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Exercise 1 (10 Points)
Let bi : [0, T ]×Rd → R, 1 ≤ i ≤ d, be uniformly bounded functions, and f : Rd → R, g : [0, T ]×Rd → R
continuous functions satisfying, f(x) ≥ 0 and g(t, x) ≥ 0 for all x ∈ Rd and t ∈ [0, T ]. If u(t, x) is a
solution to the Cauchy problem

−∂u
∂t

=
1

2
∆u+ (b,∇u) + g, in [0, T )× Rd,

u(T, x) = f(x), x ∈ Rd,

and
max
0≤t≤T

|u(t, x)| ≤Meµ‖x‖
2

, x ∈ Rd,

for some M > 0 and 0 < µ < C(T, d), where C is a positive constant dependent on T, d, then we have
the following stochastic representation

u(t, x) = Ex

[
f(BT−t) exp

{∫ T−t

0

(b(t+ θ,Bθ), dBθ)−
1

2

∫ T−t

0

‖b(t+ θ,Bθ)‖2dθ

}]

+ Ex

[∫ T−t

0

g(t+ s,Bs) exp

{∫ s

0

(b(t+ θ,Bθ), dBθ)−
1

2

∫ T−t

0

‖b(t+ θ,Bθ)‖2dθ

}
ds

]

where (Bt) is a d-dimensional Brownian motion.
Exercise 2 (10 Points)
Let X be a d-dimensional stochastic process satisfying the integral equation

X(t,x)
s = x+

∫ s

t

b(X
(t,x)
θ )dθ +

∫ t

s

σ(X
(t,x)
θ )dBθ, t ≤ s <∞,

where (Bt) is a d-dimensional Brownian motion, bi, σij : Rd → are continuous functions satisfying the
linear growth condition

‖b(x)‖2 + ‖σ(x)‖2 ≤ K2(1 + ‖x‖2), for every x ∈ Rd,

where K > 0 is a constant. Assume that for every open, bounded domain D ⊂ Rd, for some 1 ≤ l ≤ d,
minx∈D all(x) > 0 holds true. Furthermore, suppose that there exists a function f : Rd \ {0} → R in C2,
which satisfies

Lf(x) ≤ 0 on Rd \ {0}

and is such that F (r) ≡ min‖x‖=r f(x) is strictly increasing with limr→∞ F (r) =∞.

(a) Prove that we have the recurrence property

P x(τr <∞) = 1,∀x ∈ Rd \Dr, (1)

for every r > 0, where Dr = {x ∈ Rd : ‖x‖ < r} and τr = inf{t ≥ 0 : Xt ∈ Dr}.
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(b) Show that (1) holds in the case

(x, b(x)) +
1

2

d∑
i=1

aii(x) ≤ (x, a(x)x)

‖x‖2
,∀x ∈ Rd \ {0}.

(c) Show that if
Lf(x) ≤ −1 on Rd \ {0},

then we have the positive recurrence property

Ex[τr] <∞,∀x ∈ Rd \Br.
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