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This is the last sheet that is relevant for your admission to the exam. We will soon start
the assignment for the oral exams in February, regularly check the homepage of the lecture.

Exercise 1 [10 Pt]

Let B; be a three-dimensional Brownian motion, starting at = # 0 and let X, := [|B;||~".

Prove the following statements:
i) (X¢)i>0 is a local martingale.

ii) Elsup;soXi] = oo.
Hint: E[Z] = [[“P[Z > y]dy for Z > 0.
iii) The family (X});>o is uniformly integrable.

Hint: You may use the inequality

1
supE[X}] <ec | —

dy+1,
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which holds for all p > 0 and the unit ball B={z € R®: |z| < 1}.

iv) (X¢)i>0 is not a martingale. Towards this goal, prove that

1 0
P -p/2,~y/2
E[X7] < 2251”/2/0 Y e dy.

Hint: Chi-squared distribution!

v) Conclude that lim;_,. || B:|| = oo almost surely.

Exercise 2 (3 Pt

Let B; be a one-dimensional Brownian motion. Find the SDEs satisfied by the following
processes:

1. Xt = Bt/(1+t) for all ¢ 2 0,
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2. Xy =sin(B;) for all t > 0,

3. (X1, Y;) = (acos(By),bsin(By)) for all t > 0, where a,b € R with ab # 0.

Exercise 3 [4 Pt]

Let B; be a one-dimensional Brownian motion and ¢ € R. Furthermore, let A(t),a(t) and
o(t) be deterministic, measurable and locally bounded. Show that the SDE

dXy = [A(W)X; + a(t)ldt + o(t)dB;, Xo =,

admits the unique solution

Xi=oto) (e+ [ 67 paloyis+ | t 6 o080 1< o0

where ¢ is the unique solution of the ODE

d
Zo(t) = A0o(t), 6(0) = 1.

Exercise 4 (3 Pt

Suppose S; is a solution of the SDE dS; = S;(b;dt + 0,dB;) (modeling a stock), where B,
is a one-dimensional Brownian motion. Let b;, o; and 7, be deterministic, locally bounded
functions. Further, assume that o > ¢ for some ¢ > 0.

1. Let T' > 0 be finite. Show that there is a probability measure Qr such that for ¢t < T'
and under Q: B
dSt = St(Ttdt + O'tdBt),

where B is a Qp-Brownian motion (up to time 7).

2. Set R, := exp (— f(f r(s)ds). Show that R;S; is a martingale under Q7.



The following exercise is optional and will neither be graded, nor discussed in the tutorial
classes:

Exercise 5 [0 Pt]

Let P and Q be probability measures on (£2,.4) such that @ is absolutely continuous w.r.t.
P (for all A € A:if P(A) = 0 then also Q(A) = 0). We will show a version of the famous
Radon-Nikodym theorem using the martingale theory we have developed so far. The
goal of this exercise is to prove the existence of a relative density under the assumption
of absolute continuity. A relative density of Q w.r.t P is a measurable random variable
Z :Q — [0,00), such that for all A € A:

Q(A) = /A Z(w)dP(w).

Let A = o(U,F,), where (F,)nen is a filtration of A consisting of finite o-algebras F,,, i.e.
Fn = U(Bn,l, cony Bn,kn) such that U;B,,; = 0.

1. Write down a relative density Z,, of Q w.r.t P on F,, and show that (Z,),en is a
non-negative martingale under P.

2. Show that the limit Z,, exists P-almost surely and in L'(Q, A, P).

3. Conclude that Z, is a relative density of Q w.r.t IP on A.
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