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Exercise 1 [7 Pt]

Let S be a locally compact Polish space, and let (Pt>t20 be a Feller-Dynkin semigroup
acting on the space Cy(S). You may suppose that P,1 = 1 for all ¢ > 0. We say that a
probability measure p on S is stationary for (P),s, if pf = p for all ¢ > 0, i.e., if

/fdu = /Ptfdu for all f € Cy(S) and ¢t > 0.
Let M;(S) denote the set of all probability measures on S, and let J C M;(S) denote
the set of all stationary probability measures.

(i) Show that if p = lim;,,, P, exists (in the weak sense) for some v € M;(S), then
nweJ.

(i) Show that if pu = lim,, ;! fot" vP,dt exists for some v € M;(S) and some ¢, T oo,
then p e J.

(iii) Suppose that S is compact. Show that J is a compact subset (with respect to weak
convergence) of My(S).

Exercise 2 (8 Pt]
The semigroup of the Ornstein-Uhlenbeck process on R is given by

(Pf) () = (27)22 / F(eta VImeTy) eV Py for [ € Gy(R).

(i) Let G denote the generator corresponding to (F;)ico,00)- Show that
(Gf)(x) = f'(z)—af'(2) for any f € C*(R) with compact support.

(ii) Show that the standard normal distribution «y is the unique stationary distribution
for (Pt)te[o,oo)
Hint: You may use Exercise 1, and you may verify pointwise convergence of P, f(x)

as t — oo for fired f € Cy(R) and x € R. The latter is also useful to show the
uniqueness claim!



Exercise 3 [5 Pt]

Let S be a locally compact Polish space, and let G be the generator on Cy(S) of a Feller-
Dynkin semi-group (F;)ic[o,00)-

(i) Let f € D(G). Show that P,f € D(G) and
d
&Ptf =PGf =GP f.
(ii) Let f € Cy(S). Show that
: t N\
lim (1 — —G) f=PRf.
n—o0 n
Hint: You may show that for f € D(QG),

(1 - %G) -k [sz;;l&f} )

where (&); are i.i.d. exponentially distributed random variables with mean 1.



