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Exercise 1 [3 Pkt]

Let V.={v: N — R | ||[v]| < oo} be the metric space of uniformly bounded sequences,
where ||v|| = sup,,ey |vn]. Show that the closed unit sphere B = {v € V' | ||[v|| = 1} is not
compact.

Exercise 2 [3 Pkt]

Show that each o-finite measure p on some measurable space (€2, F) has a representation

of the form p = "> | appin, where for all n: a,, > 0 is finite and y,, is a probability measure
on (2, F).

Exercise 3 [3+1 Pkt]

Let (2,5, P) be a probability space and consider the associated outer measure
pw (D) :=inf{u(F): F €§,F 2 D},

which is defined for all subsets of ). Assume that there exists a set G C €2 such that
w(G) =1, and let & := FN G (all subsets of G of the form GN A, A € F).

e Prove that for any A € §: p*(GNA) = u(A).

e Conclude that (G, ®, u*) is a probability space.

Exercise 4 [3 Pkt
Let f,,n € IN be real valued random variables. Prove that both

ft:=limsup f, and f~ :=liminf f,

n—00 n—0oo

are measurable.



