Institut fiir angewandte Mathematik )
Summer Semester 2015 ) o
Andreas Eberle universitatbonn

“Stochastic Analysis”, Problem sheet 4.

Classes: Monday 12 (0.011), Wednesday 16 (0.006), s6kabash@uni-bonn.de.
Please hand in solutions before Thursday May 7, 15 ct, at the mailbox
opposite to the library entrance.

1. (Jumps and structure of Lévy processes)

a) Show that the probability that a Lévy process (X;) jumps at a given fixed time ¢ is
zZero.

b) Suppose (X;) is a Lévy martingale without Brownian component (i.e. ¢ = 0 in the
Lévy-Ito decomposition). Show that if the total jump intensity A = v(R) is finite,
then X is a compensated compound Poisson process with jump intensity measure v.

¢) Conclude that any Lévy martingale without Brownian component is a limit of com-
pensated compound Poisson processes.

2. (Geometric Poisson processes and change of measure) Let (N;):> be a Poisson
process with intensity A > 0 on the probability space (2, A, P) with filtration (F)i>o.

a) Let o, € R with ¢ > —1. Give a meaning to the SDE
dSt = USt_dNt+OéStdt, S():l,
and find a solution by the ansatz S; = exp (alV; + bt).

b) Given o, for which value of « is (S;) a martingale ?

c) Now let p > 0. Verify that
Zi = (u/ W) O

is an (F;) martingale with E[Z;] = 1 for all .

d) We define a new probability measure P on (Q, F;) by
P[A] = / Zy dP for any A € Fi.
A

Verify that E[X;] = E[X,Z,] for any F, measurable random variable X, and ¢ € [0, 1].
Compute the characteristic function of the process (N¢).e[o,1) W.r.t. the new measure
P. Conclude that under P, (IV;) is a Poisson process with intensity pu.

3. (Simulation of Lévy processes) Write a program that simulates and plots a trajec-
tory of a Lévy jump process with finite jump intensity measure (e.g. with Mathematica).



