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1. (Ornstein-Uhlenbeck process). An Ornstein-Uhlenbeck process on R is a solution
to the SDE
dXt — _Xt dt + \/édBt 5

where (B;)i>0 is a one-dimensional Brownian motion.

a) Let (W;);>0 be a one-dimensional Brownian motion with Wy = 0. Show that e "Wz is
an Ornstein-Uhlenbeck process.

b) Let (Xt)i>0 be an Ornstein-Uhlenbeck process with Xy = 0 and let

t
Yt:/ Xgds.
0

Show that (Y;)¢>0 is a mean-zero Gaussian process and calculate the covariance function.

2. (Integrated Brownian motion). Let (B;):>o be a standard Brownian motion on

R¢, and let
t
Y, = / B,ds.
0

a) Calculate the mean and covariance function of (Y;):>o.

b) Show that the joint process (Y;, Bi)i>o is Markovian and determine its generator.

3. (Smooth densities I).  Let (B;)i>o be a Brownian motion in R?® and consider the
Stratonovich and Ito stochastic differential equations

OdXt = XtXOdBt,
dXt - Xt X dBt

Do the solutions of these equations have a smooth density?

4. (Smooth densities II).  Consider the stochastic differential equation
dX, =V,
dV, = b(Xy) dt — y(Xy)V, dt + d By,

where (Bj)¢>o is a Brownian motion on R? and b: R — R? and v: R? — R are smooth.
Find conditions on b and + under which the process X; has a smooth density.



