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1. ( Brownian motion writes your name ). Prove that Brownian
motion in R2 will write your name (in cursive script, without dotted i’s or
crossed t’s).
To get the pen rolling, first take Bt to be a two-dimensional Brownian motion
on [0, 1], and note that for any [a, b] ⊂ [0, 1] the process

X
(a,b)
t = (b− a)1/2(Ba+t/(b−a) −Ba)

is again a Brownian motion on [0, 1]. Now, take g : [0, 1] → R2 to be a
parametrization of your name, and note that Brownian motion spells your
name (to precision ε) on the interval (a, b) if

(1) sup
0≤t≤1

|Xa,b
t − g(t)| ≤ ε.

a) Let Ak denote the event that inequality (1) holds for a = 2−k−1 and
b = 2−k. Check that Ak are independent events and that one has
P (Ak) = P (A1) for all k. Next, use the Borel-Cantelli lemma to show
that if P (A1) > 0 then infinitely many of the Ak will occur with prob-
ability 1.

b) Consider an extremely dull individual whose signature is maximally
undistinguished so that g(t) = (0, 0) for all t ∈ [0, 1]. This poor soul
does not even make an X; his signature is just a dot. Show that

(2) P

(
sup

0≤t≤1
|Bt| ≤ ε

)
> 0.

b) Finally, complete the solution of the problem by using (2) and an ap-
propriate Girsanov theorem to show that P (A1 > 0); that is to prove

P

(
sup

0≤t≤1
|Bt − g(t)| ≤ ε

)
> 0.

2. ( Concentration of measure ). Let M be a continuous local
martingale satisfying M0 = 0. Show that

P

[
max
s≤t

Ms ≥ y , 〈M〉t ≤ K

]
≤ exp

(
− y2

2K

)
∀ t, y, K > 0 .
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3. (Drift-transformation by change of measure). Let β : [0,∞)×
Rn → Rn and σ : [0,∞) × Rn → Hom (Rd,Rn) be product-measurable and
adapted, and let

b(t, x) := σ(t, x) β(t, x) .

Show that if under P , Xt is a solution of the s.d.e.

dXt = σ(t, Xt) dBt ,

with an Rd valued Brownian motion Bt, and

Zt := exp

(∫ t

0

β(s, Xs) dBs −
∫ t

0

|β(s,Xs)|2 ds

)

is a martingale, then Xt solves the s.d.e.

dXt = b(t,Xt) dt + σ(t,Xt) dWt ,

where Wt is a Brownian motion w.r.t. the transformed measure with local
densities Zt.

4. ( Stopping times ). Let S and T be (Ft)-stopping times, and
X, Y ∈ L1. Prove:

a) If X = Y P -a.s. on A ∈ FS, then

EP [X|FS] = EP [Y |FS] P -a.s. on A

b)

EP [EP [X|FT ]|FS] = EP [X|FT∧S] P -a.s., and

EP [EP [X|FT ]|FS] = EP [X|FS] P -a.s. on {S ≤ T}
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