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Exercise 1 [6 Pt ]

Let g : R+ 7→ R and t ∈ R+.

1. Let g be of bounded variation and let s 7→ Rg(s) denote the corresponding variation
of g, defined in Section 3.1 from the lecture notes. Show that g is right-continuous,
if and only if Rg is right-continuous.

Hint: Show that |Rg(s)−Rg(s+)| = |g(s)− g(s+)|.

2. Let g be right-continuous. Show that the following statements are equivalent.

(a) g is of bounded variation on [0, t],

(b) there exist two unique measures µg1 and µg2 on R+ such that for all 0 ≤ r ≤ s ≤ t

µg1( (r, s] )− µg2( (r, s] ) = g(s)− g(r), and

µg1( (0, s] ), µg2( [0, s] ) <∞.

3. Let g be right-continuous and f : R+ 7→ R be left-continuous and locally bounded.
Following the notation from Section 3.1 from the lecture notes, show that for any
t ∈ [0,∞): ∫ t

0

fdµg1 −
∫ t

0

fdµg2 = lim
m↑∞

∑
I(m)

fdg =:

∫ t

0

fdg.

Exercise 2 [4 Pt ]

Let T, y > 1. Compute the following integrals explicitely:

i)
∫ T

0
sin(x)d cos(x) +

∫ T

0
cos(x)d sin(x)

ii)
∫ T

0
1[1,y)(x)d|x− 2|

iii)
∫ T

0
|x− 2|d1[1,y)(x)



You may use that the Stieltjes integral coincides with the usual Riemann integral as soon as
the integrator is a smooth function; in other words, for g ∈ C1(R+) and a locally bounded,
Borel-measurable function f : R+ → R it holds:∫ t

0

f(s)dg(s) =

∫ t

0

f(s)g′(s)ds.

Exercise 3 [5 Pt ]

Let g : [0, 1]→ R be right-continuous and In a sequence of partitions of the interval [0, 1],
i.e. a sequence of families of points 0 = un0 < un1 < · · · < unn = 1 such that limn→∞ ‖In‖ = 0,
where ‖In‖ = maxk=1,...,n

(
unk − unk−1

)
. For any continuous f ∈ C([0, 1]) define the sum

Sn(f) :=
∑

k:tk,tk+1∈In
f(tk)

(
g(tk+1)− g(tk)

)
,

and assume that the limit limn→∞ Sn(f) exists and is finite for all f ∈ C([0, 1]). Show that
g is necessarily of finite variation.
Use the following statement, which is called Banach-Steinhaus Theorem: Let X be a Banach
space, Y a normed vector space and {Ti}, i ∈ I be a family of bounded linear operators
Ti : X → Y . If supi ||Tix|| <∞ for all x ∈ X, then even supi ||Ti|| <∞.

Exercise 4 [5 Pt ]

Let M be a continuous martingale. Show that, if P(supt≥0 [M ]t <∞) = 1, then limt→∞Mt

exists almost surely.


