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Exercise 1 [10 Pt]

Suppose that X (t) = (X1(¢),...,X,(t)) consists of independent Brownian motions, and
let

Y(t) = IX0l =

ng(t).

(i) Show that if f € C?([0,00)) has compact support and satisfies f/(0) = 0, then it
belongs to the domain of the generator G of Y, and that

Gity) = 20y + s

2 Y
for some choice of 3, and determine f3.

(ii) Find a natural martingale related to Y to show that, for z € D,

In|z|—Inr P
Pout = P [X exits D through the outer boundary] = ﬂ;éﬁlﬂzw ’
e 23,

where D := {z € R" : r < |z| < R}.

Remark: Processes with generators of this type are called Bessel processes - so named be-
cause one form of Bessel’s differential equation can be written as Lf + f = 0.

Exercise 2 [10 Pt]

Let B be a one dimensional Brownian motion, x > 0 and let p, 0 € R with ¢ # 0. Define
the process (X;)icr, by

2
X, = x e F)HoB:
(i) Show that X is the unique strong solution of a stochastic differential equation.

(ii) Give the precise form of a generator G such that X is a solution of the martingale
problem for G.



