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Exercise 1 [6 Pts.]

Let (Ω,F ,P) be a probability space and let G ⊂ F be a sub-σ-algebra. Let X and Y be
absolutely integrable random variables.

1. Show that the map X → E(X|G) is linear.

2. Show that if B ⊂ G is a σ-algebra, then E[E(X|G)|B] = E(X|B) a.s. (this is known
as tower-property).

3. Show that if X ≤ Y a.s., then E(X|G) ≤ E(Y |G) a.s.

4. Show that |E(X|G)| ≤ E(|X||G) a.s.;

5. Assume that there exists n ∈ N and z1, . . . , zn ∈ R such that P(Y ∈ {z1, . . . , zn}) = 1
and P(Y = zi) > 0 for i = 1, . . . , n. Compute E (X|σ(Y )).

Exercise 2 [4 Pts.]

Let Ω = {ω1, . . . , ω5} and let F = 2Ω be the power set Ω. Let P be the unique probability
measure such that
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Consider the σ-algebra F1 = σ
(
{ω1, ω4}, {ω5}, {ω2, ω3}

)
and the random variable X de-

fined by the following: X(ω1) = 1, X(ω2) = 2, X(ω3) = 4, X(ω4) = 7 and X(ω5) = 12.
Compute E[X|F1].

Exercise 3 [5 Pts.]

Let M be the set of all measures on the measurable space (Ω,A).

1. Let µ ∼ ν, if and only if µ � ν and ν � µ. Show that µ ∼ ν is an equivalence
relation.
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2. Show that for finite measures µ and ν, µ ∼ ν is equivalent to 0 < dν
dµ
<∞ µ-a.e.

Exercise 4 [5 Pts.]

Let (Ω,A) be a measurable space, where the σ-algebra A contains all points, i.e. {ω} ∈ A
for all ω ∈ Ω. Let µ and ν be finite and discrete measures on A.

1. Give a necessary and a sufficient condition for ν � µ.

2. Assume ν � µ. Calculate all densities of ν with respect to µ.

Definition: A measure µ is called finite and discrete if there are at most countably many
ωi ∈ Ω and pi > 0 with

∑
i pi <∞, such that

µ =
∑
i

piδωi
.

2


