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1. (Brownian local time). Let Ly denote the local time in y of a one-dimensional
Brownian motion (B,Px) starting at x ∈ R.

a) Let T = inf{t ≥ 0 : Bt /∈ (a, b)} with a ≤ x ≤ y ≤ b. Show that

Ex[Ly
T ] =

2(x− a)(b− y)

b− a
.

b) Show that for all a > 0, the processes (L0
at)t≥0 and (

√
aL0

t )t≥0 have the same law
under P0.

2. (Some applications of Burkholder’s inequality). Let (W,P) be a one-dimensional
Brownian motion starting at 0.

a) Suppose that X is a solution to an SDE

dXt = σ(Xt) dWt + b(Xt) dt, X0 = x0,

where x0 ∈ R, and σ and b are continuous real-valued functions such that

|σ(x)|+ |b(x)| ≤ c (1 + |x|) for some c ∈ (0,∞).

Show that for every t0 ∈ [0,∞) and p ∈ [2,∞), there is a finite constant C such that

E
[
sup
s≤t0
|Xs|p

]
≤ C (1 + |x0|p) .

b) Show that E[WT ] = 0 holds for any stopping time T such that E[T 1/2] <∞.
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3. (Itô calculus for Lévy processes II). In continuation of Exercise 6.1, we now
extend Itô’s formula to a real-valued Lévy process with jump intensity measure ν satisfying
only ∫

(|y| ∧ |y|2) ν(dy) < ∞.

Let

Xt = σBt + bt +

∫
y Ñt(dy),

where σ and b are real constants, (Bt) is a Brownian motion, (Nt) is an independent
Poisson point process on R \ {0} with intensity measure ν and corresponding Poisson
random measure N(dt dy), and Ñt = Nt − tν.

a) Let f ∈ C2
b (R). Proceeding similarly as in Exercise 6.1, show that almost surely,

f(Xt) = f(X0) +

∫ t

0

(σf ′)(Xs) dBs +

∫
(0,t]×R

f ′(Xs−)y Ñ(ds dy)

+

∫ t

0

(
1

2
σ2f ′′ + bf ′

)
(Xs) ds

+

∫
(0,t]×R

(f(Xs− + y)− f(Xs−)− f ′(Xs−)y) N(ds dy).

Why is it not possible to write Itô’s formula in a similar way as in Exercise 6.1 ?

b) Conclude that (Xt) solves the martingale problem for the operator

(Lf)(x) =
1

2
(σ2f ′′)(x) + (bf ′)(x) +

∫
(f(x+ y)− f(x)− f ′(x)y) ν(dy)

with domain Dom(L) = C2
b (R).
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