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1

A review of measure theory

In this first chapter I review the main concepts of
measure theory that we will need. I will not give proofs
in most cases. Those familiar with my W-Theorie 1
lecture will find that most of this material was covered
there, except that here we will take a somewhat more
abstract point of view, replacing the space of real num-

bers by arbitrary metric spaces. One will see, however,

that this implies very few changes. For more details, there is a wealth
of references on measure theory. See e.g. [2, 14, 10, 7, 5, 1].

1.1 Probability spaces

A space, €2, is an arbitrary non-empty set. Elements of a space 2 will be
denoted by w. If A C Q is a subset of €2, we denote by 14 the indicator
function of the set A, i.e.

a(w) 1 ,ifweA, (1)
w) = .
4 0 ,ifwe A°=Q\A.

Definition 1.1.1 Let Q be a space. A family A = {Ax}aecr, Ax C Q,
with I an arbitrary set, is called a class of €. A non-empty class of €2
is called an algebra, if:

(i) Qe A
(ii) Forall Ae A, A° € A.
(iii) Forall A,Be A, AUB € A.

If A is an algebra, and moreover

(iv) U, A, € A, whenever for all n € N, 4, € A,

1



2 1 A review of measure theory
then A is called a o-algebra.

Definition 1.1.2 A space, (), together with a o-algebra, F, of subsets
of Q is called a measurable space, (2, F).

Definition 1.1.3 Let (9, F) be a measurable space. A map u: F —
[0,00] from F the non-negative real numbers (and infinity) is called a
(positive) measure, if

(i) pu(0) =o0.

(ii) For any countable family { A, }, ey of mutually disjoint elements of F,

’ (U An> = 3" (A (12)

neN neN

)
)

A measure, pu, is called finite, if ©(Q) < oo. A measure is called o-
finite, if there exists a countable class, €2,,, of subsets of €2, such that
Q = U, en O, such that, for all n € N, 1(Q,) < oo.

A triple, (9, F, u), is called a measure space.

Definition 1.1.4 Let (€2, F) be a measurable space. A positive mea-
sure, P, on (£, F) that satisfies P[Q)] = 1 is called a probability measure.
A triple (Q, F,P), where Q is a set, F a o-algebra of subsets of 2, and
P a probability measure on (2, F), is called a probability space.

Probability spaces provide the scenery where probability theory takes
place. The set of sceneries is huge, since we have so far not made any re-
striction on the allowable spaces 2. In most instances, we will, however,
want to stay on reasonable grounds. Fortunately, where is a quite canon-
ical setting where everything we ever want to do can be constructed.
This is the realm where Q is a topological space and F = B(Q) is the
Borel-o-algebra of €.

We recall the definition of a topological space.

Definition 1.1.5 A space, E, is called a topological space, if for every
point p € E there exists a collection, U, of subsets of E, called neigh-
borhoods, with the following properties:

(i) For every point, p, U, # 0.

(iii) If Ui, Us € Uy, then there exists Us € U, such that Us C Uy N Us.

)
(ii) Every neighborhood of p contains p.
)
(iv) f U € U, and g € U, then there exists V € U, such that V C U.
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Recall that in a topological space, one can define the notions such open
sets and closed sets; open sets have the property that any of its points
has a neighborhood that is contained in the set, and closed sets are the
complements of open sets. Note that the empty set is also considered as
an open set by default. Since the entire space F is also open, the empty
set is, however, also a closed set. Two topological spaces are considered
equivalent, or have the same topology, if they contain the same open sets.
In particular, given two sets of collections of neighborhoods, U,, and V,,
on a space F, then they generate the same topology, if for any p € F,
and any U € U, there exists V' € V), such that V' C U and and for any
V €V, there exists U € U, such that U C V.

Definition 1.1.6(i) A topological space, ), is called Hausdorff, if any
two distinct points in ) have disjoint neighborhoods.
(ii) A topological space, E, is called separable, if there exists a countable
subset, Ey C E whose closure! is E.

Definition 1.1.7 Let E be a topological space. The Borel-o-algebra,
B(E) of E is the smallest o-Algebra that contains all open sets of E.

The point behind the notion of the Borel-og-algebra is that it is big
enough to satisfy our needs, but small enough to ensure that it is possible
to construct measures on it. Larger g-algebras, such as the power set
on any uncountable topological space, do not usually allow to define
measures with nice properties on them.

One says that the Borel-o-algebra is generated by the open sets of E.
This notion will be used quite frequently. We say in general that a class,
A, of a space ) generates a o-Algebra, o(A), defined as the smallest
o-algebra that contains A,

s A= [ F

. FoaA
Fiso—algebra

Even more structure appears if we work on so-called metric spaces.
Definition 1.1.8 Let F be a set. A map, p : M x M :— [0,4o0], is
called a metric, if
(i) p(z,y) =0, if and only if z = y;

(i) plz,y) = ply, 2);
(iii) p(x,z) < p(x,y) + p(y, 2), for all z,y,z € E.

1 The closure of a subset, A, of a topological space is the intersection of all closed
subsets containing A.
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The set By(z) = {y € E: p(x,y) < r} is called the (open) ball of radius
T,

The set of neighborhoods obtained from the open balls associated to
a metric, p, is called the metric topology. A topological space endowed
with a metric and its metric topology is called a metric space.

A sequence x,, € E, n € N is called a Cauchy sequence, if for any
€ > 0, there exists ng € N, such that for all n,m > ng, p(z,, zm) < €.

A metric space, I, is called complete, if any Cauchy sequence in E
converges.

A further useful specialisation is the restriction to so called Pol-
ish spaces, that is separable, completely metrisable spaces.A completely
metrisable space is a space that it homeomorphic to a complete metric
space. That is, a Polish space is essentially a complete, separable metric
space up to the fact that the metric may not have been fixed. Recall
that R? is a Polish space, and so is RN when equipped with the product
topology.

Note that in many cases, different families of sets generate the same
o-algebra. For instance, if F is not only a topological space, but a
metric space with the topology given by the metric topology, then the
set of open balls generates the Borel-o-algebra. But also the set of closed
balls will generate. If E' is the real line, the half-lines also generate the
Borel-o-algebra.

An advantage in € being a Polish space lies in the fact that one can
choose as a generator of the Borel-o-algebra a countable collection of sets.
E.g., in the case of the real line, the Borel-o-algebra is already generated
by the half-lines (—o0, q], with ¢ € Q (just observe that if x is any real
number, there exists a sequence ¢, | x, and the set [, cn(—00,¢n] =
(—o0, 2] is also contained in the o-algebra generated by these half-lines.

A related, but more general class of spaces are sometimes useful.
These are called Lousin spaces. These are spaces that are homeomorphic
to a Borel subset of a compact metric space.

Two notions of special types of classes are very useful in this context.

Definition 1.1.9 Let Q be a space. A class of Q, T, is called a II-
system, if 7 is closed under finite intersections; a class, G, is called a
A-system, if

(i) Qeg,

(ii) If A,B € G, and A D B, then A\ B € G,
(iii) If A, € G and A,, C A, 41, then lim,400 4, € G.
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The following useful observation is called Dynkin’s theorem.

Theorem 1.1.1 If T is a Il-system and G is a A-system, then G DO T
implies that G contains the smallest o-algebra containing T .

The most useful application of Dynkin’s theorem is the observation
that, if two probability measures are equal on a II-system that generates
the o-algebra, then they are equal on the o-algebra. (since the set on
which the two measures coincide forms a A-system containing 7).

Examples. The general setup allows allows to treat many important
examples on the same footing.

Countable spaces. If ) is a countable space, the natural topology is
the discrete topology. Here the set of neighborhoods of a point p is just
the set {p} itself. Clearly this is a topology, and all sets are open and
closed with respect to it. The Borel-o-algebra consists of the power set
of Q.

Euclidean space. R? equipped with the Euclidean metric is a met-
ric space. Choosing as sets of neighborhoods the set of all open balls,
B.(p) = {z € R? : ||z — p|| < r} turns this into a topological space.
The corresponding Borel-o-algebra is the smallest o-algebra containing
all these balls.

Note that, since on R? the Euclidean norm and the sup-norm are

equivalent, the Borel-o-algebra is also generated by open (or closed)
rectangles.
Infinite product spaces. If F is a topological space, then the infinite
Cartesian product space, E°°, can also be turned into a topological space
through the product topology. Here the set of neighborhoods of a point
p = (p1,p2,Pp3,...) is given by the collection of sets

Up, x Upy, xUp, x EX E x ..., (1.3)

where k € N, and U,, € Up,. If B(E) is the Borel-c-algebra of FE,
then the Borel-o-algebra of E*° is the product c-algebra, B(E™®) =
B(E)®>, i.e. the o-Algebra that is generated by the family of sets
Ay x - x Ay x Ex ..., k € N, A; € B(E) (where of course it also
suffices to choose the sets £ X -+ X ExX Ay Xx Ex ..., k€N, and Ay
running through a generator of B(E)).

If F is a metric space, then one can also turn E°° into a metric space,
such that the associated metric topology is equivalent to the product
topology. This is done, e.g. by setting
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oo
Ip—all =Y 27" lpn — aull- (1.4)
n=1

Note that this implies that, if E is a Polish space, then the infinite

product space E*° equipped with the product topology is also polish.
Infinite product spaces will be the scenario to discuss stochastic pro-

cesses with discrete time, the main topic of this course.

Function spaces. Important examples of metric spaces are normed

function spaces, such as the space of bounded, real-valued functions on

R (or subsets I C R), equipped with the supremum norm

If = glloo = sup[f(t) — g(£)].
tel

We will begin to deal with such examples in the later parts of this course,
when we introduce Gaussian random processes with continuous time.
Spaces of measures. Another space we are often encountering in
probability theory is that of measures on a Borel-o-algebra. There are
various ways to introduce topologies on spaces of measures, but a very
common one is the so-called weak topology. Let E be the topological
space in question, and Cy(F,R) the space of real-valued, bounded, and
continuous functions on E. We denote by My (E, B(E)) the set of all
positive measures on (E,B(E)). One can then define neighborhoods of
a measure 4 of the form

Bk oot (1) = {v € M (B B(E)) : mlax|pu(f:) = v(f)| < €},
(1.5)
where € > 0, k € N, and f; € Cy(E,R).
If F is a Polish space, then the weak topology can also be derived
from a suitably defined metric.

1.2 Comnstruction of measures

The problem of the construction of measures in the general context of
topological spaces is not entirely trivial. This is due to the richness of a
Borel-o-algebra and the hidden subtlety associated with the requirement
of o-additivity. The general strategy is to construct a “measure” first on
a simpler set, an algebra or a semi-algebra, and then to use a powerful
theorem ensuring the unique extendibility to the o-algebra.

To do this we first define the notion of a g-additive set function.
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Definition 1.2.1 Let A be a class of subset of some set 2. A function
v:A— [0,00] is called a positive, o- additive (or countably additive)
set function, if

(i) v(0) = 0;

(ii) For any sequence, Ay, k € N, of mutually disjoint elements of A such

that UkeN A € A,
v (U Ak> = > v(Ap) (1.6)

kEN keN
The aim of this section is to prove the following version of Carathéodory’s

theorem.

Theorem 1.2.2 Let Q) be a set and let S be an algebra on ). Let ug be
a countably additive map S — [0,00]. Then there exists a measure, p,
n (Q,0(S)), such that = po on S.
If no is o-finite, then u is unique.

Proof. We begin by defining the notion of an outer measure.

Definition 1.2.2 Let © be a set. A map p* : P(Q) — [0, 00] is called
an outer measure if,

(i) p(0) =0;

(ii) If A C B, then p*(A) < p*(B) (increasing);

(iii) for any sequence A, € P(Q), n € N,
Y4 > <>t (An) (1.7)
neN neN

(o-sub-additivity).

Note that an outer measure is far less constraint than a measure; this
is why it can be defined on any set, not just on o-algebras.
Example. If (Q, F, u) is a measure space, we can define an extension
of p that will be an outer measure on P(2) as follows: For any D C €,
let

w* (D) =inf{u(F): F € F;F D> D}. (1.8)

This is of course not how we want to proceed when constructing a
measure. Rather, we will construct an outer measure from a o-additive
function on an algebra (that is also a II-system), and then use this to
construct a measure.

Next we define the notion of p*-measurability of sets.
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Definition 1.2.3 A subset B C Q is called p*-measurable, if, for all
subsets A C Q,

p(A) =p"(ANB)+ p* (AN B°). (1.9)
The set of p*-measurable sets is called M (p*).

Theorem 1.2.3 (i) M(u*) is a o-algebra that contains all subsets
B C Q such that u*(B) = 0.
(11) The restriction of p* to M(u*) is a measure.

Proof. Note first that in general, by sub-additivity,
p(A) < p (AN B) + p* (AN B°). (1.10)
If u*(B) = 0, we have also that
w(A) > p (ANB°) = (AN B) + p* (AN B°). (1.11)

Thus, M(p*) contains all set B with p*(B) = 0. This implies in partic-
ular that ) € M(u*). Also, by the symmetry of the definition, M (u*)
contains all its sets together with their complements. Thus the only
non-trivial thing to show (i) is the stability under countable unions. Let

By, By be in M(p*). Then

=p"(ANBy)+ p (AN By N BY), (1.12)

where we used that By € M(u*) for the first equality. Then

p (AN (B1UBy))+ u* (AN (B1 U By)°) (1.13)
=p (ANBy)+ p (AN By N BY) + p* (AN Bf N BS)
= (AN By) + i (AN Bf) = p*(A).

Thus By U By € M(p*). This implies that M (p*) is closed under finite
union. Since it is also closed under passage to the complement, it is
closed under finite intersection. Thus it is enough to show that countable
unions of pairwise disjoint sets, By € M(p*), k € N, are in M(u*). To
show this, we show that, for all m € N,

p(A) = iu*(/m By) + 1* (Am ﬁ B;) . (1.14)

n=1 n=1

This holds for m = 1 by definition, and if it holds for m, then
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m m m—+1
w* (Am N B;) = u <Am N B;)mBm+1> + <Aﬂ N B;)
— n=1

n=1

m+1
= 1" (AN Bpy1) + p1* (Aﬂ N Bn>,

n=1
so, inserting this into (1.14), it holds for m + 1. Hence, by induction, it
is true for all m € N.
From (1.14) we deduce further that

A) > iu*(AﬁBn) + o (Am ﬁ B;) . (1.15)

n=1 n=1

Now we let m tend to infinity, and use sub-additivity:

zz (AN B,) + u* <AmﬂBC> (1.16)

>t <Am (7913”)) + u* <Amn(_]13;>.

Since the converse inequatlity follows by sub-additivity, equality holds
in (1.16) and thus the union (J,- , B, € M(u*).

It remains to prove that p* restricted to M(u*) is a measure. We know
already that p*(0) = 0. Let now B,, be disjoint as above. Let us choose
in the first line of (1.16) A = J,—, B,,. This gives

W (U Bn> >3 (B). (117)

Since the converse inequality holds by sub-additivity, equality holds and
the result is proven. O

The preceding theorem provides a clear strategy for proving Carathéodory’s
theorem. All we need is to prescribe a o-additive function, u, on the
algebra. Then construct an outer measure p*. This can be done in the
following way: If S is an algebra, set

p' (D) =inf{u(A): AeS;AD D} (1.18)

One needs to show that this is sub-additive and defines an outer measure.
Once this is done, it remains to show that M(u*) contains o(S). This
is done by showing that it contains S, since M(u*) is a o-algebra.

Let us now conclude our proof by carrying out these steps.
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Lemma 1.2.4 Let S be an algebra, p a o-additive function on S, and
w* defined by (1.18). Then p* is an outer measure.

Proof. First, note that the first two conditions for p* to be an outer
measure are trivially satisfied. To prove sub-additivity, let A,, n € N
be a family of subsets of 2. For each n, we can choose sets F, € S,
such that A, C F,, and u(F,) < p*(A,) + €27, for any € > 0 (since
p(A,) = inf{u(F) : F € S;F D A,}. Then, since |, Fr, O U,, 4n,
and p is o-additive,

p* (U An> <y <U Fn> <D p(F) <>t (An) +26, (1.19)

neN neN neN neN

which proves the claim since € > 0 is arbitrary. 1

Lemma 1.2.5 Let p* be the outer measure defined by (1.18). Let M(u*)
be the o-algebra of p*-measurable sets. Then o(S) C M(u*).

Proof.  We must show that M(u*) contains a family that generates
o(S). In fact, we will show that it contains all the elements of the
algebra S. To see this, let A C Q be arbitrary. Then (if 4*(A4) < 00), for
any € > 0, there is a set F' € S, such that A C F and p*(A4) > u(F) —e.
But then, for B € S,

w (AN B) < u(FNB) (1.20)
and also

w (AN B°) < u(FnB° (1.21)
But the two sets on the right-hand sides are disjoint and in §. Thus

p(ANB) + p* (AN B°) < p(F N B) 4 u(F N B°) = pu(F) < p(A) +e
(1.22)
This proves

W(A) > W (AN B) + p* (AN B°) (1.23)

and since the opposite inequality follows by sub-additivity, B € M (u*).
]

Thus we have in fact constructed an outer measure that is a measure
on o(S) and that extends p on S. The uniqueness of the extension in the
finite case follows from Dynkin’s theorem. Assume that there are two
extensions, u and v that coincide on §. One verifies easily that the class
of sets where pu(B) = v(B) is a A-system which contains the II-system
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S; by Dynkin’s theorem this A-system must be o(S). Finally, if u is
o-finite, one uses the following standard argument (that allows to carry
many results form finite to o-finite measures): By o-finiteness, there
exists a sequence of increasing sets, ,, T Q, with () < co. Then the
measure i, = pllo, T p. So if there are two extensions of a given o-
additive set function, then their restrictions to all €2,, are finite measures
and must coincide. But then so must their limits. This concludes the
proof of Carathéodory’s theorem. O

Remark 1.2.1 Carathéodory’s theorem should appear rather striking
at first by its generality. It makes no assumptions on the nature of the
space §2 whatsoever. Does this mean that the construction of a measure
is in general trivial? The answer is of course no, but Caratherodory’s
theorem separates clearly the topological aspects form the algebraic as-
pects of measure theory. Namely, it shows that in a concrete situation,
to construct a measure one needs to construct a o-additive set function
on an algebra that contains a II-system that will generate the desired o-
algebra. The proof of Carathéodory’s theorem shows that the extension
to a measure is essentially a matter of algebra and completely general.
We will see later how topological aspects enter into the construction
of additive set functions, and why aspects like separability and metric
topologies become relevant.

Remark 1.2.2 The o-algebra M(p*) is in general not equal to the o-
algebra generated by S. In particular, we have seen that M (u*) contains
all sets of p*-measure zero, all of which need not be in o(S). This ob-
servation suggests to consider in general extensions of a given o-algebra
with respect to a measure that ensures that all sets of measure zero are
measurable. Let (2, F, ) be a measure space. Define the outer measure,
w*, as in (1.8), and define the inner measure, p., as

1w« (D) =sup{u(F): F € F;F C D}. (1.24)
Then
M(p) = {AC O ju(A) = (A)}. (1.25)

One can easily check that M(u) is a o-algebra that contains F and all
sets of outer measure zero.

Terminology. A measure, i, defined on a Borel-o-algebra is sometimes
called a Borel measure. The measure space (2, M(u), ) is called the
completion of (Q, F, u).
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It is a nice feature of null-sets that not only can they be added, but
they can also be gotten rid off. This is the content of the next lemma.

Lemma 1.2.6 Let (2, F, 1) be a probability space and assume that G C
Q is such that p*(G) = 1. Then for any A € F, u*(GNA) = u(A) and
if G = FNG (that is the set of all subsets of G of the form G N A,
A€ F), then (G,G, u*) is a probability space.

Proof. Exercise. [

Lebesgue measure. The prime example of the construction of a
measure using Carathéodory’s theorem ist the Lebesgue measure on
R. Consider the algebra, S, of all sets that can be written as finite
unions of semi-open, disjoint intervals of the form (a,b], and (a,+00),
a € RU{—cx}, b € R. Clearly, the function A, defined by

A (U(ai,bi]> = (b —ai) (1.26)
K3 3

provides a countably additive set function (this needs a proof!!). Then
we know that this can be extended to o(S) = B(€2); more precisely,
one actually constructs a measure on the o-algebra M(A\*), and strictly
speaking it is this measure on the complete measure space (R, M(X), A)
that is called the Lebesgue measure.

Of course the same construction can be carried out on any finite non-
empty interval, I C R; the corresponding measures are finite and thus
unique. It is easy to see that A as a measure on R is o-finite and hence
also unique.

The construction carries over, with obvious modificatons, to R%: just
replace half-open intervals by half-open rectangles. The key is that we
have a natural notion of volume for the elementary objects, and that
this provides a o-additive function an the corresponding algebra.

On topological spaces, one can ask for a number of continuity related
properties of measures that occasionally will come very handy.

Definition 1.2.4 Let  be a Hausdorff space and B(f2) the correspond-
ing Borel-c-algebra. A measure, p, on (€, B(2)), is called Then:

(0) Borel measure, if for any compact set, C' € F, u(C) < oo;

() inner regular or tight, if, for all B € F, u(B) = supcc g #(C'), where
the supremum is over all compact sets contained in B;

(i) outer regular, if for all B € F, u(B) = info5p u(0), where the infi-
mumum is over all open sets containing B.
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(iii) locally finite, if any point in Q contains a neighborhood, U, such that
w(U) < oo.
(iv) Radon measure, if it is inner regular and locally finite.

A very important result is that on a compact metrisable spaces, all
probability measures are inner regular.

Theorem 1.2.7 Let Q) be a compact metrisable space, and let P be a
probability measure on (2, B(2)). Then P is inner regular.

Proof. Let A be the class of elements, B, of B(f2), such that, for all
e > 0, there exists a compact set, K C B, and an open set, G D B,
such that P(B\K) < €, and P(G\B) < e. We want to show that A
is an algebra. First, if B € A, then its complement, B¢, will also be
in A (for G° is closed, B¢ D G°, and B°\G° = G\ B, and vice versa).
Next, if By,Bs € A. Then there are K; C B; and G; D By, such
that ]P)(BZ\KZ) < 6/2 and P(Gz\Bz) < 6/2 Then K = K7 U Ky and
G = G1 UGs are the desired sets for B. Thus A is an algebra.

Now let B, be an increasing sequence of elements of A such that

Unen Bn = B. Choosing set K, and G, as before, but with ¢/2 replaced

by €2~"~1. Then there will be N < 0o such that P (B\ uv, Kn) <e

Namely, P (B\U, oy Kn) < €/2, while P (UneN KA\UY, Kn) < ¢/2.
Therefore, there exists a compact set K = Uﬁ;l K, such that P(B\K) <
€. The same construction works for the corresponding open sets, and so
B € A. Thus A is a o-algebra.

Now (2 is metrisable, so there exists a metric, p, such that the topology
of (2 is equivalent to the metric topology. Then, if K is a closed and

thus compact subset of 2, then K is the intersection of a sequence of
open sets G, = {w € Q: p(w, K) < 1/n},

K={()Gn (1.27)
neN

Since G,, | K, and P is finite, it follows that P[G,,] | P[K] (recall that
G,\K | 0, and hence P[G,\ K] } 0, due to the o-additivity. This means
that K € A. Since A is a o-algebra that contains all closed sets, B(2)
contains A. But since B(f2) is the smallest o-algebra that contains all

closed sets, B(Q2) = A.
Now for any B € B(§2), and K C B compact, P(B) = P(K)+P(B\K).
But since, for any B € A, and for any € > 0, by definition, there exists
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K such that P(B\K) < e. Thus sup{P(K) : K C B} = P(B), so P is

inner regular. Il

Remark 1.2.3 Note that the proof shows that P is also outer regular.
Measures that are both inner and outer regular are sometimes called
regular.

1.3 Random variables

Definition 1.3.1 Let (Q,F) and (E,G) be two measurable spaces. A
map [ : Q — E is called measurable from (2, F) to (E,QG), if, for all
AegG, fFHA) ={weQ: f(w) e A} € F.

The notion of measurability implies that a measurable map is capa-
ble of transporting a measure from one space to another. Namely, if
(Q, F,P) is a probability space, and f is a measurable map from (2, F)
to (E,G), then

PfE]P’Ofﬁl

defines a probability measure on (F,G), called the induced measure.
Namely, for any B € G, by definition

Py(B) =P [f~(B)]

is well defined, since f~(B) € F.

The standard notion of a random variable refers to a measurable func-
tion from some measurable space to the space (R, B(R)). We will gener-
ally extend this notion and call any measurable map from a measurable
space (€, F) to a measurable space (E,B(E)), where E is a topologi-
cal, respectively metric space, a E-valued random variable or a F-valued
Borel function. Our privileged picture is then that we have an unspec-
ified, so called abstract probability space (2, F,TP) on which all kinds of
random variables, be it, reals, infinite sequences, functions, or measures,
are defined, possibly simultaneously.

An important notion is then that of the o-algebra generated by ran-
dom variables.

Definition 1.3.2 Let (2, F) be a measurable space, and let (E, B(E))
be a topological space equipped with its Borel-o-algebra. Let f be an
E-valued random variable. We say that o(f) is the smallest o-algebra
such that f is measurable from (2, 0(f)) to (E, B(E)).
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Note that o(f) depends on the set of values f takes. E.g., if f is real
valued, but takes only finitely many values, the o-algebra generated by
f has just finitely many elements. If f is the constant function, then
a(f) = {Q, 0}, the trivial o-algebra. This notion is particularly useful,
if several random variables are defined on the same probability space.

Dynkin’s lemma has a sometimes useful analogue for so-called mono-
tone classes of functions.

Theorem 1.3.8 Let H be a class of bounded functions on Q to R. As-
sume that

(i) H is a vector space over R;
(i) 1€ H;
(i) if fr, >0 are in H, and f, T f, where f is bounded, then f € H.

Then, if H contains the indicator functions of every element of a II-
system S, then H contains any bounded o(S)-measurable function.

Proof. Let D be the class of subsets D of €2 such that T € H. Then D
is a A-system. Since by hypothesis it contains &, by Dynkin’s theorem, D
contains the o-algebra generated by S. Now let f be a ¢(S)-measurable
function s.t. 0 < f < K < co. Set

D(n,i) ={weN:i27" < f(w) < (1 +1)27"}, (1.28)
and set
K2"
folw) = Z 27" L p(n,5) (). (1.29)
i=0

Every D(n,i) is 0(S)-measurable, and so Ip(, ;) € H, and so by (i),
fn€H. Since f, T f, f € H.

To conclude, we take a general o(S)-measurable function and decom-
pose it into the positive and negative part and treat each part as before.

O

An important property of measurable functions is that the space of
measurable functions if closed under limit procedures.

Lemma 1.3.9 Let f,, n € N, be real valued random variables. Then
the functions
fT =limsup f,, and f~ = 1in%inf fn (1.30)
ntoo nfoo
are measurable. In particular, if the f, — [ pointwise, than f is mea-
surable.
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The proof is left as an exercise.

If Q is a topological space, we have the natural class of continuous
functions from 2 to R. It is easy to see that all continuous functions
are measurable if 2 and R are equipped with their Borel o-algebras.
Thus, all functions that are pointwise limits of continuous functions are
measurable, etc..

Remark 1.3.1 Instead of introducing the Borel-o-algebra, one could go
a different path and introduce what is called the Baire-o-algebra. Here
one proceeds form the idea that on a topological space one naturally
has the notion of continuous functions. One certainly will want all of
these to be measurable functions, but certainly one will want more: any
pointwise limit of a continuous function should be measurable, as well
as limits of sequences of such functions. In this way one arrives at a
class of functions, called Baire-functions, that is defined as the smallest
class of functions that is closed under pointwise limits and that contains
the continuous functions. One can then define the Baire-o-algebra as
the smallest o-algebra that makes all Baire-functions measurable. It is
in general true that the Borel-o-algebra contains the Baire-o-algebra,
but in general they are not the same. However, on most spaces we will
consider (Polish spaces), the two concepts coincide.

1.4 Integrals

We will now recall the notion of an integral of a measurable function
(respectively expectation value of random variables).
To do this one first introduces the notion of simple functions:

Definition 1.4.1 A function, g : © — R, is called simple if it takes
only finitely many values, i.e. if there are numbers, wy,...,wy, and a
partition of Q, A; € F with Ule A; = Q, such that A; = {w € F :
g(w) = w;}. Then we can write

k
9() = Y willa, @),

The space of simple measurable functions is denoted by &£;.
It is obvious what the integral of a simple function should be.

Definition 1.4.2 Let (2, F, 1) be a measure space and g = Zle w; L g,
a simple function. Then
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k
/diu = Zwm(Ai)- (1.31)

The integral of a general measurable function is defined by approxi-
mation with simple functions.

Definition 1.4.3(i) Let f be non-negative and measurable. Then

fdu= sup /gdu (1.32)
Q gSf,gEg+ Q

Note the the value of the integral is in R U {+o0}.
(i) If f is measurable, set

flw) = ]If )>0f (W) + Lpwy<of(w) = fr(w) — f-(w)
If either [, f4(w) < oo or — [, f-(w)du < oo, define
[ gan= [ e [ 1@ (1.33)
Q 0 Q

(iii) We call a function f integrable or absolutely integrable, if

/ | fldp < oo
Q

We state the key properties of the integral without proof.
The most fundamental property is the monotone convergence theorem,
which to a large extent justifies the (otherwise strange) definition above.

Theorem 1.4.10 Let (Q, F, ) be a measure space and f a real valued
non-negative measurable function. Let fi < fo < -+ < fi < fir1 <

- < f be a monotone increasing sequence of non-negative measurable
functions that converge pointwise to f. Then

/fd,uzlim/fkdu (1.34)
Q kteo Jo

The monotone convergence theorem allows to provide an “explicit”
construction of the integral as originally used by Lebesgue as a definition.

Lemma 1.4.11 Let f be a non-negative measurable function. Then

n2™—1
/ fdu = hm Z 27" kp (w 27"k < fw) < 27™(k+ 1))

+np(w: f(w) > n)} (1.35)
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The following lemma is known as Fatou’s lemma:

Lemma 1.4.12 Let f, be a sequence of measurable non-negative func-
tions. Then

/liminf fndp < liminf/fndu. (1.36)
Equally central is Lebesgue’s dominated convergence theorem:

Theorem 1.4.13 Let f,, be a sequence of absolutely integrable func-
tions, and let f be a measurable function such that

lim f,, (w) = f(w), for p-almost all w.

Let g > 0 be a positive function such that fgdu < oo and
| frn(w)| < g(w), for p-almost all w.

Then f is absolutely integrable with respect to p and
1iTm /fndu = /fd,u. (1.37)

In the case when we are dealing with integrals with respect to a proba-
bility measure, there exists a very useful improvement of the dominated
convergence theorem that leads us to the important notion of uniform
integrability.

Let us first make the following observation.

Lemma 1.4.14 Let (Q, F,P) be a probability space and let X be an
integrable real valued random wvariables on this space. Then, for any
€ > 0, there exists K < oo, such that

E[|X|Tx>k] <e (1.38)

Proof. This is a direct consequence from the monotone convergence
theorem. We leave the details to the reader. 1

When dealing with families of random variables, one problem is that
this property will in general not hold uniformly. A nice situation occurs
if it does:

Definition 1.4.4 Let (2, F,P) be a probability space. A class, C, of
real valued random variables, X, is called uniformly integrable, if, for
any € > 0, there exists K < oo, such that, for all X € C,

E[|X|Tx>k] <e. (1.39)
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Note that, in particular, if C is uniformly integrable, then there exists
a constant, C' < oo, such that, for all X € C, E|X| < C.

Remark 1.4.1 The simplest example of a class of random variables
that is not uniformly integrable is given as follows. Take X, such that

PX,=1=1-1/n and P[X,=n]=1/n. (1.40)
Clearly, for any K, limy, oo E[X|T|;~x = 1. One should always keep

this example in mind when reflecting upon uniform integrability.
Note that on the other hand the class of functions, Y,,, with

PX,=1=1-1/n and P[X, =+n]=1/n (1.41)
is unifomrly integrable.

Theorem 1.4.15 Let X,,, n € N and X be integrable random variables
on some probability space (0, F,P). Then lim, 1o E|X,, —X| =0, if and
only if

(i) X, — X in probability, and

(i1) the family X,,n € N is uniformly integrable.

Proof. We show the “if” part. Define

K, ife > K,
ox(@) =z, il <K, (1.42)
-K, ifr<-K.

We have obviously from the uniform integrability that
E|¢K(Xn) - Xn| <€ (14?’)

for n > 0 (where for convenience we set X = Xy). Moreover, since
61c(x) — drc()] < |2 — yl, () implies that ¢xe(X,) = ¢ (X) in prob-
ability. Since, moreover, ¢ (X,,) is bounded, we may choose ng such
that, for n > ng, P[l¢x (Xn) — ¢x(X)| > ] < ¢/K. Then

El¢px (Xn) — or (X)| < 6+ 2¢

and so limpeo Elpx (X,) — ¢x (X)| = 0. In view of the fact that (1.43)
holds for any e, it follows that E|X,, — X| — 0.

Let us uow show the converse (“only”) direction: When E|X,, — X| —
0, then by Chebychev’s inequality, P[|X,, — X| > ¢] < w — 0, so
X, — X in probability. Moreover, X is absolutely integrable.

Now wite X,, = X,, — X + X and use that, by the triangle inequality,

E|X,| < E|X|+E[X, - X|. (1.44)
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Now for any € > 0, there exists ng such that, for all n > ng, E|X,, — X| <
e. Since all X; and X are integrable, there exists K such that, for all
n < ng, E|X,|1x, >k < e Hence

€, ifn < ng

ElX,|T)x, >0k < (1.45)
‘ E|X|]I|Xn\>2K+€

Finally we use that

E X1 x,>2r < E[X[Txsox-|1x-X,| (1.46)
< EX x>k +EX[Tx<xlx—x, >k
<e+ KP(|X — X,| > K) < 2e.

This concludes the proof. O

The importance of this result lies in the fact that in probability theory,
we are very often dealing with functions that are not really bounded, and
where Lebesgue’s theorem is not immediately applicable either. Uniform
integrability is the the best possible condition for convergence of the
integrals. Note that the simple example (1.41) of a uniformly integrable
family given above furnishes a nice example where E|X,, — X| — 0,
but where Lebegues dominated convergence theorem cannot be applied.
(Exercise: show this!)

Exercise: Use the previous criterion to prove Lebegue’s dominated
convergence theorem in the case of probability measures.

1.5 £P and L? spaces

I will only rather briefly summarize some frequently used notions con-
cerning spaces of integrable functions. Given a measure space, (2, F, i),
one defines, for p € [1, 00] and measurable functions, f,

. 1/p
1l = £l = ELFP)Y = < /Q Iflpdu) . (1.47)

The set of functions, f, such that || f||, . < oo is denoted by L7 (Q, F, u) =
LP.
There are two crucial inequalities. The Minkowski inequality:

Lemma 1.5.16 For f,g € LP,
1f +gllp < £l + llgllp, (1.48)

and the Holder inequality
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Fig. 1.1. Convex funktion

G

o

Lemma 1.5.17 For measurable f,g, if p,q € [1,00] are such that % +

L'— 1 then
q

Efgl <[ fllpllgllg, (1.49)

Both inequalities follow from one of the most important inequalities
in integration theory, Jensen’s inequality.

Theorem 1.5.18 Let (0, F, 1) be a probability space, let X be an ab-
solutely integrable random variable, and let G : R — R be a conver
function. Then, for any c € R,

EG(X —EX +¢) > G(e), (1.50)

and in particular
EG(X) > G(EX). (1.51)

Proof. If G is convex, then for any y there is a straight line below G
that touches G at (y,G(y), i.e. there exists m € R such that G(z) >
G(y) + (z — y)m. Choosing © = X —EX + ¢ and y = ¢ and taking
expectations on both sides yields (1.5.18). O

Exercise: Prove the Holder inequalties using Jensen’s inequality.
Since Minkowski’s inequality is really a triangle inequality and linear-
ity is trivial, we would be inclined to think that || - ||, is a norm and
LP is a normed space. In fact, the only problem ist that || f||, = 0 does
not imply f = 0, since f maybe non-zero on sets of p-measure zero.
Therefore to define a normed space, one considers equivalence classes
of functions in £P by calling two functions, f, f’ equivalent, if f — f' is
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non-zero only on set of measure zero. The space of these equivalence
classes is called LP = LP(Q, F, u).
The following fact about L? spaces will be usefull to know.

Lemma 1.5.19 The spaces LP(, F;u) are Banach spaces (i.e. com-
plete normed vector space).

Proof. The by now only non-trivial fact that needs to be proven is the
completeness of LP. Let f; € LP, ¢« € N be a Cauchy sequence. Then
there are ny € N, such that, for all i, > ny, ||fi — f;l, < 27F7F/P. Set

gk = fnk) and

F=>2"|g, — geial”. (1.52)
keN
Then
1
_ k _ k
EF = Z 2E|gk — gr4a|” = Z 2%(lgr — gk+1|\§ < 5 (1.53)
keN keN

Therefore, F' is integrable and hence finite except possibly on a set of
measure zero. It follows that, for all w s.t. F(w) is finite, |gr(w) —
Gry1(w)] < 27FF(w)V/P. Tt follows further, using telescopic expansion
and the triangle inequality, that gi(w) is a Cauchy sequence of real
numbers, and hence convergent. Set f(w) = limytoo gr(w). For the w in
the null-set where F'(x) = 400, we set f(w) = 0. It follows readily that

Elgr — fIP — 0, (1.54)

and using once more the Cauchy property of f,, that
E|f. — fIP — 0. (1.55)
O

The case p = 2 is particularly nice, in that the space L? is not only
a Banach space, but a Hilbert space. The point here is that the Holder
inequality, applied for the case p = 2, yields

Efg < VEfEg? = | fll2/lgll2- (1.56)

This means that on L2, there exists a quadratic form,
() = [ fodu=Efg (157)

which has the properties of a scalar product. The L?-norm being the
derived norm, ||f||2 = \/(f,g),. Although somehow L? spaces are not
the most natural setings for probability, it is sometime quite convenient
to exploit this additional structure.
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1.6 Fubini’s theorem

An always important tool for the computation of integral on product
spaces is Fubini’s theorem. We consider first the case of non-negative
functions.

Theorem 1.6.20 [Fubini-Tonnelli] Let (1, F1, p11), and (Qa, Fa), 2 be
two measure spaces , and let [ be a real-valued, non-negative measurable
function on (Qq x Qa, F1 @ F2). Then the two functions

h(z) = 5 [z, y)p2(dy)

and

gy)= [ flx,y)u(de)
Q1

are measurable with respect to F1 resp. Fa, and

| pdGae ) = [ hdm = [ gdu (1.58)
QlXQQ Ql Q2

Now we turn to the general case.

Theorem 1.6.21 [Fubini-Lebesgue] Let f : (1 xQs, F1F2) — (R, B(R))
be absolutely integrable with respect to the product measure 1 ®po. Then

(i) For uj-almost all x, f(x,y) is absolutely integrable with respect to po,
and vice versa.

(ii) The functions, h(x fQ (z,y)p2(dy) and g(y fszl x,y)p (dz),
are well-defined e:L’cept possibly on a set of measure zero with respect
to the measures p1, resp. pe, and absolutely integrable with respect to
these same measures.

(iii) The equation
[ g = [ wepmn) = [ g 159
Q1 xQ Q1 Q2
holds.

1.7 Densities, Radon-Nikodym derivatives
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In Probability 1 we have encountered the notion of
a probability density. In fact, we had constructed the
Lebesgue-Stieltjes measure on R by prescribing a dis-
tribution function, F', (i.e. a non-decreasing, right-continuous
function) in term of which any interval (a,b] had mea-
sure u((a,b]) = F(b) — F(a). In the special case when
there was a positive function f, such that for all a < b,
F(b) — F(a) = f; f(z)dz, where dz indicates the standard Lebesgue
measure, we called f the density of p and said that p is absolutely con-
tinuous with respect to Lebesgue measure.

DT Recme.

We now want to generalise these notions to the
general context of positive measures. In particular,
we want to be able to say when two measures are
absolutely continuous with respect to each other, and
define the corresponding relative densities.

First we notice that it is rather easy to modify a
given measure p on a measurable space (€, F) with
the help of a measurable function f. To do so, we set, for any A € F,

py(A) = /Afdu- (1.60)

Exercise: Show that if f is measurable and integrable, but not nec-
essarily non-negative, py, defined as in (1.60), defines an additive set-
function. Show that, if f >0, py is indeed a measure on (2, F).

We see that in the case when p is the Lebesgue measures, py is the
absolutely continuous measure with density f. In the general case, we
have that, if ¢(O) = 0, then it is also true that puf(O) = 0. The latter
property will define the notion of absolute continuity between general
measures.

Definition 1.7.1 Let yu, v be two measures on a measurable space (2, F).
We say that v is absolutely continuous with respect to u, or v < p, if
and only if, all g-null sets, O (i.e. all sets O with u(O) = 0), are v-null
sets.
We say that two measures, u, v, are equivalent if y < v and v < pu.
We say that a measure v is singular with respect to p, if there exists
a set O € F such that u(O) =0 and v(O°) = 0.

It is important to keep in mind that the notion of absolute continuity
is not symmetric.
The following important theorem, called the Radon-Nikodym theorem,
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asserts that relative absolute continuity is equivalent to the existence of
a density.

Theorem 1.7.22 Let p,v be two o-finite measures on a measurable
space (Q, F). Then the following two statements are equivalent:

(i) v < .
(11) There exists a non-negative measurable function, f, such that v = py.

Moreover, f is unique up to null sets.

Definition 1.7.2 If v < p, then a positive measurable function f such
that v = puy is called the Radon-Nikodym derivative of v with respect to
1, denoted

_dv

f= o (1.61)

Proof. Note that the implication (i) = (i) is obvious from the defini-
tion. The other direction is more tricky.

We consider for simplicity the case when pu, v are finite measures. The
extension to o-finite measures can then easily be carried through by
using suitable partitions of 2.

We need a few concepts and auxiliary results. The first is the notion
of the essential supremum.

Definition 1.7.3 Let (Q, F, 1) be a measurable space and T' an arbi-
trary non-empty set. The essential supremum, g = esup,cg:, of a class,
{gs,t € T}, of measurable functions g; : Q — [—00, 00|, is defined by
the properties

(i) g is measurable;
(ii) g > g+, almost everywhere, for each t € T
(iii) for any h that satisfies (i) and (ii), h > g a.e.

Note that by definition, if there are two g that satisfy this definition,
then they are a.e. equal.

The first fact we need to establish is that the essential supremum is
always equal to the supremum over a countable set.

Lemma 1.7.23 Let (0, F, 1) be a measure space with p a o-finite mea-
sure. Let {gi,t € T} be a non-empty class of real measurable functions.
Then there exists a countable subset Ty C T, such that

Sup gr = esup,crgt- (1.62)
teTy
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Proof. 1t is enough to consider the case when p is finite. Moreover,
we may restrict ourselves to the case when |g;| < C, for all t € T (e.g.
by passing from g; to tanh™'(g;), which is monotone and preserves all
properties of the definition). Let S denote the class of all countable
subsets of T'. Set

a=supE (supgt) . (1.63)
IeS tel
Now let I,, € S be a sequence such that
sup E <sup gt) = q, (1.64)
neN tel,

and set Ty = | J,,cry In. Of course, Ty is countable, and o = E (supteT0 gt).
Then, the function g = sup,cp, g+ is measurable, since it is the supre-
mum over a countable set of measurable functions. To see that it also
satisfies (ii), assume that there exists ¢ € T, such that g > g on a set
of positive measure. Then for this ¢, Emax(g,g:) > Eg = a. On the
other hand, Ty U {t} is a countable subset of T, and so by definition
of a, Emax(g,g:) < «, which yields a contradiction. Thus (ii) holds.
To show (iii), assume that there exists h satisfying (i) and (ii). By (ii),
h > g, a.e., for each t € T, and thus also h > sup,cr, g¢, a.e., since a
countable union of null-sets is a null set. Thus g satisfies property (iii),
too. Therefore, g = esup,c79:. [l

The notion of essential supremum is used in the next lemma, which is
the major step in the proof of the Radon-Nikodym theorem.

Lemma 1.7.24 Let (Q, F, u) be a measure space, with p a o-finite mea-
sure, and let v be another o-finite measure on (Q,F). Let H be the
family of all measurable functions, h > 0, such that, for all A € F,
[y hdp < v(A). Then, for all A € F,

() = 04) + [ g (1.65)

where ¥ is a measure that is singular with respect to p and

g = esupy,cqh. (1.66)

Proof. We again assume p, v to be finite, and leave the extension to
o-finite measures as an easy exercise. We also exclude the trivial case
of 4 = 0. From Lemma 1.7.23 we know that there exists a sequence
of functions h, € H, such that g = sup,cyhn. Let us first note that
if hi,ha € H, then so is h = max(hy,h2). To see this, note that the
disjoint sets
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A ={we A:h(w) > ha(w)}, As={we A:ha(w)>hi(w)}
(1.67)
are measurable and A; U A, = A. But

/Ahdu = /A1 hidp + /A2 hodp < v(Ar) +v(Az) = v(A), (1.68)

which implies h € H. We may therefore assume the sequence h,, ordered
such that h, < hpyq, for all n > 1. Then g = limyjoo by, and by
monotone convergence, for all A € F,

/gdu: 1im/ hndp < v(A). (1.69)
A ntoo J A

As a consequence, 1) defined by (1.65) satisfies )(A) > 0, for all A € F.
Moreover, trivially () = 0, as both v and gdu are measures, ¥ defined
as their difference is o-additive. Thus ) is a measure.

It remains to show that v is singular with respect to pu. To this end
we construct a set of zero i-measure whose complement has zero pu-
measure. Of course, this can only be done through a delicate limiting
procedure. To begin we define collections of sets that whose 1)-measure

is much smaller than their p-measure. More precisely, for n € N and
A e F with p(A4) >0, let

Dn(A)={BeF:BCAYDB)<n 'uB)}. (1.70)

The key fact is that for any set A of positive ;1 measure contains such
subsets, i.e. D, (A4) # () whenever p(A) # 0. This is proven by contra-
diction: assume that Dy (A) = (). Then set hg = n~ 114, and then, for
all B € F,

[ hodi = 0(A0B) < w(ANB) < 0(B) = v(B)- [ gdn. (171
B B

But then [ (ho+g)du < v(B), for all B € F, so that g+ ho € H, which
contradicts the fact that g = esup;,cq,h.

Since any set of positive p-measure contains -tiny subsets, one may
expect that a set of full y-measure is ¥-tiny. Below we show this by
successively collecting all the p mass in such sets.

We can now choose By ,, € D,,(2) with the property that

w(Bin) > %sup {(B) : B€D,(Q)} = a1 - (1.72)

Morally, B; ;, is our first attempt to pick up as much p-mass as we can
from the ¢-tiny sets. If we were lucky, and u(Bf,,) = 0, then we stop
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#(Bin) = a1, ¥(Bin) <n”lain

1(Ba,n) = a2m, h(Ba2n) <n”lagn

Fig. 1.2. Construction of the sets Bj

the procedure. Otherwise, we continue by picking up as much mass as
we can from what was left, i.e. we choose B, € D,(Bf,,) with

w(Bay) > %sup {w(B): B e Dy(Bf,)} = azn. (1.73)

If 1o ((Ba,n U By ,)¢) = 0, we are happy and stop. Otherwise, we continue
and choose Bs ,, € Dy, ((B1,, U Bz ,,)¢) with

1
w(Bs.pn) > 5 Sup {m(B) : Be€ Dy(Bf, NB5,)} = azn, (1.74)

and so on. If the process stops at some k,-th step, set Bj,, = 0 for
J > k.

It is obvious from the definition that B;, € D,(Q), if B;j, # 0. Since
D, () is closed under countable disjoint unions (both ¥ and p being
measures), also M, = Uj’;l Bj, € D,(Q). We want to show that
w(ME) = 0, that is we have picked up all the mass eventually. To do
this, note again that, if u(M¢S) > 0, then there exists D € D, (M¢) with
w(D) > 0.

On the other hand, for any m € N,

m—1
20, =sup ¢ (B) : B €D, ﬂ BS,, (1.75)
j=1

> sup{u(B) : B € D, (M)} > u(D).

Thus, if u(D) > 0, then there exists some a > 0, such that ay, , =
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1(Bm,n > a, for all m. Since all B; ,, are disjoint, this would imply that
w(My,) = oo, which contradicts the asumption that p is a finite measure.
Thus we conclude that p(MS) = 0, and so ¥(M,) < n~'u(M,) =
n~ (). Therefore,

U (Hn%inf Mn) < hH%in’L/J (M,) =0, (1.76)
lim inf M, = limsup M, | = lim M; | =0.
This proves that v is singular with respect to pu. 1

As the first consequence of this lemma, we state the famous Lebesgue
decomposition theorem.

Theorem 1.7.25 If pu,v are o-finite measures on a measurable space
(Q, F), then there exist two uniquely determined measures, A., \s, such
that v = As+ A, where A, is absolutely continuous with respect to p and
As 18 singular with respect to .

Proof. Lemma 1.7.24 provides the existence of two measures A\; and
Ac with the desired properties. To prove the uniqueness of this decom-
position, assume that there are X, Al with the same properties. Due
to the definition of singularity, there exists a set O such that p(O) =0
and A;(O°) = 0. Hence X, is fully determined if we know it on all sets
of p-measure zero. The same holds for AL. If Ay # A, then for some
A € F with pu(A) = 0, As(A) # A,(A). But then it must also be true
that AL(A) # A.(A). However, this is impossible since these measures
are both absolutely continuous w.r.t. p, and so A,(4) = A.(4) = 0!

Hence A\s; and X, agree on null sets of 1 and thus are identical. Ol

The Radon-Nikodym theorem is now immediate: Assume that v is
absolutely continuous with respect to p. The decomposition (1.65) ap-
plied to p-null sets A then implies that for all these sets, ¢(A4) = 0.
But 4 is singular with respect to p, so there should be a p-null set, A,
for which ¢¥(A°) = 0. But since for all 4, ¢(A) = 0, it follows that
() = Y(A) +(A°) = 0, and so ¢ is the zero-measure.

All that remains is to assert that the Radon-Nikodym derivative is
unique. To do this, assume that there exists another measurable func-
tion, ¢g*, such that

Z/(A):/Ag*du. (1.77)
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Now define the measurable set A = {w: C > g* > g > —C}. Then, by

assumption,
/g*du: v(A) = / gdj. (1.78)
A A

But since on A g* > ¢, this can only hold if u(A) = 0, for all C' < cc.
Thus, u(g* > g) = 0. In the same way one shows that u(g* < g) = 0,
implying that g and ¢* differ at most on sets of measure zero.

O

Remark 1.7.1 We have said (and seen in the proof), that the Radon-
Nikodym derivative is defined modulo null-sets (w.r.t. ). This is com-
pletely natural. Note that if ;4 and v are equivalent, then 0 < g—z < 00
almost everywhere, and g—z = Zﬁ

The following property of the Radon-Nikodym derivative will be needed
later.

Lemma 1.7.26 Let p,v be o-finite measures on (Q,F), and let v < p.
If X is F-measurable and v-integrable, then, for any A € F,

/ Xdv = Xd—ydu. (1.79)
w

Proof. We may assume that p is finite and X non-negative. Appeal-
ing to the monotone convergence theorem, it is also enough to consider
bounded X (otherwise, approximate and pass to the limit on both sides).
Let H be the class of all bounded non-negative F-measurable functions
for which (1.79) is true. Then H satisfies the hypothesis of Theorem
1.3.8: for, clearly, (i) H is a vector space, (ii) the function 1 is contained
in ‘H be definition of the Radon-Nikodym derivative, and the property
(1.79) is stable under monotone convergence by the monotone conver-
gence theorem. Also, H contains the indicator functions of all elements
of F. Then the assertion of Theorem 1.3.8 implies that H contains all
bounded F-measurable function, as claimed. 1
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Conditional expectations and conditional
probabilities

In this chapter we will generalise the notion of conditional expectations
and conditional probabilities from elementary probability theory con-
siderably. In elementary probability, we could condition only on events
of positive probability. This notion is too restrictive, as we have seen
in the context of Markov processes, where this limited us to consider
discrete state spaces. The new notions we will introduce is conditioning
on o-algebras.

2.1 Conditional expectations

Definition 2.1.1 Consider a probability space (€2, F,P). Let G C F be
sub-o-algebra of F. Let X be a random variable, i.e. a F-measurable
(real-valued) function on 2 such that [EX| < oco. We say that a function
Y is a conditional expectation of X given G, written Y = E(X|G), if

(i) Y is G-measurable, and
(ii) For all A € G,

El,Y = El,X. (2.1)

Remark 2.1.1 If two functions Y,Y”’ both satisfy the conditions of a
conditional expectation, then they can differ only on sets of probability
zero, i.e. P[Y = Y’] = 1. One calls such different realisations of a
conditional expectation “versions”.

Remark 2.1.2 The condition [EX| < co means that EX is well-defined,
in the sense that EX = EXT—EX ™~ and either EXT < co or EX ™~ < cc.
It is the weakest possible under which a definition of conditional ex-
pectation can make sense. Existence of conditional expectations can
be established under just this condition (see [4]), however, we will in

31
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the sequel only treat the simple case when X is absolutely integrable,
E|X| < 0.

Intuitively, this notion of conditional expectation can be seen as “in-
tegrating” the random variable partially, i.e. with respect to all degrees
of freedom that do not affect the o-algebra G. A trivial example would
be the case where Q = R?, and G is the o-algebra of events that depend
only on the first coordinate, say x. Then the conditional expectation
of a function f(x,y) is just the integral with respect of the variables
y (recall the construction of the integral in Fubini’s theorem), modulo
re-normalisation. What is left is, of course, a function that depends only
on z, and that also satisfies property (ii). The advantage of the notion of
a conditional expectation given a o-algebra is that it largely generalises
this concept.

Before we discuss the existence of conditional expectations with re-
spect to o-algebras, we want to discuss the relation to the more elemen-
tary notion of conditional expectations with respect to sets. Recall that
if A € F has positive mass, P(A) > 0, we can define the conditional
expectation, given A, as

[, XdP

E[X|4) = S5

(2.2)
Recall that when we were studying Markov chains, we wanted to define
conditional expectations of the form

E[f(Xnt1)|Xn = 2. (2.3)

In the case of finite state spaces, we could do this using the definition
(2.2), because we could without loss generality assume that P[X,, = z]
was strictly positive. In the case of continuous state space, the canonical
situation would be that P[X,, = 2] = 0, for any = € S, and so the
definition (2.2) is not applicable. It is to overcome this difficulty that we
introduce our new notion of conditional expectation given a o-algebra.
Note that, in fact, the objects (2.3) are precisely interpretable as such:
Let F be the product o-algebra generated by the two random variables
Xn, Xnt1, and let G be the sub-o-algebra generated by X,. Then, if
we consider the expression in (2.3) as a function of x, we see that (in
the finite state space case, when it is well-defined) it is a G-measurable
function (to be precise, we should interpret it as a function on ) that
depends on w through the value of X,,(w)). Moreover, we see that, by
the law of total probability,
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EE[f(Xn+1)|Xn =] = Z PIX,, = 2]E[f (Xpn+1)|Xn = 2] = Ef (Xnt1),
zeS
(2.4)

so that property (ii) holds (with X = f(X,,41))-

As we can see, the difficulty associated with constructing conditional
expectations in the general case relates to making sense of expressions of
the form 0/0. However, in view of our discussion of the Radon-Nikodym
derivative, we can give a precise interpretation of this ratio. Namely, in
the discrete case, define the measure Px on (2, G) through

Px(A) = /A XdP, (2.5)

for all A € G. Then it is clear that Px is absolutely continuous with
respect to the restriction of P to G, and the Radon-Nikodym derivative
is precisely E[X|X,, = -], since for all A € G,
Px(A) = Y E[X|X, = 2]P[X, = z]. (2.6)
z€A
It is thus clear that the construction of the conditional expectation in
the general case will be done through our general concept of the Radon-
Nikodym derivative.

Theorem 2.1.1 Let (2, F,P) be a probability space, let X be a random
variable such that E|X| < oo, and let G C F be a sub-c-algebra of F.
Then

(i) there exists a G-measurable function, E[X|G], unique up to within sets
of measure zero, the conditional expectation of X given G, such that
forall A€ G,

/AIE[X|g]dIP:/AXdIP. (2.7)

(ii) If X is absolutely integrable and Z is an absolutely integrable, G-
measurable random wvariable such that, for some II-System D with
o(D) =9,

EZ =EX, andVAep/ ZdP:/XdIP’, (2.8)
A A

then Z = E[X|G], almost everywhere.

Proof. We begin by proving (i). Define the set functions A, AT, A~ as
ME(A) = / XEdP, A=\t -\ (2.9)
A
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Now we can consider the restriction of A to G, denoted by Ag, and the
restriction of P to G, Pg. Clearly, A* are absolutely continuous with
respect to P, and their restrictions to G, )\g, are absolutely continuous
with respect to the restriction of P to G, Pg. But since X is assumed
to be absolutely integrable with respect to P and P is a probability
measure, it follows that also )\g are finite measures. Therefore, the
Radon-Nikodym theorem 1.7.22 implies that there exist G-measurable

+
functions, Y+ = CZ‘T‘;, such that, for all A € G,
/indP::AiQD::/ XidP, (2.10)
A A

and hence Y = Z%{ =Y T — Y, such that
/YW:MM:/XW. (2.11)
A A

Thus, Y has the properties of a conditional expectation and we may set
EX|G] =Y = ‘;%g. Note that Y is unique to within sets of measure
zero. Finally, to show that the conditional measure is unique in the same
sense, assume that there is a function Y’ satisfying the conditions of the
conditional expectation that differs from Y on a set of positive measure.
Then one may set AT = {w: £(Y'(w) — Y (w)) > 0}, and at least one of

these sets, say AT, has positive measure. Then

XdP = Y'dP > YdP = XdP, (2.12)
A+ At At At

which is impossible. This proves uniqueness and hence (i) is established.

To prove (ii), set

A%mfﬁA&mLXﬂ}. (2.13)

then Q € A, and D C A, by assumption. Also, A is a A-system, and so
by Dynkin’s theorem, A D o(D) = G, and so Z is the desired conditional
expectation. O

In many cases that we will encounter, the o-algebra, G, with respect
to which we are conditioning is the o-algebra, o(Y), generated by some
other random variable, Y. In that case we will often write

E[X|o(Y)] = E[X|Y] (2.14)

and call this the conditional expectation of X given Y.
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2.2 Elementary properties of conditional expectations

Conditional expectations share most of the properties of ordinary ex-
pectations. The following is a list of elementary properties:

Lemma 2.2.2 Let (2, F,P) be a probability space and let G C F be a
sub-o-algebra. Then:

(i) If X is G-measurable, then E[X|G] = X, a.s.;
(i) The map X — E[X|G] is linear;
(iii) EE[X|G] = EX;
(vi) If B C G is a o-algebra, then E[E[X|G]|B] = E[X|B], a.s..
(v) [BIX|G) < E[IX] 1G], 0.5
(vi) If X <Y, then E[X|G] < E[Y]F], a.s.;

Proof. Left as an Exercise! [

The following theorem summarises the most important properties of
conditional expectations with regard to limits.

Theorem 2.2.3 Let X,,, n € N and Y be absolutely integrable random
variables on a probability space (0, F,P), and let G C F be a sub-o-
algebra. Then

(i) If Y < X, 1 X, a.s., then E[X,,|G] T E[X]|F], a.s..
(i) If Y < X,, a.s., then
E [hminfxn|g] < liminf E [X,,|G] . (2.15)

(i) If X, = X, a.s., and | X,| < |Y|, for all n, then E[X,,|G] — E[X|F],
a.s..

Of course, these are just the analogs of the three basic convergence
theorems for ordinary expectations. We leave the proofs a exercises.
A useful, but not unexpected, property is the following lemma.

Lemma 2.2.4 Let X be integrable and letY be bounded and G-measurable.
Then

E[XY|G] = YE[X]|]], as. (2.16)

Proof. We may assume that X,Y are non-negative; otherwise decom-
pose them into positive and negative parts and use linearity of the condi-
tional expectation. Moreover, it is enough to consider bounded random
variables; otherwise, consider increasing sequences of bounded random
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variables that converge to them and use the monotone convergence the-
orem.
Define, for any A € F,

Z/(A)E/AXYCZIP’, M(A)E/AXdP- (2.17)

Both p and v are finite measures that are absolutely continuous with
respect to P. Then

dvg dpug dp

— =E[XY — =E[X — =X. 2.18
Then, using Lemma 1.7.26, for any A € G,

d
/ Ydug = / v 9 gpg = / YE[X|G]dPg, (2.19)
A A dPg A
whereas for any A € F,
/ Ydu = / y & p - / Y X dP. (2.20)
A A dP A

Specialising the second equality to the case when A € G, we find that
for those A,

/YIE[X|g]dIP:/XYd]P’. (2.21)
A A

Now Z = YE[X|F] is G-measurable, and (2.21) is precisely the defining
property for Z to be the conditional expectation of XY . This concludes
the proof. 1

There should be a natural connection between independence and con-
ditional expectation, as was the case for the elementary notion of con-
ditional expectation. Here it is.

Theorem 2.2.5 Two o-algebras, G1,Gs, are independent, if and only
if, for all Ga-measurable integrable random variables, X,

E[X|G] = EX. (2.22)
Note that in the theorem we can replace “for all integrable G, measurable

random variable” by ¢ for all random variables of the form X = 14,
Ac Gy

Proof. Assume first that G; and G are independent. Then, if X; are
G; measurable and integrable,

EX; X, = EX,EX, = E[X;E[X,]].
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Therefore, the constant EX5 satisfies the condition of the conditional
expectation E[X5|G1], which shows that (2.22) holds.
Now assume that (2.22) holds. Choose X = T4, A € Go. Then

E[T4|G1] = ET4 = P[A].
Then, for all B € Gy,
P[ANB] = El, 1z = E[ET4|G:1]15] = E[P[A]15] = P[AP[B].
Thus G; and Gy are independent. OJ

2.3 The case of random variables with absolutely continuous
distributions

Let us consider some cases where conditional expectations can be com-
puted more “explicitly”. For this, consider two random variables, X,Y,
with values in R™ and R™ (in the sequel, nothing but notation changes
if the assume n = m = 1, so we will do this). We will assume that
the joint distribution of X and Y is absolutely continuous with respect
to Lebesgue’s measure with density p(x,y). That is, for any function
R xR = Ry,

BFXY) = [ f(o.y)ple,)dody.
The density of the random variable Y is then

q(y) = /p(x, y)dz.

(where we should modify the density to be zero, when [ p(z,y)dz = o).
Let now i : R™ — R be a measurable function. We want to compute
E[h(X)|Y]. To do this, take a measurable function g : R — R,. Then

E[L(X)g(Y)] = / h(2)g(W)p(z, y)dady (2.23)

_ / </ h(x)p(x,y)d:c> g(y)dy

_/(M) 9(¥)a(y)Uy(y)>0dy

/ o(y)9(y)a(y) Ly >o0dy
(Y)g(y)].

From this calculation we can derive the following
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Proposition 2.3.6 With the notation above, let v(y,dx) be the measure
on R™ defined by

pley) g if >0
v(y,dz) = W L 1 a(v) ’ (2.24)
do(dz), if g(y) = 0.
Then for any measurable function h : R™ — R,
Eh(X)|Y] = /h(:c)y(Y, dzx). (2.25)

p(z,y)

The function as a function of x is called the conditional density
given Y = y. We see that in this context, we are formally quite close to

the discrete case and the intuitive notion of conditional expectations.

2.4 The special case of L?>-random variables

Conditional expectations have a particularly nice interpretation in the
case when the random variable X is square-integrable, i.e. if X €
L?(Q, F,P) (since for the moment we think of conditional expectations
as equivalence classes modulo sets of measure zero, we may consider X as
an element of L? rather than £2). We will identify that space L*(Q2, G, P)
as the subspace of L?(2, F,P) for which at least one representative of
each equivalence class is G-measurable.

Theorem 2.4.7 If X € L?(Q, F,P), then E[X|G] is the orthogonal pro-
jection of X on L*(Q,G,P).

Proof. The Jensen-inequality applied to the conditional expectation
yields that E[X?2|G] > E[X]|G]?, and hence EE[X|G]? < EE[X?|G] =
EX? < oo, so that E[X|G] € L?(Q,G,P). Moreover, for any bounded,
G-measurable function 7,

E[Z(X — E[X|G])] = E[XZ] — E[ZE[X|G]] = 0. (2.26)

Thus, X — E[X]F] is orthogonal to all bounded G-measurable random
variables, and using that these form a dense set in L?(Q,G,P), it is
orthogonal to L?(€), G, P). This proves the theorem. O

Note that this interpretation of the conditional expectation can be
used to define the conditional expectation for L2-random variables.
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2.5 Conditional probabilities and conditional probability
measures

From conditional expectations we now want to construct conditional
probability measures. These seems quite straightforward, but there are
some non-trivial technicalities that arise from the version business of
conditional expectations.

As before we consider a probability space (Q,F,P) and a sub-o-
algebra G. For any A € F, we can define

P[A|G] = E[14]9], (2.27)

and call it the conditional probability of A given G. It is a G-measurable
function that satisfies

/]P’[A|g]dP:/ T4dP =P[ANG],
G G

for any G € F.
It clearly inherits from the conditional expectation the following prop-
erties:

() 0 <PAIG] <1, 8.
(ii) P[A|G] = 0, a.s., if and only if P[A] = 0; also P[A|G] = 1, a.s., if and
only if P[A] = 1;
(iii) If A, € F, n € N, are disjoint sets, then

Pl AnlG| =D P[A.[G],as; (2.28)
neN neN
(iv) If A, € F, such that lim, 1 A, = A, then
1iTm P[A,|G] = P[A|G],a.s.; (2.29)

These observations bring us close to thinking that conditional proba-
bilities can be thought of as G-measurable functions taking values in the
probability measures, at least for almost all w. The problem, however,
is that the requirement of g-additivity which seems to be satisfied due
to (iii) is in fact problematic: (iii) says, that, for any sequence A,,, there
exists a set of measure one, such that, for all w in this set,

U 49| (@) = 3" P[AG] (). (2.30)

neN neN

P

However, this set may depend on the sequence, and since that space is
not countable, it is unclear whether there exists a set of full measure on
which (2.30) holds for all sequences of sets.
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These considerations lead to the definition of so-called regular condi-
tional probabilities.

Definition 2.5.1 Let (2, F,P) be a probability space and let G be a
sub-o-algebra. A regular conditional probability measure or reqular con-
ditional probability on F given G is a function, P(w, A), defined for all
A€ F and all w € Q, such that

(i) for each w € Q, P(w,-) is a probability measure on (Q, F);
(ii) for each A € F, P(-,A) is a G-measurable function coinciding with
the conditional probability P[A|G] almost everywhere.

The point is that, if we have a regular conditional probability, then
we can express conditional expectations as expectations with respect
normal probability measures.

Theorem 2.5.8 With the notation form above, if P,[A] = P(w, A) is
a reqular conditional probability on F given G, then for a F-measurable
integrable random variable, X,

E[X|G](w) :/Xdea.s. (2.31)

Proof.  As often, we may assume X positive. The prove then goes
through the monotone class theorem 1.3.8, quite similar to the proof of
theorem 1.7.26. One defines the class of functions where (2.31) holds,
verifies that it satisfies the hypothesis of the monotone class theorem
and notices that it is true for all indicator functions of sets in F. 1

The question remains whether and when regular conditional proba-
bilities exist. A central result for us is the existence in the case when 2
is a Polish space.

Theorem 2.5.9 Let (2, B(2),P) be a probability space where  is a
Polish space and B(Y) is the Borel-c-algebra. Let G C B(Q) be a sub-
o-algebra. Then there exists a regular conditional probability P(A,w)
given G.

We will not give the proof of this theorem here.
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Stochastic processes

3.1 Definition of stochastic processes

We are finally ready to come to the main topic of this course, stochastic
processes.

There are various equivalent ways in which stochastic processes can
be defined, and it will be useful to always keep them in mind.

The traditional definition. The standard way to define stochastic
processes is as follows. We begin with an abstract probability space
(Q, F,P). Next we need a measurable space (S,B) (which in almost
all cases will be a Polish space together with its Borel o-algebra). The
space S is called the state space. Next, we need a set I, called the index
set. Then a stochastic process with state space S and index set I is
a collection of (S, B)-valued random wvariables, {X¢,t € I) defined on
(Q, F,P).

We call such a stochastic process also a stochastic process indexed by
I. The term stochastic process is often reserved to the cases when I is
either N, Z, R, or R. The index set is then interpreted as a time param-
eter. Depending on whether the index set is discrete or continuous, one
refers to stochastic processes with discrete or continuous time. However,
there is also an extensive theory of stochastic processes indexed by more
complicated sets, such as R%, Z¢, etc.. Often these are also referred to as
stochastic fields. We will mostly be concerned with the standard case of
one-dimensional index sets, but I will give examples of the more general
case below.

From the point of view of mappings, we have the picture that for any
t € I, there is a measurable map,

XtZQ—>S,

41
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whose inverse maps B into F.

For this to work, we do want, of course, F to be so rich that it makes
all functions X; measurable, that is, it should contain the o-algebra that
is generated by the entire family of r.v.’s X,

o(Xytel). (3.1)

An example of a stochastic process with discrete time are families of
independent random variables.

Sample paths. Given a stochastic process as defined above, we can
take a different perspective and view, for each w € Q, X (w) as a map
from I to S,

Xw): I =S
t— Xt (CLJ)
We call such a function a sample path of X, or a realisation of X.

Clearly here we want to see the stochastic process as a random variable
with values in the space of functions,

X: Q- st
w— X(w),

where we view S’ as the space of functions I — S. To complete this
image, we need to endow S with a o-algebra, B!. How should we choose
the o-algebra on ST? Our picture will be that X maps (Q, F) to (S, BY).
If this map is measurable, then the marginals X; : Q — S should be
measurable. This will be the case if the maps Xy, seen as maps from
ST — S, are measurable from B! to B.

Lemma 3.1.1 Let B! be the smallest o-algebra that contains all subsets
of ST of the form

CAt)y={ze S 1a,€ A}. (3.2)
with A € B, t € I. Then B! is the smallest o-algebra such that all
the maps X; : ST — S that map x — x4, are measurable, i.e. Bl =
o(Xy, T eI).

Proof. We first show that all X; are measurable from

o(C(At),AeB,tel)—B.
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To do this, let A € B, and chose t € I. Then
X, HA) = C(A, ).

Thus each X; is measurable. On the other hand, assume that there is
some ¢ and some A such that C(A,t) ¢ B!. Then clearly X, ' (A) ¢ B!,
and then X; is not measurable! So all C(A,t) must be contained, but
none more have to. This proves the lemma. ]

Definition 3.1.1 If J C I is finite, and B € B”, we call a set
CB,J)={rxe S x;={xi}tes € B} (3.3)

a cylinder set or more precisely finite dimensional cylinder sets. If B is
of the form B = x.cjA;, Ar € B, we call such a set a special cylinder.

It is clear that B’ contains all finite dimensional cylinder sets, but of
course it contains much more. We call B! the product o-algebra, or the
algebra generated by the cylinder sets.

It is easy to check that the special cylinders form a 7-system, and the
cylinders form an algebra; both generate B'.

Lemma 3.1.2 The map X : Q — ST is measurable from F — BT, if
and only if, for each t, X, is measurable from F — B.

Proof. Since a map, X, is measurable from a o-algebra F — B, if
X~YC) € Fforall C in a class that generates B, to check measurablility
it is enough to consider C of the form C(A,t). But

XHC(A 1) = {w € Q: Xy (w) € A},

which is in F whenever X; is measurable. To prove the converse impli-
cation is equally trivial. O

Thus we see that the choice of the o-algebra B! is just the right one
to make the two points of view on stochastic processes equivalent from
the point of view of measurablility.

The law of a stochastic process. Once we view X as a map from
to the S-valued functions on I, we can define the probability distribution
induced by P on the space (S!, BY),

px =Po X! (3.4)

on (S?,B!) as the distribution of the random variable X.
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Canonical process. Given a stochastic process with law pu, one can of
course realise this process on the probability space (ST, B, ). In that
case the random variable X is the trivial map

X:8T 58!

x— X(z) =x.

The viewpoint of the canonical process is, however, not terribly helpful,
since more often than not, we want to keep a much richer probability
space on which many other random objects can be defined.

3.2 Construction of stochastic processes; Kolmogorov’s
theorem

The construction of a stochastic process may appear rather formidable,
but we may draw encouragement from the fact that we have introduced
a rather coarse o-algebra on the space ST. The most fundamental obser-
vation is that stochastic processes are determined by their observation
on just finitely many points in time. We will make this precise now.

For any J C I, we will denote by 7 the canonical projection from S’
to S, i.e. myX € S, such that, for all t € J, (77X); = X;. Naturally,
we can define the distributions

px =Po (m;X)7 !
on S7.

Definition 3.2.1 Let F(I) denote the set of all finite, non-empty sub-
sets of I. Then the collection of probability measures

{u% :J e F(I)} (35)

is called the collection of finite dimensional distributions® of X.

1 Alternative appellation are “finite dimensional marginal distributions” or “finite
dimensional marginals”.
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Note that the finite dimensional distributions deter-
mine px on the algebra of finite dimensional cylinder
sets. Hence, by Dynkin’s theorem, they determine the
distribution on the o-algebra B!. This is nice. What
is nicer, is that one can also go the other way and con-
struct the law of a stochastic process from specified fi-

nite dimensional distributions. This will be the content
of the fundamental theorem of Daniell and Kolmogorov.

Theorem 3.2.3 Let S be a compact metrisable space, and let B = B(S)
be its Borel-o-algebra. Let I be a set. Suppose that, for each J € F(I),
there exists a probability measure, p”, on (S7,B7), such that for any
J1 C Js € F(I),

plt = pl? o 77';11, (3.6)

where T, denotes the canonical projection from S”'2 — S71. Then there
exists a unique measure, p, on (ST, B), such that, for all J € F(I),

,uoTr;l =u’. (3.7)

Proof. It will not come as a surprise that we will use Carathéodory’s
theorem to prove our result. This means, that what we have to do
is to construct a o-additive set function on an algebra that generates
the o-algebra Bf. Of course, this algebra will be the algebra of all
finite-dimensional cylinder events. It is rather easy to see what this set
function will have to be. Namely, if B is a finite dimensional cylinder
event, then there exists J € F(I), and A; € B’ such that B = A;x S\’
(we call in such a case J the base of the cylinder). Then we can set

to(B) = ps(Ay). (3.8)

Clearly po(0) = 0, and pg is finitely additive: if By, By are disjoint finite
dimensional cylinders with basis J;, then we can write B;, i« = 1,2, in
the form A; x ST\, where J = J; U Js, and A; € B’ are disjoint. Then
it is clear that

po(B1UB2) = 11y (A1UAz) 4y (A1) +p(Az) = po(B1)+puo(Bz2).  (3.9)

The usual way to prove o-additivity is to use the fact that an additive
set-function, po, is o-additive if and only if for any sequence G, | 0,
1#(Gn) 1 0.

Therefore, the proof will be finished once we establish the following
lemma.
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Lemma 3.2.4 Let B,,, n € N be a sequence of cylinder sets such that
B, D Bui1, for all n. If there exists € > 0, such that for all n € N,
po(Br) > 2e¢, then limpyyoo By, # 0.

Proof. 1f B, satisfies the assumptions of the lemma, then there exists
a sequence J,, € F(I) and A,, € B/, such that B, = 4,, x ST\In and

,UO(Bn) = KT, (An)

Since 1, is a probability measure on the compact metrisable space S”/»
Theorem 1.2.7 implies that there exists a compact subset, K,, C A,,, such
that

., (Kn) > g, (An) — 27",
or, with H, = K,, x S1\/n,
po(Hy) > po(Bp) — 27 "e. (3.10)

Now, under the hypothesis of the lemma, for all n € N,

p(HiN- -0 Hy) > p(BiN:--NBn) =Y pio(Ba\Hy) > 2e—€» 27" =e.
i=1 i=1

(3.11)
Hence, in particular, for any n, HiN---NH, # 0. Now let z,, € HiN---N
H,,, and hence 7y, x, € K1 N---N Ky, for any k& < n. By compactness
of this set, there exist a subsequence, n;, such that limjso 75, 25, = €
N, K
Taking susequently sub-subsequences, we can construct in fact such a
sequence in such a way that m; z,, = 752 € ﬂ?zl Ky, for all k. Then
there exist an € X! whose projections are equal to these limits for all k
and hence z € UX_, By, for all k, hence z C U ; B, and so Mpen Bn # 0.
But this is the claim of the lemma. O

So we are done: pyg is o-additive on the algebra of finite dimensional
cylinders, and so there exists a unique probability measure on the o-
algebra B with the advertised properties. 1

Remark 3.2.1 Note that we have used the assumption on the space S
only to ensure that the measures p”, for J € F(I), are all inner regular.
Thus we can replace the assertion of the theorem by:

Theorem 3.2.5 Let S be a topological space space, and let B = B(S)
be its Borel-c-algebra. Let I be a set. Suppose that, for each J € F(I),
there exists an inner regular probability measure, u’, on (S7,B”), such
that for any Jy C Jo € F(I),
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plt = p’? o 7r;1 (3.12)

1 )
where 75, denotes the canonical projection from S”'2 — S71. Then there
exists a unique measure, p, on (ST, B), such that, for all J € F(I),

por;t=p’. (3.13)

Finally, one can show that the assumption that Q be compact and
metrisable in Theorem 1.2.7 can be replaced by assuming that Q be
polish: in fact by inspecting the proof one sees that if we replace the
requirement “compact” by “closed”, then the compactness requirement
on € is no longer needed. Thus all what remains to be seen is that the
closed sets that approximate B well from within can be chosen bounded
on a seperable metric space. But this follows for instance since on a
metric space, P(B,,(z)) 1 1, where B, (x) is the closed metric ball of
radius n around = and setting K. = Fi/3 N By, (0) with n. chosen such
that P(B,.) > 1—¢/2.

Remark 3.2.2 Note that we have seen no need to distinguish cases
according to the nature of the set I.

3.3 Examples of stochastic processes

The Kolmogorov-Daniell theorem goes a long way in helping to construct
stochastic processes. However, one should not be deceived: prescribing
a consistent family of finite dimensional distributions (i.e. distributions
satisfying (3.7)) is by no means an easy task and in practise we want to
have a simpler way of describing a stochastic process of our liking.

In this section I discuss some of the most important classes of examples
without going into too much detail.

3.3.1 Independent random variables

We have of course already encountered independent random variables in
the first course of probability. We can now formulate the existence of
independent random variables in full generality and with full rigour.

Theorem 3.3.6 Let I be a set and let, for eacht € I, py be a probability
measure on (S,B(S), where S is a polish space. Then there exists a
unique probability measure, j1, on (ST, BT), such that, for J € F(I), and
A; € B,
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L (ﬂ Wt_l(At)> =[] (A (3.14)

teJ teJ

Proof. Under the hypothesis that S is polish, the proof is direct from the
Kolmogorov-Daniell theorem. Note that this hypothesis is not, however,
necessary. 1

Remark 3.3.1 Note that we don’t assume I to be countable. However,
in the uncountable case, the theorem is rather useless, since hardly any-
thing can be done with a genuine uncountable collection of independent
random variables. When we discuss seriously the issue of stochastic
processes with continuous time, we will see that we always will want
additional properties of sample paths that the theorem above does not
provide.

Independent random variables are a major building block for more
interesting stochastic processes. We have already encountered sums
of independent random variables. Other interesting processes are e.g.
maxima of independent random variables: If X;,7 € N are independent
random variables, define

M, = max Xj. (3.15)

1<k<n

The study of such maxima is an interesting topic in itself.
Of course one can look at many more functions of independent random
variables.

3.3.2 Gaussian processes

Gaussian processes are one of the most important class of stochastic
process that can be defined with the help of densities. Let us proceed
in two steps.

First, we consider finite dimensional Gaussian vectors. Let n € N be
fixed, and let C be a positive definite n x n matrix with real entries. We
denote by C~! its inverse. Define the Gaussian density,

1 1 1 )

o1, ..., xp) = ———F——exp | —=(x,C""2) | . 3.16
You see that the necessity of having C positive derives from the fact that
we want this density to be integrable with respect to the n-dimensional
Lebesgue measure.
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Definition 3.3.1 A family of n real random variables is called jointly
Gaussian with mean zero and covariance C, if and only if their distri-
bution is absolutely continuous w.r.t. Lebesgue measure on R with
density given by fc.

Remark 3.3.2 In this section I will always consider only Gaussian ran-
dom variables with mean zero. The corresponding expressions in the
general case can be recovered by simple computations.

The definition of Gaussian vectors is no problem. The question is,
can we define Gaussian processes? From what we have learned, it will
be crucial to be able to define compatible families of finite dimensional
distributions.

The following result will be important.

Lemma 3.3.7 Let Xq,...,X, be random variables whose joint distri-
bution is Gaussian with density covariance matriz C and mean zero.
Then

(1)

EX, X, = Ch. (3.17)

(i) If I C {1,...,} with |I| = m, then the random variables X, ¢ € I are
jointly Gaussian with covariance given by the m x m-matriz C' that
with elements CéIk = Cy, if b,k € 1.

Proof. For technical reasons it is very convenient to compute the mo-
ment generating function, of Laplace transform, of our jointly Gaussian
vector. We define, for u € C™,

do(u) = EeX) = ReXaim wiXi = /d"xfc(xl, Ty e Y

(3.18)
It is easy to see that this integral is alway finite. Its computation involves
a nice trick, that is well worth remembering! To understand it, recall
that a real positive matrix can always be written in the form C' = A’A,
where A! denotes the transpose of A, and A is itself invertible. Then
likewise C~! = A=1(A")~L. For simplicity we will write B = (A?)~L.
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oc(u) = )+ (u, x)) (3.19)

d"xex
(27) "/2\/det / P

(27r)"/2 m / dn xeXp( (Bz, Bx) (u,x))

(Bx — Au, Bx — Au) +

l\’)l»—t

- GV [ e ( (u u))

B eXp( (u, Cu))
©(2m)/2/det C

— exp (%(u Cu)) ,

where in the last line we used that the domain of integration in the
integral is invariant under translation (in the case when w is real; if u is

l\DIH l\DIH MI»—* L\DI>—‘

(z — Cu,C~ (xC’u)))

complex, we use in addition Cauchy’s theorem).
We set that the computation reduces to the completion of the square.
Now it is easy to compute the correlation function. Clearly,
2

dugduy

This establishes (i). (ii) is now quite simple. To compute the Laplace
I =

EX, X, =

Qﬁc(’d = 0) = Cg,k.

transform of the vector X, ¢ € I, we just need to set u = u! where u
0, if ¢ & I. The result is precisely the Laplace transform of a Gaussian
vector with covariance C!. Since the Laplace transform determines the
distribution uniquely, (ii) follows. O

This result if very encouraging for the prospect of defining Gaussian
vectors. If we can specify an infinite dimensional positive matrix, C' then
all its finite dimensional sub-matrices, C7, I € F(N), are positive and
the ensuing family of finite dimensional distributions are Gaussian dis-
tributions that do satisfy the consistency requirements of Kolmogorov’s
theorem! The result is:

Theorem 3.3.8 Let C be a positive quadratic form on RY. Then there
ezists a unique Gaussian process with index set N, state space R, such

that, for all any finite J C N, the marginal distributions are |J|-dimensional

Gaussian vectors with covariance C”.

Thus the trick is to construct positive quadratic forms. Of course
is easy to guess a few by going the other way, and using independent
Gaussian random variables as building blocks:
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E.g. Let X,,, n € N be independent, identically distributed Gaussian
random variables with mean zero and variance o2. Set Z, = >_;_; Xp.
Then

mAn mAn

EZ, Z = zn:EXi ixj = Z EX? = Z 02 = Chym.
i=1 j=1 i=1

i=1

Thus the quadratic form C,, ,, = qun 0’j2- is apparently positive. In
fact, if u, € RY,

mAn

(u, Cu) = Z Up U, Z U?

n,meN 1=1
2
=2 01D um D un
€N m>1 n>i
2

:ZU? Zum > 0.

€N m>i

Now we have seen that in the construction of stochastic processes,
the fact to have discrete time did not appear (so far) to much of an
advantage. Thus the above example may make us courageous to attempt
to define a Gaussian process on R,. To this end, define the function

C(t,s) =tAs. (3.20)

What we have to check is that, for any J € F(R), the restriction of C
to a quadratic form on R” is positive. But indeed,

(tAs) S
Z upus(t A s) = Z utus/ . dr :/ dr Z ug | > 0.
0 0

t,seJ t,seJ teJ,t>r

Thus all finite dimensional distributions exist as Gaussian vectors, and
the compatibility conditions are trivially satisfied. Therefore there exists
a Gaussian process on Ry with this covariance. This process is called
“Brownian motion”. Note, however, that this constructs this process
only in the product topology, which does not yet yield any nice path
properties. We will later see that this process can actually be constructed
on the space of continuous functions, and this object will then more
properly called Brownian motion.

Exercise. Let Xj,k € N, be independent Gaussian random variables
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with mean zero and variance 02 = 1. Define, for n € N, and ¢ € [0, 1],

nt|

[
Zn(t) = % > X,
k=1

where [-] denotes the largest integer smaller than -. Show that

(i) Z,(t) is a stochastic process with indexset [0, 1] and state space R.
(ii) Compute the covariance, Cy,, of Z,, and show that for any I € F([0,1]),
Cl — O where C(s,t) = s At.
(iii) Show that the finite dimensional distributions of the processes Z,
converge, as n T 0o, to those of the “Brownian motion” defined above.
(iv) Show that the results (i) — (#i7) remain true if instead of requiring that
the X} are Gaussian we just assume that their variance equals to 1.

Note that to prove (iv), you need to prove the multi-dimensional ana-
logue of the central limit theorem. This requires, however, little more
than an adaptation of the notation from the standard CLT in dimension
one.

3.3.3 Markov processes

Gaussian processes were build from independent random variables us-
ing densities. Another important way to construct non-trivial processes
uses conditional probabilities. Markov processes are the most prominent
examples. In the case of Markov processes we really think of the index
set, N or R;, as time. The process X; then shall have two properties:
first, it should be causal, i.e. we want an expression for the law of X,
given the o-algebra F;_1 = 0(Xs, s < t); second, we want this law to be
forgetful of the past: if we know the position (value; we will think mostly
of a Markov process as a “particle” moving around in S) of X at some
time s < ¢, then the law of X; should be independent of the positions of
Xg with s’ < s. In a way, Markov processes are meant be the stochastic
analogues of deterministic evolution (differential equations).

To set such a process up, let us consider the (much simpler) case of
discrete time, i.e. I = Ny (we always want zero in our index set as). The
main building block for a Markov chain is then the so called (one-step)
transition kernel, P : Ny x S x B — [0, 1], with the following properties:

(i) For each t € Ny and 2 € S, P;(x,-) is a probability measure on (S, 55).
(ii) For each A € B, and t € Ny, P;(+, A) is a B-measurable function on S.



3.3 Fxamples of stochastic processes 53

Then, a stochastic process X with state space S and index set Ny is
a discrete time Markov process with law P, if, for all A € B, t € N,

P(Xt S A|}},1)(w) = 'Ptfl(thl(w), A),P — a.s.. (321)

The remarkable thing is that this requirement fixes the law P up to one
more probability measure on (S, B), the so-called initial distribution, po.

Theorem 3.3.9 Let (S, B) be a Polish space, let P be a transition kernel
and po an probability measure on (S,B). Then there exists a unique
stochastic process satisfying (3.21) and P(Xo € A) = po(A), for all A.

Proof. 1In view of the Kolmogorov-Daniell theorem, we have to show
that our requirements fix all finite dimensional distributions, and that
these satisfy the compatibility conditions. This is more a problem of
notation than anything else. We will need to be able to derive formulas
for

P(th S An,...,th S Al)
To get started, we consider
P (X € AlFy),

s < t. To do this, we use that by the elementary properties of conditional
expectations (we drop the a.s.) that applies to all equations relating to
conditional expectations),

P (X, € A|F,) = E[P (X, € A|Fi_1)|F] (3.22)
= E [Pi—1(Xe-1(w), A)| 7]

_E {E [ / Pt_l(:vt_l,A)Pt_g(Xt_g(w),dxt_1)|}'t_2] IJ-'S]

= /,Pt—l(xt—la AYPy_a(ri—2,dxi—1) ...
o Psi1(@si1, drsi2)Ps(Xs(w), drsin).
We will set
P1(Ax)) = /7),5_1(:1:,5_1, A)YPi_o(wt—o,dxi—1) ... (3.23)
oo Po1(@si1, drsy2)Ps(x, drgyq)

and call P, ; the transition kernel from time s to time ¢. With this object
defines, we can now proceed to more complicated expressions:
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P(X:, € Ap,..., Xy, € 4y)
E [P(th € A|‘7:tn71)]IAn71(thfl) s ]IAn—l(th—l)]
=K [E I:Ptnflytn (th71aAn)|‘Ftn71] ]IAnfl(thfl) v ]IAI (th)]

E(E

/ Pyt (-1, An) Pry o (Xt o (W), dy 1) Fr, o | X
An—l

- / Po o (@ne A / Po vt s(ngydTns)...
Ay A, —2

/ Pt1,tz (ml,dl'g)/Ptho(mo,dl'l)PQ(de). (324)
Ay

Thus, we have the desired expression of the marginal distributions in
terms of the transition kernel P and the initial distribution FPy. The
compatibility relations follow from the following obvious, but important
property of the transition kernels.

Lemma 3.3.10 The transition kernels P;  satisfy the Chapman-Kolmogorov
equations: For anyt >r > s,

Psi(A,x)) = /Pr,t(y,A)Ps,r(x,dy). (3.25)

Proof. This is obvious from the definition. 1

The proof of the compatibility relations is now also obvious; if some
of the A; are equal to S, we can use (3.25) and recover the expressions
for the lower dimensional marginals. OJ

Exercise. Consider the Brownian motion process from the last sub-
section. Show that this process is Markov in the sense that all finite
dimensional distributions satisfy the Markov property. Hint: Let J =
tp > tp—1 > -+ > t1. Show that the family of random variables Y,, =
X, — Xt 1, Xe, 1, X+, ,,..., Xy, are jointly Gaussian, and that Y, is

independent of the o-algebra generated by Xy, ,,...,X:,. To do this

L
compute the covariance matrix of the new family.
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3.3.4 Gibbs measures

As an aside, I will briefly explain another important way to construct
stochastic processes with the help of conditional expectations and den-
sities, that is central in statistical mechanics. It is particularly useful in
the setting where I is not an ordered set, the most prominent example
is I = 7.

In order not to introduce too much notation, I will stick to a simple
example, the so-called Ising-model. In this case, S = {—1,1}. The prin-
ciple object is family of functions, Hy : Szt R, called Hamiltonians,
that are defined for every finite A C Z%, and are given by

Hy(X)=-8 > XX;J;. (3.26)
i,jivViEA
Using this function, we will construct a family of probability kerners,
1A, that have the following properties:

(i) For each y € SZd, ua(+,7) is a probability measure on SZd;
(ii) Foreach A € B~ jp (4, ") is a Fac-measurable function, where Fpe =
o(Xi,i € A°);
(iii) for any pair of volumes, A, A’, with A C A/, and any A € BZd,

/,uA(z,A),uAr (x,dz) = par(x, A). (3.27)

We will indeed give an explicit formula for ps:

A Zml ieA ]I(Imy/\c)EAeiHA((zMyAC))
pa(4,y) = S ep e HAEAuA)

(3.28)

It is easily checked that this expression indeed defines a kernel with
properties (i) and (ii). An expresssion of this type is called a local Gibbs
specification.

Now we see that the properties of these kernels are reminiscent of
those of regular conditional probabilities.

One defines the notion of a Gibbs measure as follows:

Definition 3.3.2 A probability measure on SZ" is called a Gibbs mea-
sures, if and only if, for any finite A C Z?, the kernel u, is a regular
conditional probabilty for p given Fje.

More specifically, if the kernel is the Gibbs specification (3.28), it
will be called a Gibbs measures for the d-dimensional Ising model at
temperature 1.

One can proof that such Gibbs measures exist; for this one shows that
any accumulation point of a sequence pa,, (-, ), where A, 1 Z¢ is any
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increasing sequence of volumes that converges to Z? (in the sense, that,
for any finite A, there exists ng, such that, for all n > ng, A C A,),
will be a Gibbs measure. This is relatively straightforward, by writing
euation (3.27) for a sequence of volumes A,, 1 Z%:

[ s An, (o 2) = a2 4)

If pa,, conveges weakly to some measure (i, then the right-hand side con-
verges to p(A). The left-hand side will converge to [ pa(z, A)p(z,dz),
since one can easily see that ua(z, A) is a continuous function, if A is a
cylinder event (in fact, in our example, it is a local function on a discrete
space). But then p satisfies the desired properties of a Gibbs measure.

The existence of accumulation points is then guaranteed by the fact
that S%° is compact (Tychonov, since S = {—1,1} is compact), and
that the set of probability measures over a compact space is compact.
What makes this setting interesting is that there is no general uniqueness
result. In fact, if d > 2, and 8 > S, for a certain ., then it is known
that there exists more than one Gibbs measure. This mathematical fact
is connected to the physical phenomenon of a so-called phase transition,
and this is what makes the study of Gibbs measures so interesting. For
deeper material on Gibbs measures see [3, 12, 6].
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Martingales

In this chapter we introduce the fundamental con-
cept of martingales, which will keep playing a central
role in our investigation of stochastic processes. Mar-
tingales are “truly random” stochastic processes, in the
sense that their observation in the past does not allow
for useful prediction of the future. By useful we mean

here that no gambling strategies can be devised that :
would allow for systematic gains. In this chapter we will always assume
that random variables take values in R, unless specified otherwise. The
treatment of martingales follows largely the book of Rogers and Williams
[11], with the exception of a section on the central limit theorem, which
is inspired by [2].

4.1 Definitions

We begin by formally introducing the notion of a filtration of a o-algebra
that we have already briefly encountered in the context of Markov pro-
cesses. We remain in the context of discrete index sets.

Definition 4.1.1 Let (2, F) be a measurable space. A family of sub-
o-algebras, {F,,,n € Ny} of F that satisfies

]-‘oc]ic--~c-~~]-'ooa<U]-‘n>c]-', (4.1)
n€eNg

is called a filtration of the o-algebra F. We call a quadruple (Q, F, P, {F,,,n €
Np}) a filtered (probability) space.

In this chapter we will henceforth always assume that we are given a
filtered space.

57
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Filtrations and stochastic processes are closely linked. We will see
that this goes in two ways.

Definition 4.1.2 A stochastic process, {X,,,n € Ny}, is called adapted
to the filtration {F,,n € Ny}, if, for every n, X,, is F,-measurable.

Now the other direction:

Definition 4.1.3 Let {X,,,n € Ng} be a stochastic process on (2, F, P).
The natural filtration, {W,,,n € Ny} with respect to X is the smallest
filtration such that X is adapted to it, that is,

W, = o(Xo, ..., Xn). (4.2)

We see that the basic idea of the natural filtration is that functions of
the process that are measurable with respect to W,, depend only on the
observations of the process up to time n.

We now define martingales.

Definition 4.1.4 A stochastic process, X, on a filtered space is called
a martingale, if and only if the following hold:

(i) The process X is adapted to the filtration {F,,n € Ng};
(ii) For all n € Ny, E|X,,| < oc;
(iii) For all n € N,

E(Xn|]:n—1) = Xn_l, a.s.. (43)

If (i) and (ii) hold, but instead to (iii), it is only true that E(X,,|F,—_1) >
X1, respectively E(X,,|F,-1) < X,,—1, then the process X is called a
sub-martingale, respectively a super-martingale.

It is clear that the property (iii) is what makes martingales special:
intuitively, it means that the best guess for what X, could be, knowing
what happened up to time n — 1 is simply X,,_1. No prediction on the
direction of change is possible.

We will now head for the fundamental theorem concerning the impos-
sibility of winning systems in games build on martingales.

To put us into the gambling mood, we think of the increments of the
process, Y, = X,, — X,,_1, as the result of (not necessarily independent
games (Examples: (i) Coin tosses, or (ii) the daily increase of the price
of a stock). We are allowed to bet on the outcome in the following way:
at each moment in time, n — 1, we choose a number C,, € R. Then our
wealth will increase by the amount C},Y,,, i.e. the wealth process, W,, is
given by W,, = Y1, C,)Y,, (Example: (i) in the coin toss, case, chose
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C), > 0 means to bet on head (= {Y;, = +1}) an amount C,,, and C,, <0
means to bet on the outcome tails (= {Y,, = —1}) the amount —C,; (ii)
in the stock case, C), represents the amount of stock an investor decides
to hold at time n — 1 up to time n (here negative values can be realised
by short-selling).

The choice of the C), is done knowing the process up to time n — 1.
This justifies the following definition.

Definition 4.1.5 A stochastic process {Cy,,n € N} is called previsible,
if, for all n € N, C,, is F,,_1-measurable.

Given an adapted stochastic process, X and a previsible process C,
we can define the wealth process

W, = ch(xk — Xp_1) = (C o X),. (4.4)
k=1
Definition 4.1.6 The process (C'eX) is called the martingale transform
of X by C or the discrete stochastic integral of C' with respect to X.

Now we can formulate the general “no-system” theorem for martin-
gales:

Theorem 4.1.1(7) Let C' be a bounded non-negative previsible process
such that there exists K < oo, such that, for all n, and all w € €,
|Ch(w)| < K. Let X be a supermartingale. Then C o X is a super-
martingale that vanishes for n = 0.

(i1) Let C be a bounded previsible process (boundedness as above) and X
be a martingale. Then C o X is a martingale that vanishes at zero.

(iii) Both in (i) and (i), the condition of boundedness can be replaced by
C, € L2, if also X, € L.

Remark 4.1.1 In terms of gambling, (i) says that, if the underlying
process has a tendency to fall, then playing against the trend (“investing
in a falling stock”) leads to a wealth process that tends to fall. On the
other hand, (ii) says that, if the underlying process X is a martingale,
then no matter what strategy you use, the wealth process has mean zero.

Proof. The proofs are excessively simple. We have that W,, — W,,_; =
Cn(X,, — Xp—1). Then

E(Wn — Wn_1|.7:n_1) = CnE(Xn — Xn_1|]:n_1), (4.5)

by Lemma 2.2.4. If X is a martingale, the conditional expectation on
the right is zero, so E(W,, = W,, —1|F,—1) = 0, and W is a martingale. If
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X is a supermartingale, the conditional expectation is non-positive and
this remains true for the product, if C), is non-negative. This proves (i)
and (ii). We leave (iii) as an exercise. O

The quantities Y,, = X,, — X,,_1 are called martingale differences. A
sequence S, = Y_;_, Y, where E(Y,|F,_1) = 0 is called a martingale
difference sequence. If Y, are square integrable, then the variance of a
martingale difference sequence satisfies

ES2 =Y EY;. (4.6)
k=1

Some examples. A canonical way to construct a martingale is to take
any random variable, X, on a filtered probability space, (2, F,P), and
to define

X, = E[X|F,.].
Then, by the properties of conditional expectation,
E[Xy|Fn-1] = E[E[X|F][Frn-1] = E[X|Fp-1] = X1, a.8.

In this case, we should expect that lim, o0 Xn = X, a.s..
Another example is a Markov chain whose transition kernel has the
property that

/acP(y,dx) _y

In particular, sums of iid random variables with mean zero are martin-
gales.

4.2 Upcrossings and convergence

Consider an interval [a,b]. We want to count the number of times a
process crosses this interval from below. We will say that an upcrossing
of [a,b] occurs between times s and ¢, if Xy < a,X; > b, and Vs <
r < t,X, € [a,b]. Given N and X, we denote by Un (X, [a,b])(w) the
number of uprossings in the time interval [0, N].

We will now consider a (obviously) previsible process constructed as
follows:

C1=1Ixyca; Cn=1¢, ,—1lx, ,<p+ 1o, —0lx, ,<q, forn>2.
(4.7)
This process represents a “winning” strategy: wait until the process
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(say, price of ....) drops below a. Buy the stock, and hold it until its
price exceeds b; sell, wait until the price drops below a, and so on. Our
wealth processis W =C e X.

Now each time there is an upcrossing of [a, b] we win at least (b — a).
Thus, at time N, we have

WNZ (b—a)UN(X, [a,b])—|XN—a|IIXN<a, (48)

where the last term count is the maximum loss that we could have
incurred if we are invested at time N and the price is below a.

Naive intuition would suggest that in the long run, the first term
must win. Our theorem above says that this is false, if we are in a fair
or disadvantageous game (that is, in practice, always).

Theorem 4.2.2 [Doob’s upcrossing lemma] Let X be a supermartingale
and Uyn as above. Then

(b—a)EUN(X,[a,b]) <E(|Xn —a|Ixy<a)- (4.9)

Proof. C'is a bounded, non-negative previsible process, so (i) of Theo-
rem 4.1.1 implies that W is supermartingale with W = 0. This implies
immediately the claim. O

The result has the following, quite remarkable consequence:

Corollary 4.2.3 Let X,, be a L'-bounded supermartingale, i.e. such
that sup,, E| X,,| < co. Then, for any interval [a,b], define Uso (X, [a, b]) =
limy 40 Un (X, [a,b]). Then

(b — a)EUx (X, [a,b]) < a+supE|X,,| < cc. (4.10)
In particular, P(Us (X, [a,b])) = 00) = 0.

Proof. FExercise! [

This is quite impressive: a (super) martingale that is integrable cannot
cross any interval infinitely often. The next result is even more striking,
and in fact one of the most important results about martingales.

Theorem 4.2.4 [Doob’s supermartingale convergence theorem] Let X,
be a L'-bounded supermartingale (i.e. sup, E|X,| < co). Then, almost
surely, Xoo = limppoc Xy exists and is a finite random variable.
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Proof. Define

A ={w: X, (w)does not converge to a limit in [—oo, +00]} (4.11)
= {w : limsup X,,(w) > liminf X, (w)}
= U {w : limsup X,,(w) > b > a > liminf X,,(w)} = U Ao
a<beQ a<beQ
But:
Aoy C{w: Ux(X, [a,b])(w) = co}. (4.12)

Therefore, by Corollary 4.2.3, P(Aq,) = 0, and thus also P(U, - peq Aap) =
0, since countable unions of null-sets are null-sets.

Thus the limit of X, exists in [—o0, co] with probability one. It re-
mains to show that it is finite. To do this, we use Fatou’s lemma:

E|Xoo| = E[liminf | X,|] <liminf E|X,,| < supE|X,,| < cc. (4.13)
So X is almost surely finite. O

Doob’s convergence theorem implies that positive supermartingale al-
ways converge a.s.. This is because the supermartingale property ensures
in this case that E|X,,| = EX,, < EXj, so the uniform boundedness in
L' is always guaranteed.

Our next result gives a sharp criterion for convergence that brings to
light the importance of the notion of the uniform integrability.

Theorem 4.2.5 Let X be a L'-bounded supermartingale, so that, by
Theorem 4.2.4 lim, X,, = X exists a.s.. Then X, = Xoo in LY, if
and only if the sequence {X,,,n € No} is uniformly integrable. Then, for
n € Ny,

E(Xoo|Fn) < X, as. (4.14)

with equality holding if X is a martingale.

Proof.  The first statement follows from Theorem 1.4.15. Now for
m >n, and all F € F,, E(X,,|F) <E(X,|F). Letting m tend to infin-
ity, and using L'-convergence, lim,, 100 E(Xon|F) > E(limppeo Xom|F) =
E(Xo|F), we obtain (4.14). [l

A martingale with the property that there exists integrable X, such
that X,, = E(X|Fy) is called a closed martingale. The same applies to
super (sub) martingales upon appropriate modification of the equality
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relation. The preceding theorem thus says in particular that (sup,super)
martingales that are uniformly integrable and converge a.s. are closed.

The martingales of our first example are by definition closed. The
next result implies that such martingales converge almost surely and in
L', To show this, we need yet another result of Doob that implies the
uniform integrability of conditional expectations.

Theorem 4.2.6 Let X be an absolutely integrable random wvariable on
some probability space (Q, F,P). Then the family
{E(X|G) : G is a sub-c-algebra of F} (4.15)

is uniformly integrable.

Proof. Since X is absolutely integrable, for any ¢ > 0, we can find 6 > 0
such that, if F' € F with P(F) < ¢, then E(X1Tp) < e. Let such e and
§ be given. Choose K such that K~'E|X| < §. Let now G C F be a
o-algebra, and let Y be a version of E(X|G). Then Jensen’s inequality
for conditional expectations implies that

Y] <E(]X]|G), as.
Now by Chebeychev, KP(|Y| > K) < E|Y| < E|X|. Thus P([Y] >
K) < 6. Moreover, since the event {|Y| > K} € G, we can argue that
E(Y[Ty> k) < E(E(X[|G)Ty> k) = E(E(X [Ty~ x)]G))
=E(X|Ly>x)) <e
This is the uniform integrability property we want to prove. O

Theorem 4.2.7 Let £ be an absolutely integrable random variable on a
filtered probability space (Q, F,P,{F,,n € No}). Define X,, = E(§|Fy),
a.s.. Then X, is a uniformly integrable martingale and

X, = Xoo = E(¢|F), (4.16)
almost surely and in L.
Proof. X, is a £L'-bounded martingale by the properties of conditional
expectations. The proceedings Theorem 4.2.6 implies that X,, is uni-

formly integrable. Thus X, converges almost surely and in £!. We
have to show the last equality in (4.16). For any n, and any F' € F,,,

and so E(E({|Fx)Ir) = E(Xo I p) for any F in the m-system UnGNg Fn
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that generates the o-algebra Fo,. The claim follows from the definition
of conditional expectation. O

Note that, when F = Fo, the theorem says that E(X|F,) — &.
An application of this result is Kolmogorov’s 0 — 1 law.

Theorem 4.2.8 Let X,,,n € N be a sequence of independent random
variables. Define Tp = 0(Xny1, Xny2,...) and T =\, ey Tn. Then, if
FeT,P(F)e{0,1}.

Proof. Let F,, = 0(X1,...,X,). Let FF € T, and n = Tp. Since 7 is
bounded and F,-measurable, the preceding theorem tells us that
n=E(n|Fx) =limE(n|F,), as.

Now 7 is T,,-measurable for each n and hence independent of F,,. Thus,
for any n

E(n|Fn) = En =P(F), as.

and so n = P(F), a.s.. But n takes only the values 0 and 1, being an
indicator function. Thus P(F') € {0, 1}, proving the theorem. O

The next theorem relates to filtrations to the infinite past. It is called
the Lévy-Doob downward theorem. It is somehow an inverted version
of the upward theorem.

Theorem 4.2.9 Let (0, F,P) be a probability space, and let {G_,,n €
N} be a collection of sub-c-algebras of F such that, for all k,n € N,

Goo=(1G4CCGn1CGnC--CG 1. (4.17)

keN

Let {X_,,n € N} be a supermartingale relative to {G_,,,n € N}, i.e.
E(X_n|G—m) < X_pm, as.

Jor m > n. Assume that sup,~; EX_,, < oo. Then the process X is
uniformly integrable and the limit

X =I1lmX_,
ntoo
erists a.s. and in L'. Moreover,
E(X 1[G o) < X oo, 5.

with equality in the martingale case.
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Remark 4.2.1 Note that the limit we are considering here is really
quite different form the one in the previous convergence theorems. We
are really looking backward in time: as n tends to infinity, X_,, is mea-
surable with respect to smaller and smaller o-algebras, contrary to the
usual X, that depend on more information. Therefore, while a con-
vergent martingale X,, can converge to a constant only if the entire
sequence is a constant, but usually is a random variable, a convergent
X_, has a much better chance to converge to a real constant. We will
see shortly why this can be used to prove things like the strong law of
large numbers.

Proof.  The nice thing about the upcrossing theorem is that it also
provides a proof of the convergence of X_,,. In fact, just as before, if
E|X_1| is bounded, it follows that the number of upcrossings of any [a, b]
by the process X_,, is a.s. finite. Therefore the limit exists in [—o0, o0].
The finiteness then follows since the condition sup,, EX_,, < oo, and the
supermartingale property imply that co > EX_ > EX_; > —oc. This
implies that X_ is finite almost surely.

Thus we just need to prove uniform integrability to obtain conver-
gence in £'. Now we know that EX_,, is monotone increasing, and
limy1o0 EX_,, < 00. Thus, for any € > 0, there is £ € N, such that

0<EX_, —EX_j <¢/2, (4.18)
for all n > k. Now, for such n, k, and A\ > 0,

E(|an|]I|X,n\>x\) = 7E(an]IX7n<f)\) + Ean - E(an]Ianﬁ)\)
<-E(X iy, «on) FEX_, —E(X_p0x ,<x)

where we used the supermartingale property to replace n by k. Next we
can replace EX_,, by EX_j with an error of at most ¢/2, after which
the right-hand side reproduces the left hand one with n replaced by k
in the first place, i.e.

B(IX nTx_,15>2) S E(Xk[Mx_,152) +€/2. (4.19)

Since X _j is absolutely integrable, there exists § > 0 such that for all
F with

P(F) <= E(|X_¢|Ip) <e€/2. (4.20)

But P(|X_,| > \) < A7'E|X_,|. Tocontrol E|X_,|, set X~ = max(—X,0),
and write

E|X_,| =EX_, +2EX",.
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But X~ is a submartingale, and so

E|X_,| <supEX_, +2EX",. (4.21)
Thus we can choose K < oo such that

P(IX_n| > K) <6, ifn >k, (4.22)
E(IX—j|Tjx_;>K) <€ if j <k

(for the second we just use the integrability for the finitely many values
of 4; for the first we use the uniform bound (4.21)). Then the first
inequalities imply that E(|X_,|Ijx_, |>x) < € for n >k via (4.19) and
the implication (4.20). This proves the uniform integrability. ]

As an application we give a new proof of Kolmogorov’s Law of Large
Numbers.

Theorem 4.2.10 Let X,,,n € N be iid random variables with E| X, | <
oo. Let p =EX,. Set S, =>." | Xn. Then

n~tS, — u, (4.23)

a.s. and in L.

Proof. Define G_,, = 0(Sn, Sn+1,-..,). Then, for n > 1,

E(X1|G-n) = E(X2|G—p) = -+ = E(X,|G—n) = n 'E(Sn|G—pn) =n 'Sy, as.
(4.24)
The reason for these equalities is simply that knowing something about
the sums S, Sp+1, etc. effects the expectation of the X, £ < n all in
the same way: we could simply re-label the first indices without chang-
ing anything. Thus L_, = n~'9, is a martingale as in the preceding
theorem, and thus L = lim,100 L, exists a.s.
But clearly we also have, for any finite k, that L = limytoo 7™ (Xgq1+
-+ ++X,+k), which means that L is measurable with respect to 7y, for any
k. Now Kolmogorov’s zero-one law implies that, for any ¢, P(L < ¢) €
{0,1}. Since as a function of ¢ this is monotone and right-continuous,
there must be exactly one ¢, such that P(L = ¢) = 1. Then EL = ¢. But
EL_, = u, for all n, so ¢ = pu. [l

The proof above shows some of the power of martingales!
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4.3 Inequalities

In this section we derive some fundamental inequalities for martingales.
One of the most useful ones is the following mazximum inequality.

Theorem 4.3.11 Let Z be a non-negative submartingale. Then, for
c>0, andn €N,
clP (max Zy, > c> <E (Zn]lmaxkgn ZkZC) <EZ,. (4.25)

k<n

Remark 4.3.1 You may recall a similar result for sums of iid random
variables as Kolmogorov’s inequality. The estimate is extremely power-
ful, since it gives the same estimate for the probability of the maximum
to exceed ¢ as Chebeychev’s inequality would give for just the endpoint!

Proof. Define the sequence of disjoint events Fy = {Zy > ¢},

F = ﬂ{Ze<c}ﬁ{ZkZc}:{w:min(ﬁgn:XZZC):k}.
o (4.26)

Then
= {sup Zp>c) = U Fy. (4.27)
k=0

Clearly, the events Fj, € Fi. Moreover, on Fy; we know that Z; > c.
Thus

E(Zn]lpk) Z E(Zk]lpk) Z CP(Fk) (428)

Here the first inequality used of course the submartingale property of Z.
Thus

E(ZnF) =Y E(Zu1g,) > cY P(Fy) = cP(F). (4.29)
k=0 k=0
This implies the assertion of the theorem. ]

Note that if M, is a martingale and f a convex function, then f(M,,) is
a submartingale. This allows to obtain many useful inequalities from the
oneof Theorem 4.3.11! In particular, Kolmogorov’s inequality follows by
chosing f(X) = X?. Other useful choices are the exponential function.

Our next target is Doob’s LP inequality. The next lemma is a first
step in this direction.

Lemma 4.3.12 Let X and Y be non-negative random variables such
that, for all ¢ >0,
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P(X >c) <EYIx>.). (4.30)
Then, forp>1and g ' =1—p~!

7

X1 < allYllp- (4.31)
Proof. By our hypothesis, it holds that
L= / pcP TIP(X > ¢)de < / pcp_QIE(Y]IXZC)dc =R.
0 0

Using Fubini’s theorem for non-negative integrands, we can write

L= /OOO pcP~1 (/Q ]Ixzc(w)]P’(dw)) de
_ /Q ( /O e pcpldc> Pldo) = | X(w)B(dy) = EX.

Starting from the right-hand side, we can perform the same calculation,
and derive that

R = qE(XPTY) < ql[Y [, XP7 g,
where the second inequality is just Holder’s inequality. Then
EX? < q[[Y[ll|X77 g (4.32)
Assume that ||Y||, and || X4 are finite. Clearly, (p — 1)g = p, and so

/q_

1
XY, = (EX’J(P*U) (EXP)Y/9

Therefore (4.32) reads
XI5 < allY Il 1X 12/,

or | X|lp < q|lY]lp, as claimed. If || X]|, = oo, one derives the inequality
first for X A n, and then uses monotone convergence. This proves the
lemma. Ol

We can now formulate Doob’s LP-inequality.
Theorem 4.3.13 Letp > 1andq ' =1—p~'. Let Z be a non-negative
submartingale bounded in LP, and define

Z* = sup Zy. (4.33)
keNy

Then Z* € LP, and
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1Z*]lp < q sup ([ Znl|p- (4.34)
neNp

The limit, Zoo = liMy100 Zyp, exists a.s. and in LP, and

| Zosollp < sup [ Znllp = lim [|Zy||,. (4.35)
n€eNg nfoo

If Z is of the form Z = |M|, where M is a martingale bounded in L?,
then Mso = limp1oo M, exists a.s. and in LP, and Zoo = |[Ms|, a.s..

Proof.  Define Z; = supy<, Zx. Theorem 4.3.11 and Lemma 4.3.12
imply that

1Z2llp < all Znllp < gsup || Zk |-
k<n

Using the monotone convergence theorem, we get (4.34). Now —Z is
a supermartingale bounded in £P, and hence in £!, it follows that Z.
exists a.s.. But

|Zoo — Zp|P < (max(Zoo, Z))P < (Z°)P € L1,

so that, by Lebesgue’s dominated convergence theorem, E|Z, — Z, [P —
0, i.e. X, = X in LP.

The last assertion in (4.35) follows since by Jensen’s inequality and
the submartingale property

EZL > E(E(Z|Fu1) > E (E(Zu| Fuen)” 2 EZ2_,,

n

and so ||Z,]|, is a non-decreasing sequence. The remaining assertions
are straightforward. Il

4.4 Doob decomposition

One of the games when dealing with stochastic processes is to “extract
the martingale part”. There are several such decompositions, but the
following Doob decomposition is very important and its continuous time
analogue will be fundamental for the theory of stochastic integration.

Theorem 4.4.14(i) Let {X,,,n € Ny} be an adapted process on a fil-
tered space (Q, F,P;{F,,n € No}) with X, € L' for all n. Then X
can be written in the form!

1 To make sure that there is no confusion about notation: the following equation is
to be understood in the sense that Xg = Xp, and forn > 1, X,, = Xo+ M, + An.
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X=Xo+M+A, (4.36)

where M is a martingale with My = 0 and A is a previsible process
with Ag = 0. This decomposition is unique modulo indistinguishabil-
ity, i.e. if for some other M', A', X = Xo+ M' + A’, then

P(M, = M., A, = A, ,¥n € N) = 1.

(i) The process X is a submartingale, if and only if A is an increasing
process in the sense that

P(A, < A,41,VneN) = 1.
Proof. The proof is unsurprisingly very easy. All we need to do is to

derive explicit formulae for M and A. Now assume that a decomposition
of the claimed form exists. Then

E((Xn - Xn—1)|]:n—1) = E((Mn - Mn—1)|]:n—1) + E((An - An—1)|]:n—1)

=0+A,— A1 (4.37)
by the martingale and predictability properties. Therefore
Ap =Y B((Xx — Xp-1)|Fr1), as. (4.38)
k=1

So now just define A, by (4.38), and M, by M, = X,, — Xo — A,.
Clearly M is then a martingale, and A is by construction predictable.
This ends the proof of (i). The assertion of (ii) is obvious from (4.37).

O

An immediate application of the decomposition theorem is a maxi-
mum inequality without positivity assumption.

Lemma 4.4.15 If X is either a submartingale or a supermartingale
then, forn € N and ¢ > 0,

cP <sup | X%| > 30> < A4E|Xy| + 3E|X,|. (4.39)
k<n

Proof. We consider the case when X is a submartingale, the case of the
supermartingale is identical by passing to —X. Then there is a Doob
decomposition

X=Xo+M+A
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with A an increasing process. Thus

sup | Xg| < |Xo| + sup | Mg| + sup |Ag| = | Xo| + sup | Mk| + A,,.
k<n k<n k<n k<n

Note that |M| is a non-negative submartingale, so for the supremum of
| M};| we can use Theorem (4.3.11). We use the simple observation that,
if x +y+ 2z > 3¢, then at least one of the x,y, z must exceed c¢. Thus,

cP (21<1p | X5| > 3c> < P(|Xo| > ¢) +cP (21<1p | M| > c) + cP(A, > ¢)
. < E|Xo| + E|M,| + EA, (4.40)
Now
E|M,| =E|X, — Xo — A,| < E|X,| + E|Xo| + EA,
and
EA, = E(X, — Xo — My) = E(X,, — Xo) < E|X,| + E|Xo|.
Inserting these two bounds into (4.40) gives the claimed inequality. [

The Doob decomposition gives rise to two important derived processes
associated to a martingale, M, the bracket, (M), and [M].

Definition 4.4.1 Let M be a martingale in £? with My = 0. Then M?
is a submartingale with Doob decomposition

M? =N + (M),

where N is a martingale that vanishes at zero and (M) is a previsible
process that vanishes at zero. The process (M) is called the bracket of
M.

Note that boundedness in £ of (M) is equivalent to boundedness in
L2 of M.

From the formulas associated with the Doob decomposition, we derive
that

<M>n - <M>nfl - E((Mg - Mg—l)u:nfl) - E((Mn - Mnfl)2|]:nfl)-
(4.41)

Definition 4.4.2 Let M be as before. We define

n

(Ml = (My, — My_1)>. (4.42)
k=1
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Lemma 4.4.16 If M is as before,
M? —[M]=V = (CeM), (4.43)

where Cp, = 2M,,_1. V is a martingale. If M is bounded in L%, then V
is bounded in L.

Proof. Exercise! O

4.5 A discrete time It6 formula.

We will now give in some way a justification of the name “discrete
stochastic integral” for the martingale tranform. We consider a mar-
tingale M zero in zero and a function F' : R — R. We want to consider
the process F(My) and ask whether we can represent F'(M;) — F(0)
as a “stochastic integral. Since we have called C' @ M a stochastic in-
tegral, we might expect that this formula could simply read F(My) =
(F" o X)p + F(My), as in the usual fundamental theorem of calculus,
but this will not turn out to be the case in general.

Let us consider the situation when the increments of M; are getting
very small; the idea here is that the spacings between consecutive times
are really small. So we introduce parameter ¢ > 0 that will later tend
to zero, while we think that T = e 'C. We will also assume that
E(M; — M;—1)?> = O(e). In this situation we can expand in Taylor
series, assuming that F' will be a smooth function:

F(My) = F(My_1) + (My — My_1)F'(M,_1) (4.44)

+%F”(MT—1)(MT —Mr_1)>+0 ((MT — MT—1)3)

where we assume that
EO (Mr — Mr_1)*) < Ke¥/2,

and therefore TEO ((MT fMT,1)3) < Ke'/? | 0, so that as ¢ | 0
these error terms will be negligible (and will henceforth not be written
anymore). Now we may iterate this proceedure to obtain

T
F(Mr) = F(Mo) + > F'(My_1)(M; — M, ) (4.45)
1 . t=1
5 D F (M) (My = Mya)? + O(e ),

This expression looks almost like the Doob decomposition of the process
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F (M), except that the last term is not exactly predictable. In fact, from
the Doob decomposition, we would instead expect a predictible term of
the form

> F'(My)E [(My — My_1)?|Foa] (4.46)

However, under reasonable assumptions (on F' and on the behaviour of
the increments of the martingale M), the martingale

T
Ar = Z F"(My—1) (My — My—1)> —E [(My — My—1)*|Fe—1])
t=1
satisfies EA%Z = O(e), and is therefore negligible in our approximation.
This implies the discrete version of Ité’s formula:
T
F(Myp) = F(Mo) + > F'(My_1)(M; — M;_y) (4.47)

t=1

+% > (M )E [(My — My 1)?|Fyoa] + O(?).

t=1

4.6 Central limit theorem for martingales

One important further result for martingales concerns central limit the-
orems. There are various different formulations of such theorems. We
will present one which emphasises the role of the bracket.

Theorem 4.6.17 Let M be a martingale with My = 0. Set s2 =
E[M], =Y 0 | E(M;—M;_1)?. Assume that s;,? maxy<n, E(Mg—Mj_1)?
0, and that, for all € > 0,

5,2 ZE [(My — Me—1)*Tjag,— ey >esn |[Fr—1] 4 0, a.s. (4.48)
k=1
Then, if (M), /s — 1 in probability, then
sy M, — N(0,1) (4.49)

in distribution.

Remark 4.6.1 Condition (4.48) is called the conditional Lindeberg con-
dition. In the case when M, = S, = 2?21 X; with independent cen-
tered random variables X;, (4.48) reduces to the usual Lindeberg con-
dition
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sn7 ) B [XiT g ses,] 40, (4.50)
k=1

Moreover, in that case E[M],, =< M >,,, and so condition (4.49) is triv-
ially verified. Thus the above theorem implies the usual CLT for sums
of independent random variables under the weakest possible conditions.

Proof. The proof will use characteristic functions. We know that (4.49)
will hold, if and only if, for all u € R,

lim Ee'sn Mn = ¢=u°/2, (4.51)

ntoo

Let us set Yy, = My, — My_1. Things are a little tricky, and the following
decomposition is quite helpful:

‘E [eius;IIV[n o €7§:|
i

<E Hl _ ey Min -
We want to show that both terms converge to zero as n 1T co. For the first
2
(M)

(4.52)

ool ’LL2 . 1.
one, this is quite clear from the fact that e2*# " '" — e’ in probability,

provided that
(M), /s2 < C < 0 (4.53)
We will deal with this condition later. Let us now deal with the second

term.
Then we write

u2

2
jus,, ' My, M), n (ms*YH“—E[Yﬂﬁ, ])
Eezusn +23%< ) ) eEk,l n 252 [ 1 (454>
n =1 2 2
iusy Vit 2 EIV21F )
—fe [ L)
k=1
s u? n-1 s~ L u? 2
—ElE |:ezusn1Yn,+252L]E[Y3]:n1]‘]__”_1:| H e(zusn Y;d-ﬁ]E[Yk |]-'k1]>‘|
k=1

Note that in the last lines we have inserted the conditional expectation
with respect to F,_1 and pulled the F,,_i-measurable functions as far
as possible.
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Let us now work these conditional expectations up one after the other.
We use that

le®® — 1 —juz 4+ u?x? /2| = | Ry (ux)| < min(u?z?, |ul?®|z|?),
and
u?z?/2 2,2 _ 2,2 4 _4 u*z?/2
e —1—u®2%/2| = |Ra(u®2?)| <wu'oe .
To keep notation tractable, define 02 = E(Y,2|F,,_1). Then

1 u?
E =E|1+dus, Y, - —
e +wus,, 252

-1 w2 2
|: ius;, Yn,+25% ]E[Yn|.7:n71]} Yng +R1(8;1UYn)

2
U
2y 3.3 2
+@Jn+w s, >+ Yo, —
n

2
Y202 + U—JQRl(us;IYn)

252 "
fnl]

ul
1
4s7
u2

R 2 2 2 1 . 71Yn*
+Ra(u O’n/Sn)( +ius, 252

Y2+ Ry (us,'Y,))

ut s u o, -1
— @Ynon + —o0, Ri(us, " Yy,)
n

=1+E
+ 252"

Ry(s,, 1uYn)

’U,Q

2 2,2
+Ra(u O’n/Sn)(l — 252

Y2+ Ri(us,'Yy)) | Faoa

2 2
W R2<u2oi/si>)

2
2s7,

=1+ E[Ri(s;, ' u¥y)|Fr-1) (1 +

2 2 2 2
—u2;21" (UQ;" + Rg(u2ai/si)) . (4.55)
Here we used that 0721 is F,—_i1-measurable and can be treated like a
constant in the conditional expectation. The term 1 is just what we
want. All other terms are are really small, even then summed up in the
course of the iteration later on. To see how to deal with them we use
the following properties:

(i) of < €*s2 +E[Y, )y, |>e0, | Fn—1]. Both these terms will be nice:
the first is order 2, and the second is controlled by the Lindeberg
condition (4.48).

(ii) o7/s2 is sumable over k. Thus this bound will be kept together
witn e-terms produced using (i).

(iii) 02/s2 < C. This bound is applied where exp(u?02 /2s2) appears
in Ry, as well as to replace any useless powers of o2 that may be
around.
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(iv) Finally, by a similar decomposition
min (Y2 {[ul®/s3], u?Y2/52) (456)
= min (|Y;2||ul?/s3,v*Y,2/s2) (L, |<cs, + Djy, ses.)

<Y ul/s0 My, <es, + UPY52 /52Ty, >es,

Y?
3°-n 2v2 /.2
< 6|ru’| 52 +u Yn/sn]I\Yn|>esn
n

and so

2
a.
B[Ry (Vo /0) Fa-a]l < €22 ul® + w25, 2E [V2 My, 2, | P ]

n

(4.57)
Using these estimates, we arrive at the following result.
Lemma 4.6.18
‘EeiusnanJr;‘;%(l\/I)n B Eeiusgan,1+%<I\/I)n,1 (4.58)

< (o /sp((L+ [ule) + E [V Ny, e, [ Fa1])
X (1 + 2u%C + 2u4026“20/2) eCv*/2

Proof. Insert the estimate (4.55) into (4.54) The term “1” produces
the “n —17-term in (4.58). Use the estimates from the list above in the
error terms, and use the fact that

ius L u?
ezusn Mn—l“l'QS% (M)n-1 < eu2c/2.

O

To conclude the proof under the hypothesis (4.53), we now have to just
iterate. This yields

P u_2
‘Eel“% Mt (M _ 1‘ (4.59)

E (eluloi/sz +E Y7Ly >es, ’fk,l}) |u26“2CC’

M=

<

el
Il

1

< GC|U| + ZE [YIS]I\YHZESTL ’]:k_l}> u2C/eu2C.
k=1

The Lindeberg type term tends to zero, as n goes to infinity, and the

other term can be made arbitrarily small by choosing ¢ as small as

desired. This shows proves the CLT under the hypothesis (4.53).
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Finally we deal with the boundedness assumption (4.53). Define
Apm ={we Q5,230 | EYi|Fro1] < C. Of coures, P(A,, ,,) bounds
the probabilities P(A,, ), m < n from below, and lim,4o P(A4y.) = 1.
Notice that ZZI:lE [Yk2|}“k,1} is Fm—1 measurable, and hence so is
T4, .. Thus, if we set Z,, ,,, = Vi, M4, ., it holds that E[Z,, .| Fr—1] =
0 for all m < n. Thus the variables {Z,, ,,,m < n}, for fixed n, form a
martingale difference sequence (which can be extended to an infinite se-
quence by setting Z,, ,, = 0,m > n). Since |Z,, | < |Y], all the proper-
ties used in the calculations above carry over to the Z,, ,,. Therefore, re-
peating the calculations above with M,, replaced by Z/W\n =3 Znm,
we find that

lim E [e“ﬁn} = e u"/2, (4.60)
Finally,
lim B[] = lim E [ 14, ] + lim E [ e | (4.61)
= liTm E [emﬁ" ]IAn,n:| +0
— lim E [eiuﬂn} — lim E [ei“m T }
ntoo ntoo ™.
=e /2 .
This concludes the proof of the theorem. 1

Remark 4.6.2 It is obvious from the proof that the result has an imme-
diate extension to triangular arrays of martingale difference sequences,
like M.

Very similar computations like those presented above play an impor-
tant role in what is called the concentration of measure phenomenon.
Without going into too many details, let me briefly describe this. The
setting one is considering is the following. We have n independent, iden-
tically distributed random variables, X1, ..., X,,, assumed to have mean
zero, variance one, and to satisfy, e.g. Ee"Xi < oo, for all u € R. Let
f:R™ = R be a differentiable function that satisfies

<1.

——(x1,...,2n)

ka

Set F' = f(Xi,...,X,). Then one can show that for some constant,
C >0,

n
sup sup
k=1 z€R™

an

P(|F —EF| > pn) < 2e” 30 . (4.62)
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The proof relies on the exponential Markov inequality, that states that
P(F —EF >np) < iggeft”pEet(FfEF).
t>

The trick is to compute the Laplace transform, i.e. to show that

Eet(F-EF) ethC/Q

(and not, as one might worry, of order exp(n?)!!).
To do this, one writes F' — EF as a martingale difference sequence
with respect to the filtration generated by the random variables X;:

F—EF =Y (E(F|F) — E(F|Fi_1)). (4.63)
k=1

The computations one has to do are quite similar to those we have
perfored in the proof of the central limit theorem. There is one small
trick that is useful to use: Set F“ = f(Xy,...,uXk, Xkt1,..-Xn) -
Then

1 1
d 0
F—FOZ/ dud—F“:/ duXka—f(Xl,...,uXk,Xk_,_l,...Xn)
0 0 Lk

U

and
E[F|Fi] — E[F|Fi_] = /1d E|Lrr| —E| Lz
k k—1] = o U du k du k—1
= E[Zk|Fi] — E[Zk|Fr-1], (4.64)
where |Zj;| < | Xj|. Hence
E (eA(E(F‘]:k)_]E(Fl}—k—l)) 1 A (E(F|F) — E(F|Fi_1)) }]:k_l)
< NE |(B(F|F) — E(F|Fi1))® MEAITD-BEIRDI 7]
<\2C (4.65)

by the assumption on the law of X;. We leave the remaining details of
the calculation as an exercise. For more on concentration of measure,
see e.g. [8,9].

4.7 Stopping times, optional stopping
In a stochastic process we often want to consider random times that are
determined by the occurrence of a particular event. If this event depends
only on what happens “in the past”, we call it a stopping time. Stopping
times are nice, since we can determine there occurrence as we observe
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the process; hence, if we are only interested in them, we can stop the
process at this moment, hence the name.

Definition 4.7.1 A map 7: Q — Ny U {+o0} is called a stopping time
(with respect to a filtration {F,,n € No}), if, for all n € Ny U {400},
(T =n} € F. (4.66)

Example. The most important examples of stopping times are hitting
time. Let X be an adapted process, and let B € B. Define

B Einf{f>02Xt EB}
Then 75 is a stopping time. To see this, note that, if n € N.
{rB=n} ={w: X,(w) € B, X}(w) # B,Y0O < k <n}.

This event is manifestly in F,,. The event {75 = oo} occurs if {X,, &
B,Vn € N} C F.

In principle all stopping times can be realised as first hitting times of
some process. To do so, define

1, ifn>T(w),

0, otherwise.

Ii7 00y (n,w) = {

This process is adapted, and T' = 7.
It is sometimes very convenient to have the notion of a o-algebra of
events that take place before a stopping time.

Definition 4.7.2 The pre-T-c-algebra, Fr, is the set of events F' C ),
such that, for all n € Ng U {400},

Fn{T <n}eF,. (4.67)

Pre-T-o-algebras will play an important role in formulation the strong
Markov property.
There are some useful elementary facts associated with this concept.

Lemma 4.7.19 Let S, T be stopping times. Then:

(i) If X is an adapted process, then Xr is Fr-measurable.
(i) If S < T, then Fg C Fr.
(iii) Fras = FrNFs.
() If F € Fgyr, then FN{S <T} € Fr.

(’U) ]:SVT = O’(]:T,]:5>.

Proof. FExercise. [
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We now return to our gambling mode. We consider a supermartingale
X and we want to play a strategy, C', that depends of a stopping time,
T: say, we keep one unit of stock until the random time 7. Then

Cn = C,?; = ]InST-
Note that C7 is a previsible process. Namely,
{Cr =0} ={T"<n-1} € Fp_u,

and since CT" only takes the two values 0, 1, this suffices to show that
CI' ¢ F,_1. The wealth process associated to this strategy is then

(CT e X),, = Xppn — Xo.
If we define the stopped process X7, via
X (W) = Xr(w)an (@),
we have alternatively
CTeX =X" — Xo.

Since C7 is positive and bounded, Theorem 4.1.1, (i), implies the fol-
lowing;:

Theorem 4.7.20(i) If X is a supermartingale and T is a stopping time,
then the stopped process, X = {X7an,n € Ng}, is a supermartingale.
In particular, for all n € N,

EX7An < EXp. (4.68)

(ii) If X is a martingale and T is a stopping time, then XT is a martin-
gale. In particular

EX71An = EXp. (4.69)

Proof. TImmediate from Theorem 4.1.1, (i). O

This theorem is disappointing news for whose who might have hoped
to reach a certain gain by playing until they have won a preset sum of
money, and stopping then. In a martingale setting, the sure gain that
will occur if this stopping time is reached before time n is offset by the
expected loss, if the target has not yet been reached.

Note, however, that the theorem does not assert that EXp < EXj.
The following theorem, called Doob’s Optional Stopping Theorem, gives
conditions under which even that holds.
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Theorem 4.7.21(i) Let T be a stopping time, and let X be a super-
martingale. Then, X is integrable and

EX7 < EXo, (4.70)

if one of the following conditions holds:

(a) T is bounded (i.e. there exists N € N, s.t. VyeqT (w) < N);
(b) X is bounded, and T is a.s. finite;
(¢) ET < oo, and, for some K < oo,

X (w) — Xno1(w)] < K, (4.71)

for allm € Nyw € Q.
(ii) If X is a martingale, then in any of the situations above EXp = EX,.

Remark 4.7.1 This theorem may look strange, and contradict the “no
strategy” idea: take a simple random walk, S,, (i.e. a series of fair
games, and define a stopping time 7' = inf{n : S,, = 10}. Then clearly
Xr =10 # EXy = 0! So we conclude, using (c), that ET' = +o0. In
fact, the “sure” gain if we achieve our goal is offset by the fact that on
average, it takes infinitely long to reach it (of course, most games will
end quickly, but chances are that some may take very very long!

Proof. We already know that EX, 7 —EXy <0 for all n € N. Consider
case (a). Then we know that TAN =T, and so EXy = EXpany < EXj,
as claimed.

In case (b), we start from EX,,n7 —EXy < 0 and let n 1 co. Since T is

almost surely finite, limy1oc Xpar = X7, a.s., and since X, is uniformly
bounded,

hTm EXT/\n =K l%rm XT/\n = EXT,

which implies the result.
In the last case, (c), we observe that

TAn

Z(Xk — Xi—1)

k=1

| X1An — Xo| = < KT,

and by assumption EKXT < co. Thus, we can again take the limit n 1 oo
and use Lebesgue’s dominated convergence theorem to justify that the
inequality survives.

Finally, to justify (ii), use that if X is a martingale, then both X
and —X are supermartingales. The ensuing two inequalities imply the
desired equality. |
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Case (c) in the above theorem is certainly the most frequent situation
one may hope to be in. For this it is good to know how to show that
ET < oo, if that is the case. The following lemma states that this is
always the case, whenever, eventually, the probability that the event
leading to T is reasonably big.

Lemma 4.7.22 Suppose that T is a stopping time and that there exists
N € N and € > 0, such that, for all n € N,

P(T <n-+ N|F,) > ¢, as. (4.72)
Then ET < oo.

Proof. Consider P (T > kN). Clearly we can write

P(T > kN) = E (Ipso—1ynIr>in) (4.73)
=E (E (Irs—1)n Irsin | Fe—1)n))
=E (Ir>—1)NE (Trsin | F—1)n))
< (1= OE (Irs k-1)n)
< (1—-of,

by iteration. The exponential decay of the probability implies the finite-
ness of the expectation of T imediately. ]

Finally we state Doob’s supermartingale inequatlities for non-negative
supermartingales.

Theorem 4.7.23 Let X be non-negative supermartingale and T a stop-
ping time. Then
EXr <EXjy. (4.74)

Moreover, for any ¢ > 0,

clP (sup X > c) < EXp. (4.75)
k

Proof. We know that EXpx, < EXjy. Using Fatou’s lemma allows to
pass to the limit n 1 co. For (4.74), set T = inf{n : X,, > ¢}. Clearly
Xr > ¢, if sup, Xi > ¢, and zero else. Thus EXy > P (sup, Xy > ¢),
and (4.75) follows from (4.74). O
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Markov processes

We have seen the definition and construction of discrete time Markov
chains already in Chapter 3. Markov chains are among the most im-
portant stochastic processes that are used to model real live phenomena
that involve disorder. This is because the construction of these processes
is very much adapted to our thinking about such processes. Moreover,
Markov processes can be very easily implemented in numerical algo-
rithms. This allows to numerically simulate even very complicated sys-
tems. We will always imagine a Markov process as a “particle” moving
around in state space; mind, however, that these “particles” can repre-
sent all kinds of very complicated things, once we allow the state space
to be sufficiently general. In this section, S will always be a complete
separable metric space.

5.1 Markov processes with stationary transition probabilities

In general, we call a stochastic process whose index set supports the
action of a group (or semi-group) stationary (with respect to the action
of this (semi) group, if all finite dimensional distributions are invariant
under the simultaneous shift of all time-indices. Specifically, if our index
sets, I, are Ry or Z, resp. N, then a stochastic process is stationary if
forall €N, s1,...,sp€l,all Ay..., Ay € B,and all t € I,

PXs, €A4y,...,X;, € 4] =P[Xs 1€ A1,..., Xg,e € 4. (5.1)

We can express this also as follows: Define the shift 6, for any ¢t € I, as
(X 06;), = X¢1s. Then X is stationary, if and only if, for all ¢t € I, the
processes X and X o 6; have the same finite dimensional distributions.

In the case of Markov processes, a necessary (but not sufficient) condi-
tion for stationarity is the stationarity of the transitions kernels. Recall

83
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that we have defined the one-step transition kernel P; of a Markov pro-
cess in Section 3.3.

Definition 5.1.1 A Markov process with discrete time Ny and state
space S is said to have stationary transition probabilities (kernels), if
it’s one step transition kernel, Py, is independent of ¢, i.e. there exists a
probability kernel, P(z, A), s.t.

Pt(zaA) = P(va)a (52)
forallt e N,z €S, and A € B.

Remark 5.1.1 With the notation P for the trantions kernel from
time s to time ¢, we could alternatively state that a Markov process has
stationary transition probabilities (kernels), if there exists a family of
transition kernels P;(z, A), s.t.

P (x,A) = P_s(z, A), (5.3)

forall s <t € N, x € §, and A € B. Note that there is a potental
conflict of notation between P; and P; which should not be confused.

A key concept for Markov chains with stationary transition kernels is
the notion of an invariant distribution.

Definition 5.1.2 Let P be the transition kernel of a Markov chain with
stationary transition kernels. Then a probability measure, 7, on (S, B)
is called an invariant (probability) distribution, if

m(dx)P(x, A) = w(A), (5.4)

for all A € B. More generally, a positive, >-finite measure, 7, satisfying
(5.4), is called an invariant measure.

Lemma 5.1.1 A Markov chain with stationary probability kernels and
initial distribution Py = mw is a stationary stochastic process, if and only
if ™ is an invariant probability distribution.

Proof. FExercise. [

In the case when the state space, S, is finite, we have seen that there
is always at least one invariant measure, which then can be chosen to be
a probability measure. In the case of general state spaces, while there
still will always be an invariant measure (through a generalisation of the
Perron-Frobenius theorem to the operator setting), there appears a new
issue, namely whether there is an invariant measure that is finite, viz.
whether there exists a invariant probability distribution.
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5.2 The strong Markov property

The setting of Markov processes is very much suitable for the application
of the notions of stopping times introduced in the last section. In fact,
one of the very important properties of Markov processes is the fact that
we can split expectations between past and future also at random times.

Theorem 5.2.2 Let X be a Markov process with stationary transition
kernels. Let F,, be a filtration such that X is adapted, and let T be a
stopping time. Let F' and G be F-measurable functions, and let F' in
addition be measurable with respect to the pre-T-o-algebra Fr. Then

E [Ir<oo FG 0 07| Fo] = E [Ir< oo FE' [G|Fj] (X1)| Fo] (5.5)

where B/ and refers to an independent copy, X', of the Markov chain X .

Proof. We have

E[l7<oc FG o 07|Fo] (5.6)
= [E []IT<ooFG o 9T|]:T] |]:0]
=E 7« FE [G o 07| Fr] | Fo] -

Now E [G o 07| Fr] depends only on X1 and by stationarity is equal to
E' [G|Fy] (Xr), which yields the claim of the theorem. O

5.3 Markov processes and martingales

We now want to develop some theory that will be more important and
more difficult in the continuous time case. First we want to see how the
transition kernels can be seen as operators acting on spaces of measures
respectively spaces of function.

If p is a o-finite measure on S, and P is a Markov transition kernel,
we define the measure uP as

uP(4) = [ Pla. Ayiuta), (5.7)
and similarly, for the t-step transition kernel, P,

B (4) = /S Py(, A)du(z). (5.8)

By the Markov property, we have of course the
HP(A) = pP'(A). (5.9)
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The action on measures has of course the following natural interpretation
in terms of the process: if P(Xg € A) = u(A), then

w( Xy € A) = pP(A). (5.10)
Alternatively, if f is a bounded, measurable function on S, we define
/ f(y)P(z,dy), (5.11)
and
where again
P,f =P'f. (5.13)

We say that P, is a semi-group acting on the space of measures, respec-
tively on the space of bounded measurable functions. The interpretation
of the action on functions is given as follows.

Lemma 5.3.3 Let P; be a Markov semi-group acting on bounded mea-
surable functions f. Then

(Pef) (@) = E(f(Xe)[Fo) (x) = Ea f(X3). (5.14)
Proof. We only need to show this for t = 1. Then, by definition,
1000 = [ WP € aniFle) = [ )Py,
O
Notice that, by telescopic expansion, we have the elementary formula

—1 t—1
Pf—f=)Y P(P-Mf=> P.Lf, (5.15)
s=0 s=0

where we call L = P — T the (discrete) generator of our Markov process
(this formula will have a complete analogon in the continuous-time case).
An interesting consequence is the following observation:

Lemma 5.3.4 [Discrete time martingale problem]. Let L be the genera-
tor of a Markov process, Xy, and let f be a bounded measurable function.
Then

M, = F(X,) ~ f(Xo) ~ 3 LF(X.) (5.16)
s=0
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is a martingale.

Proof. Let t,r > 0. Then

t+r—1
E(Miyr|Ft) = E(f (Xetr)|F2) — E(f(Xo)|F) — E(Lf(Xs)|Ft)
s=0
= P"f(Xt) — f(Xe) + [(Xy) — f(Xo)
t+r—1 t—1
- Z E(Lf(Xs)F) — ) E(Lf(Xs)|F)
s=t s=0
— F(X) — F(X0) — S (LA(X)
s=0

+PTf(X2) = f(X0) = > PT(LF(Xe)
s=0
— M, +0. (5.17)
This proves the lemma. [

Remark 5.3.1 (5.16) is of course the Doob decomposition of the pro-
cess f(Xy), since ZZ;E Lf(X) is a previsible process. One may check
that this can be obtained directly using the formula (4.38) [Exercise!].

What is important about this observation is that it gives rise to a
characterisation of the generator that will be extremely useful in the
general continuous time setting.

Namely, one can ask whether the requirement that M; be a martingale
given a family of pairs (f, Lf) characterises fully a Markov process.

Theorem 5.3.5 Let X be a discrete time stochastic process on a fil-
tered space such that X is adapted. Then X is a Markov process with
transition kernel P = T + L, if and only if, for all bounded measur-
able functions, f, the expression on the right-hand side of (5.16) is a
martingale.

Proof. Lemma 5.3.4 already provides the “only if” part, so it remains
to show the “if” part.

First, if we assume that X is a Markov process, setting r = 1 above and
taking conditional expectations given JFy, we see that Ef(X1)— f(Xo) =
(Lf)(Xo), implying that the transition kernel must be T+ L.
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It remains to show that X is indeed a Markov process. To see this,
we just use the above calculation to see that

E(f(Xt4r)|Ft) = E(Mi4r| F2) + f(Xo)

t—1 t+r—1
+> (LX) Z E((Lf)(X:)|F)
s=0
t—1 t+r—1
= M, + f(Xo)+ > _(Lf Z E((Lf)(X)|F)
s=0
:f(Xt>+iE<<Lf><Xt+s>|ft> (5.18)
s=0

Now let again » = 1. Then

E(f(Xir1)IF) = F(X0) + (LF(Xe) = (T + L) f)(Xe) = PF(X),
(5.19)

In view of the definition of discrete time Markov processes, chosing f =
T4, for A € B(S5), this gives (3.21), and hence X is a Markov process.
Thus the theorem is proven. O

In view of continuous time Markov processes it is, however, instructive
to see that we can also derive easily the more general fomula

E(f(Xets)|F) = (T+ L)*f(Xy) = P*f(Xy), (5.20)

from the martingale problem. We have seen that it holds for s = 1; Now
proceed by induction: assume that it holds for all bounded measurable
functions for s < r — 1. We must show that it then also holds for s = r.
To do this, we use (5.18) and use the induction hypothesis for the terms
in the sum (where s <r — 1) with f replaced by Lf. This gives

I
-

T

E(f(Xegr)|Fe) = f(Xe) + ) (W+ L) Lf)(Xy) (5.21)

s=

O

= f(X0) +Z (T4 L)*(L+ 1) f)(X:) = (T + L)* f)(X0))
s=0

= ((T+L)"f) (Xy),
as claimed. Hence (5.20) holds for all s, by induction.

Remark 5.3.2 The full strength of this theorem will come out in the
continuous time case, where it remains valid. A crucial point is that it
will not be necessary to even consider all bounded functions, but just
sufficiently rich classes. This allows to formulate martingale problems
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even then one cannot write down the generator in a explicit form. The
idea of characterising Markov processes by the associated martingale
problem goes back to Stroock and Varadhan, see [13].

5.4 Harmonic functions and martingales

We have seen that measures that satisfy uL = 0 are of special impor-
tance in the theory of Markov processes. Also of central importance are
functions that satisfy Lf = 0. In this section we will assume that the
transition kernels of our Markov chains have bounded support, so that
for some K < o0, | X141 — Xy| < K < oo for all ¢.

Definition 5.4.1 Let L be the generator of a Markov process. A mea-
surable function that satisfies

Lf(z)=0,Yz € S, (5.22)

is called a harmonic function. A function is called subharmonic (resp.
superharmonic, if Lf > 0, resp. Lf < 0.

Theorem 5.4.6 Let X; be a Markov process with generator L. Then,
a non-negative function f is

(i) harmonic, if and only if f(X:) is a martingale;
(i1) subharmonic, if and only if f(X:) is a submartingale;
(iii) superharmonic, if and only if f(X:) is a supermartingale;

Proof. Simply use Lemma 5.3.4. O

Remark 5.4.1 Theorem 5.4.6 establishes a profound relationship be-
tween potential theory and martingales. It also explains, the strange
choice of super and sub in martingale theory.

A nice application of the preceeding result is the maximum principle.

Theorem 5.4.7 Let X be a Markov process and let D be a bounded
open domain such that Etpe < oco. Assume that f is a non-negative
subharmonic function on D. Then

sup f(z) < sup f(). (5.23)
zeD xeDe

Proof. Let us define T = 7pe. Then f(X7) is a submartingale, and
thus
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E (f(X7)|Fo) (x) > f(z). (5.24)
Since X1 € D¢, it must be true that
sup f(y) = E(f(X7)|Fo) (z) = f(2), (5.25)

yeD,

for all x € D, hence the claim of the theorem. Of course we used again
the Doob’s optional stopping theorem in case (i,c). O

The theorem an be phrased as saying that (sub) harmonic functions
take on their maximum on the boundary, since of course the set D¢ in
(5.23) can be replaced by a subset, 0D C D¢ such that P,(Xp € 0D) =
1. The above proof is an example of how intrinsically analytic results
can be proven with probabilistic means. The next section will further
develop this theme.

5.5 Dirichlet problems

Let us now consider a connected bounded open subset of S. We define
the stopping time T' = 7pe = inf{t > 0: X; € D°}.

If ¢ is a measurable function on D, we consider the Dirichlet problem
associated to a generator, L, of a Markov process, X:

—(Lf)(z) =g(z), z€D, (5.26)
fx)=0, zeD".

Theorem 5.5.8 Assume the ET < co. Then (5.26) has a unique solu-
tion given by

flz) =E <z_: g(Xt)\fo> () (5.27)

t=0

Proof. Consider the martingale M; from Lemma 5.3.4. We know from
Theorem 4.7.20 that M7 is also a martingale. Moreover,

_ T—1
Mr = f(X7) — Z LE)(X1) = 0— f(Xo) = Y (LX)
t=0 t=0

(5.28)
But we want f such that —Lf = g on D. Thus, (5.28) seen as a problem

for f, reads
T—1

My = —f(Xo) + Y, 9(X2). (5.29)

t=0
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Taking expectations conditioned on Fy, yields

T—1
o=—ﬂxw+E<§ijmﬂJ, (5.30)

t=0
or

f@=&<iﬂ&0 (5.31)

Here we relied of course on Doob’s optimal stopping theorem for EMp =
0.

Thus any solution of the Dirichlet problem is given by (5.31). To
verify existence, we just need to check that (5.31) solves —Lf = g on D.
To do this we use the Markov property “backwards”, to see that

Pf(2) = PE, Za&ﬂ:mszaxﬂ (5.32)

We see that the Markov process produces a solution of the Dirchlet
problem. We can express the solution in terms of an integral kernel,
called the Green’s kernel, Gp(z, dy), as

T—1
f@=/&mmm@z&<ZMLO, (5.33)
t=0
or, in more explicite terms,
Gp(x,dy) =Y Pu(T > t)Ph(x,dy), (5.34)
t=0

where
PE(m,dy):/DP(x,dzl)/DP(zl,dZQ)/D.../DP(zt_l,dy). (5.35)

The preceding theorem has an obvious extension to more complicated
boundary value problems:

Theorem 5.5.9 Let D be as above, and let h be a bounded function on
D¢. Assume the ET < co. Then
T—1

t=0
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Then f is the unique solution of the Dirichlet problem

—(Lf)(z) =g(x), =x€D, (5.37)
f(z) = h(z), ze€ DC

Proof. Identical to the previous one. O

Theorem 5.5.9 is a two way game: it allows to produce solutions
of analytic problems in terms of stochastic processes, and it allows to
compute interesting probabilistic problems analytically. As an example,
assume that D¢ = AU B with AN B = (). Set h = M4. Then, clearly,
for x € D,

Eoh(X1) = Po(Xr € A) = Py(r4 < 75), (5.38)

and so P, (X7 € A) can be represented as the solution of the boundary
value problem

(Lf)(x) =0, wzeD, (5.39)
flx)y=1, x€A,
flx)=0, ze€B.

The is a generalisation of the ruin problem for the random walk that
we discussed in Probability 1.
Exercise. Derive the formula for P, (74 < 75) directly from the Markov
property without using Lemma 5.3.4.

5.6 Doob’s h-transform

Let us consider a discrete time Markov process, X, with generator P —
1 given. We may want to consider modification of the process. One
important type of conditioning is that to reach some set in particular
places (e.g. consider a random walk in a finite interval; we may be
interested to consider this walk conditioned on the fact that it exits on a
specific side of the interval; this may correspond to consider a sequence
of games conditioned on the player to win).

How and when can we do this, and what is the nature of the resulting
process? In particular, is the resulting process again a Markov process,
and if so, what is its generator?

As an example, let us try to condition a Markov process to hit a
domain B for the first time in a subset A C B. We may assume that
Erp < co. Define h(x) = P,[ra = 78], if © ¢ B. Let P be the law of X.
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Let us define a new measure, P", on the space of paths as follows: If Y
is a Fy-measurable random variable, then

E"Y|Fo] = E[h(X:)Y | Fo)- (5.40)

h(Xo)
Lemma 5.6.10 With the notation above, if Y is a Fr,_1-measurable
function,

E2Y] = E,[Y|7a = 78]. (5.41)

Proof. This is an application of the strong Markov property. We have
by definition

EAY] = s Bl B(Xrp 1) (5.42)

1
= E. [VE _ (X, —
h(z) Z[ m[]ITA—TBU:O]( B 1)]
1
= — B, [V, 0,
h(x) [ A 1]
1
== 7]}31 Y]I‘r =TB
P.[ta = 5] Ve s=rs]

=E,[Y|ra = 78]

Here the first equality is just the definition of i and reproduces the form
of the right-hand side of the strong Markov property; the second equality
is the strong Markov property; the last equality uses that fact that the
event {T4 = 75} depends only on what happens after 75 — 1, and so
Uryerplrp—1 = Lry=rpy. 0

Let us now look at the transformed measure P" in the general case.
The first thing to check is of course whether this defines in a consistent
way a probability measure. Some thought shows that all that is to show
for this is the following lemma.

Lemma 5.6.11 Let Y be Fg-measurable. Then, for anyt > s,

E[L(X)Y|Fo] = ——ER(X)Y|R).  (5.43)

E" Y| %) = W)

h(Xo)

In particular, P*[Q|F] = 1.

Proof. Just introduce a conditional expectation:

E[R(X)Y | Fo] = E[E[R(X,)Y | Fs]| Fo] = E[YE[R(X¢)[F][Fol,  (5.44)
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and use that h(X;) is a martingale
— EYA(X,)|F0),
from which the result follows. O

This lemma shows in particular, why it is important that h be a
harmonic function.

Now we turn to the question of whether the law P" is a Markov chain.
To this end we turn to the martingale problem. We will show that there

exists a generator, L", such that
t7

Ml = f(Xy) = f(Xo) = Y (L"f)(X.) (5.45)

s=0

—

is a martingale under the law E", i.e. that, for ¢t > t/,
E" (M| Fu] = M. (5.46)

Note first that, by definition

EM (M} Fo] = h()l(t,)E[h(Xt)f(Xtﬂ}‘t,] ) - S (X
- i ﬁE[h(Xs)th(Xs)lft/]. (5.47)

The middle terms are part of M/} and we must consider E[f(X;)h(X,)|Fy].
This is done by applying the martingale problem for P and the function
fh. This yields

ELf (X0h(XOIFo] = F(Xe)h(Xe) + S BIL(FR)(X.) | Fo]

Inserting this in (5.47) gives
EMMAIF] = F(X0) — F(Xo) = S (LM)(XL)
s=0
+® ; [E[(L(fh)(X)|Fe] — E[R(Xs)L" f(X)|Fe]]
= M}
- h—()l(t,) > [BIL(fA)(X)|Fe] — E[M(Xo)L" f(X)| Fe]] -

s=t’
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The second term will vanish if we choose L" defined through Lf(z) =
h(z)HL(hf)) (@), ie.
1
L =—

Hence we see that under P", X solves the martingale problem corre-

/ P, dy)h(y)f () — f(x). (5.48)

sponding to the generator L", and so is a Markov chain with transition
kernel P" = L" 4 1. The process X under P" is called the (Doob)
h-transform of the original Markov process.

Exercise. As a simple example, consider a simple random walk on
{=N,=N +1,...,N}. Assume we want to condition this process on
hitting +/N before —N. Then let

h(z) = Pylrny = T(nyu{-n}] = Palry < 7-N].

Compute h(z) and use this to compute the transition rates of the h-
transformed walk? Plot the probabilities to jump down in the new
chain!

5.7 Markov chains with countable state space

The setting of discrete time Markov chains does in some sense not go
too well with general state spaces. In fact, in these cases, it is usually
more appropriate to consider continuous time. In this chapter we will
do three things. Here we provide some results on Markov chains with
countable state space, in particular introduce the notions of recurrence
and transience and disuss the existence and uniqueness of invariant dis-
tributions.

Much of the theory of Markov chains with countable state space is
similar to the case of finite state space. In particular, the notions of
communicating classes, irreducibility, and periodicity carry over. There
are, however, important new concepts in the case when the state space
is infinite. These are the notions of recurrence and transience. It will
be useful to use a notation close to the matrix notation of finite chains.
Thus we set

P(i,{j}) = p(i, j) (5.49)

We will place us in the setting of an irreducible Markov chain, i.e. the
all states in S communicate (i.e. for any i,j € S, Pj(r; < o0) > 0).
We may also for simplicity assume that our chain is aperiodic. In the
case of finite state space, we have seen that such chains are ergodic in
the sense that there exists a unique invariant probability distribution,
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and the marginal distributions at time ¢, converge to this distribution
independently of the starting measure. Essentially this is true because
the chain is trapped on the finite set. If S' is infinite, a new phenomenon
is possible: the chain may run “to infinity”.

Definition 5.7.1 Let X be an irreducible aperiodic Markov chain with
countable state space S. Then:

(i) X is called transient, if for any i € S,
Pi[m < o0] < 1; (5.50)

(i) X is called recurrent, if it is not transient.

(iii) X is called positive recurrent or ergodic, if, for all i € S,
E,T; < oo. (551)

Remark 5.7.1 The notion of recurrence and transience can be defined
for states rather than for the entire chain. In the case of irreducible and
aperiodic chains, all states have the same characteristics.

Some simple consequences of the definition are the following.

Lemma 5.7.12 Let X be a Markov chain with countable state space,
irreducible and aperiodic. Then X is transient, iff

Py [X; = £,1i.0] = 0. (5.52)

Positive recurrent chains are called ergodic, because they are ergodic
in the same sense as finite Markov chains.

Lemma 5.7.13 Let X positive recurrent Markov chain with countable
state space, S. Then, for any j,{ € S,

() = Pl T, (5:53)

18 the unique invariant probability distribution of X .
Proof.  Define vy(j) = E¢[> ;2 Ix,—;]. We show first that v is an

invariant measure. Obviously, 1 =3 ¢ 1x,  —m, and hence, using
the strong Markov property,
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Vg(j) = E@

Te Te
> ]Ixt—j] =K, [Z D Ty, thl—ml
t=1

meS t=1

- S Zﬁ&b%m&ﬂﬂlwm]

meS Lt=1

Te
= Z El Z]IXt,lzm
Lt=1

mesS

.
=Y Ee|d Txem
Lt=1

meS

= Z ve(m).P(m, j)

meS

p(m, j)

P(m, j)

Thus pe solves the invariance equation and thus is an invariant measure.
It remains to show that v, is normalizable. But

Z ve(j) = Epte < 00,

Jjex
by assumption. Thus v;(j)/ > ;cqve(i) = p(j) is an invariant probabil-
ity distribution.

Next we want to show uniqueness. Note first that for any irreducible
Markov chain (with discrete state space) it holds that, if y is an invariant
measure and p(i) = 0, for some ¢ € S, then p = 0. Namely, if for some
J»(4) > 0, then there exists ¢ finite such that Pf; > 0, and u(i) >
,u(j)Pfi > 0, in contradiction to the hypothesis.

We will now actually show that vy is the only invariant measure such
that v¢(¢) = 1 (which implies the desired uniqueness result immediately).
To do so, we will show that for any other invariant measure, v, such that
v(¢) = 1, we have that v(j) > ve(j) for all j. For then, v—y is a positive
invariant measure as well, and being zero in ¢, must vanish identically.
Hence v = vy.

Now we clearly have that

v(i) =Y (pGr, i)v(5) + p(L, i), (5.54)
J17#¢
since v(¢) = 1, by hypothesis. We want to think of p(¢,4) as
p(l,i) = Bp (Tr>1Mx, =) -

Now iterate the same relation in the first term in (5.54). Thus
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v(i) = D pla, j)p(n, v(i2) + Y p(l, j1)p(i, 1) + Be (T, 1 Tx, =)

J1,J27#L J1#L
2ATy
= > P2, 1)p(in, )v(jz) + Ee <Z HXS_Z->. (5.55)
Ji,J2#L s=1

Further iteration yields for any n € N

v(i)=" > plnrdn-1)-- P2, 51)p(r, D)v(in) + Eo <Z Hsz‘)

Ji,d2,--Jn#L s=1

nATe

> E, <Z Hxs—z‘> : (5.56)
s=1

This implies v(#) > ve(i), as desired, and the proof is complete. O

Corollary 5.7.14 An ergodic Markov chain satisfies
1
i) = . 5.57
1(5) E, (5.57)

Proof. Just set £ = j in the definition of u(j), and note that v;(j) =
E; Z?:l Ix,—2 = 1. O
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Random walks and Brownian motion

The goal of this chapter is to introduce Brownian motion as a contin-
uous time stochastic process with continuous paths and to explain its
connection to random walks through Donsker’s invariance principle.

6.1 Random walks

The innocent looking stochastic processes
Sn =) X, (6.1)
i=1

with X;,7 € N iid random variables are generally called random walks
and receive a considerable attention in probability theory. A special
case is the so-called simple random walk on Z%, characterized by the fact
that the random variables X; take values in the set of £ unit vectors
in the lattice Z?. Consequently, S, € Z%, is a stochastic process with
discrete state space. Obviously, S, is a Markov chain, and, moreover, the
coordinate processes, S¥, i = 1,...d, are sub-, super-, or martingales,
depending on whether EX/ is positive, negative, or zero.

Let us focus on the centered case, EX; = 0. In this case we have seen
that Z, =n~1239, converges in distribution to a Gaussian random vari-
able. By considering the process coordinate wise, it will also be enough
to think about d = 1. We now want to extend this result to a conver-
gence result on the level of stochastic process. That is, rather saying
something about the position of the random walk at a time n, we want
to trace the entire trajectories of the process and try give a description of
their statistical properties in terms of some limiting stochastic process.

It is rather clear from the central limit theorem that we must consider
a rescaling somewhat like

99
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Fig. 6.1. Paths of \/nZ,(t) for various values of n.

[th]
Zn(t) =02y X (6.2)
k=1

In that case we have from the central limit theorem, that for any ¢ €
(0,1],

Z,(t) B B,

([«] denotes the lower integer part of z) where By is a centered Gaussian
random variable with variance ¢. Moreover, for any finite collection of
indices t1,...,te, define Y,,(i) = Z,,(t;) — Zn(ti—1). Then the random
variables Y, (i) are independent and it is easy to see that they converge,
as n T oo, jointly to a family of independent centered Gaussian variables
with variances t; —t;_1. This implies that the finite dimensional distribu-
tions of the processes Z,(t),t € (0, 1], converge to the finite dimensional
distributions of the Gaussian process with covariance C(t,s) = t A s,
that we introduced in Section 3.3. and that we have preliminarily called
Brownian motion.

We now want to go a step further and discuss the properties of the
paths of our processes.

From looking at pictures, it is clear that the limiting process B; should
have rather continuous looking sample paths. In the way we defined
Zn(t), for each n fixed these processes have discontinuous paths with



6.2 Construction of Brownian motion 101
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Fig. 6.2. Paths of \/nS,(t) for various values of n.

1/2 This can easily be mended by considering the

jumps of size n~
piecewise linear continuous interpolation of Z,,, to be written formally

as

e k k+1
Su(t)=n"1" Z Tk /n<t<(k+1)/n ((ﬁ - 5))51@“ + (T — t) Sk) ,
k=0

(6.3)
We have now a sequence of processes with continuous sample paths, and
we should hope that the limit shares this property. On the other hand,
it is simple to see that the finite dimensional distributions of S,,(¢) have
the same limit as those of Z,,(¢).

6.2 Construction of Brownian motion
Before stating the desired convergence result, we have to define and

construct the limiting object, the Brownian motion.

Definition 6.2.1 A stochastic process {B; € Rt € R}, defined on a
probability space (Q, F,P), is called a d-dimensional Brownian motion
starting in 0, iff

(0) By =0, as..
(i) For any p € N, and any ty < t; < --- < t;,, the random variables
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By, By, — By ..., By, — By are independent and each By, — By, ,
is a centered Gaussian r.v. with variance t; — t;_1.
(ii) For any w € Q, the map ¢t — By(w) is continuous.

p—17

We now must proceed to the construction of B. The first property can,
as we have seen, be established with the help of Kolmogorov’s theorem.
The problem with this is that it constructs the process on the space
(RHE+ BR+(R?)); but the second requirement, the continuity of the
sample paths, is not a measurable property with respect to the product
o-algebra. Therefore, we have to proceed differently. In fact, we want
to construct Brownian motion as a random variable with values in the
space C(R,, R?).

Theorem 6.2.1 Brownian motion erists.

Proof. We consider the case d = 1, the extension to higher dimensions
will be trivial. We consider a probability space (2, F,P) on which an
infinite family of independent standard Gaussian random variables is
defined. We now define the so-called Haar-functions, k¥ on [0, 1] via

Ry(t) =1 (6.4)
h’fl(t) = 2n/2 []I[(Qk)g—n—l7(2k+1)2—n—1)(t) - ]I[(QkJrl)Q—n—l7(2k+2)2—n—1)(t):l
for k € {0,...,2" — 1}. The functions h*, n € Ny, k € {0,...,2" — 1}

no

form a complete orthonormal system of functions in L?([0,1]), as one
may easily check. Now set

FE(t) = / W (), (6.5)

and set

n 27m—1
B =33 )X (6.6)

m=0 k=0
for ¢t € [0,1], where X,,, , are our independent standard normal ran-
dom variables. We will show that (i) the continuous functions B(™ (w)
converge uniformly, almost surely, and hence to continuous functions,
and (ii) that the covariances of B(™) converge to the correct limit. The
limit, modified to be By(w) = 0 when B,g") (w) does not converge to a

continuous function, will then be BM on [0, 1].

Let us now prove (i). The point here is that, of course, that the

functions f¥(¢) are very small, namely,

[fr()] <270,
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Therefore,

P [ sup |B§") - Bgn_1)| > an} (6.7)
0<t<1

=P [2snu_p1 | X0 k| > 2(”+1)/2an]
k=0

< 2P [|Xpa] > 2020,
N e—aiQ" 2n/2€—ai2"

<2 = :
 V2ra,2mt1)/2 Vara,

where we used the very useful bounds for Gaussian probabilities

1 2 1 2
— e "2 (120" <PX >u] < —ut/2 6.8
’U,\/27Te ( “ ) =Pl ul = u 27re (6:8)

ﬁ

Now we are close to being done: Chose a sequence a,, such that > °  a, <
oo and

Z]P’ { sup |B™ — B" V| > an] < 0.

- o<t

Clearly, the choice a, = 2~/* will do. Then, by the Borel-Cantelli
lemma,

P { sup |B™ — B" Y| > q, i.o.] =0,
0<t<1

which implies that the sequence B(™ converges uniformly in the interval
[0,1] and since uniformly convergent sequences of continuous functions
converge to continuous functions, lim, e Bg") = B,(w) in C([0,1],R),
for almost all w.

To check (ii), we compute the covariances:
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EBVBM = 37 3 N N ) () E(X ok X i) (6.9)

Il
O\ 3
—
U
IS
U
<
=
S
=
~
=
(=}
&,
=
[
=
3%“
—~
S
>
33‘
=

1
= / duTljg 4 (U)H[Oﬁs] (u) =t As.
0

due to the ortho-normality of the system h~.
This provides B; on [0, 1]. To construct By for ¢ € (k, k+ 1], just take
k + 1 independent copies of the B we just constructed, via

k
By = ZBM + Brt1,t—k-
i=1
Finally, to construct d-dimensional Brownian motion, take d indepen-
dent copies of By, say By 1,...,Bq and let e#, p =1,...,d, be a or-
thonormal basis of R?. Then set

d
Bi=> e"By,. (6.10)
p=1

It is easily checked that this process is a Brownian motion in R?. This
concludes the existence proof. O

Having constructed the random variable B; in C'(R,, R?), we can now
define its distribution, the so-called Wiener measure.
For this is it useful to observe that

Lemma 6.2.2 The smallest o-algebra, C, on C(R,,R%) that makes all
coordinate functions, t — w(t), measurable coincides with the Borel-o-
algebra, B = B(C(R4,R%)), of the metrisable space C (R, R?) equipped
with the topology of uniform convergence on compact sets.

Proof.  First, C C B since all functions ¢ — w(t) are continuous and
hence measurable with respect to the Borel-o-algebra 5. To prove that
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B C C, we note that the topology of uniform convergence is equivalent
to the metric topology relative to the metric
d(w,w') = Z 27" sup (Jw(t) —w'(t)|A1). (6.11)
neN 0stsn
We thus have to show that any ball with respect to this distance is
measurable with respect to C. But since w are continuous functions,

sup (lw(t) —w'(t)|A1)= sup (Jw(t) —w'(t)[A1),
te[0,n] te[0,n]NQ

we see that e.g. the set d(w,0) < p is in fact in C. ]

Note that by construction, the map w — B(w) is measurable, since
the maps w — Bi(w) are measurable for all ¢, and by definition of C,
all coordinate maps B — B; are are measurable. Thus the following
definition makes sense.

Definition 6.2.2 Let B, a Brownian motion in R? defined on a prob-
ability space (£, F,P). The d-dimensional Wiener measure is the prob-
ability measure on (C(R4,R%), B(C(Ry,R%))) that is the image of P
under the map w — {By,t € R'}.

Note that uniqueness of the Wiener measure is a consequence of the
Kolmogorov-Daniell theorem, since we have already seen that the finite-
dimensional distributions are fixed by the prescription of the covariances,

(i).

6.3 Donsker’s invariance principle

We are now in the position to prove Donsker’s theorem.

Theorem 6.3.3 Let X; be independent, identically distributed random
variables with mean zero and variance one. Let S, (t) be as defined in

(6.3). Then
{Sn(t),t €[0,1]} B {B;,t € [0,1]} (6.12)

Proof. We will give an interesting proof of this theorem which will
not use what we already know about finite dimensional distributions.
For simplicity we consider the case d = 1 only. It will be based on
the famous Skorokhod embedding. What this will do is to construct any
desired random walk from a Brownian motion. This goes a follows:
we assume that F' is the common distribution function of our random
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variables X;, assumed to have finite second moments o2. We now want
to construct stopping times, 7', for the Brownian motion, B, such that
(i) the law of By is F, and (ii) ET = o2. This is a little tricky. First, we
construct a probability measure on (—R;) x Ry, from the restrictions,
F., of F to the positive and negative axis:

p(da,db) = (b — a)dF_(a)dF;(b). (6.13)

where v provides the normalization,i.e.
0

vl = / bdF, (b) = 7/ adF_(a). (6.14)
0 —o0
We need some elementary facts that follow easily once we know that

B, is a Markov chain with continuous time and generator A/2:

Lemma 6.3.4 Let a <0<b, and 7 =inf{t >0: B: & (a,b)}. Then

(i) P(B, = a) = ﬁf
(ii) BT = |ab|.

Proof. As we will discuss shortly, B; is a martingale and let us anticipate
that we Doob’s optional stopping theorem also holds for Brownian mo-
tion. Then 0 = EB, = bP[B; = b]+ aP[B, = a] =b+ (a — b)P[B; = al,
which gives (i). To prove (ii) consider

Mt = (Bt — a)(b — Bt) + t,

which is a martingale with My = —ba. On the other hand (again as-
suming that we can use the optional stopping theorem,

EMy =EM, =Er +E(B; —a)(b— B;) =ET +0.

which gives the claimed result. [

The Skorokhod embedding is now constructed by choosing a < 0 < 8
at random from p, and 7' = inf{t > 0: B, ¢ (o, 8)}. Then:

Theorem 6.3.5 The law of Br is F' and ET = 2.

Proof. Let b > 0. Then

0

b’_“ay(b — a)dF, (b)dF_(a) = dF, (b).

P(Br € db) = /

— 00

Analogously, for a > 0, P(Br € da) = dF_(a). This proves the first
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assertion. Finally, by a simple computation,

oo 0 00
ET :/ / w(da, db)|abl :/ 2?F(dx) = o*.
0 —00

This proves (ii). O

Exercise. Construct the Skorokhod embedding for the simple random
walk on Z.

We can now define a sequence of stopping times 77 =T, Ty, = 11 +
T, ..., where T] are independent and constructed in the same way as T
on the Brownian motions By, , 1+ — Br, ,. Then it follows immediately
from the preceding theorem that

Theorem 6.3.6 The process §n, n € N where §n = Br,, for alln € N,
has the same distribution as the process S, = 2?21 X;, where X; are
wid with distribution F'.

The Skorokhod embedding now provides the means to prove Donsker’s
theorem. Namely, we will show that the process §n(t) converges uni-
formly to B; in probability. This is possible, since it is coupled to B;
realisationwise, unlike the original S, (¢) which would not know which
particular By(w) it should stick with. We will set 0% = 1.

Note first that by the continuity of Brownian motion, for any ¢ > 0,
we can find § > 0 such that

IED(Els,te[o,l];|s—t|§6|Bs - Bt| > 6) < 6/2

Next, by the independence of the T/, and the law of large numbers,
T,
lim 2 =ET =1, as..
ntoo N

Thus

lim n~ ' sup [Ty — k| = 0 as..
ntoo k<n

Therefore, there exists ny such that for all n > nyq,

P [n~tsup |Tp — k| > 0/3] < ¢/2. (6.15)
k<n

Finally, the interpolated process S,,(¢) will coincide for any ¢ € [k/n, (k+
1)/n] with n='/2B,,, for some nu € [Ty, Tjs1]. Hence, if n is large
enough such that n > 3/6, for any ¢ € [0,1], there exists u such that
lu — t| < 6, such that S,(u) = n~Y/2B,,, on the event estimated in
(6.15). Therefore,



108 6 Random walks and Brownian motion

P [ sup §n(t) —n"Y2B,,| > e}
0<t<1
<P| sup [Sp(t) —n V2 By| > |T} — k| < n5/3,vk<n}
lo<t<1

+P [nl sup [Ty, — k| > 5/3}
k<n

<P 3u,iﬁG[O,l],|u7t|§§ : ‘nil/zBun - nil/ant‘ > 6:| + 6/2
=P [3u,te[o,1],\u—t\§5 V| By — By > 6] +e/2<e

Here we used that n=1/2B,; and B; have the same law (this is an im-
portant fact, called Brownian scaling, which follows immediately from
the fact that both processes have the same covariance).

This implies that the difference between §n(t) and n~'/2B,,; converges
uniformly in ¢ € [0,1] to zero in probability. On the other hand, S, (t)
has the same law as S, (t), and n~'/?B,,; has the same law as B;. This
implies weak convergence as claimed. O

6.4 Martingale and Markov properties

Although we have not studied with full rigor the concepts of martingales
and Markov processes in continuous time, Brownian motion is a good
example to get provisionally acquainted with them. The nice thing here
is that we know already that it has continuous paths, so that we need not
worry about discontinuities; moreover, a path is determined by knowing
it on a dense set of times, say the rationals, so we also need not worry
about uncountabilities.

Proposition 6.4.7 Brownian motion is a continuous time martingale,
in the sense that, if F; is a filtration such that By is adapted, for any
s <t,

E[B,|F,] = B.. (6.16)

Proof. Of course we have not defined what a continuous time filtration
is, but we will not worry at this moment, and just take F; as the o-
algebra generated be {B;}s<;. Now we know that B; = By — Bs + Bs,
where By — Bs and B, are independent. Thus

E[Bt|]:s] - E[Bt - Bs + Bs|]:s] = E[Bt - Bs|]:s] +E[Bs|]:s] =0+ Bs;
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as claimed. O

Next we show that Brownian motion is also a Markov-process. As
a definition of a continuous time Markov process, we adopt the obvi-
ous generalization of (3.21): A stochastic process with state space S
and index set R, is called a continuous time Markov process, if there
exists a two-parameter family of probability kernels, P, satisfying
the Chapman-Kolmogorov equations (3.25), such that for all A € B,
s<teRy,

P[B, € A|F.)(w) = Py(By(w), A), as.. (6.17)

This definition may not sound abstract enough, because it stipulates
that we search for the kernels Ps;; one may replace this by saying that

P[B; € A|F,] (6.18)

is independent of the o-algebras F,, for all » < s; or in other words,
that P[B, € A|Fs](w) is a function of Bs(w), a.s.. You can see that we
will have to worry a little bit about these definitions in general, but by
the continuity of Brownian motion, we may just look at rational times
and then no problem arises. We come to these things in the next course.
We see that the two definitions are really the same, using the existence
of regular conditional probabilities: namely, Ps; will be just the regular
version of P[B; € A|F].

Proposition 6.4.8 Brownian motion in dimension d is a continuous
time Markov process with transition kernel

_ 1 ly —af®
Py i(x, A) = )2 /Aexp <m) dy. (6.19)

Proof.  The proof is next to trivial from the defining property (i) of
Brownian motion and left as an exercise. ]

We now come, again somewhat informally, to the martingale problem
associated with Brownian motion.

Theorem 6.4.9 Let f be a bounded twice differentiable function, and
let By be Brownian motion. Then

My = f(B) = (B0~ 5 | Af(B)ds (6.20)

18 a martingale.
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Proof. We consider for simplicity only the case d = 1; the general case
works the same way. We proceed as in the discrete time case.

BMee| i) = F(B) = B0)— 5 [ 1'(Bu)as (6.21)

HB(Be) ~ FBOVF] = 5 [ BBy

— M4 — /f(y)eXp<w>dyf(Bt)

\2mr
1/ 1 I (y — By)?
5/0 \/27r7"/ Fes < 2s >dyds
= Mt

The last inequality holds since, using integration by parts

— [rwes (—(";—)) dy (6.22)
o),

~ [ 1) (-2
- [ [ s e (L Y ay

= 2/f(y)%\/21%e><p <—(y 2;)2) dy

Integrating the last expression over s yields

\/%/f(y) exp (—%) dy — f(z),

where we used that

i —— [ f(y)exp (%)dyf(x)-

hl0 \/2mh
Inserting this into (6.4.8) concludes the proof. O
Note that we really used that the function
! ||$|2)
e(t,z) = —exp | ——— 6.23
(t:0) = = oo (-1 (6.29
satisfies the (parabolic) partial differential equation
0 1
Ee(x,t) = §Ae(ac,t), (6.24)

with the (singular) initial condition
e(z,t) = o(x), (6.25)
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(where § here denotes the Dirac-delta function, i.e. for any bounded
integrable function [ 6(x)f(z)dz = f(0)). e(t, z) is called the heat kernel

associated to (one-dimensional) Brownian motion.

Remark 6.4.1 Let us note that if we rewrite (6.20) in the form
1 t
f(Bt) = f(Bo) + M; + 5/ Af(By)ds, (6.26)
0

it formally resembles the It6-formula, or the Doob decomposition. The
martingale M; should then play the role of the stochastic integral, i.e.
we would like to think of

t
M, = / Vf(Bs) - dB,.
0

It will turn out that this is indeed a correct interpretation if and that
(6.26) is the Ito-formula for Brownian motion.

The preceding theorem justifies to call L = % the generator of Brown-
ian motion, and to think of (6.21) as the associated martingale problem.
The connection between Markov processes and potential theory, estab-
lished for discrete time Markov processes, also carries over to Brownian
motion; in this case, this links to the classical potential theory associated
to the Laplace operator A.

6.5 Sample path properties

We have constructed Brownian motion on a space of continuous paths.
What else can we say about the properties of theses paths? The striking
feature is that Brownian paths are almost surely nowhere differentiable!

The following theorem shows that it is not even Lipshitz continuous
anywhere:

Theorem 6.5.10 For almost all w, B(w) is nowhere Lipshitz continu-
ous.
Proof. Let K > 0 and define

A ={we: ESE[O,I]V\t—s\§2/n|Bt — Bs| < K|t — sl}. (6.27)
Clearly

A, C UL, {|Bj/n — B(jfl)/nl < 4K/7’L,f01‘j € {k -1,k k+ 1}}
(6.28)
Now
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< (n—2) (P[|B1/n — Boy/nl < 4K /n))’ (6.29)
< (n—2) (P]|By| < 4K/n))* < Cn~1/2,

Now A,, C An+1, and so for all n and all K,

P[An] < Jim P[4y = 0. (6.30)

Finally, by monotonicity of the Lipshitz property, it follows that

PPk <ooAn] < Y P[An(K)] = 0.

KEN
Ol
An important notion is that of the quadratic variation. Let 1} =
(k27™) At and set
(o]
= Z Btn — Btk . 2. (631)

k=1
Lemma 6.5.11 With probability one, as n 1 oo, [B]} — t, uniformly

on compact intervals.

Proof. Note that all sums over k contain only finitely many non-zero
terms, and that all the summands in (6.36) are independent random
variables, satisfying

2
E (Btz - Btzil) — 9" (6.32)

ar ((Btg = Btgl)2> = 227", (6.33)

Thus
E[B]} =t, wvar([B]})=2""1, (6.34)
and thus
rlllTrg[B]? =t, as. (6.35)

By telescopic expansion,
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B —B3 =) (Bi — B

k—1

) (6.36)

k—1

Now set

Vi =B} - [B]f =Y 2By (Bt; - Btzfl) . (6.37)
k=1

One can check easily that for any n, V™ is a martingale. Then also
Vit =Vt =[BT~ [B]Y (6.38)

is a martingale. If we accept that Doob’s £2-inequality (Theorem 4.3.13)
applies in the continuous martingale case as well, we get that, for any
T < o0,

sup ([BI}*' - [B]Y)
0<t<T

<2 sup ||[BI}T - [BIY|, =2vT2 "1,

9 0<t<T

(6.39)

where the last inequality is obtained by explicit computation. This im-
plies that [B]} converges uniformly on compact intervals. O

Remark 6.5.1 Lemma 6.5.11 plays a crucial role in stochastic calculus.
It justifies the claim that d[B]; = dt. If we go with this into our “discrete
It6 formula (Section 4.6), this means this justifies in a more precise way
the step from Eq. (4.45) to Eq. (4.47).

Remark 6.5.2 The definition of the quadratic variation we adopt here
via di-adic partitions is different from the “true” quadratic variation
that would be

Sup{Z[Btk 7Btk71]2, neN’ Oito <t1 < e <tn = 1}5
k=1

which can be shown to be infinite almost surely (note that the choices of
the t; can be adapted to the specific realisation of the BM). The diadic
version above is, however, important in the construction of stochastic
integrals.
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Remark 6.5.3 The fact that the quadratic variation of BM converges
to ¢t implies that the linear variation,

o]
> ‘Btz — By,
k=1

is infinite on every interval. This means in particular that the length of
a Brownian path between any times ¢, is infinite.

6.6 The law of the iterated logarithm

How precisely random phenomena can be controlled is witnessed by the
so-called law of the iterated logarithm (LIL) . It states (not in its most
general form) that

Theorem 6.6.12 Let S,, = 2?21 X;, where X; are independent identi-
cally distributed random variables with mean zero and variance o®. Then

Sn
P [limsup ————=1| = 1. 6.40
nToop ov2nlnlnn ( )
Remark 6.6.1 Just as the CLT, the LIL has extensions to the case
of non-identically distributed random variables. For a host of results,
see [4], Chapter 10. Furthermore, there are extensions to the case of
martingales, under similar conditions as for the CLT.

The nicest proof of this result passes though the analogous result for
Brownian motion and then uses the Skorokhod embedding theorem. The
proof below follows [11].

Thus we want to first prove:

Theorem 6.6.13 Let B; be a one-dimensional Brownian motion. Then

By
P [limsup ———mtee = 1| = 1, 6.41
oo P V2tinint ] ( )
and
B
P |limsup ————— = 1| = 1. (6.42)
tlo +/2tInln(1/t)

Proof. Note first that the two statements are equivalent since the two
processes B; and tB,/; have the same law (Exercise!).

We concentrate on (6.42). Set h(t) = y/2tlnln(1/t). Basically, the
idea is to use exponentially shrinking subsequences t,, = 6™ in such a way
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that the variables B, are essentially independent. Then, for the lower
bound, it is enough to show that along such a subsequence, the h(t,)
is reached infinitely often: this will prove that the lim sup is as large as
claimed. For the lower bound, one shows that along such subsequences,
the threshold h(t,) is not exceeded, and then uses a maximum inequality
for martingales to control the intermediate values of t.

We first show that limsup, , < 1. For this we will assume that we
can use Doob’s submartingale inequality, Theorem (4.3.11) also in the
continuous time case. Define

1
Zy = exp (aBt - §a2t) . (6.43)

A simple calculation shows that Z; is a martingale (with EZ; = 1), and

S0

P [sup By — as/2 > ﬂ}] =P [sup e@Ba—a’s/2 eo‘ﬁ} <Ee 7, = e,
s<t s<t

Let 6,5 € (0,1), and chose t,, = 0", «;, = 07(1 + §)h(6™), and B,, =
1h(6™). Then

P [sup Bs — aps/2 > 6] <n~ U+ (1n1/9)~ (149,
s<O™

since apB, = (1 4+ 8)Inlnd™ = (1 +6)(Inn + Inlnd~t). Therefore,

the Borel-Cantelli lemma implies that, almost surely, for all but finitely

many values of n,

1
sup By — 2(1+ 8)0~"h(6") < ~h(6").
SSG”’ 2 2
It follows that
o 1
sup Bs < 7(1 +0)07 " h(0™)+ = 5(2 + 0)h(0™) (6.44)
s<on
and so for any 9"+ <t < 9",
1
By < sup By < - (2+ 8)0~2n(t), (6.45)
s<fn
hence, almost surely,
1
lim sup By /h(t) < 5ev—1/2(2 +9). (6.46)
10

Since this holds for any § > 0 and # < 1 almost surely, it holds along
any countable subsequence Jy | 0, 0 T 1, almost surely, and
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limsup By /h(t) <1, as.. (6.47)
£10

To prove the converse inequality, consider the event
A, = {Bgn — Bgn+1 > (1 — 9)1/2]1(9”)}

The events are independent, and their probability can be bounded easily
using (6.8):

SCQ

1 /°° (
S exp [ —
V2r(07(1 = 0)) Ja-ayzneny \ 207(1—0)

T ()
= — xp | —— | dz
2 0—n/2h(m) 2
exp (=07 "h(0")?/2) L
> 1—0"h(O" = p.
Nerr Y ( (0™)7%) = m-(
Now 0~"h(6™)? = 2Inn + 2InIn(1/6), and so

1
Yn = C

~ nvinn’

so that > v, = +00; hence, the second Borel-Cantelli lemma implies
that, with probability one, A,, happens infinitely often, i.e. for infinitely

P[A,] ) dz (6.48)

many n,
Bgn > (1 — 9)1/2(9n) + Bgn+1.

Now, the upper bound (6.47) also holds for — By, so that, almost surely,
for all but finitely many n,

Bgni1 > —h(0™1).
But by some simple estimates,

Inln(f—m6-1)

) = 0720 |

<O7Y2h(0™) (1 + 0o~ /n)),
so that, for infinitely many n,
Bgn > ((1 — 912 291/2) h(o™).

This implies that
lim sup By /h(67) > ((1 — )2 - 291/2) , (6.49)

for all 8 > 0; hence,
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limsup B /h(t) > 1, (6.50)
t
which completes the proof. [l

From the LIL for Brownian motion one can prove the LIL for random
walk using the Skorokhod embedding.

Proof. (of Theorem 6.6.12) From the construction of the Skorokhod em-
bedding, we know that we may choose Sy, (w) = Br, (w). The strong law
of large numbers implies that T,,/n — 1, a.s., and so also h(T},)/h(n) —
1, a.s.. Thus the upper bound follows trivially:

limnsup % = limnsup h?;:;) < limtsup % =1. (6.51)
To prove the complementing lower bound, note that by Kolmogorov’s
0—1-law, p = limsup,, % is almost surely a constant (since the limsup
is measurable with respect to the tail-o-algebra. Assume p < 1; then,
there exists ng < oo, such that for all n > ny, % < p. We will
show that this leads to a contradiction with (6.41) of Theorem 6.6.13.
To show this, we must show that the Brownian motion cannot rise too
far in the intervals [T),,T,+1]. But recall that T;,41 is defined as the
stopping time at the random interval [, ] of the Brownian motion B;.
We will want to show that in no such interval can the BM climb by more
than ev2nInlnn. An explicit computation shows that

é(x) E]P’{sup B, >x} :7/0 dF_(a)/zoodFJr(b)(b—a) -

t<Ty — 00 Tr —a
(6.52)
where the ratio —% is the probability that the BM reaches x before a
(i.e. before T7) (the logic of the formula is that for B; to exceed x before
T1, the random variable 8 must be larger than x, and then B, may not
hit the lower boundary before reaching x). Now we will be done by

Borel-Cantelli, if

Z ¢(ev2nlnlnn) < oo,

or in fact the stronger but simpler condition

> dlev/n) < oo (6.53)
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holds for all € > 0. For than, except finitely often,

sup By < h(n)(p+e),

T <t<Thni1
which implies
li B oy
imsup —— €
, p h(t) pTE

which can be made smaller than 1, thus contradicting the result for BM.
We are left we checking (6.53). We may decompose ¢ as

2@ =7 [ ar@ [T ar w02

— 00

—a

(6.54)

Tr—a

o [ ar@ [T ar )l = 61(0) + o)

— 00

Now 3>, d2(ey/n) < oo if [;¥ ¢a(ey/z) < o0o. Recalling the formula
for 7, (6.14), we see that

/OO da(ey/r)dw = /Oo(l—F(e\/E)dac =2 /oo(l—F(t))tdt <EX? < oo.
0 0 0

To deal with ¢1, use that £ — a > x, and then as before

b1 (2) < 27! / (b 2)dFy ()

Comparing the sum to an integral, we must check the finiteness of

/d:c% /;dm(b)(beﬁ) 262/dt/too dF, (b)(b — 1),

which again hold since I’ has finite second moment. This concludes the
proof. ]

On can show more than what we did. For one thing, not only is
limsup, B:/h(t) = +1 (and hence by symmetry liminf; B;/h(t) = —1,
a.s., it is also true that the set of limit points of the process B;/h(t) is the
entire interval [—1,1]; i.e., for any a € [—1,1], there exist subsequences
tn, such that lim,, By, /h(t,) = a.
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0 — 1-law

Kolmogorov’s, 64
LP-space, 20
LP-space, 20
II-system, 5
A-system, 5
o-additive, 6
o-algebra, 2

Borel, 3

generated, 3

absolute continuity, 24
absolutely integrable, 17
adapted process, 58
algebra, 1

Baire o-algebra, 16

Baire function, 16

Borel measure, 11, 12

Borel-o-algebra, 3

Brownian motion, 51, 100
construction, 101

Carathéodory’s theorem, 7

Cauchy sequence, 4

central limit theorem, 73
Chapman-Kolmogorov equations, 54
class, 1

closed, 3

concentration of measure, 77
conditional expectation, 31
conditional probability, 39

cylinder set, 43

density, 24

Dirichlet problem, 90

Donsker’s theorem, 105

Doob decomposition, 69, 87

Doob’s supermartingale inequality, 82
Dynkin’s theorem, 5

equivalence (of measures), 24
ergodic, 96
essential supremum, 25

Fatou’s lemma, 18
filtered space, 57
filtration, 57
filtrations

natural, 58
Fubini-Lebesgue theorem, 23
Fubini-Tonnelli theorem, 23

Gaussian density, 49
Gaussian process, 48
generator, 86

Gibbs measure, 55

Hoélder inequality, 20
Haar functions, 102
harmonic function, 89
heat kernel, 111

independent random variables, 47
index set, 41
indicator function, 1
induced measure, 14
inequality

Holder, 20

inequality, 20

Jensen, 21

maximum, 70

upcrossing, 61
initial distribution, 53
inner regular, 12
integrable, 17
invariance principle, 105
invariant

distribution, 84, 96

measure, 84
invariant measure, 96
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Ising model, 55
It6 formula, 111

Jensen inequality, 21

Kolmogorov’s 0 — 1-law, 64
Kolmogorov’s LLN, 66
Kolmogorov-Daniell theorem, 45

Laplace transform, 50

law of large numbers, 66

law of the iterated logarithm, 114

Lebesgue decomposition theorem, 29

Lebesgue integral, 17

Lebesgue measure, 12

Lebesgue’s dominated convergence
theorem, 18

Levy’s downward theorem, 64

Lindeberg condition, 73, 75

local specification, 55

Lousin space, 4

marginals, 44
finite dimensional, 44
Markov chain, 52
Markov inequality
exponential, 78
Markov process, 52, 83
stationary, 83
Markov property, 54
strong, 85
martingale, 57
convergence theorem, 61
problem, 87
sub, 58
super, 58
transform, 59
martingale difference sequence, 60
maximum inequality, 67, 70
maximum principle, 89
measurable space, 2
measure, 2
o-finite, 2
finite, 2
invariant, 96
probability, 2
Wiener, 104
measure space, 2
metric, 4
metric space, 4
Minlowski inequality, 20
monotone convergence theorem, 17

open, 3
outer measure, 7
outer regular, 12

Index

Polish space, 4
positive recurrent, 96
pre-T-o-algebra, 79
previsible process, 59
probability

regular conditional, 40
probability measure, 2
process

adapted, 58
product space, 5
product topology, 5

quadratic variation, 112

Radon measure, 13
Radon-Nikodym derivative, 25
Radon-Nikodym theorem, 25
random variable, 14
random walk, 99
recurrence, 95
recurrent
positive, 96
regular conditional probability, 40, 55

sample path, 42
set function, 6
simple function, 16
Skorokhod embedding, 106
space, 1

complete, 4

filtered, 57

Hausdorff, 3

Lousin, 4

measurable, 2

metric, 4

Polish, 4

topological, 2
special cylinder, 43
state space, 41
stationary process, 83
statistical mechanics, 55
stochastic integral, 59
stochastic process, 41
stong Markov property, 85
stopping time, 78

time
continuous, 41
discrete, 41
topological space, 2
topology, 2
transience, 95
transition kernel, 52
stationary, 83

uniform integrability, 18, 62
upcrossing, 60
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inequality, 61
version (of conditional expectation), 31

Wiener measure, 104



