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Exercise 1 (10 Points)

Letb; : [0, T]xR% — R, 1 < i < d, be uniformly bounded functions, and f : R? — R, g : [0, T]xR% — R
continuous functions satisfying, f(z) > 0 and g(¢t,z) > 0 forall x € R% and t € [0,T]. If u(t,z) is a
solution to the Cauchy problem
1
Jou_1a, + (b, V) + g, in [0,T) x R,
ot 2
u(T,z) = f(z), =R,

and )

max |u(t,z)] < MetlFl™ 2 e RY,

0<t<T
for some M > 0and 0 < p < C(T,d), where C is a positive constant dependent on 7', d, then we have
the following stochastic representation

T—t

u(t,z) = E7 IIb(t+97Be)||2d9H

T—t
f(Br—1) exp {/0 (b(t + 6, By),dBy) — % /O

i T—t s 1 T—t
v g(t-i—s,Bs)eXp{/ (ot +6.B0),dB0) — ; [ ||b(t+9,Bg)||2d9} ds]
0 0 0

where (B) is a d-dimensional Brownian motion.
Exercise 2 (10 Points)

Let X be a d-dimensional stochastic process satisfying the integral equation
s t
X" — 4 +/ b(X""))do +/ a(XS")dBy, t<s < oo,
t s
where (B;) is a d-dimensional Brownian motion, b;, o;; : R% — are continuous functions satisfying the
linear growth condition
[b()[I* + [lo(2)]* < K*(1+ [[]*), forevery = € RY,

where K > 0 is a constant. Assume that for every open, bounded domain D C R¢, for some 1 < [ < d,

min, 5 ay(x) > 0 holds true. Furthermore, suppose that there exists a function f : R% \ {0} — R in C?,

which satisfies

Lf(z) <0onR™\ {0}

and is such that F'(r) = min|,—, f(z) is strictly increasing with lim, oo F'(r) = c0.
(a) Prove that we have the recurrence property

P*(1,. < 00) = 1,Yz € R\ D,., (1)

for every 7 > 0, where D, = {z € R? : ||z|| < r} and 7. = inf{t > 0: X, € D,.}.



(b) Show that (1) holds in the case

Zau S ( ) ) Vo ERd\{O}

H 12

(c) Show that if
Lf(x) < —-1onR?\ {0},

then we have the positive recurrence property

E®[1,] < 00,V € R\ B,.

Gesamt: 20 Punkte



