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Functional inequalities for the heat flow on time-dependent metric

measure spaces

Eva Kopfer, Karl-Theodor Sturm *

Abstract

We prove that synthetic lower Ricci bounds for metric measure spaces — both in the sense
of Bakry-Emery and in the sense of Lott-Sturm-Villani — can be characterized by various func-
tional inequalities including local Poincaré inequalities, local logarithmic Sobolev inequalities,
dimension independent Harnack inequality, and logarithmic Harnack inequality.

More generally, these equivalences will be proven in the setting of time-dependent metric
measure spaces and will provide a characterization of super-Ricci flows of metric measure spaces.
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1 Introduction

1.1 Setting

Huge research interest and extensive literature is devoted to the study of functional inequalities
for the heat equation, both on Riemannian manifolds and on more abstract spaces. Of particular
importance are functional inequalities which are equivalent to a uniform lower bound on the Ricci
curvature, say Ricy, > K - ¢g. In F.-Y. Wang’s monograph [22], Theorem 2.3.3., an impressive
collection of 15 equivalent properties is listed.

In principle, all these properties and equivalences should hold — and indeed most of them do
hold — in much more general settings. Many of them have been reformulated and proven in the
setting of Markov diffusion semigroups and I'-calculus, initiated by the seminal work of Bakry &
Emery [6] and culminating now in the monograph [7] of Bakry, Gentil and Ledoux, see Theorems
4.7.2, 5.5.2, 5.5.5, 5.6.1 and Remark 5.6.2 in [7].

Another, more recent, important setting for the study of heat equations and functional inequal-
ities are metric measure spaces, in particular, such mm-spaces which are infinitesimally Hilbertian
and which satisfy a synthetic lower Ricci bound as introduced in the foundational works of Sturm
[19] and Lott & Villani [16]. In a series of ground breaking papers, Ambrosio, Gigli & Savaré [2] [3] 4]
introduced and analyzed the heat flow on such spaces and derived various functional inequalities.
In particular, they proved that both the Bochner inequality (without dimensional term) and the
L2-gradient estimate are equivalent to the synthetic Ricci bound CD(K, 00); and they deduced the
local Poincaré inequality and the logarithmic Harnack inequality. Savaré [I8] extended the power-
ful self-improvement property of Bochner’s inequality to mm-spaces and utilized it to deduce the
L'-gradient estimate; based on the latter, H. Li [I5] proved the dimension-independent Harnack
inequality which in turn implies the logarithmic Harnack inequality.

Only recently, some of these properties and equivalences have been extended to the heat flow
on time-dependent Riemannian manifolds, e.g. by Cheng & Thalmaier [9], Haslhofer & Naber [12],
McCann & Topping [17], and Cheng [8]. The authors of the current paper had been the first to
study the heat flow on time-dependent metric measure spaces [14], to introduce the time-dependent
counterpart of synthetic lower Ricci bounds, and to derive various functional inequalities equivalent
to it.

Here and throughout this paper, the setting will be as follows. (X, dy, m¢)icr is a time-dependent
metric measure space where I = (0,7') and X is a topological space. The Borel measures m; =
e~ftm and the geodesic distances d; are assumed to be logarithmic Lipschitz continuous in time.
Moreover, the maps x — f;(x) are assumed to be bounded and Lipschitz continuous. That is, there
exists a constant L > 0 such that for all z,y € X and s,t € [

d(z,
e~ £ < Llt o]+ Ldr(e), [log BOW N < py g (ALa)
ds(z,y)
Furthermore, for some K € R and each ¢t € I the static mm-space
(X,d;, m;) satisfies the condition RCD(K, 00). (Al.b)

The static mm-space (X, d;, m;) defines a Dirichlet form &, a Laplacian A;, and a square field
operators I'; related to each other via

—/ ulApwdmy = E(u,v) = / Ty (u,v) dmy Vu € D(&:),v € D(Ay). (1)
X b's
The domains D(&;) define Hilbert spaces with scalar products [wuvdmy + & (u,v). Note that

the scalar products are mutually equivalent, since we have uniform ellipticity by (A1l.a), i.e.

e~2L-51D, () < Ty () < 201D, a0, (2)



for some constant C' > 0, and for all s,¢ € I. We fix an arbitrary ¢ and set F = D(€) as a reference
Hilbert space. We have the dense and continuous embeddings F C L?(X,m) C F*, where F*
denotes the dual space of F. Similarly LP(X) = LP(X,m) will serve as a reference LP-space.

The family of mm-spaces (X, d¢, m¢)tcr defines a 2-parameter family of heat propagators (P s)s<t
and adjoint propagators (P,)s<: on L*(X,m), see [14] for details. The heat flow ¢t — u; = P; su

t,s
provides solutions to the heat equation

Opur = Agug on (s, T) x X with us = u,
whereas s — P/";v provides solutions to the adjoint heat equation
Osvs = ALvg := —Agus + vs fs on (0,t) x X with v, = v.

By duality, the propagator (P s)s<¢ acting on bounded continuous functions induces a dual
propagator (P;s)s<¢ acting on probability measures as follows

/ud(ﬁns,u) = /Pt,sud,u Vu € Cp(X),Vu € P(X).

The main result of our previous paper is the characterization of super-Ricci flows of mm-spaces
in terms of the heat flow on them. For t € I, let W; denote the L?-Kantorovich-Wasserstein metric
with respect to d; and let Sy(u) = [log(dp/dmy)dp denote the relative Boltzmann entropy with
respect to my.

Theorem 1.1 ([14]). The following assertions are equivalent:

(i) For a.e. t € (0,T) and every Wi-geodesic (u*)qep0,1] in P(X) with p°, u* € D(S)
DaSy(n — 0aSi(p” > Lawz(o, E1l
w St (1) gy = 0aSi(1")] (=g = —50WE (17, ). (E1)

(ii) For all0<s<t<T and p,v € P(X)

Ws{ﬁt,s,“a pt,sy) < Wi(p,v) (E2)
(iii) Forallue F and all0 <s<t<T
Pt(Pt’S’LL) § Pt78 (FS(U)) (E3)

(iv) For all0 < s <t < T and for all us,g: € F with g > 0, g € L*°(X, m), us € Lip(X) and

for a.e. v € (s,t) 1
I‘Q,T(ur)(gr) Z 5/ T (ur)grdmr (E4)

_ — *
where u, = Pr7sus and g, = tr9t-

Here

1
I‘2,T(ur)(gr) = / [irr(ur)Argr + (Arur)Qgr + Fr(ura gr)Arur] dm,

denotes the distribution valued I's-operator (at time r) applied to u, and tested against g, and

Iy (ur) == w- (%1_{% %(Fr—i—&(ur) - Fr(ur))

denotes any subsequential weak limit of 55 (I'y45 — I'v—s) (uy) in L2((s, 1) x X).
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We say that a one-parameter family of mm-spaces (X, dy, m¢)ier is a super-Ricci flow — or that
it evolves as a super-Ricci flow — if it satisfies one/each assertion of the previous Theorem. This is
a canonical extension of the notion of super-Ricci flows of Riemannian manifolds (M, g;) defined
through the tensor inequality

1
Ric; > _5815915-

Property (i) above is called dynamic convezity of the Boltzmann entropy. This concept has
been introduced by the second author in [20]; it provides a canonical generalization of the synthetic
Ricci bound CD(0, o) defined in terms of the semiconvexity of the Boltzmann entropy in the static
setting.

Property (iv) is the appropriate generalization of Bochner’s inequality or, in other words, of the
Bakry—Emery condition to the time-dependent setting. It will be called dynamic Bochner inequality
(integrated in time).

In contrast to that, we say that the dynamic Bochner inequality pointwise in time holds if
vVt € I, Vu,g € D(A) N L*®(X,m) with T'y(u) € L*(X,m) and g > 0

/ [Ft(u)Atg + Q(Atu)Qg + 2T (u, 9) Ayu — 0T (u)g | dmy > 0. (E5)

In the static case, Bochner’s inequality has the remarkable and powerful ‘self-improvement
property’ which allows to deduce improved versions of the assertions in the previous Theorem,
in particular, to derive the L!-gradient estimate. This self-improvement strategy in the time-
dependent case requires additional time regularity of the involved quantities. It was carried out
by the first author in [I3] and can be reformulated with the notation from the current paper as
follows.

Theorem 1.2 ([I3]). Assume (A2.a+c), see Section 2. Then the L*-gradient estimate (E3)) is
equivalent to the L'-gradient estimate: for allu € F and all0 < s <t <T

(Te(Pysu))? < Py (Ts(u)/?) (ES6)

Moreover, the dynamic Bochner inequality (integrated in time) implies the dynamic Bochner in-
equality pointwise in time which in turn implies the L'-gradient estimate as formulated above.

Additional assumptions on time regularity (e.g. continuity of ¢ — A;P; su in appropriate spaces)
will be also requested for various results of the current paper; we will formulate these assumptions
tailor-made in the subsequent sections.

1.2 Summary of the main results

Let us summarize the main results of the current paper. To simplify and unify the presentation
here in the introduction, we will restrict ourselves to the case my(X) < oo and in addition to
our standing assumptions (Al.a+b) we will request now all the assumptions which ever will be
made in the sequel. Besides our standing assumptions (Al.a+b), these are assumptions (A2.a-c)
formulated in Section 2, (A3) formulated in Section 3, and assumptions (A5.a+b) formulated in
Section 5. We emphasize that all these extra assumptions are always fulfilled in the static case and
they are also satisfied in the case of Riemannian manifolds with metric tensors which smoothly
depend on time.

Theorem 1.3. Under the previously mentioned assumptions, the following assertions are equiva-
lent:



(1) (X,dy, my)ier is a super-Ricci flow.
(ii) One/each of the local Poincaré inequalities holds

Prs(u?)(z) = (Prsu)?(z) <2(t — 5)Prs(Tsu)(x) (E7)
Pt7s(u2)(x) — (P su)2(az) >2(t — s)I'i (P su)(x). (E8)

)

(iii) One/each of the local logarithmic Sobolev inequalities holds

T
P, s(ulogu) — P sulog Py su <(t — s) Py 6 ( s(u)) , (E9)
U
'y (P
P, s(ulogu) — P, sulog Py su >(t — s)% (E10)
t,sU

(iv) The dimension independent Harnack inequality holds for one/each o € (1,00)

o 2 X
(Prsu)®(y) < Prs(u®)(x) exp {%} : (E11)

(iv) The logarithmic Harnack inequality holds

P, s(log u)(x) < log(Pysu)(y) + (E12)

The formulation “one/each” in particular means that one of the respective properties implies each
of the respective properties.

Remark 1.4. a) Upper and lower local Poincaré inequalities together obviously imply the L>-
gradient estimate (E3)). Upper and lower local logarithmic Sobolev inequality together imply

LlPau) _ py (FS(U)> ,

P su U

which is a prioiri weaker than the L'-gradient estimate (E6). Indeed the L'-gradient estimate
together with Jensen’s inequality applied to the function B(z,w) = 22 /w imply

2

Pt(Pt,su) < (Pt,s Fs(u)) <p Ps(u)

= > I'ts .
Pt,su Pt7su ’ u

b) The dimension independent Harnack inequality for oy and for ao implies the dimension
independent Harnack inequality for oy - g, [22], Thm. 1.4.2. The dimension independent Harnack
mequality for a sequence oy, — 0o implies the log-Harnack inequality. In particular, the dimension
independent Harnack inequality for some a € (1,00) implies the dimension independent Harnack
inequality for all ka,k € N, and thus the log-Harnack inequality, [22], Cor. 1.4.5.

The proof of the above theorem will be presented in the subsequent sections, decomposed into
a variety of theorems devoted to individual implications. In these theorems, we also specify in detail
the spaces of functions w for which the respective inequalities are supposed to hold. In Section 2 we
prove the implications (E3) = (E7) = (E4) and (E3) = (E8) = (E4) as well as the implication
(E4) = (EB5). Section 3 is devoted to the proof of the implications (E6) = (E9]) = (E5I) and (E6I)

= (EI10Q) = (E5)). In Section 4 we prove the implications (E6) = (E11)) = (EI10) and in Section
5 the implication (EI12)) = (EB5l). This completes the proof of our theorem since (E11l) = (E12)



according to the previous remark, (E5) = (E6l) according to Theorem [[.2] and trivially (E€) =
(E3).

The previous characterizations of super-Ricci flows easily extend to characterizations of K-
super-Ricci flows for any K # 0 by considering reparametrized mm-spaces (X, cit,mt) e With
dy = e_KT(t)dT(t), my = My, and I ={t:7(t) € I,2Kt < C} where C € R and 7(t) =
— 5= log(C —2Kt), see Theorem 1.11 in [14]. Let us restrict ourselves to formulate this in the most
simple case of static mm-spaces.

Corollary 1.5. Let (X,d,m) be a mm-space satisfying the RCD(—L,00) condition for some con-
stant L > 0. Then the following assertions are equivalent:

(i) (X,d,m) satisfies RCD(K, 00).

(ii) One/each of the local Poincaré inequalities holds

_ 2Kt

(iia) Pi(u?)(z) — (P () <+ P(Tu)(x)
o2Kt _

(iib) Pi?)(x) — (P () == (Pou) ()

(iii) One/each of the local logarithmic Sobolev inequalities holds

1 — e 2K I'(u)
Py(ulogu) — Pulog Pau < P
(iiia) »(ulog u) »ulog Pou < 5K ) < " ) ,
2Kt _ 1T(P
(iiib) Pi(ulogu) — Prulog Piu 26 5K (Pt;u)

(iv) The dimension independent Harnack inequality holds for one/each o € (1,00)

[0 2 X
(PP () < P exp { 5 e .

(v) The logarithmic Harnack inequality holds

2

Py(log u)(x) < log(Pn)(y) + g o)
(1 —e7281)

Remark 1.6. So far, in the setting of mm-spaces only the implications (i) = (iib), (i) = (iiib)
(i) = (v), and (i) = (iv) were known (Thm. 6.8 in [1], Cor. 4.4 in [21)], Lemma 4.6 in [{)], and
Thm. 3.1 in [15]). The implications (i) = (iia) and (i) = (iiib) are new also in the static case.
In particular, none of the reverse implications (iia) = (i), (iib) = (i), (ii), (iii), (iv), or (v)
= (i) was proven before for mm-spaces.

Also so far, for the implication (v) = (i) no proof exists in the setting of I'-calculus for diffusion

semigroups.
1.3 Preliminaries

Let us recall some basic properties of the heat propagators P s and their adjoints Py, see Section
3 in [14]. We call u a solution to the heat equation on (s,7) x X if u € L?((s,7); F)NH((s,7); F*)
and

— /ST Er(up,wy)dr = /ST<3rUrawr> dr (3)
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for all w € L?((s,7); F), where (-,-) denotes the dual pairing between F and F*. Note that the
solution u lies in C([s,7]; L2(X)) so that the values at ¢t = s and t = 7 exist. For all h € L?(X)
there exists a unique solution u; = P sh with u, = h.

We call v a solution to the adjoint heat equation on (o,t) x X if v € L?((o,t); F)NH ((o,t); F*)
and

t t t
/ Es(vs, ws) ds+/ /vswsasfs dms ds :/ (O5vs, wg) ds (4)
for all w € L?((s,7); F). Again the solution v lies in C([o,]; L?(X,m)). For each g € L?(X) there

exists a unique solution vs = P} g with vy = g.
The relation between the heat flow and its adjoint is given by

/Pt,shgdmt :/hPt’fsgdms, P, (gmy) = (Plsg) ms. (5)

We further collect the following properties from [14].

Lemma 1.7 ([14], Prop. 2.14). For all u € L*(X,m) and all s < t, p € [1,00)

1. u>0= P su>0, u<M= P u<M.
2.0>0=P/v>0, v<M= P/o< M9,
3. HPt78uHL1’(mt) < eL(tfs)/p ' HUHLP(mS)7 HPthUHLP(mS) < eL(tis)(lil/p) : HUHLP(mt)'

These estimates allow to extend the propagators F; s and their adjoints P}y in the canonical
way from operators on L?(X,m) to operators on LP(X,m) for any p € [1,00].

Proposition 1.8 ([14], Theorem 2.12). The following properties hold.

1. Let uy = Py su. Then uy € D(A;) for a.e. t > s and if us € F

/ST / A dmy dt < C(Es(us) — Ex(ur)),

where s < 17 < T and C > 0 only depends on the Lipschitz constants of t — fi and t — log d;.
Moreover

1
lim — — =A
Jim h(ut+h ut) U

in L?(X) for a.e. t > s.

2. Let vs = Py'v. Then vs € D(A;) for a.e. s <t and if vy € F

t t
/ /|Asvs|2dmsd8§C(Et(vt)—é’o(vo))—l—C/ /|v3|2 dmgds,

where 0 < o <t and C > 0 only depends on the Lipschitz constants of t — f; and t — logd;.
Moreover

1 -
]1,1_>H10 E(Us—i—h - Us) = —Avs + v fs

in L?(X) for a.e. s <t.



2 The local and the reverse local Poincaré inequalities

For later purposes it will be convenient to present the notion of semigroup mollification introduced
in [4, Sec. 2.1].

Definition 2.1. Let t € (0,T) and k € C°(0,00) with & > 0 and [;° k(r)dr = 1. Let (H)r>o
denote the heat semigroup in the static mm-space (X,dy,my). For e >0 and ¢p € F N L®(X) we

define
/ k(r/e)d

It is immediate to verify that ¥, Ayth. € D(Ay) N Lip,(X) and 1. — 9 in F as € — 0, see e.g.
[4, Sec 2.1].

2.1 From L’-gradient estimate to local and reverse local Poincaré inequalities
Theorem 2.2. Suppose that for all u € F and all s < t the L?-gradient estimate
I'y(P su) < P s(Tsu) m-a.e. on X (6)
holds. Then we have for allu € F, s <t
P, s(u?) — (P, su)? <2(t — 8)P,s(Tsu) m-a.e. on X (7)
and for allu € L*(X), s <t
P, s(u?) — (P su)? >2(t — 8)Ty(P; su) m-a.e. on X. (8)

In particular, for u € L*(X) N L®(X)

Ty(Py,su) < 2’(‘75!3) (9)

Proof. Let uw = us and g = ¢; be both elements in F N L*(X) and consider on (s,t) x X the
solutions to the heat equation and adjoint heat equation

L _ p*
Uy = Ly sUs, Gr = Pt,rgt-

Due to Proposition [L8 we have u,,g, € H'((s,t); L?>(X)). Since u,,g. € H((s,t); L*(X))
and e~/ € Lip((s,t); L°(X)) we deduce that the function 7 — [ u2g, dm, is locally absolutely
continuous. The almost everywhere derivative can be computed as

d : (gr h — gr) . (U% h u%)
dr /uzgrdmr :}ILIL%/ %uz—kh dmyp + }ILIL%/QTJFT dmyyp,

7f'r+h — 7f'r
+ hm u2 (e ) dm

h
/argru dmr /gr2uraur dmr _/gru?«arfr dmra

where the last equality holds since W = Orgr, W — Opu, in L?(X) for almost every r

and since the mapping z — 22 € C2(R).



Then, by the defining properties of the heat equation (B]), ()
t t
—2/ /grl“r(ur)dmrdr = / /—QFr(grur,ur) + T, (u?, g, )dm,dr
S S

t
= / / (2grur8rur + u20,g, — u%grarfr)dmrdr

td
= / %</u%grdmr)dr = /u?gtdmt—/uggsdms.

/9((Pt,su)2 — P g(u?)) dmy = _Q/St/Ptfrg(FT(Pnsu)) dm,, dr.

Applying (@) to I', (P, su) on the right hand side gives

This proves

/g((PMu)2 — Pt,s(u2)) dmy > —=2(t — s) /gPt,s(I’s(u)) dmy,

and applying (@) to P ,I', gives

/g((Pt,Su)2 — Pt,s(u2)) dmy < =2(t — s) /gFt(Pt,S(u)) dmg.

Since g is arbitrary, this proves the first two claims of the theorem in the case of bounded u € F.

The

claim (8)) for bounded u € L?(X) follows by applying the latter estimate with s+ in the place of s to
the function Psissu as d — 0, which lies in F and from ngt7s+5((Ps+57su)2)dmt — ngns(uz)dmt
which in turn is a consequence of the continuity of 6 — Py, sg and of § — Psyssu in L? and the

uniform boundedness of the latter in L°°.

Thanks to the monotonicity (w.r.t. C+— uAC or C +— uV —C) of all the involved quantities,
the claims for unbounded u will follow by a simple truncation argument. Indeed, u A C'V —C —
w in L? and thus, since g is bounded, [g(PisunCV —C)%dm; — fg(Pt,su)Qdmt as well as
J(uncv-C )2Pt’fs gdms — [ u2Pt’fs g dm,. Moreover, under the heat flow the initial L?-convergence

will be improved to a F-convergence. Thus

/gPt(Pt,S(u ANCV =C))dm; — /gPt(Pt,S(u))dmt.

Finally, for the remaining term it suffices to observe that

/gPt,s(I’t(u/\C\/—C)) dmt S /gPt,s(Ft(u)) dmt.

2.2 From reverse local Poincaré inequality to dynamic Bochner inequality

Theorem 2.3. Suppose that the reverse local Poincaré inequality holds:
for all s < t and for all u € F N L>®(X)

P s(u?) — (P su)? >2(t — s)Ty(P; su) m-a.e. on X.

Then the dynamic Bochner inequality (E4l) holds true (‘integrated in time’):
VS, T €I,Vu,g € F with g € L>®°(X), u € Lip(X) and for a.e. ¢ € (S,T)

/ [(Ang)rq(uq) + Q(Aquq)QQq + 2 (ug, 9g) Aqug— Tq (uq)gq|dmg > 0

where ug == Py su, gq = Pj’i’qg.



Proof. Given u € FN L% (X) and nonnegative g € L'(X) N L% (X) we have shown in (I0) that for
all s <t

t
/g(Pns(uQ) — (Pt7su)2)dmt :2/ /Pt’frgfr(Pmu) dm,dr.

Approximation by truncated u’s easily allows to extend the assertion to all 4 € F. The local
Poincaré inequality, therefore, implies

0 < ﬁ/ {Pt,szﬁ — (Pysu)® —2(t — S)I’t(Pnsu)]gdmt

9 t
— m/ /Q{Pt,rrr(Pmu) _Ft(Pt,su)} dmydr.

Now let us fix S, T € I and choose gp,ug € F with gr € L*™ and ug € Lip(X). Given s,t with
S<s<t<T,weput
9t = Prigr, us = Pssug

and apply the previous estimate with g¢, us in the place of g, u. Then

0< ﬁ / t / 9t P (ur) = Ta(ug) | dmydr = ﬁ / W) — W(t))dr
where we defined
U(q) = /gqfq(uq) dmy. (11)

Following the proof of Theorem 5.7 in [14] we have

U(r) —w(t) < / / [(Ang)rq(uq) + 2(Aquq)ng + 2T (uq, 9g) Aquq— 1:q (uq)gq] dmygdq

and hence
1

¢
_W/s / {Pt,sug — (Pt7sus)2 —2(t — S)I‘t(Pnsus)] g dmy dr

2 tort o
< (Aqgq)Tq(uq) + 2(Aquq)ng + 20 (ug; 9q) Aquq— Tq (tq)gq | dmqdqdr
(t—s)

A

0

:ﬁ /St(q - 3)/ [(Ang)rq(uq) +2(Aquq)?gq + 20y (ug, 9q) Aquig— 1:q (uq)gq}qudq.
Since this holds for all (s,t) C (S,T), it implies (by Lebesgue’s density theorem) that
0< / [(Ang)rq(uq) +2(Aguq)?gq + 2Tg (ug, 9q) Dqttg— I:q (uq)gq] dmg
for a.e. ¢ € (S,T). This is the claim, namely the dynamic Bochner inequality (E4). O

2.3 From local Poincaré inequality to dynamic Bochner inequality

For the proof of the following implication, we will make the additional a priori assumption that

sup IT4(Prst)|loo < 00 (A2.a)

for each u € Lip(X). Note that this assumption is always fullfilled in the time-independent case
thanks to the RCD(K, 0o)-condition as one of our standing assumptions.
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Theorem 2.4. Suppose (A2.a) and that the local Poincaré inequality holds:
for all s <t and for all u € F N L>®(X)

P, s(u?) — (P su)? <2(t — 8)Pys(Tsu) m-a.e. on X.
Then the dynamic Bochner inequality (E4l) holds true (‘integrated in time’).

Proof. The proof is very similar to that of the previous theorem. Now the a priori assumption is
required to guarantee appropriate integrability of the involved quantities (which in the previous
case was a simple consequence of the assumption, cf. estimate (d))).

Then, as in the proof of Theorem 23] the local Poincaré inequality implies

1
02 / g Prsu® = (Pysu)? = 2P To(w)| dimy

= s [ e[t - o) amar = 2 [ o) - v

where U is defined in ([I]). Consequently, arguing as in the proof of Theorem 23]

0o > — T —25)2_ /st /sr/ [(Ang)rq(uq) + 2(Agug)?gy + 2Ty (g, Gg) Agig) — I.‘q (uq)gq}qudqdr

2

= o ] ) [ (BT )+ 2800, + 2 g ) Aqu) = o ()

Again by Lebesgue’s density theorem this implies that

0< / [(Ang)rq(uq) + 2(Aquq)2gq + 20 (ug; 9q) Aquq)— Tq (uq)gq} dmy
for a.e. ¢ € (S,T). O
2.4 From dynamic Bochner inequality (‘integrated in time’) to dynamic Bochner
inequality pointwise in time
In addition to our standing assumptions, let us now assume that

e the domains D(A;) are independent of ¢t € (0,7 and for u, g € D(A) with Ayu, Arg € L (X)
the functions
re Avu, g ApPygu, g APy su, g — AP g, (A2.b)

are continuous in L2(X) and bounded in L>®(X);
e for u € F the function 9,I's(u) exists in L!(X) and the map
I xF > (s,u) — 0sIs(u) (A2.c)
is continuous in L!(X).
Note that all these assumptions are trivially satisfied in the static case.

Lemma 2.5. The assumption (A2.Dl) implies that for u,g € D(A) with Ay, Ayg € L>®(X) the
functions

q— Pjsu, qw— Plg

are continuous in F.

11



Proof. This follows from integration by parts. U

Theorem 2.6. Under the previous assumptions, the dynamic Bochner inequality (E4) implies the
following ‘dynamic Bochner inequality pointwise in time’:
Vt eI, Yu,g € D(A)N L>®(X) with T'y(u) € L>®(X) and g >0

/ [(Atg)rt(u) +2(Avw)2g + 2T (u, g)Avu) — &gft(u)g] dmy > 0. (12)
Proof. Given t € I, u,g € D(A) N L>®(X) with T'y(u), Ayu, Arg € L°(X) and g > 0, choose s < t

and define ug s := Py su,9, = P/,g for ¢ € [s,t]. Then the dynamic Bochner inequality in its
integrated version and (A2.c)) imply that the function

q+— / [(Ang)rq(uq,S) + Q(Aquq,S)QQq + 2T (ug,s, 9g) Aqiq,s — 3qrq(uq)gq} dmyg

is nonnegative for a.e. g. Moreover, according to (A2.bl), Lemma 25 and (A2.d)), this function is
continuous. Thus, in particular, it is nonnegative for ¢ = s, i.e.

/ [(ASP:SQ)FS(U) + 2(Asu)2pt>':sg + 2Fs(ua Ptﬂ:sg)Asu - asrs(u)Pthg] dms 2 0.

Now finally we consider the limit s — ¢ which implies P;’;g — g in L?(X) as well as AsPlg — Avg
by (A2.D). According to Lemma 23, P/,g — g in F. Therefore,

/ [(Atg)Ft(u) + 2(Apu)?g + 2T (u, g) Apu — atft(u)g} dm; > 0.

To obtain the estimate for general u,g, we approximate them using the static (X, d;, m¢)-heat
semigroup mollifier from Definition 2.1] O

3 The local logarithmic Sobolev inequalities

3.1 From L'-gradient estimate to local logarithmic Sobolev inequality

Theorem 3.1. Suppose that the L'-gradient estimate

\/ Pt(Pt,su) < Pt,s Ps(u) (13)

holds for every s < t, u € F and m-a.e.. Then for every s <t and u > 0 such that u € D(S) and
Vu € F we have m-a.e. on X

T
P, s(ulogu) — P sulog Py su <(t — s)P; 5 ( S(u)> (14)
U

I’t(Pt,su)

Pt,s(u log u) - Pt,su log Pt,su Z(t - S) P
t,s

Estimate (I5) holds more generally for all nonnegative u € D(S) N L (X).

Proof. Define for s <r <t, g € L'(X)NL>®(X)NF such that g > 0 and u € D(S) N L>®(X) such
that M > u > 0 for some constant M and /u € F

wr) = [ gr velu) dm

12



where g, = P/.g and u, = P, su and where ¢.(2): [0,00) — R by setting ¢.(z) = log(z +¢) +1
and 1:(0) = 0.

Since g;,us € F we have by virtue of Proposition [L8 that g,,u, € H'((s,t); L?(X)). Since
Gryuy € HY((5,1); L2(X)) and e~ /r € Lip((s,t); L°(X)), we deduce that the map r + ¥_(r) is
locally absolutely continuous. Then, since 1. € Lip, ([0, M]), we compute similarly as in the proof
of Theorem

d , ,
%\IIE(T) :/Pr(graur)wg(ur) - Fr(grwg(ur)7ur) dm,
Iy (uy
T /gr P (ur )T (uy) dmy, = — /gru (—te) dmy..

Using the Cauchy-Schwarz inequality and (I3]) we find for the integrand

t7

’ Upr + € Upr + €

o (2 <, <m>

(ro(2vime)] (Bl o

t,r

:Ptr

)

T\u+te
Integration over (s,t) yields
/Q¢E(Pt,su) dmy — /gPt,s(T/)e(u))dmt > —(t—s) /gpt,s <z:(_u€)> dmy. (16)

Since u € D(S) we have by Proposition 2.8 in [14] that P, su € D(S) and we find by dominated
convergence that the left hand side converges as ¢ — 0 to

/gPt,sulog(Pt,su) dmy —/ans(ulogu) dmy,

while by monotone convergence the right hand side converges to

r
—(t—s)/gPt,s< 8(u)> dmy,
U
and hence

Iy
/9375U10g(Pt,sU) dmy — /ngs(ulog u) dmy > —(t — 3)/9Pt,s< iu)) dmy. (17)

By taking u" := u A n and letting n — oo we obtain (IT) for general u € D(S) with /u € F,
since u” — u and P; su™ — P, su in L}(X), and T'(u") = [(u)l{ycny a-e..
Since g is arbitrary we find for a.e. x € X

Up + € Uy + €

r
P, s(ulogu) — P, sulog Py su < (t — s) Py s < s(U)> ‘

u
To obtain the reverse bound (I5]) we apply Jensen’s inequality to the functions 7(z) = 2% and
B(z,w) = 22 /w, which amounts to
P, Fr(Pr,su) > Pt,rrr(Pr,su) > (Pt,r Fr(Pr,su))2 > Ft(Pt,su) ‘
’ Pr,su Pt,su Pt,su Pt,su
A similar argumentation as above yields the desired estimate. O
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3.2 From local logarithmic Sobolev inequalities to dynamic Bochner inequality

For this subsection we will additionally assume that (A2.a-c) hold. Moreover, we assume that
m¢(X) < oo for some (hence all) ¢ € (0,7) and that

e for all fixed s € (0,7) and all w € D(A) N L*>®(X) such that Ayu € L>(X)

q — P, su is continuous in L (X); (A3)

)

Note that (A3) is always satisfied for the usual heat flow (F;)¢>0 on RCD(K, co)-spaces, see
Lemma 5.3

We show the following.

Theorem 3.2. Assume that one of the local logarithmic Sobolev inequalities, (I4) or ([T), holds.
Then the pointwise dynamic Bochner holds for t, i.e. for all v € D(Ay) N L>°(X) such that T'y(v) €
L>(X) and all g € D(A¢) N L>®(X) with g > 0 holds

1 1

5 /Ft(v)Atg dmy + /(Atv)Qg—i—Ft(v,g)Atv dmy > 3 /(@Ft)(v)g dmy. (18)
Proof. Let v, Ayv € D(A;) N Lipy(X). Define u = €¥. Then u € D(S) N Lip,(X) N D(A;) with
A € L (X)NF and there exists constants M, ¢ such that M > u > ¢ > 0. Let g € D(A;)NL>®(X)

with g > 0.
Then we know from the proof of Theorem [B.I] that

LrooTe(uy)
g(Pt,s (u log u) - Pt,s(u) log Pt,s (u)) dmt = ng dmr d?".

Together with (I4]) we find

0= [ (Pratutogn) = Pra)tog i) ~ (0= )P (212 ) g

u
t T T
:/ /gr r(tr) dmy _/gPt,s< S(U)> dmy dr,
s Uy u

where u, = P, u and g, = Ptfrg.
We now claim that the map

(19)

FT T
rb—>/gr (u)dmr

u

is absolutely continuous. To this end we compute for a.e. ri,79 € (s,t) with 7 < ry

Loy (uy Ly (uy "2 Ty, (uy
'/gm 5 (Ury) dm,, _/grlﬂdmm / /ATQTM dm,. dr
Upy 1 r1 Uy
2
/ /grlArurFr2 (up,) dmy, dr
I

T (u
/gT‘1 TL( r2) dmrl

T1

<

L1
c2

+C(ra — 1)

)

n ' / z—:(rh (try) = Ty (yy)) dmoy,

where we applied (2)) for the third term on the right hand side.
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The first three terms are finite by virtue of (A2.al) and Proposition [[L8 For the last one we
further compute

gr
[ ) = T o
T1

= ‘/ girh (uTQ = Upys Upy + uh) me1
url

< '/ &(um = Upy ) Apy (Upy + Upy ) Ay
Uy,

+ ‘/Pm <u7"2 + U &) (uT’Q - U’T’l) me’l
Upy
r2 9r 2
§2/ /\ATUTIQ dmy, dr + (rg — 7“1)/ (u_lAn (Upy + ur1)> dm,,
T1 T1

+ (T2 - Tl)/rh (urz + Up, )Fh <&> dmrl'

Upq

This proves absolute continuity and together with (I9) we obtain

0>/t (/grF rlur) dmr—/gs%fs)dms) dr (20)
[ ]

The almost everywhere derivative is given by

d Lq(uq) 1 P+h(u+h
d_q gq%qu:hn%)ﬁ(/gq_’_ L qt+h\Uq+h) q+h_/

q Ug+

U,
/Aqquq /Auq %

- 2/(Aquq)2% dmg — Q/Fq (uq, %) Aqugdmy
q q

+ / Z_q(aqrq)(uq) dmyg,

q

dq dr.

i)

where we used u > ¢, ug, g, € H'((s,t); L*(X)), Proposition [L8] (A3), (A2.a-c), and Lemma 2H
Together with (20) we get

L Iy(u g g
OZ/ / {—/Ang a(q) _/Aquqfq(uq)u—g qu_g/(Aquq)2u_qqu
S S 2 ,

/Pq q’z >A ug dmg + /g_q(aqrq)(uq)qu} dq dr
9q
?uq

-2 <u

:/st(t— [—/Angrq(

—2 / T, (u )A ug dmg + / Z—Z(aqrq)(uq)qu} dg.
/

/A ugl'g(uq) gdm 2/(Aquq)25—3qu
Uy

Define

q
r g g
Aggq — /Aquqfq(uq)u—g dmg — 2 /(Aquq)2u—z dmy
q

9q g
-2 [T, <uq, uq> Agugdmg + /U—Z(aqfq)(uq) dmyg

Uq
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We want to show that ®: [s,¢] — R defines a continuous function. In order to do so, we consider

each term separately.

L are contin-

The first term g — [ Aq(gq)rqézq) dm, is continuous since g — Aggy, and g — u,
wous in L?(X) by (A2.B) and @), ¢ — Ty(u,) is weak* continuous in L>°(X) by Lemma and
(A2.al).

The second term ¢ — [ Aq(uq)rqég“) gqdmg is continuous since ¢ — Agu, is continuous in
L?(X) by (A2.1B), q — z—% is continuous in L*(X) by @) and (A3), and g — Ty(ug) is weak*
continuous in L*°(X) by Lemma 235 and (A2.al).

The third term ¢ — [ (Aquq)QZ—‘; dmy is continuous since g — Agu, is continuous in L?*(X) by
(A2.D)), and g — T'y(uy) is weak™ continuous by (A2.a) and Lemmal[2F] and ¢ — i—z are continuous
in L°(X) by (A3).

The fourth term ¢ — [ Ty (uq, Z—Z)Aquq dmy is continuous since ¢ — Ajuy, is continuous in L?(X)
and weak*-continuous in L>°(X) by (A2.bl), and ¢ — I'y(u,, 5—2) is continuous in L'(X) by (A3.a)
and Lemma

The last term g — [ 5—2(8qfq)(uq) dmy is continuous since g — quZ is continuous in L*°(X) by
[A3) and q — (9,I'y)(uy) is continuous in L'(X) by (A2.c) and g ~ e~/7 is continuous in L>®(X).

Then it holds by Lebesgue differentiation

0> [E@r)wan, - [ g

u

— 2/(Asu)2% dmg — Q/Fs (u, &> Agudm
U Ug

:/ugs(asfs)(log u) — Ag(ugs)Ts(log ug) dms — 2/(AS log u)2ugs + I's(log u, ugs)Ag log u dmyg,

dmg —/Asufs(u)% dmg

where we used the chain rule in the last equation.
Similarly as before we let s — ¢t and obtain after choosing § = e g € D(A;) N L*°(X) and
obtain recalling u = e

0> /gatrt(v) — A¢(§)T(v) dmy — 2/(Atv)2§ + Ty (v, g) Ao dmy

for all v, Ayw € D(A;) N Lipy(X) and g € D(A;) N L>®(X) with g > 0. The result for general
v € D(Ay) N L>®(X) such that T'y(v) € L>®(X) and all g € D(Ay) N L>(X) with g > 0 follows by
approximation with the semigroup mollifier from Definition 211

Similarly one deduces Bochner from the reverse local logarithmic Sobolev bound. Indeed by
(I3)) it holds by the same argument as above

t
r
0 S/ /grurrr(logur) dm?" _/g t(Ut) dmt dr

Ut

and since g — [ gquqly(log ug) dmy

t d t
02/ d_q/ /gquqfq(loguq) dmyg dqdr,

which is the same as in line (20]). O

4 The dimension independent Harnack inequality

4.1 From L'-gradient estimate to dimension independent Harnack inequality

This section will be devoted to derive the following result.
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Theorem 4.1. Fiz o > 1. Suppose that the L'-gradient estimate ([I3)) holds. Then for all u €
L?(X) such that u >0, t > s and m-a.e. ©,y € X we have

(% 2 x
(o)) < (P o) exp { 520 (21)

Before starting with the proof of this results, let us recall the notion of regular curves as
introduced in [4] and refined in [5], as well as the notion of wvelocity densities taken from [5]. A
curve (fir)refo,1] With g, = prm is called regular if the following are satisfied:

o 11 € Lip((0, 1); (Po(X), W) 1 C1([0, 1; L1 (X))
e There exists a constant R > 0 such that p, < R m-a.e. for every s € [0, 1]
e /pr € D(E) such that £(\/p,) < E for every s € [0,1].

We recall the following result (Lemma 12.2 in [5]).

Lemma 4.2. For every geodesic (ur)rejo,) there exist reqular curves p™ such that py — p, in
L2-Kantorovich sense for all r € [0,1] and

1
timsup || dr < W20, ),
n 0

A regular curve p admits a velocity density v € L*(X x [0, 1], [ pt dt) in the sense that for every

peF
‘/sodut—/sodus

and there exists a unique velocity density with minimal L?(X x [0,1], [y dt)-norm satisfying

< / t [ Vi du ar (22)

|| = /vtz dug  for a.e. t €10,1],

see Theorem 6.6 and Lemma 8.1 in [5].

Proof of Theorem [{1. Let u € L*(X) N L*®(X), with u < M m-a.e.. Fix s <t and define for all
s<r<t

Yr(u) i= Prne(Prsu)
W) = [ e ) dr
where p, = p,my is a regular curve in P2(X), and w,, 7. are functions on R given
Ne(2) = (2 + )% — e, we(z) = log(z + ¢), 0<e<l.
Note that 1., 1., w.,w. € Lipy([0, M]) and
ne(z) +e= (z+e)%  me(2) <27 (23)
Then we readily find that

r = Y5 (u) € C([s, ) L*(X)) (24)
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by (BD7 @)7 @)7 Lemma [L.7] and Ne € Llpb([oaM])

We claim that r — W¢(r) is locally absolutely continuous. To see this we write
(W5 (r + h) = WE(r)] <| /wé(wé(U))(¢5+h(U) — ¥y () dptrn
r+h
[ s ) VT du ds,

where (,€ € (r,r + h) and v is the unique velocity density of p. The first term we estimate by

(25)

[ 05 0 (w) = 50 dir

(u) +¢ (u) +

* Prih * Pr-h
/ E,Hh(ﬁ)ns(ﬂ%,su) dmyp — / Pt,r(ﬁ)ne(PHh,w) dm,
¢ ¢

* Pr+h * Pr-h
= /Ptm—f—h(ﬁ)%(Pr-i-h,su) dmr+h—/Pt,r(¢5T7+6)Ue(Pr,su) dm,
¢ ¢

IN

(u) +¢ (u) +

+ /P* ( Prech )ns(Pr—l—h Su) dm, — /Ptr ﬂ)%( rsu) dm,
b (u v (u

(u) + (u) +

Pr+h
<Ptq < (;) + €> ’UE(PT‘-F/‘L,SU))
Prih 'y
<Pt7‘ < (,;) +(€> né(ngsu)efq f ’Pq73u>

where we used () and (@), the 2-absolute continuity of r — F/,g, r — P, su by Proposition [L8]
the Lipschitz continuity of 7., and the Lipschitz continuity of r — f,.. A calculation shows that
this term is finite for almost all s < r < h.

For the second term in (25]) note that |w(¢)f(u))| is uniformly bounded for almost all s < r < t,
and by virtue of the L!-gradient estimate (3]

r+h
dmg dq

r+h
dmy dq,

\/Ft(Pt,r'r]s(Pr,su)) < Pt,r Fr(ns(Pr,su)) < Pt,r (né(Pr,su) Fr(Pr,su)> s

which is an L2-function on (s,¢) x X. All in all this proves the locally absolute continuity of We.
In the next step we calculate the derivative of U¢(r). We compute

+ i) i — [ i) d

(/ Pt*T-l—h <w€p7’+h ) Ne( Tsu) dmyqp — /Ptr (ﬁ) ns(Pr,su) dmr)

+ h / t,r4-h <¢ZI(OT—)HL ) (77€(Pr+h,su) - Ue(Pr,su)) dmyp,

wr [ e g da

where we used ([22]) for the last term. Taking the limit A — 0, by Proposition [[.§ we get for the

(26)
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first term on the right hand side in (20))

1 * Pr+h Pr+h
lim — (/ b (W) Ne(Prsu) dmyqp, — /Ptr <W> Ne(Fr su) dmr>
_ . Pr
- <P (Tt s) i)

Pr+h Pr
lim P, P, — P P, .
* hlao h (1/14 e Yi(u) + 8) (Brrsh(Ne(Prsu)) — Pry(ne(Prsu))) dmy

Note that the last term is equal to 0. Indeed, on the one hand ( wsp&:r)}; 8 w;(ffm)
ing sequence in L'(X) due to p € C}([0,1]; L' (X)), w. € Lip,([0, M]), and @24). On the other
Py yyn(ne(Prsu)) — Pryr(n-(Prsu)) — 0 weakly* in L*(X) due to @), (B), Lemma 7] and the
Banach-Alaoglu theorem.

For the second term on the right hand side in (26]) it holds

is a converg-

lim — / tr+h <7/) Prih ) (n (Pr+h,su) - WE(PT,SU)) dmyyp,
C

h—0 h

<[r (Wp; )ne( Prst) A Py gu dm,

1 % Pr+h Pr
li — P, —n:(P, d
+ hlin h t,r+h <¢§(u) +e ¢$(u) +e (775( r+h,su) 776( r,su)) Myt

for a.e. 7, since nl(Prsu) in Lipy([0, M]), §(Prinsu — Prsu) = AP gu in L2(X) for ae. r and

Py, +h(%) — P ) T hre) weakly® in L%°(X) due to the uniform boundedness. The last

term is equal to 0 since Pt " th < wgp (sz)ie — (’; 5 +6) — 0 weakly* in L>°(X) by the Banach Alaoglu
¢ T

. p,r Pr . 1 . . * . .
theorem and since 7 (u) T o 0 in L'(X) similarly as above, and Py, is a continuous

operator on L'(X) (Lemma [L.7]).

For the third term in (26) we apply Young’s inequality and (I3)) and note that |w.(¢g(u))| and
Py (InL(Pysu)|?) are uniformly bounded on (s,t) x X. Moreover by virtue of the local Poincaré
inequality (Theorem [2.2))

| ne(Bl
Di(we (Prgne (Pgsw))) < |wz(Prgne(Py,su ))’2W

is a locally integrable function on (s,t) x X. Then the Lebesgue differentiation theorem applies

and thus
r+h
%1_)1110 /\/Ft we (Y qu,uqdq—/\/l’t we (Ve (w))) vy dpy

for a.e. s <r <t.
Summarizing we find by taking the limit in (26])

d T * T /
%\Pe( r) < /Fr <Pt*r <w;+ 5) ,%(Pr,su)> + P/, (ngp—i— €> Ne(Prstw) Ar Py gudm,
+ / T (GE ) or dpsr

- / 12 (Prsu)Ly(Prsu) P (

¢ > dm, + /’W 1/1r ‘\/ I\t Ur d,U'ra
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where we used integration by parts and the chain rule in the last line.
Applying the gradient estimate (I3]), using the chain rule twice, and inserting the definitions
we compute

d
2 pE
dr (r)

* p?" pr
< - /W;/(Pr,su)rr(Pr,su)Pm <m> dm, + / mpm <77;(Pr,su) Fr(Pr,sU)> vy dmy

T

apy o Ir(Prsu) o VI (Prsu)
= - - 1)P r Pr s : rP r Pr s : d
/ we(u) + ¢ ( (« ) t, (( sU+ £) (Pr,su T 5)2 + U1, ( sU+ €) Prou+e m

apr 2
= / m bgp{_(a B 1)Pt,r(Pr,su + 5)04’{ + vTPt,T(PT,Su + e)a"{} drmy

Calculating the supremum and using (23]) further yields

d apy Py (Prsu+¢)® 0?2 o / 9 o .
\1]8 < , : L d < d r = T
o= / ) e Ha-nMMSiaon ) W= qm ol

%

where we used that v is the minimal velocity density for u.
Due to the local absolute continuity, integrating from s to ¢ yields

V(1) = Wels) < s [ Wil

Hence, by approximating W2-geodesics with regular curves and taking the scaling into account we
end up with

U, (t) — To(s) < @

< th(uswt)Q-

We get for m-a.e. x,y € X, after letting pus — 0, and py — 6, with respect to L?-Kantorovich
distance,

ad; (z, y)

log P50 (y) .
4o —1)(t —s)

B s (u)(2)

Now we let ¢ — 0. Since n.(P;su) — (P su)®, and P, gn.(u) — P;s(u®) a.e. by monotone
convergence we find

<

(Pt,su)a(y) ex O‘d? (x’ y)
Pra(u) () = P { Ha—1)t—») } ’

which is the result for u € L?*(X) N L*®(X). The result for general u follows by a truncation

argument. ]

4.2 From dimension independent Harnack inequality to local logarithmic Sobolev
inequality

We assume in this section that m;(X) < oo for some and thus for all ¢ € (0,7).

Theorem 4.3. Assume that the Harnack inequality 1)) holds. Then for all u € D(S) N L'(X)
such that u > 0 the local logarithmic Sobolev inequality holds

Pt,s(u log u) - Pt,su log Pt,su > (t - 5)
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Proof. Let u € L}(X) N L*>®(X) with u > ¢ > 0. From the Harnack inequality it follows that

« 2 14
/ alog(P su) dp — / log(P;s(u®)) dv < m‘iftl—(ﬁ;_)s) (27)

holds for each probability measures pu, v which are absolutely continuous with respect to m;. This
follows from integrating (2I) with respect to an optimal transport plan.

Now choose p = gmy with ¢ > 0 and g € F N L*>°(X). Consider the associated Dirichlet form
E9(u) := [T(u)gdm; with heat semigroup (HY),>o and generator A9. We introduce for fixed
€ > 0 the function

o= [ Hwst /o dr

where k€ C°(0,00) with £ > 0 and [ k(r)dr = 1 and 1y € D(E9) N L>®(gmy). Note that
[|A9%||oc < M for some M > 0 and hence pu, := g(1 — 7A9)m; is a probability measure for all
T < 1/2M. First we will show that

) 1 1
tim sup = W7 (e, 17) < 5 / Ty ()g dmy (28)

7—0

using the Hopf-Lax semigroup (Q,),>0 with respect to d;. For ¢ € Cy(X) we find for r < 7
d 1
5 / Qr(@) dﬂr < /(_§Pt(Qr(¢))(1 - TA%) - Qr(<P)Ag1/1)g dmt

< [(=5THQO)(1 = 7M) + T1(Qu (0), g dm

Sﬁ / Ly(1p)g dmy.

Integrating on [0, 7], taking the supremum over all ¢, dividing by 7 and letting 7 — 0 yields (28]).
Fora =147, 7> 0 (27) reads as

(1 + T)Wt2(u7 :U'T) } . (29)

(14 7) [ tog(P ) di— [ tog(Pru*)) di < { T s

We divide by 7 > 0 and let 7 — 0. By (28] the right hand side can be estimated from above by

1
=3 /Pt(z/})g dmy.

We claim that together with the left hand side this amounts to

[rostPrad [ FEE gy [ros(P0 ) du < s [Ty dn (0

Indeed, it is straight forward to check that r — [log Pt7su1+r du, is absolutely continuous with
derivative

P, o(u'" log u) 1+
\II(T') = / W dﬂr - /log Pt’su T(Ag'l/})g dmt.

Since u > ¢ > 0 we see that 7 — ¥(r) is continuous. Hence

%(/ log (P su) dp — /log(Pm(uHT))duT) _ ! /OT U(r)dr

-
o0, / Py s(ulogu)
P su

dﬂ—/rt(log(Pt,su)7¢) dp.
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Together with (29) this yields (30).
Letting € — 0 we conclude

1

P, s(ul
[ toe(Pranydu— [ g [t log(P . v < g [ Tt e

Now we may choose 19 = —2(t — s) log(P; su) and obtain

P, (ul
/log(Pt,Su) dp — / % du+ (t —s) /Pt(log(Pt,Su)) dp < 0.

Since this holds for all = gmy, we recover the local logarithmic Sobolev inequality
Pt,s (u log u) - Pt,su log Pt,su > (t - S)

for all u € L'(X) N L*®(X) with u > ¢ > 0. We obtain the estimate for all nonnegative u €
D(S) N L'(X) by a truncation argument. O

5 The logarithmic Harnack inequality

We already noted in Remark 1.5, that the dimension-independent Harnack inequality (for some
exponent «) implies the logarithmic Harnack inequality.

This section is devoted to prove that the logarithmic Harnack inequality implies the dynamic
Bochner inequality. To do so, in addition to our standing assumptions, in particular, the validity
of a RCD(K, oo)-condition for each (X, d;, m;) and a log-Lipschitz dependence on ¢ for d; and my,
we have to impose various continuity assumptions (all of which are satisfied in the static case).

We assume that m(X) < oo for t € (0,7), (A2.a-c), and (A3) hold. Moreover, writing
Ug,s = Py su, we assume that

e for u € FND(A) the functions
g ugs, S Agu, q— Agugs (A5.a)
are continuous in F N L(X);
e for w,w, € D(A) as ¢ — t, and Ayw, — Ayw in LY(X)
AgPlwg — Aw  in LY(X). (A5.b)
Let us emphasize that (A5.a+b) are always satisfied in the static case.

Theorem 5.1. If for all nonnegative u € L*(X) N L>®(X) and s < t the logarithmic Harnack
inequality

P, s(logu)(z) < log(P;su)(y) +

(31)
holds for m-a.e. x,y € X, then the pointwise dynamic Bochner inequality holds at time t, i.e.

Jrinagdm+ [ Pg+Titg)80f dmn = 5 [@rogdm

DO | —

for all f € D(Ay) N L>®(X) such that T'y(f) € L>=(X) and all nonnegative g € D(Ay) N L>¥(X).
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Proof. Let us introduce some function g satisfying C' > g > ¢ > 0. Moreover we will assume that
g € D(A¢) NLip(X) such that Arg € F. We define the Cheeger energy %Etg associated with d; and
finite measure gm;. The operator I'y(f) is invariant under this perturbations, hence I'Y(f) = I'+(f)
and D(&)) = F. We refer to [2, Section 4] for these facts. This leads to the following integral
representation of &/

&tg(f) = /Ft(f)gdmt,

which makes it a symmetric bilinear form. We denote the associated (Markovian) semigroup by
P and its generator by A7, which satisfies the following integration by parts formula

/Affhgdmt = _/Ft(f7 h)g dm;
for all f € D(A?) and h € D(E7). Since log g € F this can be rewritten into
Af = Ay +Ty(logg, )

and thus D(A;) C D(A?).
Let f,Aif € D(A;) N Lipy(X). Then by Lemma B3 v = e/ € D(A) N Lipy(X) with
Avef Alef € L®(X)NF and u > e Iflle = ¢ > 0.
For s <t we set
Vg = Ptgfsedf and s = vsgmy.

Note that vy € D(AY) N L®(X) for all s <t by Lemma [5.3] Without restriction, we may assume
that p¢, and hence ug for every s < t, is a probability measure. Otherwise, simply replace f by
f + C for a suitable constant C.

Assume that the logarithmic Harnack inequality holds for the function v = ef. We integrate
the inequality w.r.t. the Wi-optimal coupling of p; and ug to obtain for any s < ¢

1
/Pt,s logudus — /log Py sudpy < thQ(Mt,US)' (32)

Consider the map r +— f P . log P, sudp,. This map is absolutely continuous since for a.e.
s<ri<rg<t

‘/ Pt,rg log Prg,su d#rg - /Pt,rl log Prl,su dﬂrl <

T2
/ / I, (log wy,, Pt’fr (vrp9)) dmy. dr
1

1 T2 ro — 1 «
w3 [ i e, ar+ Sz )l
1 €

_l’_

72
/ / P, log uy, (Av,) g dmy dr
71

Hence for the left hand side of ([B2)) we find by differentiation

td
/ Py slogudpus — / log Py sudpy = — / e / Py, log P sudpy dr
S

t AP,
= / /PMAT log P su — P, 17; st _ I'¢(Prlog P, su,log vy) dpy dr
s r,sU

t
= _ / /PWTT (log Py su) 4+ I'y(P; ; log Py su, log v,) dp, dr
S
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and for the right hand side Kuwada’s Lemma (|2, Lemma 6.1]) yields

1
m ? (s, pt) / / I't(logv,) dpy dr.

Hence (32]) can be rewritten as follows

t
1
/ / —P,,I';(log Py su) — 'y (P, log Py su,log v,) — Zl“t(log vp) dpy dr < 0. (33)
S

Now let us consider the map
1
T / —P,,I'(log Py su) — I'y(P; , log Py su, log v,) — Zl“t(log vp) dpty
=:I(r)+II(r)+ III(r).
From Lemma we know that the map r — ITI(r) is absolutely continuous with derivative
d 1 g 1 .
d—III(T) = (§Ft(log vp, Ajvy) — th(log vy ) A vr)g dmy
,
1 AY 1
=— /I’t log v,., i -T'y( T'¢(log v,.),log v, | dpi.
2 Uy 4

For I we calculate for a.e. 1 < r9

"2 Ty (Ury s %
/ / 2(2 = )ATPt,r(Umg) dmy.dr
T1

[1(r1) = I(r2)| <

72,8
T T
I / < r2 (um 5) — Tlu(zurl’S)> Pt*n (Umg) dmrl
7"2 s r1,8

P <7rl Ury,s )> Alv.gdm, dr|.

le

The second term of this subdivision can be estimated as follows

T
‘/( > um 2 - r1u(2ur1)> Pt*rl (Vry9) dmy,
7‘27

T2
S(i ‘/ T1 u7‘27 )Pt 1 (UT‘Qg) dmrl
1 *
+ 2 Aty s Ay (Ury s + un,S)Pt,rl (Vrpg) dmy, dr
T1
1 T2
+ 6_2 / / Arur,srrl (P;:rl (Urgg), Upry + uh,s) dmrl dr
r
1 T2 .
T g / /Frl (urlvs)Arurvspt,T‘l (UT'Qg) me‘l dr|.
T1

For the almost everywhere derivative we obtain by eventually using Proposition [[L8 Lemma [I.7],

Lemma 2.5 (A2.a), (A2.D), (A2.d), and (A3).

d T (ups " % Iy (urs
TI(r) = - / (ur,s) AP} (vpg) dm, + / (0,T,)(log uy. o) Py, (vrg) dm, — / pt,r< (g , )> Adv,gdmy
r Up,s ’ ’ u?
P (v, P (vy
+ 2 / Fr(Arur,s, ur,s)# dmr -2 / FT(UT,S)MATUT,S dmr-
Uz s Uy s
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Finally for IT we argue similarly as for I and prove local absolute continuity by

[11(r) — II(r9)| <

T2
/ / log ;. s, ATP;T (Afv,,g) dm,. dr
1

1
+—
9

r2
/ / TANK TR A (AYv,p,g) dmy, dr
1

_|_

T2
/ /Ft(Pt,rl log uy, s, Afv,)g dmy dr
1

For the almost everywhere derivative we obtain by eventually using Proposition [[L.8] and Lemma

i

d

%II(’I“) = /I’t(Pt,r loguns,Atgvr)gdmt —i—/Ath log uy. Afvrgdmt — /Pt,r

Arur,s

TS

Afv, gdmy.

Thus r — I(r) 4+ II(r) + I11(r) is absolutely continuous and we rewrite (B3] as

t t d 1
/ / d_q /Pt,qfq(log Ug,s) + Lt (P qlog ug s, logvg) + th(log vg) dpsg dg dr
t
1
S/ /I‘t(log ugs) + T'i(log ug s, log vy) + th(log vg) dptg dr (34)
1
=(t —s) /I‘t(log ug,s) + I'e(log uy s, logvy) + Zl“t(log vy) dpu,

where the right hand side comes from the boundary term I(t) + I1(t) + I1I(t).
Recall that p1q = vy gmy. Then the term on the LHS of (34) takes the form

t t d 1
/ / d_q / [Pt’qfq(log uq,s) + L't (P qlogug s, logvg) + th(log vq)} vg g dmy dq dr
S T

t t . 1 .
= / / [/ —I'y(log uq,S)Ath,q (Uq 9) + <(3qfq)(log Ug,s) + 2Fq(l()g Ug,ss w Aquq,S)) P, (Uq 9) dmg
S r q,s
g

1 A 1
+ / (I’t(an log ug s, Afvg) + §Ft(log Vg, t—vq> vg + —I'i(logvy) Atqu) gdmt}dq dr
Vg 4

= [ [t = [ ¢~ ovw i (35)

We decompose V¥ into five terms and verify the continuity of each of them. For the first one,

Vi(q) = — /Pq(log Ug,s) Ath’fq (vq g) dmy.

continuity follows from the fact that ¢ — I';(log ug,s) is weak*-continuous in L>°(X) by (A5.a) and
(A2.a), and g — A P/, (v49) is continuous in L'(X) by assumption (AB.B) together with the fact
that ¢ — A¢(v, g) is continuous in L'(X).

Continuity of the second one,

Usy(q) := /(8qfq)(log Ugs) Pth (Uq 9) dmg,

follows from L!-continuity of ¢ — 9,I';(logu,s), as requested in assumption (A2.c), (A3), and
the weak*-continuity of ¢ — P}, (vg g) in L°°(X), resulting from (A5.D]) together with the uniform
boundedness in L>®(X).
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For the third one,

1 *
Us(q) := Q/Fq<log Ug,ss U—Aquq,s) Pt,q (vq g) dmy

q?s

assumptions (A2.b), (A3) and (A5.al) yield continuity of g — Fq(log Ug,s, %%Aquq,s) in L1(X)
combined with (A2.a)) and dominated convergence. Together with the weak*-continuity of ¢ —
Pf (vg g) in L>(X), this yields the claim.

The fourth term,

Uy(q) == /Ft(Pt,q log ug s, AJvg) gdmy

is continuous since q — P;,logu, s is continuous in F by (AB.a) and (A2.a)), and ¢ — Afv, is
continuous in F by Lemma [5.3]
The final term
g

1 Afv 1
Us5(q) == / [ift(log Vg, %)vq + th(log Vg) Aqu] g dmy
q

1 1
- / {— 2—(Atqu)2 + —Ft(loqu)Aqu] g dmy
Vg 4

is always continuous in g without any extra assumption.
Similarly one computes the right hand side of ([B84]). Recalling that logv; = —2f:

1 1 1
r— [I’t(log ut,s) + I'i(log ug s, log vg) + th(log vt)} dupy = P Ft(log Ut — f) dpu

1 t
:E/s aq/rt(loguq,s—f) dpy dg

2 t Agug s
= t_s/s /Ft(loguq,s—f, s )dutdq-

Note that by the continuity of ¢ — logu, in F and the continuity of ¢ — % in F by virtue of
(A5.a)), (A2.a) and the fact that u > &, the map ¢+ [ Ft(log ugs — [, %) dy; is continuous.

Uqg,s
Then by the Lebesgue differentiation theorem and the continuity discussion above we deduce from

(B4) that (recalling that u = ef)

\Ij(s) = / _Ps(f)AsPtfs (US g) + ((asrs)(f) +2I's (f7 eifAsef)) Ptfs (Us g) dms

1 Ay 1
+ / <I‘t(Pt,Sf, Afvg) + ift(log Vs, %) vs + Zl“t(log Vs) Afvs) gdmy; < 0.

S

Then, letting s — ¢, by continuity we have (recalling that v; = e~2f)
[ [Pnae9) — (@ro ) + 2, e | dmi > 0,

Choose g = (§ + €)e?f, where § € Lip,(X) N D(A;) with A;§ € F. Then g € D(A;) N Lip(X)
such that A;g € F by Lemma [5.3] and [I8, Theorem 3.4], and there exists constants ¢, C' such that
0 <c<g<C. With this choice we obtain

[ [FPAG = (@) + 20485+ 204(1. A ] s 2 0

for all f,A¢f € D(A;) N Lipy(X) and nonnegative g € Lip,(X) N D(A;) with A:g € F. The result
for general f € D(A;) N Lip,(X) and nonnegative g € L>=(X) N D(A;) follows by approximation
with the standard ¢-semigroup mollifier from Definition 2.1 O
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Lemma 5.2. Let (X,d,m) be an RCD(K, c0)-space. Let g € Lip,(X) satisfying C > g > ¢ > 0.
Let v € Lip,(X) N D(A) such that A%v € L¥(X) N F. Moreover let 1 € C*(S(v)). Then for
vy = Pv the map r — [ T'(uy)y(ur)gdm is absolutely continuous and

d

& [ uybtun)gdm = [ @G, ATuybur) + ) () Aur)g

for a.e. v > 0.

Proof. Let 0 < s < t. Then it is well-known that, see e.g. [10, Theorem 4.8] or [11, Theorem 4.6],
[ rwtegdn ~ [ Tougdn
<| [ = resegdn) + | [ T w0 - v)gdn)

_|_

-/ t [ 2 A u)g dm s

/:/F(vs)ib’(vr)mvrgdmdr

t
<lotenalle ([ €7(0r) + PV ) + (¢ ) sl (0ol £7(02) supll P2 Av]
<00,

which shows r — [ T'(v,)¢(v,)gdm is absolutely continuous. We compute the a.e. derivative as
follows

* [ e ~ T pt0) gam

_ / P(U”h)h_ P(UT)¢(Ur+h)9dm—|— / F(vr)w(?}”h)h_ w(%)gdm

= [ (T vt ) wlerdgan + [ 1o =

Upth — Up Up4h — Up
= - / (HL%AQ(UTJrh + Ur)w(UrJrh)g dm — /¢,(Ur+h)r(vr+h7 Ur4-h + Ur)wgdm

h
+ /F(’Ur) (¢(vr+h)h_ w(vr))gdm

Taking the limit A — 0 we verify that it holds a.e.

tim = [ (0 () 0lrs) — D)) g dm

=2 [ wlo)(@%gdm =2 [T () Mg dm + [T () A%, g dm.

Applying the Leibniz and the chain rule we find that for a.e. 7 >0

di?" L'(v)Y(vy)gdm = /(QF(UT,AQUT)¢(UT) + D(v) Y (v.) A%, ) g dm.

O

Lemma 5.3. Let (X,d,m) be an RCD(K, co)-space. Let g € D(A)NLip(X) such that Ag € F and
C>g>c>0. Let f,Af € D(A)NLipy(X). Then ef € D(A)NLipy(X) with Aef, Ae/ € L°NF
and ef > ¢ for some ¢ > 0.

Moreover the functions t — Piel and t — P{el are continuous in L=(X).
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Proof. Since f is bounded, ef is bounded as well and ef > e~ llfll> > 0. By the chain rule we have
T'(ef) =¥ T(f) € L™®(X) and

A(el) = e/ (D(f) + Af)
which belongs to L?(X) N L>°(X). Next we show that Ae/ € F. For this note that
E(efAf) < Q/esz(Af)—i— (AF)2T(f) dm
is bounded and
E(ET() <2 [ ST + TP dm
<2 || [ (~2KT()? = DL AR dm +2 [ (7! dm
is bounded as well. In the last step we used [I8, Lemma 3.2] to bound £(I'(f)). Summing &(e/ Af)

and £(e/T(f)) yields that Aef € F.
Similarly we show that A%¢/ € D(£9). Recall first that D(A) € D(AY) and

Adef = Ael +T(logg,e)
which is an L®°(X)-function. Moreover note that

E(AIeS) = / I(Ael) + T(I(log g, e’)) dm.

For the first summand we know already that it is bounded. For the second summand we use [18),
Theorem 3.4] and obtain

/F(F(log g,¢!))dm <2 /('mﬂog g) — KT(log 9)T'(e!) + (va(e”) — KT (e/))T'(log g) dm,
where v (log g), 72 (ef) are L'-functions, since log g and e/ belong to Lip,(X)ND(A) with Alog g, Aef €
F.

For the last claim, note that
t
Pl — Pef :/ AP.ef dr,
S
where the last integral has to be understood as a Bochner integral. Hence
t t
|Pref — Pyel||oo = ||/ AP.ef dr||s < / |Ae] oo dr < (t — 5)||Ae!||oo-
S S
The other statement follows analogously. U
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