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Exercise 1 [6 Pt ]

Let (Ω,F , (Ft)t≥0,P) be a standard filtered probability space, Bt a one-dimensional Brow-

nian motion, and σt an adapted process such that for all finite t ≥ 0: E[
∫ t

0
σ2
sds] < ∞.

Define the process

Yt = exp

(∫ t

0

σsdBs −
1

2

∫ t

0

σ2
sds

)
. (1)

(a) Use Ito’s formula to show that

dYt = σtYtdBt

(b) Prove that (Yt)t≥0 is a supermartingale.

(c) If σt is constant, i.e. σt = σ, prove that Yt is a martingale.

Exercise 2 [7 Pt ]

Let B be a d-dimensional Brownian motion starting at x 6= 0. For a > 0 define the stopping
time Ta = inf{t ≥ 0 : |Bt| = a}.

1. Let d = 2 and 0 < r < |x| < R. Show that log(|Bt∧Tr∧TR
|) is a bounded martingale

and prove that

P [Tr < TR] =
logR− log |x|
logR− log r

.

Deduce that B never hits the origin a.s.

2. Let d = 3. Show that |Bt∧Tr∧TR
|−1 is a bounded martingale and that

P [Tr < TR] =
R−1 − |x|−1

R−1 − r−1
.

Deduce that P[Tr <∞] = r|x|−1.



Exercise 3 [7 Pt ]

1. Let M be a continuous local martingale. Show that for all a < b and on a set of
probability one,

[M ]a (ω) = [M ]b (ω)⇔ ∀t∈[a,b] : Mt(ω) = Ma(ω).

2. Consider two independent, continuous martingales M,N . Show that [M,N ] = 0.
Hint: If (Ft)t and (Gt)t are the canonical filtrations of M and N respectively, then

σ(Ft ∪Gt) = σ

({
A1 ∩ A2

∣∣∣A1 ∈ Ft, A2 ∈ Gt

})
.

Remarks : (1) This implies that [Bi, Bj] = δijt, ifB = (B1, . . . , Bd) is a d−dimensional
Brownian motion. (2) The statement holds also for local martingales.


