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1. (Itd calculus for Lévy processes I).  We consider a real-valued Lévy process
Xy = oB; + bt + /y Ni(dy)

Here o and b are real constants, (B;) is a Brownian motion, and (V;) is an independent
Poisson point process on R\ {0} with intensity measure v and corresponding Poisson
random measure N (dtdy) .

a) Suppose first that v is a finite measure, and let f € CZ(R). Show that almost surely,

f(Xy) = f(Xo) + /taf/(Xs)st + /t <%02f"+bf/) () ds
0 0 (1)
i /(0 xR (f(Xe +y) = f(X,-)) N(dsdy).

Hint: First consider the increments f(Xr,)— f(Xr,_,) where 0 =Ty < Ty <Tp < - -+
are the jump times of the Poisson point process.

b) Now consider a general intensity measure such that [(1A |y|) v(dy) < co. Show that
as € J 0, the processes

X; = oB, + bt +/ y Ni(dy)

ly|>e

converge to (X;) in the ucp sense (uniformly on finite time intervals, in probability).
Hence conclude that It6’s formula (1) holds true for (X;).

¢) Conclude that (X;) solves the martingale problem for the operator

(L5)@) = 502" @) + b7 @) + [ (Fa+y) = f(o) v(dy), Dom(£) = CE(R).

2. (Stratonovich to It6 conversion).

a) Show that the “associative law”

/Xod(/YodZ) = /XYodZ

holds for Stratonovich integrals of continuous semimartingales X,Y, Z.
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b) We consider a Stratonovich SDE in R™ of the form

d
odX, = bX)dt+» op(X)odBf, Xo = o, (2)
k=1

with 2o € R", vector fields b € C1(R",R"), 01,...,04 € C*(R",R"), and an R’
valued Brownian motion (B;). Prove that (2) is equivalent to the It6 SDE

d
dX, = b(X)dt+) ox(X;)dBf, X0 = o, (3)

k=1

where b = b+ %22:1 01 - Vop. Conclude that if b and o1,...,04 are Lipschitz
continuous, then there is a unique strong solution of (2).

3. (Brownian motion on hypersurfaces). Let f € C*®(R"™!) such that f(z) — oo as
|z| — oo, and suppose that ¢ € R is a regular value of f, i.e., Vf(x) # 0 for any x € f~(c).
Then by the implicit function theorem, the level set

M. = fHe) = {zeR™: f(2)=c}
is a smooth compact n-dimensional submanifold of R"*!. For = € M., the vector
n(z) = Vf(@)/|[Vf(@)] €5

is the unit normal to M, at . The tangent space to M, at x is the orthogonal comple-
ment
T,M. = span{n(x)}*.

Let P(z) : R"™' — T,M, denote the orthogonal projection onto the tangent space w.r.t.
the Euclidean metric, i.e.,

P(x)v = wv—ov-n(z)n(z), veR".
For k € {1,...,n+ 1}, we set Py(z) = P(z)e;. A Brownian motion on the hypersur-
face M, with initial value xy € M, is a solution (X;) of the Stratonovich SDE

n+1
odX, = P(X,)odB, = Y P(X,)odBf, X, = (4)

k=1
with respect to a Brownian motion (B;) on R™*1,

a) Prove that almost surely, there exists a unique strong solution (X¢):c[0,00) of (4), and
(X;) stays on the submanifold M, for all times.

b) Prove that the SDE (4) can be written in It6 form as
dX, = P(X,) dB,— gm(Xt) n(X,) dt

where k(z) = * divn(z) is the mean curvature of M, at x.

T on

Hint: Note thatn-Vn=0 andn-VP, + P, - Va=0. Why do these identities hold ¢



