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Class exercise.

P.1 Which of the following functions can be continued analytically in z0?

f1(z) =
z2 + 1

z − i
, z0 = i f2(z) =

ez − 1

z
, z0 = 0, f3(z) =

z

(ez − 1)2
, z0 = 0..

P.2 All of the following functions have a singularity in z = 0:

g1(z) =
z

ez − 1
, g2(z) = sin

(
1

z

)
, g3(z) =

1

sin z
.

Which singularities are isolated? In case of isolated singularities, decide whether they
are removable, a pole, or an essential singularity.

1. (Cauchy Formula) [3 Pkt ]

Here and below, let Γr(k) : [0, 2π]→ C, θ 7→ k + reiθ. Compute:

a)
∫

Γ2(0)
zez

(z−1)4
dz

b)
∫

Γ1(0)
sin z
z4
dz

c)
∫

Γ2(2)
z

z4−1
dz

2. (Complex integration) [3 Pkt ]

Let f be an analytic Function on C \ {1, 2, 3} such that∫
Γ1/2(k)

f(z)dz = ak, (ak ∈ C)

for all k ∈ {1, 2, 3}. Compute∫
Γ4(0)

f(z)dz,

∫
Γ5/2(0)

f(z)dz,

∫
Γ1(5/2)

f(z)dz.
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3. (Complex integration ) [4 Pkt ]

Show that

I1 :=

∫ 2π

0

ecos(θ) cos (θ + sin θ) dθ = 0

I2 :=

∫ 2π

0

ecos(θ) sin (θ + sin θ) dθ = 0.

Hint: show that I1 + iI2 = 0.

4. (Complex integration ) [6 Pkt ]

In this exercise we shall prove the following formula, valid for any n ∈ N:(
2n

n

)
=

n∑
k=0

(
n

k

)2

.

a) Prove first that

1

2πi

∫
Γ1(0)

z?zm(z?)ndz =

{
1 if m = n

0 if m 6= n.

b) Prove then that

1

2πi

∫
Γ1(0)

z?(z + 1)n(z? + 1)ndz =
n∑
k=0

(
n

k

)2

Hint: use the binomial theorem (1 + z)n =
∑n

k=0

(
n
k

)
zk and 4.a)

c) Finally, show that

1

2πi

∫
Γ1(0)

z?(z + 1)n(z? + 1)ndz =
1

2πi

∫
Γ1(0)

z?(2 + z + z?)ndz

=
1

2πi

∫
Γ1(0)

(z + 1)2n

zn+1
dz =

(
2n

n

)
.

5. (Residues) [4 Pkt ]

Compute ∫ 2π

0

(sin θ)2ndθ

for θ ∈ N.
Hint: use that sin θ = eiθ−e−iθ

2i
and use the formula for residues.
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