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1. (Girsanov theorem for local martingales). Let Mt and Lt be
local martingales with respect to P such that

Zt := exp

(
Lt − 1

2
〈L〉t

)

is a martingale with respect to P , and consider the probability measure

Q
loc¿ P with local densities Zt.

a) Prove that
M̃t := Mt − 〈M, L〉t

is a local martingale w.r.t. Q with covariations

〈M̃,N〉t = 〈M, N〉t
for any local martingale N .

b) Conclude that a semimartingale w.r.t. P is also a semimartingale w.r.t.
Q.

2. (A connection between Brownian motion with drift and
Brownian motion with absorption). Let Bt be a d-dimensional Brow-
nian motion with start in x w.r.t. Px, and suppose that Xt is a solution of
the s.d.e

(1) dXt = ∇h(Xt) dt + dBt , X0 = x ,

with h ∈ C2
0(Rd).

a) Show that for f ∈ C0(Rd)

Ex[f(Xt)] = Ex

[
e−

∫ t
0 V (Bs) ds eh(Bt)−h(x) f(Bt)

]
,

where

V (x) :=
1

2
|∇h(x)|2 +

1

2
∆h(x) .

(Uniqueness in distribution of (1) can be assumed without proof).
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b) Conclude that for V ≥ 0, the transition functions (ptf)(x) := Ex[f(Xt)]
of Brownian motion with drift ∇h satisfy

ptf = e−h pV
t (ehf) ,

where pV
t are the transition functions of Brownian motion with absorp-

tion rate V (x).

Remark: The generator of pt is L = 1
2
∆ +∇h · ∇, whereas the generator of

pV
t is the Schrödinger operator LV = 1

2
∆+V . The ground state transform of

quantum mechanics transforms the Schrödinger operator LV into L. Hence
the transformation ,,BM with drift 7→ BM with absorption” can be viewed
as a stochastic version of an inverse ground state transform.

3. (Feynman–Kac formula and stock prices). State without proof
the time-dependent Feynman–Kac formula. Now consider a stock price that
is described by a geometric Brownian motion Xt with parameters α, µ > 0.
Suppose that at price x expenses V (x) accrue — the total cost at time t then
is

At =

∫ t

0

V (Xs) ds .

a) Derive a partial differential equation for the Laplace transform

u(t, x) = Ex

[
e−βAt

]
(β > 0)

of At from the Feynman-Kac formula for Brownian motion.

b) Show that Xt solves the time-dependent martingale problem for the
generator

L =
α2

2
x2 d2

dx2
+ µx

d

dx
.

Conclude that under appropriate conditions u(t, x) also solves the par-
tial differential equation

∂u

∂t
= Lu − βV u.

4. (Support of Wiener measure). Show that the support of Wiener
measure on C([0, 1]) is the whole space.
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