v) In a final step, we once again employ Theorem to conclude BEy(k', N'), the
Eulerian version of the curvature-dimension condition. O]

6.2 Time Re-Change

We are now going to make a “time re-change”: we transform the mm-space (Y, d\,, mj)
into the mm-space (X, dy,my) by time change, now with — in the place of ¢) and with
(k’, N') in the place of (k, N).

The main challenge will arise from the two conflicting requirements:
e |V¢| # 0 on JY in order to make use of the Convexification Theorem

e ) € D(AY) (which essentially requires |V¢)| = 0 on dY) in order to control the
Ricci curvature under the “time re-change”.

To overcome this conflict, we have developed the concept of W~1*-valued Ricci
bounds which will allow us to work with the distribution AY). More precisely, the crucial
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ingredient in our estimate will be the distribution AYIM oy = AV — Apml|y € W
defined as

(A Y| ) = — /Y (. f)+ A fldm  (Vf € WHHY)), (52)

Note that this distribution indeed is supported on the boundary of Y in the sense that
1 = 1" on a neighborhood of 9Y implies

éY¢|3Y - éyw/’ay‘ (53)
Theorem 6.7. Assume that (X,d, m) satisfies the RCD(k, N)-condition for some finite
number N > 2 and some lower bounded, continuous function k. Moreover, assume that

Y s locally geodesically convex in (X,d") where d' = e¥ ®d for some ¢ € DE™(A) with
=0 on Y. Then the mm-space (Y,dy,my) satisfies the BE;(x, 00)-condition with

k=kmy + Ay, (54)

Proof. i) Let 1 € D™(A), put d = eV ®d and N’ = 2(N — 1). Then according to
Theorem , the mm-space (X, d’, m’) satisfies the BEy(k’, N')-condition with

K =e [k — A —2(N —2)|Ve 2.

Since by assumption Y is locally geodesically convex, according to the previous Propo-
sition, the mm-space (Y, d{, m} ) also satisfies the BEy(k’, N')-condition with the same
K.

On the space Y, let us now perform a time change with the weight function —# (“time
re-change”) to get back

dy = G_w ® dly, my = G_Zw ® mg,
According to Theorem [4.7, the mm-space (X, dy,my) will satisfy BE;(k, co) with
ko= K= (V= 2V |+ ALy

= k- Ay -4 - 2)|V1/J|2}my + Ayt

- _k—4(N—2)|V¢|2]my+éy¢|8y. (55)

ii) In a final approximation step, we now want to get rid of the term —4(N —
2)|V¢|> my in the previous distributional Ricci bound &.
Given 9 as above, we define a sequence of functions v, with the same properties as

¥, with 1, = 1 on By, (9Y), with |V1),,| being bounded, uniformly in n, and with
IVio,| -0 m-ae onY

as n — oo. This can easily be achieved by means of the truncation functions from Lemma
4.4.

Then according to in the previous part of this proof, for each n € N the mm-space
(Y, dy, my) satisfies the BE;(k,, c0)-condition with

ki = [k — 4N = 2)| VY[ my + Ay, |,
= [k —4(N = 2)|[V Y| my + AV,

where the last equality is due to . Since the mm-space under consideration does not
depend on n, this obviously implies the BE; (k, 00)-condition with k = kmy +AY1/J|ay. ]
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Summary. Let us illustrate the strategy of the argumentation for the proof of the
previous Theorem [6.7] in a diagram.

(X,d,m) CD(k, N) = BE2(k, N)
time change, ionvexiﬁcation (2
(X,i,m’) CD(k', N") = BEy(k', N')
restriction totonvcx subset [}
(Y, dé, m,) CD(K', N) = BEo(k', N')
time re%change (X
(Y, dj, my) BE; (k, o)

where m' = m,  d'(z,y) = (¢ © d)(,y) == inf, g, [, )

Yslds.

Corollary 6.8. Under the assumptions of the previous Theorem, the (“Neumann”) heat
semigroup on (Y,dy,my) satisfies a gradient estimate of the type:

VEY f|(2) <E, [ef%f(ftk(BZ)dswiy’w . \Vf(B;t)” (56)
with
N = NI - % /O t Ap(BY )ds
= ) o) - - [ s o7

where MY and NY*¥ denote the local martingale and local additive functional of vanishing
quadratic variation w.r.t. (PY, BY) in the Fukushima decomposition of 1)(BY).

Example 6.9. Consider a time-change of the standard 2-dimensional metric measure
space (R?, dguc, Miep) induced by a function ¥ : R? — R where (1, x9) = ¢(1) - n(xs)
for some p,n € C*(R) withn(0) = 0 and ' (0) = 1. Recall that the time-changed mm-space
(R%,d',w') with d' := e¥ ® dgye, W' := €Y mp, satisfies BE;(k, o0) with

k=—e2AyY = —e (" n+ o).

Now consider the restriction to the upper halfplane Y = R xR, which is convexr w.r.t. dgyc
but higly non-convexr w.r.t. d'. According to Theorem (applied to d' and dg, in the
place of of d and d', resp., and with ¢ replaced by —1), the boundary effect amounts in
an additional contribution in the Ricci bound given by

—é§¢|ay = _éyway =—(p L") ® .
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Indeed, the distribution in turn can be identified with the signed measure since for suffi-
ciently smooth f :R?> — R,

AUty = [ (Vo g Av]im
— /R[w/R [77/f'+f77"]d1:1} dxgz—/R [go(xl)n’(o)f(xbo) day.

6.3 Boundary Measure and Boundary Local Time

Let V : X — R denote the signed distance function from JY (being positive outside Y
and negative in the interior of Y), i.e.,

Vi=d(,Y)—d(, X\Y).

Then V™ :=d(.,Y)and V™ :=d(, X \Y).
We say that Y has the W' -extension property if W (Y) = W (X)|,, that is,
if every function u € W+ (Y) can be extended to a function u' € WH*(X) such that

u'|y = u. We say that Y has reqular boundary if it has the W -extension property and
it Ve DO(A).

Lemma 6.10. Assume that Y has regular boundary.

i) Then the distribution —éYVbY s given by a nonnegative measure o supported on
Y, denoted henceforth by osy and called surface measure of JY .

More precisely, there exists a nonnegative Borel measure o on X which is supported
on OY and which does not charge sets of vanishing capacity such that for all bounded,
quasi-continuous f € D(E)

/ayfd" = (AWl 1) ‘:/Y[F(V,f)JrAVf] dm
= —/ [C(V, f) + AV f] dm.
X\Y

ii) The local additive functional of vanishing quadratic variation N~V as defined
n (with —V in the place of 1) coincides with the PCAF (= “positive continuous
additive functional”) associated to ogy via Revuz correspondence (w.r.t. the Brownian
motion (PY, BY) on'Y ) which henceforth will be denoted by L% = (L))o and called
local time of QY. In other words,

1 t
LfY _ V(BOY) — V(Bty) + 5/ AV(BZ)ds + local martingale.
0

Proof. i) The equality [, [T(V, f) + AV f]dm = — fX\Y [D(V, f) + AV f] dm obviously
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holds for all V'€ D(A) and f € D(E). On the open set X \ Y, locality of A implies

[ rwpam =~ [ T pdm
X\Y {V>0}

1
= lim- (PVt=VT)fdm
t—0 t (V>0}
1
> lim - (PV =V)fdm
=01 Jivso)
= / AV fdm
{Vv>0}

for nonnegative f € D(E). In other words, [, [I(V,f) + AV f] dm > 0. This extends
to all nonnegative f € Wh'*(X) if [(V), AV € L>(X). Moreover, due to the extension
property which we assumed, it extends to all nonnegative f € W1 (Y). Thus

_<éyv‘aw f> >0

for all nonnegative f € W (Y). According to the Riesz-Markov-Kakutani Representa-
tion theorem, the distribution —éyw oy therefore is given by a Borel measure on X, say
o. Obviously, this measure is supported by 9Y".

Moreover, on each set X’ C X of finite volume, this measure ¢ has finite energy:

‘/fda‘ B ’(éYV]ay,ﬁ‘ <O fllwias < C-m(X)2-E(f)?

for all f € D(E) which are supported in X’. Thus o does not charge sets of vanishing
capacity, [FOT11] , Lemma 2.2.3.
ii) The fact that —AYV‘E)Y is a nonnegative measure (of finite energy) implies that

AYV is a signed measure (of finite energy). Hence, A¥V and NV are related to each
other via Revuz correspondence. And of course the signed measure AV my corresponds
to the additive functional (f; AV/(BY)ds)o. O

Lemma 6.11. Assume that the “integration-by-parts formula” holds true for'Y with some

measure o on Y (charging no sets of vanishing capacity): Vf € D(A),g € D(E)

LF(f,g)dm+/}/Afgdm= f(f,V)ng (58)

5)4

with § and T(f,V) denoting the quasi continuous versions of g and T(f, V), resp. Then
0O = 0Oyy-

Note that for f € D(AY), the above formula — with vanishing RHS — is trivial.

Proof. Applying the Integration-by-Parts formula to f =V yields

/F(V,g)dm—l—/Angm:/ gdo
Y Y oy

which proves that the distribution —AYV‘ oy 1s represented by the measure o and thus
0= Oyy ]
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Example 6.12. Let X be a n-dimensional Riemannian manifold, d be the Riemannian
distance, m be the n-dimensional Riemannian volume measure, and Y be a bounded subset
with Ct-smooth boundary. Then cay is the (n — 1)-dimensional surface measure of JY .

Lemma 6.13. Assume that ¢ =V with V as in Lemma[6.1(] above and { € DL (A).
i) Then

_éyw‘ay = eo—aY'
ii) Moreover, with (N7*)i=o and (NP¥"¥)iso defined as in (53)]

t ¢
N = / (BY)dN?"Y = — / (BY)dLo".
0 0
Proof. i) For each quasi continuous f € WhH+(X) N Wh2(X)
(A ) = [ [P+ DY) flam
Y
= / [D(V,ef) + AVKf]dm—i—/ D,V )+ ALV f] dm
Y Y
= —(A"V|,,.0f) - / D,V f)+ ALV f] dm
X
= / (f dogy + 0
oy
where for the last step we also have chosen ¢ to be quasi continuous.
ii) Fukushima decomposition w.r.t. Brownian motion on Y and Leibniz rule for stochas-
tic integrals applied to ¢ = £V yield
1
dp(BY) = ANV + §A¢(Bf )dt + loc. mart.
1 1
= AN+ 5(mv)(B;/ )dt + 5(VM)(BtY )dt + (¢, V) (BY)dt + loc. mart.
as well as
dy(BY) = ¢BY)dV(BY)+ V(B )d(B)) +T(¢,V)(B})dt + loc. mart.

Taking into account that
1 Y Y
§(VA€)(Bt )dt = Vdl(B," ) + loc. mart.
since V' =0 on 9Y, we end up with
1
ANV = (B YdV (BY) — §(€AV)(BtY )dt = —¢(BY)dL?Y .

This is the claim. O

Recall from Definition (.12 that a function ¢ : X — R is a lower bound for the
curvature of Y if for each € > 0 there exists an exterior neighborhood D of 0Y such that
V' is (¢ — €)-convex in D.
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Theorem 6.14. Assume that (X,d, m) satisfies the RCD(k, N)-condition for some finite
number N > 2 and some lower bounded, continuous function k. Moreover, assume that
Y has a regular boundary and that ¢ € DE™(A) is a lower bound for the curvature of Y .
Then the mm-space (Y,dy, my) satisfies the BE;(k, 00)-condition with

I{:k’my—i—g(fay.

Proof. According to Theorem [5.19] for each € > 0, we can apply the previous Theorem
with ¢ := (e — ¢) V. In this case, obviously ¢ € D2™(A). Thus (Y, dy, my) satisfies
the BE;(k, 00)-condition with

k=kmy + A" ((e=0) V)|,

Since this holds for every ¢ > 0, it follows that (Y,dy,my) satisfies the BE;(x, 00)-
condition with
k=kmy —AV(LV)|,,.

According to the previous Lemma, the distribution —AY (£ V) ‘ oy 18 given by the weighted
measure £ oyy. This proves the claim. O

Corollary 6.15. Under the assumptions of the previous Theorem, the heat semigroup on
(Y,dy, my) satisfies the following gradient estimate:

VB f|(@) < ]E;/[e*%fotk Va3 [ UENAY |7 £ (BY) }] (59)

Recall that (L2Y )i>0, the local time of OY , is defined via Revuz correspondence w.r.t. the
(“reflected”) Brownian motion (PY, B) )i, on'Y as the PCAF associated with the surface
measue gy .

Remark 6.16. i) The first estimate of the above type has been derived in the setting
of smooth Riemannian manifolds by E. P. Hsu [Hsu02] in terms of Brownian motions
and their local times. For more recent results of this type in the setting of (weighted)
Riemannian manifolds, see [Wanll), e.g. Thm. 3.3.1.

ii) In the setting of smooth Riemannian manifolds, inspired by the integration by parts
formula, B. Han [Han2018] was the first to propose the definition of a measure-valued
Ricci tensor which involves the second fundamental form integrated with respect to the
boundary measure.

iii) For the sake of clarity of presentation we have restricted ourselves in this subsection
to the choice V.= £(.,0Y). However, instead of that, one may choose any sufficiently
reqular function V' which coincides with the signed distance function in a neighborhood
of the boundary. More generally, the Convexification Theorem allows us to choose any
function V- with |VV|(z) — 1 for x — 0Y.

iv) Note that the previous Theorem and Corollary require that the underlying space
(X,d,m) satisfies the RCD(k, N)-condition for some finite N and that our proof strongly
depends on finiteness of N. However, the value of N does not enter the final estimates.

Let us finally illustrate our results in the two prime examples, the ball and the com-
plement of the ball. To simplify the presentation, we will formulate the results in the
setting of RCD(0, V) spaces for N € N with the CAT(1)-property (or RCD(—1, N) spaces
with the CAT(0)-property). The extension to RCD(K, N) spaces with sectional curvature
bounded from above by K’ is straightforward.

54



Example 6.17. i) Consider Y = B,.(2) for some z € X and r € (0,7/4) where (X,d, m)
is an N-dimensional Alexandrov space with nonnegative Ricci curvature and sectional
curvature bounded from above by 1 (in particular, m = HY ). Then

cotr 7roY
2 Lt

VELf|(2) < EY[e 1w,

In particular, Lip(Pti//Qf) / Lip(f) < sup, EY [efc%iL?y] and

2
‘vpfé;} z) Y[efcotr-L?Y] < et N5t eot?ri1 (60)
t/Q (z)

ii) Consider Y = X \ B,.(z) for some z € X and r € (0,00) where (X,d,m) is a
N -dimensional Alexandrov space with N > 3, with Ricci curvature bounded from below by
—1, and with nonpositive sectional curvature (in particular, m = HN ). Then

1 70Y
VELf|@) < BY |25 v is))|.
In particular, Lip(P,),f) /Lip(f) < sup, Ey [et/“%L?Y] and

’V /2 ’ x)
t/Q}vf’ x)

<EY [et+%L?Y} < OOV (61)

Let us emphasize that in the latter setting, no estimate of the form
‘V /2 ‘ x)
t/2|vf ‘ x)

can exist.

Proof. i) It remains to prove the second inequality in . Put

V(z) = (cosr — cosd(z, z)).

sinr

Then V =0 and |VV| =1 on 9Y. Thus

1 t
V(BY)=V(By)+M"" + 3 / AV(BY)ds — LY
0
where MV is a martmgale with quadratic variation (MY¥"V), fo ds < t. Note

that |V(BY)-V(BY)| < = (1—cosr) < r and, by Laplace comparison, 5 fo AV (BY)ds >
&L cotr. Therefore

— sinr

Yy Y,V Nt 2
efcotrLt S ecotth —5,-cotr+l

and hence

2, _
Eme—cotrL?Y < eécotQT—%cotgr—H 'EIS_COtTMYV °°t MYV, e—%coﬁ?‘—l—l'
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i) Put
N N 2N
V(I'):m(d (l’,Z)—?” )

Then V =0 and |[VV| =1 on 9Y. Moreover, |[V(B)) -V (BY)| <

Laplace comparison. Thus

~— and AV <0 by
Y Y Y Y,V
Ly <V(By)—V(By)+ M

with (MY"V), <t and, therefore,
Bt < oht B ) 2 [B,c20/ -V ))]1/ ?

< ot JEE[VBN-vEN)]

where the last inequality follows from the fact that |2(V(B})—V(B)))| < 1. To estimate
E.[V(BY)— V(BY)], we apply the Laplace comparison to the function
F2N-2 2
Vi) = g (€7 e - )
which yields

N
AVQ(y) <2+ m d(y, Z) COthd(y,Z) < 5.

Therefore, taking into account that V(x) <0,

EJVE) - V(BN < v +E[vis)]”

= V(2) +E.|V3(x) +%/Ot AVBY )i 12

s [ vy o] <

Thus E,erL?" < Ct+C'VE, O

Corollary 6.18. In the setting of the previous Example i), the effect of the boundary
curvature results in a lower bound for the spectral gap:
N —1
2

Let us emphasize that without taking into account the curvature of the boundary, no
positive lower bound for A\; will be available.

IN

AL > cot? r.

Proof. In the gradient estimate for the heat flow on the ball Y = B,(z), the boundary
curvature causes an exponential decay:

‘VPtYff(l,) < e—t(N—l)C0t2r+1 Ptylvf‘2($)

for each f and € Y, and PtY‘Vf|2(a:) — ﬁ Iy ‘Vf}Qm as t — oo. On the other hand,
by spectral calculus
2 _ 2
VP fi| () = e7?M [V L] ().

for the eigenfunction f; corresponding to the first non-zero eigenvalue \;. O]
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