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Exercise 1 (6 Points)

Let {B;}icr, be a Brownian motion and X; = |B;| for t > 0. Assume that initial distribution of X is
Py(z,-) = (), where ¢, denotes the Dirac measure for all z € R.

(a) Prove that X is a Markov process with transition function given by the density

\/% [eXp <—21t(y - a:)2> + exp (-;t(y + 56)2)] Liy>o}-

(b) Prove that the associated semigroup F; is a Feller-Dynking semigroup.

Exercise 2 (2 Points)
Let { P };cr, be an honest Feller-Dynkin semigroup. Prove, without using the Hille-Yosida Theorem, that
the associated generator G is dissipative.

Exercise 3 (6 Points)
Let P; be a the semigroup associated with a Feller-Dynkin Markov process { X }+er 4> with Xog =z, as.
z € R. Furthermore, let 7" be an a.s. finite F;+-stopping time. Prove that:

(a) The process Y; = X4, is a Markov process with respect to Fr .

(b) If X has stationary independent increments, the process {X7y: — X7 }ier . 1s independent of Fr
and it has the same law as X.

Exercise 4 (6 Points)
Let (74,a € R) be the translation group acting in B(R), such that (7, f)(z) = f(z — a) for each a,z €
R,f € B(R). Then a semigroup { P, };cr, is called translation invariant if

PtTa = TaPta

forallt e Ry,a € R.

Prove that a Feller-Dynkin semigroup {P, }/cr, , associated with a process { X };cr, for which Xy = 0
a.s., is translation invariant if and only if X is a Lévy process.

Hint: Use the following result.

Theorem. Let {¢; }ter . be a family of probability measures, with gy = d¢ (Dirac measure at 0), such that
gs+t = s * q; for all s,¢ > 0, and lim, | fR f(x)g:(dx) = f(0) for all f € Cy(R). Then there exists a
Lévy process X, such that the law of X is ¢;.

Gesamt: 20 Punkte



