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Remark on stochastic calculus:
Regarding the cross-variation [X, Y] of two processes X and Y, you may use that

d[X,Y] = 0 if either X or Y is of bounded variation.

Think about, why this works!

Exercise 1 (3 Pt]

Show that there exists a local martingale, which is not a martingale.

Exercise 2 [6 Pt

Let W be a standard Brownian motion and let the process I' be the solution of

Lo=1, dl'y =T (Bdt + vdW,).

Here 5 and v are bounded, adapted processes. Assume that there is a ¢ > 0 such that

vs > ¢ for all s. Finally, let T' € (0, 00).
(a) Show that I'; exp (— fot Bsd5> is a local martingale.

(b) Find a probability measure Qr s.t. (I't);<r is a local martingale under Qr.
(c) Compute dI'; .

(d) Find a probability measure Ry s.t. (I'; )< is a local martingale under Ry



Exercise 3 [5 Pt]

Let B be standard Brownian motion on a probability space (Q, F, (F;), P) and P’ a measure
defined on Fr through

X T b2 T )
AP’ =exp (~b | B.dB,—— | Blds)dP.
0 0

You may assume that P? is a probability measure (why is this true?).

(a) Show that the process
t
Wt:Bter/ Buds, 0<t<T
0

is a P’-Brownian motion.
(b) Show that
/Ot B,dB, = %(Bf - 1),
P’-almost surely.

(c) Show that for all t < T

b: o[ b
Ep {exp (—an — 5/ B?ds)] = Eps [exp (—ozBf + E(Bf - t))} :
0

Exercise 4 [6 Pt

Let B be a standard Brownian motion.

(a) Let f be a continuous function on [0, 1] and consider

7= /01 F(s)dB,

Show that Z is a Gaussian random variable and compute the variance.

(b) Let m € N and define the following stochastic integrals:

1 1
A, = \/5/ cos(2rmt)dB;, By, = \/5/ sin(2rmt)dB;.
0 0

Show that the following holds true for any m > 1:
(i) Ay, B ~N(0,1).

(ii) A,, and B,, are uncorrelated.



