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RICCI TENSOR FOR DIFFUSION OPERATORS AND
CURVATURE-DIMENSION INEQUALITIES UNDER CONFORMAL
TRANSFORMATIONS AND TIME CHANGES

KARL-THEODOR STURM

ABSTRACT. Within the I'z-calculus of Bakry and Ledoux, we define the Ricci tensor induced
by a diffusion operator, we deduce precise formulas for its behavior under drift transformation,
time change and conformal transformation, and we derive new transformation results for the
curvature-dimension conditions of Bakry—Emery as well as for those of Lott-Sturm-Villani. Our
results are based on new identities and sharp estimates for the N-Ricci tensor and for the
Hessian. In particular, we obtain Bochner’s formula in the general setting.

1. INTRODUCTION

Generators of Markov diffusions — i.e. Markov processes with continuous sample paths —
are second-order differential operators L or suitable generalizations of them. These generators
give rise to intrinsically defined geometries on the underlying spaces X. Equilibration and
regularization properties of such stochastic processes are intimately linked to curvature bounds
for the induced geometries.

We regard I'(u,v)(z) = 3[L(uv) — uLv — vLu](z) as the ‘metric tensor’ at € X and

R(u,u)(z) = inf {T2(a@, a)(z) : T'(a—u)(z) =0} (1.1)

as the "Ricci tensor’ at « where I's(u,v) = 1[LT'(u,v) — I'(u, Lv) — I'(v, Lu)]. More generally, for
N € [1,00] — which will play the role of an upper bound for the dimension — we consider the
N-Ricci tensor

. - T, -
Ry (u,u)(z) = inf {T9(a, @)(z) — N(Lu)2(aﬂ) : (@ —u)(z) =0}.
If L is the Laplcae-Beltrami operator on a complete n-dimensional Riemannian manifold then
Ry (u,v) = Ric(Vu, Vo)

for all N € [n,o00] and all u,v. One of the key results of this paper is Bochner’s formula in this
general setting.

Theorem 1.1. Under mild reqularity assumptions, for each u
2
Io(u,u) = R(u,u) + HH“()HHS (1.2)

where Hy(.) denotes the Hessian of u and H . its Hilbert-Schmidt norm.

s
A refined assertion states that

Iy(u,u) = Ry(u,u)+ HHU()H§{5 + ﬁ(trHu() - Lu)2

whenever N is larger than the vector space dimension of the ‘tangent space’ defined in terms of
I'. In particular, this equality implies Bochner’s inequality T's(u,u) > Ry (u,u) + %(Lu)z. The

latter in turn implies the energetic curvature-dimension condition or Bakry—Emery condition

Ty(u,u) > k- T(u,u) + %(Luﬁ (1.3)
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for every function k : X — R which is a pointwise lower bound for the N-Ricci tensor in the
sense that Ry > k- TI'.

The second major topic of this paper is to study the transformation of the N-Ricci tensor
and of the the Bakry—Emery condition under each of the basic transformations of stochastic
processes. The transformations which we have in mind are:
time change L'u = f2Lu
drift transformation L'u = Lu + ['(h, u)
metric transformation L'u = f2 Lu + I'(f2, u)
conformal transformation L'u = f?Lu — %I’(j?, w)

e Doob transformation L'u = %L(u,o) provided Lp =0 and p > 0.

Indeed, we will study more general transformations of the form

T
L'u=f*Lu+f Zgi I'(h,u) (1.4)
i=1
which will cover all the previous examples and, beyond that, provides various new examples
(including non-reversible ones). Our main result is

Theorem 1.2. For every N' > N the N'-Ricci tensor for the operator L' from (L4l can be
pointwise estimated from below in terms of the N-Ricci tensor for L and the functions f, g;, h;.
For instance, in the case of the time change

(N —2)(N' —2)
N I(f,.)% (1.5)

In the particular case of the conformal transformation, such an estimate is also available for
N’ = N and in this case it indeed is an equality.

Corollary 1.3. Assume that L satisfies the condition BE(k,N) from ([L3l). Then for every
N' > N the transformed operator 1. from (4] satisfies the condition BE(K', N) with a function
k' explicitly given in terms of the functions k and f, g;, h;. For instance, in the case of the time
change

1
o> fPRy + SLf7 = 20(f)? -

1
K = f2k+ SLfE = NI/, f). (1.6)
with N* = 2 4+ w In the particular case of the conformal transformation, such a

N'—N
Bakry—Emery condition is also available for N' = N.

The Bakry—Emery condition is particularly useful and mostly applied in cases where the
Markov diffusion is reversible w.r.t. some measure m on the state space X and where L is the
generator of the Dirichlet form £(u) = [T'(u,u)dm on L?(X,m). In this framework, most of
the previous examples for transformations of generators can be obtained as generators L’ of
Dirichlet forms

& (u) = /F(u,u) $*dm on L*(X, p*m) (1.7)

for suitable choices of the weights ¢ and p: time change (¢ = 1, p = 1/f), drift transforma-
tion/Doob transformation (¢ = p = e/?), metric transformation (p = 1, ¢ = f), conformal
transformation (p = f~V/2, ¢ = f=N/2+1),

The study of Bakry—Emery estimates for such Dirichlet forms is closely related to the analysis
of curvature bounds in the sense of Lott-Sturm-Villani for metric measure spaces. We say that
a mms (X, d, m) satisfies the entropic curvature-dimension condition CD®(K, N) for (extended)
real parameters K and N if the Boltzmann entropy S (with S(u) = [plogpdm if p = pm)
satisfies

D?S — %DS ® DS > K (1.8)

in a well-defined, weak sense on the L2-Wasserstein space Pa(X).
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We will analyze the behavior of the entropic curvature-dimension condition CD¢(K, V) under
transformation of the data: changing the measure m into the weighted measure m’ = e m and
changing the length metric d into the weighted length metric d’ given by

1
d (z,y) = inf {/ Be] - €O dt : 2 [0,1] — X rectifiable, vg = z,7, = y} (1.9)
0

We will not treat this problem in full generality but assume that the mms (X, d, m) is ‘smooth’
and also that the weights v and w are ‘smooth’.

Theorem 1.4. If (X, d,m) satisfies the CD®(K, N)-condition then for each N' > N the metric
measure space (X,d',m') satisfies the CD*(K', N')-condition with a number K’ explicitly given
in terms of k, v and w. For instance, if v =0
L 1/, N'N
K = 1§f e 2 K — Lw + QF(U)) — 21613 W <(m + Q)F(w,u)Q — 2Hw(u,u)>}.

If w=0 also N = N = oo is admissible; if w = %v also N' = N is admissible.

From the very beginning, in theoretical studies and applications of the Bakry—Emery condition
and of the Lott-Sturm-Villani condition, their transformation behavior under drift transforma-
tion was well studied and widely used [4], [15, 16, 12]. As far as we know, however, until
now for none of the other transformations of diffusion operators a transformation result for the
Bakry—Emery condition or for the Lott-Sturm-Villani condition existed.
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2. DIFFUSION OPERATORS AND RiIccl TENSORS

2.1. The I'-Operator and the Hessian. Our setting will be the following (cf. [2, [I1]): L will
be a linear operator, defined on an algebra A of functions on a set X such that L(A) C A. (No
topological or measurability assumptions on X are requested, no measure is involved.) In terms
of these data we define the square field operator I'(f,g) = %[L(fg) — fLg — gLf]. We assume
that L is a diffusion operator in the sense that

e I'(f,f)>0forall fe A
e U(f1,...,fr) € A for every r-tuple of functions fi,..., f, in A and every C*°-function
1 : R” — R vanishing at the origin and

Lp(fiyoofo) =D Wil o) - Lfi+ Y i (fr, oo o) - T(fir f5) (2.1)
=1

ij=1
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where ¢; ;= 8%171[) and 1);; == ﬁﬂ)
We define the Hessian of f at a point x € X as a bilinear form on A by
1
Hy(g.h)(@) = 5|D(9.0(£.1)) + D (k. T(F.9)) =T (£.D(g, )| ()

for f,g,h € A. We can always extend the definition of L and T" to the algebra generated by the
elements in A and the constant functions which leads to L1 = 0 and I'(1, f) = 0 for all f. For
later use, let us state the chain rule for L f and Hy:

1 1
S/ PLS? =Llog S+ pP(logf), S PHyr(u,u) = Hiog s(u,w) + pL(log f,u)?
for all p # 0 and all f € A with log f and fP € A.

2.2. The I';-Operator. Of particular importance is the I's-operator defined via iteration of
the I'-operator

La(f,9) = 5[LT(f.9) ~ T(f,Lg) ~ Tg, L)
We pUt F(f) = F(f, f)’r2(f) = FQ(f’ f)
Lemma 2.1 ([2],[I1]). Given f1,..., fr in A and a C*®°-function 1) : R" — R. Then

DO(froeees ) = S Wi W) (frae s f) - T(fis £5)

i,j=1
and
Do(frse o f)) = S i) £) - Talfis )
.3
i,k
i,5,k,l
Remark 2.2. We say that the family {f1,..., f,} is an n-dimensional normal coordinate system

at a given point x € X if for all 4, j,k € {1,...,n}

U(fi, f;)(2) = b5, Hp(fj, fe)(@) =0, Lfi(z) = 0.
Given such a system at the point z € X, for each C*°-function ¢ : R” — R and f = (f1,..., fn)
we have

Ty(y o f)(x) = Rick (D, D) (f(x)) + | D*[|7s(f (x)) (2.2)
where Ricf (D, DY)(f) == 3752 i(f) y(f) Talfir £;) and [|D*6]g = 75, 52w
Note that

1 2
|26 (2 (Z ) = (Lo ) @
2.3. The Ricci Tensor. In terms of the I's-operator we define the Ricci tensor at the point
x € X by
R(f)(@) = inf {To(f)(@) : fe A, T(f ~ f)(z) =0} (2.3)

for f € A. More generally, given any extended number N € [1, oo] we define the N-Ricci tensor
at x by

Ry(/)(@) = inf {To()e) ~ (L)) - e A T(F ~ f)(a) =0}, (24

)
Obviously, for N = oo this yields the previously defined Ricci tensor. Moreover, T'y(f) >
Ry(f)+ % (Lf)% and R(f) > Rn(f) for all N. One might be tempted to believe that Ry (f) >
R(f) — +(Lf)? but this is not true in general, see Proposition 24 below.
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Lemma 2.3. For every N € [1,00] and every x € X the N-Ricci tensor is a quadratic form on
A. Thus by polarization it extends to a bilinear form Ry(.,.)(z) on its domain Dom(Ry(z)) =
{feA: Ryf(x) > —o0}.

Proof. It suffices to prove the parallelogram inequality. Given xz € X, f,g € Dom (RN(QJ)) and
¢ > 0, choose f,j € A with T'(f — f)(x) = T'(g — §)(x) = 0 such that Ry (f)(z) > Ry (f)(z) — €
and Ry(g)(x) > R%(3)(z) — e. Here we put

Ry (h)(z) = Ta(h)(z) — + (Lh)*(z)

1
N
which obviously defines a quadratic form in h € A. Thus

Ry (f +9)(@) + Ry (f — 9)(z) < RY(+9)(@) +RY(f —9)(x)
= 2RY(f)(x) + 2RY(9)(x)
< My(f)(@) + 2Rav(g)(@) + e

Since € > 0 was arbitrary, this proves the claim. O
Let us illustrate the concept of the N-Ricci tensor with two basic examples.

Proposition 2.4. Let L be the Laplace-Beltrami operator on a complete n-dimensional Rie-
mannian manifold (and let A be the set of C*°-functions vanishing at infinity or the set of C*°-
functions with compact supports — this makes no difference as long as no measure is involved).

Then for all f € A

_ { Rie(VS, V) if N>n,
Proof. The well-known Bochner’s formula states that
Ta(f) = Ric(V £, V) + [|D*f |31 (2.6)

(cf. formula (22])) and Bochner’s inequality states that
. 1
Ta(f) = Rie(Vf, VF) + —(Af)*
Given f and z, applying the latter to f € A with Vf(x) = Vf(z) yields for all N > n

Ca(f)(e) - 3

(Af)*(z) = Rie(Vf, Vf)(x) = Ric(V f, V f)(x)
and thus
Ry f(x) = Ric(V £,V f)(x).

Conversely, given f and z choose fo with V fo(z) = Vf(z) and D?fy(z) = 0. Then (28] implies

Palfo)(x) — = (A fo)2(x) = Ric(V fo, ¥ fo)(z) = Ric(V f, V)(x)

and therefore Ry (f)(z) < Ric(Vf, Vf)(x).

To verify the second claim, for given x € A and f € A, consider the functions f; = fo +j - v
with f; as above and with v = 1d(z,.)>. (More precisely, choose v € A with v = %d(z,.)?
in a neighborhood of z.) Note that Vu(z) = 0, Av(z) = n and HDZ’UHES(x) = n. Thus
Vf(z) = Vfj(x) =0 and

1 . ) i2n?
Da(f;)(x) = ~(Af;)X(@) = Rie(VF, Vf)(@) + 52 n =
for every j € N. As j — oo this proves Ry (f)(z) = —oo whenever N < n. O

Proposition 2.5. Let L = A + Z be the Laplace-Beltrami operator with drift on a complete
n-dimensional Riemannian manifold where Z is any smooth vector field. Then

Roo(f) = Ric(Vf, Vf) = (DZ)(Vf, V) (2.7)
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for all f € A and

Reo()(@) — 5|2 f2(x)  if N >n,

_ ) Rao(f)(2) if N=mn and (Z f)(x) =0,
Rv(f)) = —00 if N=n and (Z f)(z) #0, (2:8)
—00 if N <n.

Proof. The lower estimates for Ry will follow from our general estimates in Theorem [6.1] (cf. also
Corollary [B.6]). For the upper estimate in the case N < n, for given f and « choose f; = fo+j-v
as in the proof of the previous proposition. Then

102 5illys — 3 (LA @) = Pn— (G + (Z)(@)* — —o0

as j — oo. Similarly, if N =n and (Zf)(x) # 0 we choose f; = fo+j-(Zf)(x) - v to obtain

10251y — e (L62@) = P n(ZF)(a) — G+ DA(Z () —oc
as j — oo. B B B
If N > n choose f = fo+ 5 (Zf)(z) -v. Then Vf(z) = Vf(z), Af(z) = 2= (Zf)(z) and

Lf(z) = = (Zf)(z). Moreover, DQfHZS(x) = W(fo(w) Thus

Ry(/)(@) < Daf) (L)
= Rie(V, V1)) + (DZ)(VE, V1)) + || D) — 1 (L)

= Rie(Vf, V/)(w) + (DZ)(VS, V1)) ~ o (Z])(x).

Essentially the same argument works in the case N =n and (Zf)(x) = 0 if we put f = fo. O

Definition 2.6. Given a function k : X — R and an extended number N € [1,00] we say that
the operator (L, A) satisfies the Bakry-Emery condition BE(k, N) if

Do) (@) > k(z) - T(f)(x) + (L (@) (29)
forall f e Aand all z € X.

The Bakry—Emery condition obviously is equivalent to the condition

Rn(f)(z) = k(z) - T(f)(2) (2.10)
for all f € A and all z € X.

3. FUNDAMENTAL ESTIMATES FOR N-RIccl TENSORS AND HESSIANS

In the classical Riemannian setting To(f) = Ric(Vf,Vf) + || D?f||3;g. The Bakry-Emery
condition BE(k,n) relies on the bound for the Ricci tensor Ric(Vf,Vf) > k- |Vf|? and on
the estimate for the Hilbert-Schmidt norm of the Hessian ||D*f[|%4 > 1(Af)%. A more refined
analysis might be based on the identity

1D F 35 = = (Af) 4 102 = ZAf Tl
and on estimates for the bilinear form (‘traceless Hessian’)
<D2f . %Af : H) (g,h) = D*f(Vg, Vh) — %Af Vg Vh.
For instance, one might use the estimate

lalf3

2
>
laliys > —"—

valid for any traceless, symmetric (n x n)-matrix a = (a;j)1<; j<n-
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In the abstract setting, we are now going to prove a fundamental estimate for the N-Ricci
tensor in terms of the bilinear form (g, h) — H¢(g,h) — %I’(g, h) - Lf. Recall that by definition

L2(f) = Ruv(f) + x(Lf)%
Theorem 3.1. For all N € [1,00| and all f,g,h € A

) > Bt 4 g 2[R0~ AT 1] 1)

2(/) =2 Ry ~ — .
N S720(g. h)? +T() L)

Note that %F(g, h)2 +T(g)-T'(h) > 0 for any choice of g,h and N > 1 (and that ... =0 is

excluded if N > 1 and I'(g) - I'(h) # 0).
The previous estimate allows for two interpretations or applications. Firstly, it provides a
very precise and powerful estimate for the Hessian. We will use it in the following form.

Corollary 3.2. For all N € [1,00] and for all f,g,h € A
2[Hy(g.0) ~ 100, h) - Lf] < [Pa(f) = (LD = Bv()] - [For Do h)? + Tg) - T(R)].

and thus for each function p: X — R

2p[Hy(9. ) ~ +T(a.0)-Lf| < 0% [Ta(f) — - (LF) ~ Ru(f)]
+% [%F(g, B)? +T(g) - T(R)]

This will be the key ingredient for the estimate of the Ricci tensor for a transformed operator.
Moreover, it implies that the Hessian H¢(.)(z) is well-defined on equivalence classes of functions
w.r.t. vanishing I'(.)(z).

Corollary 3.3. Forallz € X, all f € A(x) and all g,h € A
L(g)(x) =0 = Hy(g,h)(x) =0.

Secondly, the estimate of the theorem leads to the following refined estimate for the Ricci

tensor as a consequence of which one obtains a self-improvement property of the Bakry—Emery
condition BE(k, N).

Corollary 3.4. For all N € [1,00] and all f € A
N
Do(f) > Rl + (L + s () — LF DO (32)

N[t ) - ]’ (3.3)

1 1
> RN(f)‘f‘N(Lf) +m|:m

where || Bl|r(xz) = sup{|B(g,9)|(x) : g € A, T'(g9)(x) < 1} denotes the norm of a bilinear form

B(.)(z) on A w.r.t. the seminorm I'(.)(x). In particular, for N = oo

To(f) > RO+ [HO)3 (3.4)

This second aspect will be taken up (and further developed) in the subsequent Chapters 4
and 5. The first aspect will be the key ingredient for the results on Ricci tensors for transformed
operators in Chapters 6-10. These results will only rely on Theorem B and not on the more
sophisticated results of the next two chapters.

Proof of the theorem. We will consider functions of the form f = ¥(f,g,h) € A for smooth
¢ : R* = R and use the fact that To(f) > Ry (f) + %(Lf)2 At each point x € X we choose
the optimal ¢. Indeed, it suffices to consider f = f + t[gh — g(x)h — h(x)g] and to optimize in
t € R (for each given x € X).

More precisely, we use equation (2I) and the assertions of Lemma 1] with » = 3, f; = f,
fo =9 f3 = h. For given z € X and t € R we choose ¥ such that ¥ = 1, 93 = t and
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g = b3 = P11 = Pag = P33 = P1o = P13 = 0 at the particular point (f(z),g(x),h(x)) € R3.
Then at the point z € X

I'(f—f)=0, Lf=Lf+2tI(g,h),
Uo(f) = Ta(f) + 4tHs (g, h) + 263 |T(g,h)* + T(g) - T'(h)|.
Thus Ry (f) = Ry (f) and

Tao(f) = Ruv(f) = - (LF)?
= () - R(f) -~ (L)
+4t [Hf(g, h) - %Lf -9, h)}

242 [%F(g, W2 +T(g) - r(h)}

0

IN

1
N

= To(f) — Rn(f) — %(Lf)2 + 4tb + 2t%a

for a,b defined by the terms in brackets. Choosing t = —g yields

1 5 b
0§F2(f)—RN(f)—N(Lf) —2;

(at the given point x € X). This is the claim. O

4. SELF-IMPROVEMENT PROPERTY OF I'9-ESTIMATES
Given z € X, we denote by AL the space of equivalence classes in A w.r.t. the seminorm
['(.)(x) and by dim (A, T')(x) the dimension of the inner product space (AL, T'(.)(z)). For a bilin-
ear form B on Al we define its operator norm by || B||r(x) = sup{|B(v,v)| : v € AL, T'(v)(z) < 1}
and its Hilbert-Schmidt norm by

r 1/2
HBHHS(x) = sup{( Z B(ei,ej)2> :reNye,...,e. € Ai,F(ei,ej)(x) = 5ij}
ij=1

provided dim(A,I')(xz) > 0. If dim(A,I')(x) = 0 we put HBHHS(QJ) = 0. Obviously, in any case
IBlr(x) < ||B| 5 (2)-

For any (n X n)-matrix B we put trB = > " | B;; and ij = B;j — %trB 0;;. Note that
Zi,j(Bz‘j)z = E:M(B%)2 + 1(trB)?. Similar definitions and results apply for any bilinear form
on Al provided dim (A,T)(z) = n.

Theorem 4.1. (i) Forall fe A

Po(f) 2 RO + |1y s (4.1)
In particular, R(f)(z) = —oc if HHfHHS(x) = +00.
(ii) Moreover, for x € X and N € [1,00) with N > n(z) := dim (A,I')(z)
L@ > Re(E) + O @) + 5 (110 - 1) @ @)
= Ry(N@)+ 3 (L) @)+ [[H70) = 5 1S TOs(0)

oo e

In the case N = n(x), the respective last terms on the RHS here should be understood as
the limit N \ n(x) (which is either 0 or +00).
(iil) Finally,
Ry (f)(x) = —o0
whenever N < dim (A,T')(x) or if N = dim (A,I')(x) and trH(.)(z) # Lf(x).
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Proof. (i) Given f and z, let us first consider the case HHfHHS < 00. Here for any ¢ > 0,
choose 7 € N and ey, ..., e, € A with I'(e;, e;)(x) = d;; and

'
[ |36(@) < 3 B (eie5)(@) + .
ij=1

Consider f € A of the form f = f+1poe for smooth 1 : R” — R with 1 (e(x)) = 0 for all ¢ where
e(r) = (e1,...,e)(z). Then by the chain rule (see Lemma 1] applied to ¢ (yo, v1,-..,yr) =
yo+VY(y1,...,yr) and € = (f,e1,...,e.)), I(f,.)(x) =T(f,.)(x) and

Pg(f)(.%') - +2Z¢U Hf 6276] wa
i,j=1 i,j=1
- Fg(f)(m)—l— Z (Hf(ei,ej)( )—i-w,j ) Z Hf e,,e] x). (4.4)
i,j=1 ij=1

Choosing 1 such that ;; (e(m)) = —Hy (ei, ej)(x) for all 7, j leads to

Do(f)@) = Ta(f) @)= 3 W(ene;) (@)

ij=1

(For instance, the choice ¥(y1,...,yn) = —% >oij—1 Hy (eivej) (@) (yi —ei(x)) - (y; — ej(z)) will
do the job.) Thus

R(f)(z) < Taof)(z)— Z H?(ei,ej)(m)

To(F) (@) = |1y [y ) +

IN

Since € > 0 was arbitrary this proves the claim.

Now let us consider the case HHfHHS(:U) = 4o00. Then for any C' > 0 there exist » € N and
els...,er € Awith I'(ej, e5)(x) = 655 and D77, H?E(ei, e;)(x) > C. With the same argument as
before R(f)(z) < T2(f)(z) — > e H?E (eivej)(z) <T2(f)(z) — C. Since C > 0 was arbitrary
this proves the claim.

(ii) Let z € X, f € Aand N > n(z) = dim (A,T')(z) be given. Choose ey,...,e, € A with
I'(es, e5)(x) = ;5. Again we will consider f € Aof the form f = f+1oe for smooth ¢ : R — R
with ¥;(e(x)) = 0 for all i. According to the chain rule for L (i.e. the property of being a
"diffusion operator’)

Li(z) = Lf(@) + (A¢)(e(x) with A= Zay
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Thus
[12(7) (@) - i(Lfﬂw)} T (f) (@)
= Qwa Hf 627ej +Z¢zg - %(Lf(.%’) + (Aw)(e(x)))Q
— Z <Hf(€l',€j)(£l?) +1,Z)Z](€($)))2

0]

~ S Hjene)o) g (L) (80 D)(e(@))’

= 2 (Hf (es:63) (@) + 05y (e@))” + 1 (sH; (@) + (B)(e(e)

i7j

= S (o) @) — (L) + (Av)(ela)) (4.5)
Now let us chooslejw such that
Ui (e(x)) = —Hf(eir¢) () (4.6)
for all i,j = 1...,m. Moreover, we may require that
(8) (e(r)) =~ (trHy — 2LF) (). (47)

For instance, the choice

D@ yn) = —%ZH;(ei,ej)(x).(yi_ei(x)).(yj_ej(x))

i,j=1
(trH; — %Lf)(x) : % 3 (i - eil@)?

i=1

N —n
will do the job. Combining (£5)), (£8) and [@1) yields
02(7) (@) ~ (L) *@)] Do) (@)
— —ZH%(ei,ej)(:ﬂ) in(ter—Lf)z(:U).

Thus

Ry(f)(z) < Pg(f)(x)—ZH?c(ei,ej)(x) — Nl_n(ter—Lf)Q(x)-

This is the first claim. (A similar argumentation proves the assertion in the case N = n.)
To see the equality ([£3]) note that for each real symmetric (n x n)-matrix B and each scalar
a

1 n
HBHZS = HB ]IHHS (t B) - E(WB - _a)2

N
(with I being the unit matrix, i.e. Iz = ;1) and that for all a,b € R
1 1 n 1 1 1 n
_b2__b__ 2 h— 2__2 h— — 2‘
e Al s ) Bl WU el e o

(iii) In the case N < n we consider the sequence of functions »®) given by

w(k)(yl, ceyYn) = —% Z H‘J’c(ei,ej)(x) . (yi - ei(x)) . (yj —ej(x )) + % Z (y, — ei(x))?

ij=1 i=1
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Then for each k € N, equations (45) and (6] hold true as before with f® = f+9yp® oein
the place of f and ¢®) in the place of 1) whereas instead of ([£7) we obtain

(Ag®) (e(z)) = k.
Thus

Ry (f)(a) < nf [La(7¥) (@) ~ 1 (LF9)*(@)] = —o0.

keN

Theorem [Tl implies a strong self-improvement property of the Bakry—Emery condition.

Corollary 4.2. The Bakry-Emery condition BE(k, N) — that is, the condition Ty(f) > kIT(f)+
+(Lf)? for all f € A — implies that N > dim(A,T)(.) everywhere on X and that the following
scale of ‘improved BE(k, N)-inequalities’ hold true for all f € A

Do(f) 2> KT+ 3o (L) + [[Hp0) — L PO o + e (B = L) (48)
> KI(f) + (L) + 5 [Hy ()~ L7 DO (49)
> KD+ L0+ g [ ) = 57 bo] (110)

pointwise on X where n(x) = dim(A,T")(z).

Proof. It only remains to prove the step from (@8] to ([£9). This follows from

1150 = L TOls

= 50 s+ (o Hy — FLs)’

2 1 N2
n 2 1 n 2
> [HHf - —Lf )|, - (ter ~ L] = (o Hy - L)
N 1 n 2
> N—lHHf( __Lf F HF N_n(ter_NLf)'
Here we used the fact that ||B[|F;¢ > -5 ||B|3 for any traceless, symmetric (n X n)-matrix B
and that —2-(a — 1b)2 + (L + L)% > NL 2 for any pair of numbers a, b. O

The last version ([@I0) is the ‘extended BE(k, N)-inequality’ derived in [6]. See also [I4] for
recent generalizations (with N = co) to metric measure spaces. Let us reformulate the previous
result for the case N = oo.

Corollary 4.3. The Bakry-Emery condition BE(k,00) — that is, the condition To(f) > kID(f)
for all f € A — implies the following scale of ‘improved BE(k, 0o)-inequalities’ for all f € A

Lo(f) > kDO +|[Hp Q)]s (4.11)
> KT(f) + |[He ()| (4.12)
> k() + [t ) (413)

The importance of the inequalities (£1]) and (£2]) — which lead to the very first inequality in
Corollaries and — will become evident in the next chapter where under mild assumptions
we prove that these are indeed equalities.
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5. THE BOCHNER FORMULA

For the sequel, fix x € X and a family {e; : ¢ € I} C A which is orthonormal w.r.t. I'(.)(x),
ie. I'(ej,ej)(x) = ;5. Let I be either N or {1,...,n} for some n € N. We say that the system
{e; : i € I} C Ais regular if for all f,g € A with I'(g)(x) = 0 there exist a sequence of smooth
Y" : R" — R with %¢r(61, ...,ep)(x) =0 for all ¢ € I such that

Lo(f 4+ gr)(z) = Ta(f + 9)(x) as r — 00 (5.1)
where g, =¢" o (e1,...,e,) and — if dim(A,T)(x) < co — in addition

Lg,(z) — Lg(x) as r — 00. (5.2)

Theorem 5.1. Let x € X be given as well as a regular orthonormal system {e; : i € I}.

(i) Then for all f € A

o (f)(x) = R(f)(@) + |[Hy|[7,4(@). (5.3)

(ii) Moreover, for N > n(x) := dim (A,T")(z)

1 2
(@) = Ba(@) + [ Olls@) + ooy (W10 - 1) @) 64)

= Ry(N@)+ 3 (L) @)+ [[H;0) = 5 1S TOs(0)

+m<trH]c(.) - %Lf)Q(x). (5.5)

In the case N = n(x), the last term on the RHS here should be understood as the limit
N N\ n(z) (which is either 0 or +00).

(iii) Ry(f)(x) > —oo if and only if N > dim (A, T")(z) or if N = dim(A,I')(x) and
trHy(x) = Lf(x).

Proof. (i) Let f,g € A be given with I'(g)(xz) = 0. Since {e; : ¢ € I} is regular at * we may
approximate g by g, € A of the form g, = ¢" o (eq,...,e,) for smooth ¢" : R" — R with
Y7 (e(x)) = 0 for all i. (For r > n(z) = dim(A,I')(z) the function " should be a function of the
first n coordinates.) Recall from (4.4)

Da(f +00) (@) = Ta()@)+ D (Hylenen) @) + vy e@)) = 3 H(eine) @)

i,j=1 i,j=1

> To(f)(@) = Y Hi(esej) (@)

i,j="

T (f) () — |[Hy|[7,5().

v

The regularity assumption thus implies Ty (f +¢)(x) > T2 (f)(2) — HHfHZS(x) for all g € A with
I'(g)(x) = 0. Therefore, R(f)(z) > T's(f)(z) — HHfHZS(x) Together with the upper estimate
from Theorem [AT] this proves the claim.

(ii) Now let us assume I = {1,...,n} with n = dim(A,T")(z) < co and let us approximate g
by gr € A of the form g, = ¢" o (e1,...,e,) for smooth ¢" : R™ — R with ¢/ (e(z)) = 0 for all 1.
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Recall from (Z.5])
02+ 0) (@) = 5 (L7 + 90)*(@)] ~Ta (1) @)

n

= 3 (o) o)+ () ele)) o (115 00) + B0neto)
=Y ) (o) — = (LA + (A7) (ela))’
i,j=1
- > H(ejen(@) - 1_ - (ter(.)(m) - Lf(x)>2.
4. k=1

Passing to the limit » — oo this yields

1 2 2 1 2
T2 (f +9)(@) = (LU +9)*@)] = Ta(f) (@) > = |[Hy[[fy5(2) — 7— (trHs (@) — Lf ()
for every g € A with I'(¢g)(x) = 0. In other words,
1

9 2
Ry (f)(x) > To(f)(x) — ||Hy || (z) — N (tTHf(-)(x) - Lf(x)) :
Together with the upper estimate from Theorem E.] this proves the claim. O

Let us add some brief discussion on the regularity assumption in the previous theorem. (This
assumption will not be used at any other place in this paper.)

Lemma 5.2. Assume that for given © € X an orthonormal system {e; : i € I} satisfies
HHfHZS(x) = z” Hf(ei,ej)2 < 00 for all f e A and
for all g € A with I'(g)(x) = 0. Then {ei NS I} satzsﬁes condition (B)) in the definition of
reqularity’. If in addition
Lg(z) = tr Hy(z) (5.7)

for all g € A with T'(g)(z) = 0 then {e; : i € I} satisfies condition (2] in the definition of
reqularity’.

Note that (0.6) and (5.7) are always satisfied if f = ¢ o (e1,...,e,) and g = o (e1,...,¢;)
for some smooth ¢, : R” — R. Indeed, Lemma 2.1] and Lemma 5.5l from below imply

Do(f,9)(x) = D (dithe)(e(x)) - He,(ej,ex) (@) + Y (d5n tje) (e(x))
0,3,k gk

- ZHf ej,ex)(x) - Hylej, ex)(x)

and

= Z%(e(x)) = trHy(x).

Proof of the Lemma. First, observe that (5.0) implies I's(g)(z) = HHgHES(x) and thus
Do(f +g)(@) = Ta(f) (@) + 2(Hy, Hy) o (@) + |[Hg[| 4(2)- (5.8)
Put ¢ (y1, ..., yr) = 3.1 =1 Hylej, ex) () - <[yg — ()] - [k — en(x)] — ej(x) - ek(ﬁﬂ)) and

=" o (eq,...,er). Then according to the chain rule

To(f +g:)(x) = Taolf)(@)+2 Y Hylejex)(@) - Hylej, ex)( ZH ej, ex)?(z)

J:k=1 7,k=1

— Ta(f)(z) +2<Hf7Hg>HS(m) + HHQHHS(QU) = Ta(f +9)(x)
as r — o0.
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In the case n = dim(A,T")(z) < oo put ¢" and g, = ¥" o (eq,...,e,) as above with r := n.
Then Ly, (z) = (A¢Y")(e(x)) and AY"(.) = "7 Hy(e;, €;)(z) uniformly on R”. Thus Lg,(z) =
trHg(x). O

Remark 5.3. Given any family {e; : ¢ € I} C A which is orthonormal w.r.t. I'(.)(x) we put
1 1
njk(.) = 5 lej —e(@)] - [er — en()] — §ej(x)ek(x) cA

and Iy = {(j,k) € I? : j < k}. Then the family {9} r)er, With 7j; = n;; and 9, = V2n;;, if
j < k is orthonormal w.r.t. T's(.)(z). Indeed, Lemma 2] implies via polarization that

To(poepoe)(x) =" (¢ i) (e(x))
J,k
for all smooth ¢, : R" — R with ¢;(e(z)) = vi(e(z)) = 0 for all 1.
Proposition 5.4. Given x € X and an orthonormal system {e; : i € I} w.rt. TI'()(z).
Condition (B.8]) implies that the family {fjx}(jrer, i a complete orthonormal system for the
pre-Hilbert space (A2,To(.)(z)) where A2 denotes the set of equivalence classes in {f € A :

L'(f)(x) =0} w.r.t. the relation f ~ g < Tao(f — g)(z) =0.
More precisely, for any orthonormal system {e; : i € I} the following assertions are equivalent:

(i) For all f,g € A2

Fg(f,g)(ﬁl?) = <HfaHg>HS(x)' (5'9)
(i) For all f € A2
Do(f)(x) = D Talnge, f)*(x) (5.10)
kel
and for all j,k € 1 J

Proof. For the function g = 7, the subsequent lemma implies Hy(e;, €;)(x) = %&j O+ %5% -0y

Assumption (5.9) thus implies (5.11J).
On the other hand, assuming (5.I1]) obviously yields the equivalence of (5.9) and (510). O

Lemma 5.5. Assume that f =1po(ey,...,e.) for some smooth ¢ : R" — R and an orthonormal
system {e1,...,e.}. Then
Hy (e cx)(a) = 3 a(elo)) Hs e e0)(@) + 03l (5.12)

Proof. Note that e.g. I'(e;, I'(f,ex)) = >, vi(e) I'(e;, T (ei,ek))—kzi’l pi(e) T'(er, er) I'(es, €5) and
thus

2Hy(ej,ex) = T(ej,D(f,ex)) + e, I(f,€5)) = D(f, T(ejsex))
= 221/% He,(ej,ex) +2  tule)T(er,ex) Tles )

il

everywhere on X. Using the orthonormality of the e; at = yields (B12). O

Let us conclude this chapter with an example illustrating that the dimension dim (A,T")(.)
might be non-constant on X

Ezample 5.6. Let X =R? A =C>(X) and
0? 1, 0 0?
Lf(z) = ¢(x1) a—x%f(l“) +59'(21) a—xlf(ﬁ'?) + a—x%f(l“)
for some C*°-function ¢ : R — R with ¢ > 0 on (0,00) and ¢ = 0 on (—o0,0]. Then

dim (A, T)(z) = { 9 ifxi > 0.
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Moreover, Ry f(x) =0 for all f € A and all N > 2 and
(o if 21, <0,
RN(f)(:U)_{ —00 ifz; >0

for N € [1,2).
Indeed, by construction

5[] (@)

N = 6600 [ s @)+ [t

The assertion on dim (A4, T')(.) thus is obvious. By Theorem [II(iii) it implies the assertion on
Ry f(z) in the case 1 > 0 and N < 2. In the cases 1 < 0 or N > 2, the assertion follows from
the analogous assertion for the 1-dimensional diffusion in xg-direction (which is a conformal
transformation of the standard diffusion in xg-direction), cf. Theorem

6. Ricci TENSOR FOR TRANSFORMED OPERATORS

In the sequel we will study the operator
T
L'u=f’Lu+f Zgi T'(hi,u) (6.1)
i=1
for given r € N and functions f,g;,h; € A (for i« = 1,...,7). Obviously, the associated I'-
operator is given by I'(u) = f2I'(u). Our main result is the following estimate for the N’-Ricci

tensor for L/ in terms of the N-Ricci tensor for L.

Theorem 6.1. For every N' > N

FRUL DU~ T 5 Pt )
+5 ngz (i, f2)T Zf L(fgi, w)L (hi,u).

In the particular case r =1, gy = —(N — 2), hy = f one may also choose N' = N.

Corollary 6.2. Assume that the operator L satisfies the BE(k, N)-condition. Then for every
N' > N the operator L satisfies the BE(K', N)-condition with

K = f2k—|—%LfQ—QF(f)—i-ZgiF(hiaf)

J?ﬁxr(lu)[_Nfl—N((N +Zgz h““)

—(N = 2)D(f,u)* ngiHhxu W = 3T (S0 L (hi,w)]
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Proof. All the subsequent statements will be pointwise statements for a given x € X. It suffices
to consider f € Dom(Rn(z )) By the very definition of L/, T and F’2 we obtain for all u € A

Ty(u) = f L(f°T'(u ngz (R, f2T(u)) = f7T(u, f*Lu) ngz (i, u))

= ['Ta(u) + —fQLf2 () + 22 (Hy(f2,0) - %Lu : r<f2,u>) - T‘f2r<f2,u>Lu
+Z( FgiHn, () + 5 FoiT (i, ST (w) — FT(fgi, ) (o))

= 7o) + 277 (Hu(2 ) — L D)) = 2 PO )l A, hw)
= F*Ra) + F(Taf) ~ Rv(r) — 1-(Lu)?)
P22 [Hul 2, w) = L T(2 )] + 20 w)?

2N
% (fQL’U, _ EF(]{Q, u)>2 -+ A,(f, g, h, U)

with
A g.hw) = 5 PLPT@) + 30 (= Poittn,(u,e) + 3l (his ST = 2T ) (i )

Z
and

A(F9.hw) 3= A, g, ) = ST(PIT@) -~ ()

Corollary provides a sharp lower estimate for the above | . ]-term (involving the ’traceless
Hessian’ of ) which leads to

Phw) > R+ (Pl = 2200 0) 4 A g b,
Therefore,
Ch(u) - (L > f R(w) - 55 (f Lut 3 foT (i)

N

1 J—
+N (fQLu — TF(fQ,U)) + A,(f,g’ h’u)

> £y~ gy (ST + S Ja )+ A g o)

Given ug € A and varying among all u € A with I'(u — up)(xz) = 0 (for the given =z € X) then
yields

Riy (o) () = inf () — < (L) ()]

u€A, I'u—up)(x)=0
N -2 2
D(f2u) + Y fol (hi, U))

v

1
f4RN(u)_N’—N< N

inf A'(f,g,h,u).
uE.A,F(ziI—luo)(x):O (f g U)
According to Corollary Bl A'(f, g, h,u) = A'(f, g, h,up) for all u under consideration. This proves
the claim. 0]

7. CONFORMAL TRANSFORMATION

The previous results significantly simplify in the case r =1, g1 = —(N — 2), hy = f. This is
the only case where we can estimate the N-Ricci tensor for the transformed operator in terms of
the N-Ricci tensor of the original one. It is also the only case where the Bakry-Emery condition
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for L will imply a Bakry—Emery condition for the transformed operator with the same dimension
bound N.

Put

L= L ST )

and let T, T's, Ry be the associated square field operator, iterated square field operator, and
N-Ricci tensor, respectively. Theorem [6.1] immediately yields
Corollary 7.1. For allue A

- N — N

Ru(w) > f'Ru(w)+ (3717 = 500200 = S0P + 52 PHps (),

In particular, if the operator L satisfies the BE(k, N')-condition then the operator L = f2L—
No2T(f2,u) satisfies the BE(k,N)—condition with

~ 1 N —2

N—2
— f2k+fo—(N—1)F(f) l}gf o) —— fHy(u,u).

If f > 0 with log f € A the above estimate for the N-Ricci tensor indeed becomes an equality.

Theorem 7.2. Given any w € A and N € [1,00] let Ry denote the N-Ricci tensor associated
to the operator L = e **(L + (N — 2)I'(w,.)). Then for allu € A

Ry(u) = e 4w <RN( )+ [ = Lw — (N — 2)T(w)] T(u)
—(N — 2)Hy (u, 1) + (N — 2)T(w, u)2>. (7.1)

Proof. Firstly, we apply the previous corollary with f = e~ to obtain a lower bound for the
N-Ricci tensor Ry associated to the operator L = e 2%(L + (N — 2)['(w,.)) in terms of the
N-Ricci tensor Ry associated to the operator L: This yields the ”>" in (1)

Ry(u) > e <RN( )+ [~ Lw — (N = 2)T(w)] T(u)
—(N = 2)Hy(u, u) + (N — 2)T(w, u)2>. (7.2)

Secondly, we apply the previous corollary with f = e* to obtain a lower bound for the N-Ricci
tensor associated to the operator e?*(L — (N =2)r [(w,.)) in terms of the N-Ricci tensor Ry
associated to the operator L. Note that e*2*(L— (N —2)T'(w,.)) = L. Thus this indeed provides
us with a lower bound for Ry:

Ry(u) > etiw (RN(u) + [+ Lw — (N = 2)P(w)] T(u)

H(N = 2, (u,u) + (N — 2)T(w, u)2>. (7.3)

Combining these two estimates and using the fact that

1~ =
Hw(u’ u) = F(u’ F(ua ’U))) - §F(wa F(u))
= v, [Hw(u, w) — 20(w, u)? + D(w) - F(u)]
finally yields that (Z.2)) and (3]) are indeed equalities. O

Remark 7.3. If we re-formulate this result in terms of v = (N — 2)w then Lu = e=2?/(N=2) (Lu+
I'(v,u)) which converges to Lu -+ I'(v,u) as N — co. That is, conformal transformations in the
limit N — oo lead to drift transformations. Note that as N — oo the RHS of (1) tends to
Roo(u) — Hy(u, w) which is consistent with the well-known result for drift transformations.
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Conformal transformations are of particular interest in a Riemannian setting: if L is the
Laplace-Beltrami operator for the Riemannian manifold (M, g) and if N coincides with the di-
mension of M then L/ is the Laplace-Beltrami operator for the Riemannian manifold (M, f=2 g).

More precisely: Given an n-dimensional Riemannian manifold (M, g) and a smooth function
w: M — R, we can define a new Riemannian metric § on M by

g=e".g.
The induced (‘new’) Riemannian volume measure is given by dm = e™ dm, the associated
(‘new’) Dirichlet form is

(‘j(u):/ (Vu2e=24dm on L2(M, €™ m).
M

Here V, |.| and A are all defined w.r.t. the metric g. Note that Vu = e 2“Vu and thus
[Vul? = e |Vul;. Therefore, the associated (‘new’) Laplace-Beltrami operator is

n —

- 2
Au=e Ay — Ve 2Y. V.
The Ricci tensor for the metric g is given by
Ric(X,X) = Ric(X,X)— (Aw +(n— 2)ywy2) X2 = (n—2) [Hw(x, X) - (X w)2].

(see e.g. [T, p 59). Applying this to the gradient of a (smooth) function v on M and taking

into account that Vu = e~ 2*Vu yields
Ric(Vu, Vu) = e 4. [Ric(vu, Vu) — (Aw + (n — 2)|Vuwl?) - [Vul?
—(n = 2)(Hy(Vu, Vu) — (Vu, Vu>2)}. (7.4)
Thus, indeed, (1) provides the ezact formula for the Ricci tensor for L.

Ezample 7.4. The Poincaré model of hyperbolic space is of the above type (M, g) with M =
Br(0) CR™ and § = [~ gpuctia for

1 2
f@) =5 (1= (lal/R)*):
Its sectional curvature is constant —% and the Ricci curvature is —"R—_Ql - q

Remark 7.5. For conformal transformations of Laplacians with drift on smooth N-dimensional
Riemannian manifolds, estimates of the type

1

Lo (u) N(Iiu)2 > e W k(u) — LwT(u) + e1D(w) T(u) — (N — 2)Hy, (u, u) + eI (w, u)?].

have been presented in [I7] and [I8], however, with wrong constants. The first claim was

¢1 = —N,cg = 2(N — 2). The ‘corrected’ claim then was ¢y = —(IN —4),co = N. Indeed, the
correct choices are ¢; = —(IN —2) and ¢ = N — 2.

8. TIME CHANGE AND DRIFT TRANSFORMATION

This chapter will be devoted to study the operator
L'u= f*Lu+ f?T(h,u) (8.1)

for f,h € A. That is, in (GI)) we specify to r = 1 and g = f. The case h = —(N — 2)log f
(‘conformal transformation’) was already treated in the previous chapter, the cases h = 0 (‘time
change’) and f = 1 (‘drift transformation’) will be considered in more detail in subsequent
paragraphs of this chapter. Any operator L' of the form (8I) can be obtained from L by a
combination of

e a drift transformation with A and

e a time change with f.
Recall that I"(u) = f2T'(u). Theorem yields a precise estimate for the N’-Ricci tensor
associated to the operator L’.
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Proposition 8.1. For every N' > N and u € A

1 N -2
4
) = Ry - (=5
N -2

Jr%(JCZLJ”Q —I(f*)T(u) - 1

2P, T - I 0T B ),

D) + PO ))

D(f2u)? = f*Hy(u,u)

Remark 8.2. Let us re-formulate this estimate in the case N’ = oo and f = e~ for some w € A.
It states that the Ricci tensor for the operator L/ = e=2% [L + I'(h, )] satisfies

R (u) > e v [RN ~ Lw — D(w, h)
1
—sup = ((N — )T (w, w)? + Hy (u, u) — 20 (w, u)T(h, u))} (8.2)
ueA F(u)
Corollary 8.3. Assume that the operator L satisfies the BE(k, N)-condition. Then for every

N’ > N the operator L satisfies the BE(k'y,, N')-condition with

o= fiok gL = 20() + [T, f)

[ (= 2P w) + £, w) (33)

ol T(w) [N’ - N

H(N = 2)0(f,0)* + f2Hy(u, ) + D(f%, w)l(h, ).

8.1. Drift Transformation. Let us have a closer look on the case f = 1. This is the ‘drift
transformation’ which leads to a particularly simple, well-known formula for the Ricci tensor
associated to the operator L' = L +I'(h,.). Obviously, I' =T

Proposition 8.4.
R'(u) = R(u) —Hp(u,u) (8.4)
and for every N' > N
1
N' — N

Proof. The ”>"-inequality follows immediately from Theorem The ”<”-inequality in the
case N = oo follows from another application of this result to the transformation of the operator
L' by means of the drift I'(—h,.) or, in other words, by exchanging the roles of L and L. O

Corollary 8.5 ([4]). Assume that the operator L satisfies the BE(k, N)-condition. Then for
every N' > N the operator L = L +T'(h,.) satisfies the BE(k', N)-condition with

v(w) > Ry(u) —Hp(u,u) — L'(h,u)%

1
k' = k—sup — |Hp(u,u) + L'(h,u)?].

1
ueA F(u) N'—N
In particular, if the operator L satisfies the BE(k, 00)-condition then the operator I = L+T'(h,.)
satisfies the BE(K', 00)-condition with k' =k — sup,, %Hh(u, u),

)

Actually, the framework of Theorem allows to treat more general drift terms. Given
gi,hi € Afori=1,... r define Z: A — A (regarded as ‘vector field’) by

Zu=">_ g (hi,u).
i=1

For instance, in the Riemannian case one might choose 7 to be the dimension, h; = 2 the
coordinate functions and ¢g; = Z' as the components of a given vector field Z = >, Z* 821.
According to Theorem [6.1],

R'(u) = R(u)— (DZ)(u,u) (8.5)
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where (DZ)(u,u) =37, |gi Hp, (u, u) + T'(gi, w) I’(hi,u)} and for every N’ > N

i(uw) > Ry(uw)— (DZ)(u,u) — Zu)?.

NN

Corollary 8.6 ([2]). Assume that the operator L satisfies the BE(k, N)-condition. Then for
every N' > N the operator I = L + Z satisfies the BE(K', N')-condition with

k' = k—sup L [(DZ)(u,u) +

S0 ) (zup].

1
N' — N

Remark 8.7. If L is the generator of the diffusion process (X;,P,) then under appropriate
regularity assumptions (see e.g. [I3], [9]) the transformed operator L' = L + Z will be the
generator of the diffusion process (X;,P),) where P!, = M; - P, on o{X; : s < t} for a suitable

xX
martingale (My)¢>0, e.g. in the Riemannian case

M, = exp (/Ot Z(X,)dX, — %/Ot |Z(Xs)|2ds> .

A particular case is the Doob transformation where Z = 2V log ¢ for some ¢ > 0 satisfying
Lo = 0. In this case, the martingale can alternatively be given as M; = ¢(X;)/d(Xo). The
transition semigroup is given by P/u = %B((b u).

8.2. Time Change. Next we will focus on the particular case h = 0. That is, we will consider
the operator

L' = f’L

(’time change’) for some f € A. Obviously, I''(u) = f2T'(u). Theorem [6.1] immediately yields
the following sharp estimate for the Ricci tensor for L.

Corollary 8.8.

(N —2)(N' —2)
N' — N

) > fRy() - P + 5 (P27 = () D).

Remark 8.9. If f = e~ for some w € A these results can be reformulated as

(N —2)(N' —2)
N — N

o(u) > e*4w[RN(u)—Lwr(u)— r(w,u)2]. (8.6)

Corollary 8.10. Assume that the operator L satisfies the BE(k, N)-condition. Then for every
N' > N the operator L satisfies the BE(kK', N)-condition with

K = f2k+%Lf2—N*F(f). (8.7)

where N* =2+ % > max{N, 2}.
In particular, the operator 1 satisfies the BE(K._, 00)-condition with

K= fk+ %sz —max{N, 2} T'(f).

Remark 8.11. Assume that L is the generator of the diffusion process (X;,P,) in the sense
that Lu(z) = limyo $E,(u(X;) — u(Xo)) for all u € A and all © € X or — if there exists
an invariant measure m — in the sense of LP-convergence. Then under appropriate regularity
assumptions (see e.g. [13], [9]) the transformed operator L’ = f2 L will be the generator of the
diffusion process (X{,P,) where X = X, with the *time change’ ¢ +— 7(t) being the inverse to

tes [3F2(Xs)ds.
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9. DIRICHLET FORMS

Let us from now on assume that X is a measurable space, that all u € A are bounded
and measurable, and that we are given a o-finite measure m on X with full support such that
A C L*(X,m). (For the latter property, it might be of advantage not to require that the
constants belong to A.) We say that

e m is L-invariant if [Ludm =0 for all u € A,
e m is L-reversible if [vLudm = [uLvdm for all u,v € A.

Throughout this chapter, let h,w € A be given and put L’ = e"2*(L+T'(h,.)) and m/ = e/"+?m,
Then m' is I/-invariant (or L'-reversible) if and only if m is L-invariant (or L-reversible, resp.).

Given a measure m on X which is invariant and reversible w.r.t. L, we define the Dirichlet
form (€, Dom(&)) on L?(X,m) as the closure of

E(u) :/P(u)dm for u € A C L*(X,m).
Similarly, we define the Dirichlet form (€', Dom(£’)) on L?(X,m) as the closure of
E'(u) = /F(u)eh dm forue AcC L*(X, eh+2wm).

Then the generator (L, Dom(L)) of (£, Dom(€)) is the Friedrichs extension of (L,.A) in L*(X,m)
and (L', Dom(L')), the generator of (&', Dom(E")), is the Friedrichs extension of (L', A) in
L3(X,m').

Definition 9.1. We say that the triple (L, A,m) satisfies the BE(k, N)-condition if A is dense
in Dom((—L)3/?) and if the operator (L, A) satisfies the BE(k, N)-condition.

1/2
Density here is understood w.r.t. the graph norm u [H (—L)*%ul2,+ HUH%Q} = [E(Lu)—i-

1/2
] "
Lemma 9.2. If A is dense in Dom((—L)%?) then it is also dense in Dom((—1/)%/?).

Proof. 1) Firstly, the boundedness of h and w implies that Dom(€) = Dom/(E’). In other words,
Dom((—=L)"?) = Dom((=1/)/?).

ii) Next, recall that u € Dom(L/) if (and only if) v € Dom((—L)"/?) and 3C s.t. &' (u,¢) <
C ||}l p2(my for all ¢ € Dom((—=L")'/?). For u,¢ € A we easily sece

£'(u, ) = —/eh(Lu LT (hu)) dm < C - 6 20m)

for C = ||e"||oo - (Il L2y + 1T (R [loo - 5(u)1/2). The estimate &'(u,¢) < C - |9l z2(m) 18
preserved if we approximate u € Dom(L) and ¢ € Dom(€) by u, € A and ¢, € A, resp. This
proves Dom (L) C Dom(L’). Exchanging the roles of L and L/ yields the converse inclusion.
That is, Dom (L) = Dom(L').

iii) Observe that u € Dom((—L)'/?) < e"/?u € Dom((—~L)*/?) and that

u € Dom(~L) < e"?*u € Dom(-L).

To see the latter, note that & (u, ¢) = E(e"/?u, e"/2¢) + [upe/?Leh/? dm.
iv) Our next claim is that

u € Dom((—=L')*/?) & e"?u e Dom((—L)*?).
To prove this, recall that u € Dom((—L/)*/?) if (and only if) v € Dom(—L') and 3C s.t.

/L’u Ldm' < C-E'(p)? (9.1)
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for all ¢ € Dom(—L/). For u,¢ € A put @ = e"?u, ¢ = e"/2¢. Then
/L’u L'gpdm' = / (Lu+T(h,u)) - (Lo +T(h,¢)) - "> dm
= / (Li — uLe’?) - (L — pLe™?) - e dm
= /Lﬁ Lo - e *dm + LOT,
= - / T'(Li, ) e 2*dm + LOTy

C il pom((—ry3r2) - ()

where LOT; and LOT; denote "low order terms’ which can be estimated in terms of [ul| 12 ),
E(u), [|Lul[12(m) and E(). This proves ([LI)) for all w and ¢ € A. Due to the assumed density of A
in all the Dom((—L)*/?) for k = 1,2,3 and the previously proven equivalences Dom ((—L)Y/?) =
Dom((~L)'/?) and Dom (L) = Dom(L'), the estimate (@I)) extends to all u € Dom(—L') and
all ¢ € Dom(—L'). This proves the implication ”=" of the above claim. Again the converse
implication follows by interchanging the roles of L and L.

v) Finally, we will prove that A is dense in Dom((—L’)%/?). Let u € Dom((—L")3/?) be given,
put @ = e?u € Dom((—~L')%?) and choose an approximating sequence @, € A such that
E(L(a — 1y)) + [(@ — tin)*dm — 0 for n — co. But this already implies &' (L' (u — uy,)) + [(u —
—h/23, e A since for every ¢ € A

IN

un)?dm — 0 for u, = e
g(Lg) = / P (e (Lo +T(h,0)) )" dm
_ / r<e—QW(e—h/2L<5 - éLeh/2)>eh dm
< O ELE) 4Gy /aswm

where (]3 = eh/2¢. O

Many spectral properties for (L, Dom(L)) and functional inequalities involving it will follow
— typically with sharp constants — from the Bakry-Emery estimate BE(k,N) for (L,.A,m),
among them Poincaré inequalities, Sobolev and logarithmic Sobolev inequalities, concentration
of measure estimates, isoperimetric inequalities, gradient estimates and heat kernel estimates.
We refer to the surveys [2] and [I1]. To mention at least one example, we state a fundamental
estimate for the spectral gap.

Proposition 9.3. Assume that the (L, A, m) satisfies the BE(k, N')-condition. Then the spectral
gap X of the operator (L', Dom(L')) on L*(X,m') satisfies
> inf k!
A2 2eX o ()
with the function k. from [B3) where f = e™™. A more refined estimate yields X > NJ,V—LI .
inf e x Ky, (z) for every N' > N with the function k', from ([83).

Proof. According to Corollary B3, (L', .A) satisfies the BE(K’, N')-condition with the function
k' given by (83). Finally, according to Lemma [, A is dense in Dom((—L')3/?). Thus
(L/, Dom (L)) satisfies the BE(K’, N)-condition with K’ := inf,c x k(). According to [4], every
BE(K’, N')-condition with a constant K’ > 0 implies a spectral gap estimate of Lichnerowicz
type A > N],V_/l ‘K. O

The assertion of Corollary [8.§ also allows for a subtle generalization of the well-known Bonnet-
Myers Theorem.
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Proposition 9.4. Assume that the (L, A, m) satisfies the BE(k, N')-condition and that there
exist numbers N* > N, N* > 2 K > 0 and a function f € A, |f| <1 such that

fPk+ %sz ~ N*T(f) > K. (9.2)
Then

diam(X \/ N-1 + — 2]1[ (9.3)

where diam(X) = sup{u(z) —u(y) : v € A, (u) < 1} denotes the diameter of X w.r.t. the
“intrinsic metric’ induced by (L, .A).

The choice f =1 will lead (in the limit N* — o0) to the classical Bonnet-Myers Theorem.

Proof. Put N’ = N + (N ) in the case N # 2 and N’ = 3 in the case N = 2. According to
Corollary BI0] the operator L’ = f2L satisfies BE(kK’, N’) with k' given by (81). Together with
the assumption (@2)) this yields the BE(K, N’)-condition for L'. According to [3] this implies
the diameter bound w.r.t. the intrinsic metric induced by L'. Due to the assumption |f| < 1
the latter is bounded by the intrinsic metric induced by L. O

10. SMOOTH METRIC MEASURE SPACES

Finally, we will study curvature bounds for metric measure spaces and their behavior under
transformation of the data. A triple (X,d,m) is called metric measure space if (X,d) is a
complete separable metric space and if m is a locally finite measure on the Borel field of X.
Without restriction we will always assume that m has full topological support.

Definition 10.1. Given (extended) numbers K € R and N € [1,00] we say that (X,d,m)
satisfies the entropic curvature-dimension condition CD®(K, N) if the Boltzmann entropy

T e

+00 else.
is (K, N)-conver on the L?-Wasserstein space (P2(X),dw ).

Here a function S on a metric space (Y,dy) is called (K, N)-convex if every pair of points

Yo,y1 € Y can be joined by a (minimizing, constant speed) geodesic (y(t))0<t<1 in Y such that

the function u(t) = e~ ~S5W®) is lower semicontinuous in t € [0,1], continuous in (0,1) and
satisfies X
" 2.
W' < il

weakly in (0,1). In the limit N — oo this leads to the usual K-convexity; if in addition K = 0 it
yields the classical convexity. In the general case, (K, N)-convexity gives a precise meaning for
weak solutions to the differential inequality

1

DZS—NDS ® DS > K

on geodesic spaces.

Note that the entropic curvature-dimension condition implies that (X,d,m) is a geodesic
space. More precisely, d(x,y) = inf { fol |9¢|dt =~ :]0,1] — X rectifiable, v = x,71 = y} for
each z,y € X.

We want to prove that the entropic curvature-dimension condition is preserved (with modified
parameters) under the most natural transformations of the data d and m. And we want to
analyze how the parameters K and N will change. The transformation which we have in mind
are

e given a measurable function v on X, we replace the measure m by the weighted measure
with Radon-Nikodym derivative e":
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e given a function w on X, we replace the length metric d by the weighted length metric
with conformal factor e*:

1
d (z,y) = inf {/ Re| - €O dt = ~:]0,1] = X rectifiable, 7o = x, 71 = y} (10.1)
0

Treating these questions in full generality is beyond the scope of this paper. We will restrict
ourselves here to smooth metric measure spaces which allows to benefit from the results of the
previous chapters. The general case requires to deal with subtle regularity issues. We refer to
[8] and [14] for such approximation and smoothing procedures in the general case.

Definition 10.2. A metric measure space (X,d,m) is called smooth if there exists a diffusion
operator L defined on an algebra A as above (chapter 2) such that A C L*(X, m) and

e m is a reversible invariant measure for (L, A) and A is dense in Dom((—L)3/?);
e d is the intrinsic metric for L, i.e. for all x,y € X

d(z,y) = sup{u(z) — u(y) : u € Dom(€) NCy(X),T'(u) < m}.
Here f() denotes the so-called energy measure, i.e. the measure-valued quadratic form on
Dom(&) N L>(X) extending the quadratic form I'(.) on A.

In particular, each u € A will be bounded and continuous.

Theorem 10.3. Let (X,d,m) be a smooth metric measure space. Given v,w € A define
m' = e’m and d as in Q). If (X,d,m) satisfies the entropic curvature-dimension con-
dition CD®(K, N) for constants N € [1,00) and K € R then for each N' € (N, 00| the metric
measure space (X, d ,m') satisfies the entropic curvature-dimension condition CD®(K', N') for

K' = infe [K — Lw + D(w, 2w — v)

3ﬁ (% L T = Nu,u)® + (N = 2T (w,u) (10.2)

+Hy 2y (u, u) — 2T (w, u)T'(v — 2w, u))}
Ifw=0 also N = N’ = oo is admissible; if w = v also N' = N is admissible.

Remark 10.4. The case w = 0 of a pure measure transformation (or ’drift transformation’) is
well studied, see [15], [16, 12]. Thus let us briefly focus on the case v = 0 of a pure metric
transformation. In this case, formula [10.2] simplifies to

K = igl(f e 2V [K — Lw + 2T'(w)

1 N'N
- sup i (=g + DT = 2Ha )
or in terms of f =e™%
o 1 N'N
K = 1nf [Kf + Lf —2161§F( )((m—2)F(f,u)2+Hf2(u,u))]. (10.3)

In the case N’ = oo, the expression = NN N simplifies to V.

Proof. If N = oo, the only admissible choice is N’ = co and w = 0. This drift transformation is
covered by [15] 12]. Thus throughout the rest N < oc.

Firstly, we then observe that the CD*(K, N)-condition implies that the underlying space is
locally compact ([8], Prop. 3.6). This guarantees that (X, d, m) satisfies the criteria of [I], Def.
3.6, Def. 3.13. Thus secondly, we conclude that the Dirichlet form (£, Dom(&)) on L?*(X,m)
induced by the operator (L,.A) (as considered in chapter []) coincides with the Cheeger energy
on L?(X,m) induced by the metric d ([I], Thm 3.14). In particular, (X, d,m) is infinitesimally
Hilbertian. According to [§], Cor. 5.1, the condition CD®(K, N) implies the Bakry-Ledoux
gradient estimate from Lemma below and thus (L, A) satisfies the Bakry-Emery condition
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BE(K, N). According to Corollary (with h = v — 2w), therefore, (L', A) satisfies the Bakry-
Emery condition BE(K’, N’) for any N’ > N and K’ given by (I0.2).

Obviously, the Dirichlet forms £ and £ (as well as the measures m and m’) are comparable
and I7(.) = e*~2% . I'(). Thus

de(x,y) = sup {u(x) —u(y) : ue Dom(E)NCy(X),['(u) < ezwm}.

Moreover, the intrinsic metrics for both Dirichlet forms are length metrics with the same set
of rectifiable curves. For each rectifiable curve « : [0,1] — X its length w.r.t. the metric dg/
therefore is

1
Lengthg () = /|7t|-ew(%)dt.
0

Thus dg/ coincides with the metric d’ as defined in (I0.1]).

By assumption A is dense in Dom((—L)%?). Thus according to Lemma [I2it is also dense in
Dom((—L")3/2). Thus again by Lemma[I0.5 the Bakry-Emery condition BE(K’, N} is equivalent
to the entropic curvature-dimension condition CD*(K’, N’) for the smooth mms (X,d',m’). O

To summarize
CD*(K, N) for (X,d,m) & BE(K,N) for L = BE(K',N’) for L' <& CD%K', N') for (X,d, m).

Lemma 10.5. For any smooth metric measure space (X,d,m) and any K € R, N € [1,00) the
following are equivalent

(i) (L, A) satisfies the Bakry-Emery condition BE(K, N);
(ii) Yu € Dom((=L)%?) and V¢ € Dom (L) N L>®(X,m) with ¢ > 0, Lo € L>®(X,m);

%/LQS-F(u) dm—/gbf(u,Lu) dm > K/¢F(u) dm+%/¢(Lu)2dm; (10.4)

(iii) Yu € Dom(&) with bounded I'(u) and ¥Vt > 0

4K t2
N(e2Kt — 1)

(iv) (X,d,m) satisfies the entropic curvature-dimension condition CD®(K, N).

I(Pou) + (LPu)? < e 2P (u);

If we assumed that the algebra A were invariant under the semigroup F; then the implication
of (i) = (iii) would be more or less standard. Following [I1] we could conclude (iii) for all f € A
by a simple differentiation/integration argument. Then (iii) in full generality would follow by a
straightforward density argument. However, assuming that A is invariant under P; in general is
too restrictive.

Our main challenge will be to verify the Bochner inequality with parameters K and N for a
‘large’ class of functions which contains A and which is invariant under P;. This is property (ii).

Proof. The equivalence of (ii), (iii) and (iv) was proven in [§]. The implication (ii)=-(i) is trivial.
To proof the converse, let us assume (i). Multiplying this pointwise inequality for u € A by a
nonnegative ¢ and integrating w.r.t. m yields

%/(b-LI‘(u) dm — /¢r(u,Lu) dm > K/¢r(u) dm—i—%/qﬁ(LU)zdm.

For ¢ € Dom(L), the symmetry of L then yields (I0.4) for all u € A.

By assumption, the algebra A is dense in Dom((—L)%/?). Any u € Dom((—L)3/?), therefore
can be approximated by u, € A such that T'(u,) — T'(u), (Lu,)? = (Lu)? and T(uy, Lu,) —
I'(u,Lu) in L'(X,m). Hence, we may pass to the limit in inequality (IT04). This proves the
claim. O

Notes added in proof. After finishing (the first version of) this paper, the new monograph
[5] appeared which contains at various places calculations (e.g. section 6.9.2 or C.6) similar to
those in the current paper. However, none of our main results is obtained there.
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We also would like to mention the follow-up work by Bang-Xian Han and Anna Mkrtchyan
[10] which extend several results of this paper to the setting of metric measure spaces without
‘smoothness’ assumptions.

[10]
[11]
[12]

[13]
[14]
[15]
[16]
[17]

[18]
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