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Exercise 1 (8 Pt
If c(t) = (z(t),y(t)) is a smooth curve in R? with ¢(0) = (0,0), then

A0 = [ a1 6~y ds = [ty [ s

describes the area that is covered by the secant from the origin to ¢(s) in the interval [0, ¢].
Analogously, for a 2-dim BM B; = (X},Y;) with By = 0, one defines the Lévy area as

¢ t
Ay = / X dY, — / YsdXs.
0 0

a) Let a(t), 3(t) be C'-functions, p € R and

V; = ipA; — ?(Xf +Y2) + B(t).

Show that e"* is a local martingale provided that o/(t) = «(t)? —p? and B'(t) = a(t).

b) Let ty € [0, 00). The solutions of the ODE for a and § with a(ty) = B(ty) = 0 are

a(t) =p-tanh(p- (ty — 1)), B(t) = —logcosh(p- (ty —1)).
Conclude that .

E [exp (ipAy, )] = cosh(plo)’

Vp € R.

Remark: This shows that the distribution of A; is absolutely continuous with density

1

flw) = 2t cosh (%) '



Exercise 2 [6 Pt]

Let u,a : R — R be bounded and twice continuously differentiable and let f € C?*(R, x R)
be a bounded solution of

0f = a0 + 3000, f(0,2) = u(z).

fit.a) =B, oo [ oo~ [ atsras) uia).

where, under P,, B, is a Brownian motion starting from x.

Show that

Exercise 3 [6 Pt
Let B; be a d-dimensional Brownian motion and let (X;) = (X}, ..., X?) be a solution of
the SDE

dX; = b(X,)dt +o(X,)dB, t>0, X,=ux¢€R%

We assume (for simplicity) that b : R — R? and o : R? — R4 are bounded and Lipschitz
continuous. Determine the limits

1 . .
lim -E[X} — '],
t—0 t
and

lim 1IFE[(XZ — ) (X7 —a%)).

t—0 ¢
Remarks:

1. o(t)dB, = (ZL Uﬁ(ﬂdBf)

j=Ln

2. This is the reason why b is called drift vector and oo is called diffusion matrix.

The stochastic analysis team wishes you a merry Christmas
and a good start into the new year!




The following exercise is optional and will not be graded:

Exercise 4 [0 Pt]

Let B be a one-dimensional Brownian motion and h € L?*([0,1],\) be a deterministic
function. Consider the Ito-integral

t
I .= / h(s)dBs for 0 <t < 1.
0

1. Show that I; is normally distributed with mean zero and variance

2. Prove that the increments of (1;)ico1] are independent with law

Iy — Iy ~ N(0,7(t) — 7(s)) for 0 < s <t.

3. Conclude that the process (I¢):cjo,1) has the same law as the time-changed Brow-
nian motion ¢t — B (.



