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Data <- read.table("Michelson.dat",header = FALSE)
n<-20
alpha<-0.02

# Exos 8.7

# Compute the confidence intervals assuming
f a Normal distribution for the measurements
#

Speed<-array(0,dim=c(n,5))
Mean<-array{(0,dim=c(6))
Variance<-array(0,dim=c (6))
Confidence<-array(0,dim=c(2,6))

# Computation for the 5 series separately
tlower<- gt(alpha/2,n-1)
tupper<- gt(l-alpha/2,n-1)

~for (k in 1:5) { for (1 in 1:n) {Speed[l,kl<- Data[(k-1)*20+1,1]1}}
.or (k in 1:5) { Mean[k]<-mean(Speed[,k]); Variancel[k]<-var (Speed[,6k]);}
f# Remark: the variance function computes directly the V*

for (k in 1:5) { Confidence[l,k]<-Mean[k]+tlower*sqrt (Variancel[k]/n); Confidence[2,k]<-Mean

# Computation for all the data together

tlower<- qgt(alpha/2,5*n-1)

tupper<- gt(l-alpha/2,5*n-1)

Mean|[6]<-mean (Dataf{,1]);

Variance([6]<-var (Datal[,1]);
Confidence[l,6]<-Mean[6]+tlower*sqgrt (Variance[6]
Confidence([2,6])<-Mean[6] +tupper*sqrt (Variance[6]

/{5*n));
/{5*n));
# Print the data on the screen

Confidence

# Prepare Data for Plotting
library(gplots)
x<-array(0,dim=c (6))
errlower<-array(0,dim=c (6))
_errupper<-array(0,dim=c(6))

#Plot and export
for (k in 1:6) {x[kl<-k; errlower[k]<-Mean[k]-Confidence[l,k]; errupper[k]<-Confidencel2, k]
plotCI (X,Mean, errupper, errlower, xlim=c(1,6),ylim=c(750,1000));

# Write the data and the plot on a file
write.table(Confidence, "MichelsonConf.dat", append=TRUE, row.names = FALSE, col.names = FALS

postscript ("MichelsonConf.ps",horizontal=TRUE) ;
plotCI (x,Mean, errupper, errlower,xlim=c(1,6),ylim=c(750,1000));
dev.off();

# Error and in Percent
(Confidencel[2, ]-Confidencel[l,])/2

(Confidence[2,]-Confidencel[l,])/2/Mean*100

Exos 8.20
Compute the confidence intervals without
assumptions on the distribution

= I 3 R/

Empiric<-array(0,dim=c(2,6))
Median<-array(0,c(6))
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K<~gbinom(alpha/2,n,1/2)

for (k in 1:5) { Median{k]=median{Speed[,k])}
for (k in 1:5) { Empiric{l,kl=quantile(Speed[,k],K/n)}
for (k in 1:5) { Empiric(2,k]l=quantile(Speed[,k],1-K/n))}

Kall<-gbinom(alpha/2,5*n,1/2)
Median([6]=median (Speed[])
Empiric[l,6]=quantile(Speed[],Kall/ (5*n))
Empiric(2,6]=quantile(Speed(],1-Kall/{(5*n))

# Write the data on a file
write.table(Empiric ,"MichelsonConf .dat", append=TRUE, row.names = FALSE, col.names = FALSE)

# Prepare Data for Plotting
library(gplots)
x<-array(0,dim=c(6))
emperrlower<-array(0,dim=c(6))
emperrupper<-array(0,dim=c(6))

#Plot and export
for (k in 1:6) {x[k]l<-k; emperrlower[k]<-Median[k]-Empiric[1l,k]; emperrupper[k]<-Empiric[2,
plotCI (x,Median, emperrupper, emperrlower,xlim=c(1,6),ylim=c(750,1000));

postscript ("MichelsonConf.ps", horizontal=TRUE) ;
plotCI (x,Median, emperrupper, emperrlower,xlim=c(1l,6),ylim=c(750,1000));
dev.off();

# Both data on the same plot

#

library(gplots)

x<-array(0,dim=c(12))

lower<-array(0,dim=c{(12))

upper<-array(0,dim=c{(12))

Media<-array(0,dim=c(12))

for (k in 1:6) {x[2*k]<-k-0.1; lower[2*k]<-emperrlower(k]; upper[2*k]<-emperrupper [k];}
for (k in 1:6) {x[2*k-1]1<-k+0.1; lower[2*k-1l]<-errlower[k]; upper[2*k-1]<-errupper[k];}
for (k in 1:6) {Media[2*k]<-Median(k]; Media[2*k-1]<-Mean[k];}

plotCI{(x,Media,upper, lower,xlim=c(0.5,6.5),ylim=c(750,1000));

postscript ("MichelsonConf.ps",horizontal=TRUE) ;
plotCI(x,Media, upper, lower, xlim=c{(0.5,6.5),ylim=c{(750,1000));
dev.off () ;
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Stein's Lemma for Bernoulli p=1/2 vs Bernoulli p=3/4, =0.05
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Stein's Lemma for Normal u0=-1, ul=1, v=1, @=0.05
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Stein's Lemma for Normal u0=-1, ul=1, v=1, @=0.05
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Weierstrass Approximation Theorem

If §"is a continuous real-valued function on [a. % and if any € =» {} is given, then there
exists a polynomial pp on [a. ] such that

[Fix)=Pix)| <€
for all x & [a. b]. In words, any continuous function on a closed and bounded interval

can be uniformly approximated on that intervd by polynomials to any degree of
accuracy.

SEE ALSO: Miintz's Theorem, Stone-Weierstrass Theorem

REFERENCES:
Jeffreys, H. and Jeffreys, B. S. "Weierstrass’s Theorem on Approximation by Pofynomials” and

"Extension of Weierstrass's Approximation Theory." §14.08-14.081 in Methods of Mathematical Physics,
3rd ed. Cambridge, England: Cambridge University Press, pp. 446-448, 1988.

CITE THIS AS:
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4. Hausaufgabe

(6 Punkte)

In einem Physikversuch misst man die Winkelverformung 8 von MgSi-Zylinderblécke mit verschiedenen
Lingen ¢. Die Verformung wird mit einer konstanten Kraft geibt, mit folgenden Ergebnissen:

¢ [mm] 9 [rad]

390 9.70.10~3
370 9.05-103
350 9.00.10~3
330 8.50-103
310 8.20-1073
290 7.55.103
260 6.25.1073
230 6.10.1073

Laut Elastizitatstheorie ist die Winkelverformung (wenn klein genug) direkt proportional zu ¢

0 =kt/G.

k = 4.03 - 108[J/m*] ist eine experimentbauabhingige Konstante und G ist eine materielabhingige Kon-
stante (Torsionsmodul). Ziel der Messung ist den Wert von 7 zu finden.
Bestimmen Sie den Experimentalwert von G unter die Annahme, dass die Messfehler unabhingig und
N(a,o?)-verteilt sind. Vergleichen Sie diesem Wert mit den von den Physiktafeln, G* = 17.3-10%[J/m3),
insbesondere wie gross ist den relativen Unterschied, |G — G*|/G”, in Prozent?

4. Hausaufgabe

Seien 6, die Messwerte fur Linge ¢;. Dann

Qi——-k&/G—i—a—i—zi

wobei z; ~ N (0,0?) sind. |2 Pt.|

Die “likelihood Funktion” ist die Wahrscheinlichkeitsdi
6). Es sei b = k/G, dann die numerischen Schitzungen von

. ——

(6 Punkte)

(%)

chie der Beobachtungen, siehe Skript (Ende Kapitel
b und a sind die folgenden:

bt = Z:_L—/“—,g_;il,&_zf;ﬁ [2 Pt.] (6)
21 13? 8 (25:1 gi)
und (nicht ndtig fiir unseren Zweck) .
L "t ™
Numerisch (siche File in Anhang) kriegt man b* und dadurch G =k/b*:
G-G* 8
G = 17,1-109£J/m3], l—CTJ = 1.(3% |2 Pt.] ‘ ( ) -

Vb_ Lange [mrh] Winkel [mrad] ﬁLénige_* Winkel Lange”2
' 6E-02{(1_i (theta_i) |
S - 390 9,70 0,0038 0,152

a
0033 0,137
,80E-04 370 9,05 0,
‘i - : 350 9,00 0,0032 0,123
4,04E+08 330 8,50 0,0028 0,109
G=kb 310 8,20 0,0025 0,096
| 1,71E+10 290 7,55 0,0022;} 8822
Relative Differenz B 260 6,25 0,0016, 0,053
1,0% 230 e 00014 ,

Summe [ 2,53m| 0,064rad| " 0,0208) 0,821
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Abb.12: Graphische Darstellung der normierten Residuen in Abhidngigkeit von den ge-
schitzten Werten ¥ des Regressanden: (a) idealer Verlauf; (b) linearer Trend, auf einen Re-
chenfehler hindeutend ; (c) ansteigende Varianzen (mit §), Wechsel zu einem Modell fiir un-
gleiche Varianz der Beobachtungen eventuell angebracht; (d) nichtlinearer Verlauf der Resi-
duen, inadaquates Modell, d. h. Transformation der Daten oder Anderung der Regressions-
funktion angezeigt
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Part I: interpolation assuming IID noise

fipostscript ("WeightedLeastSquare.ps",horizontal=TRUE) ;

X = rnorm (100, 0, 3)
y=~3+2*x+rnorm (100, 0, sapply (x, function(x) {1+0.5*x"2}))
plot (x,y)

# Noise free line
abline (a=-3,b=2,col="red")

# Fit with least square

fit.ols=lm(y~x)
abline(fit.olsScoefficients,col="blue")
# Show the interpolation summary
summary (fit.ols)

# The Standard Error estimates are computed UNDER the assumption that the noise
is IID, which is not the case!

# Plot the residualfit

plot(x,fit.olsSresiduals)

# Plot the absolute value of the residualfit

plot(x,abs(fit.ols$residuals))

# Simulation for the errors with 1074 random samples
simulation = function(n) {
y=-3+2*x+rnorm(n, 0, sapply (x, function(x) {1+0.5*x"2}))
fit = lm(y~x)

return(fitScoefficients-c(-3,2))

}

ols.error.stats= function(n,m=10000) {
ols.error.raw=t (replicate (m,simulation(n)))

# transpose gives us a matrix with named columns
intercept.sd = sd(ols.error.raw[," (Intercept)"])
slope.sd = sd(ols.error.rawf,"x"])
return(list(intercept.sd=intercept.sd,slope.sd=slope.sd))
}

ols.error.stats (100)
Part II: interpolation knowing the real value of the variance of the error

fit.wls = Im(y~x,weights=1/(1+0.5*x"2))
plot (x,y)

abline (a=-3,b=2,col="red")
abline(fit.olsS$Scoefficients, col="blue")
abline(fit.wls$coefficients,col="green")
# Show the interpolation summary
summary (fit.wls)

# Simulation for the errors with 1074 random samples
simulation = function(n) {
y=-3+2*x+rnorm(n, 0, sapply (x, function(x) {1+0.5*x"2}))
fit= Im(y~x,weights=1/(140.5*x"2))
return(fitScoefficients-c(-3,2))

}

wls.error.stats= function(n,m=10000) {
wls.error.raw=t (replicate(m,simulation(n)))

# transpose gives us a matrix with named columns
intercept.sd = sd(wls.error.raw[," (Intercept)"])
slope.sd = sd(wls.error.rawl[,"x"])
return(list (intercept.sd=intercept.sd, slope.sd=slope.sd))
}
wls.error.stats (100)

#dev.off (),
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