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Exercise 1 [5 Pt]

Let (X¢)¢>0 be a non-negative, right-continuous submartingale w.r.t to the filtration (F;)¢>o.
Show that the following statements are equivalent:

1. The family (X;,t € R, ) is uniformly integrable.
2. The Li-limit lim;_, X; exists.
3. There exists a uniformly integrable r.v. X, such that

— lim; oo X; = X a.s.

— (X4, Fi)ter, Uf+o0) 1s @ submartingale, where F, := o (Ut€R+}"t)

Exercise 2 [4 Pt]

Let Z be a square integrable random variable on a filtered probability space (2, F, (F;)ier. , P).
We define the stochastic process (M;)icr, by

M, =E[Z|F).
Prove that:
1. (My)ier, is a martingale.
2. E[sup,cr, M7 ] < 4E[Z7].
Exercise 3 [6 Pt
Consider a filtered probability space (€2, F, (Fi)iwer,,P) and 1 < p < oo. For a process
(My)ter, we define || M|| = (supeg, E[|M,[7])!/?. Furthermore, consider the space

M = {(Mo)ex, is & mastingale, My = 0, || < oc}.

1. Show that (MP, || -]) is a Banach space.



2. Show that the map
j: MP— LP(Q, F,P)
(Mt)teR+ = My

is an isometry between Banach spaces.

Exercise 4 [5 Pt]
Fixt > 0. Let for alln € N, I1" := {0 =ty < t; < --- < t, = t} be a sequence of partitions
of [0, ¢] such that lim,,_, [|II"|| = 0, where ||II"|| := max;<g<p |tx —tg—1|. For ¢ > 0 consider

the ¢-Variation of a process X w.r.t. II" defined as
V;(q)(Hn) = Z ‘th- - thq‘q'
k=1

Assume that X is a continuous, adapted process s.t. for some p > 0

lim V,?(II") = L? as.,

n—oo

for a random variable L}, which takes values on [0, 00| a.s.
1. Let 0 < g < p and assume that L} > 0 a.s. Show that lim,,_, V;(q) (TI") = 00 a.s.

2. Let ¢ > p and assume that L} < oo a.s. Show that lim,, . V;(q)(H") =0 a.s.



