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Chapter 1

Lévy processes and Poisson point

Processes

In the next chapter we will extend stochastic calculus to processes with jumps. A widely
used class of possible discontinuous driving processes in stochastic differential equa-
tions are Lévy processes. They include Brownian motion, Poisson and compound Pois-
son processes as special cases. In this chapter, we outline basics from the theory of Lévy
processes, focusing on prototypical examples of Lévy processes and their construction.
For more details we refer to the monographs of Applebaum [3] and Bertoin [4].

Apart from simple transformations of Brownian motion, Lévy processes do not have
continuous paths. Instead, we will assume that the paths are cadlag (continue a droite,
limites a gauche), i.e., right continuous with left limits. This can always be assured
by choosing an appropriate modification. We now summarize a few notations and facts
about cadlag functions that are frequently used below. If X : I — Ris a cadlag function

defined on a real interval /, and s is a point in I except the left boundary point, then we

denote by
X, = limX,_,
el0
the left limit of X at s, and by
AX, = X,—X,._
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the size of the jump at s. Note that the function s — X, _ is left continuous with right
limits. Moreover, X is continuous if and only if AX = 0 for all s. Let D(I) denote the
linear space of all cadlag functions X : I — R.

Exercise (Cadlag functions). Prove the following statements:

1) If I is a compact interval, then for any function X € D([), theset{s € I : |AX;| > ¢}
is finite for any ¢ > 0. Conclude that any function X € D([0, 00)) has at most
countably many jumps.

2) A cadlag function defined on a compact interval is bounded. A uniform limit of a

sequence of cadlag functions is again calag..

1.1 Lévy processes

Lévy processes are R?%-valued stochastic processes with stationary and independent in-

crements. More generally, let (F;);>o be a filtration on a probability space (€2, A, P).

Definition. An (F;) Lévy process is an (F;) adapted cadlag stochastic process
X; : Q — R such that w.rt. P,

(a) Xsyt — X, is independent of F for any s, t > 0, and
(b)) Xeit — Xs ~ Xy — Xo forany s, t > 0.

Any Lévy process (X;) is also a Lévy process w.r.t. the filtration (F;*) generated by the
process. Often continuity in probability is assumed instead of cadlag sample paths. It

can then be proven that a cadlag modification exists, cf. [27, Ch.I Thm.30].

Remark (Infinitely divisible random variables). The increments X, ;, — X, of a
Lévy process are infinitely divisible random variables, i.e., for any n € N there ex-
ist i.i.d. random variables Y7, ..., Y, such that X, ; — X, has the same distribution as
Zn: Y;. Indeed, we can simply choose Y; = X 1/n, — Xoiit—1)/n. The Lévy-Khinchin
Zf?)}mulal gives a characterization of all distributions of infinitely divisible random vari-

ables, cf.e.g. [3]]. The simplest examples are normal and Poisson distributions.

University of Bonn Winter Term 2010/2011



8 CHAPTER 1. LEVY PROCESSES AND POISSON POINT PROCESSES

Example (Brownian motion and Gaussian Lévy processes). If (B, ) is a d-dimensional
Brownian motion then X; = oB; + bt is a Lévy process with normally distributed
marginals for any 0 € R%*? and b € R?. Note that these Lévy processes are precisely

the driving processes in SDE considered so far.

First examples of discontinuous Lévy processes are Poisson and, more generally, com-
pound Poisson processes, cf.below. Moreover, a linear combination of independent

Lévy processes is again a Lévy process:

Example (Superposition). If (X;) and (X/) are independent Lévy processes with val-
ues in R? and R? then aX, + $X is a Lévy process with values in R™ for any constant

matrices a € R™% and § € R

Characteristic exponents

From now on we restrict ourselves w.l.o.g. to Lévy processes with Xy = 0. The dis-
tribution of the sample paths is then uniquely determined by the distributions of the
increments X; — Xy = X; for ¢ > 0. Moreover, by stationarity and independence of

the increments we obtain the following representation for the characteristic functions
pi(p) = Elexp(ip - Xi)|:

Theorem 1.1 (Characteristic exponent). If (X;):>o is a Lévy process with Xy = 0
then there exists a continuous function 1 : R4 — C with 1)(0) = 0 such that

Ele?X] = e~ t(@) foranyt > 0andp € R%. (1.1)

Moreover, if (X;) has finite first or second moments, then 1) is C1, C? respectively, and

0%

E[X)] = itVy(0) , Cov[XF X]| = tapkapl

(0) (1.2)
forany k,l=1,... dandt > 0.

Proof. Stationarity and independence of the increments implies the identity

Yi4s(p) = Elexp(ip - Xiys)] = Elexp(ip - Xy)] - Elexp(ip - (Xiys — Xs))]
= 1(p) - ws(p) (1.3)

Stochastic Analysis — An Introduction Prof. Andreas Eberle



1.1. LEVY PROCESSES 9

for any p € R? and s, > 0. For a given p € RY, right continuity of the paths and

dominated convergence imply that ¢ — ;(p) is right-continuous. Since

pie(p) = Elexp(ip- (X; = X)),

the function ¢t — ,(p) is also left continuous, and hence continuous. By and since
¢o(p) = 1, we can now conclude that for each p € R, there exists ¢(p) € C such that
holds. Arguing by contradiction we then see that ¢)(0) = 0 and ¢ is continuous,
since otherwise ¢; would not be continuous for all ¢.

Moreover, if X, is (square) integrable then ¢, is C! (resp. C?), and hence v is also
C! (resp. C?). The formulae in for the first and second moment now follow by
computing the derivatives w.r.t. p at p = 0 in (L.T). [

The function v is called the characteristic exponent of the Lévy process.

Examples. 1) In the Brownian motion example above,

1
Y(p) = 5‘0Tp’2—ib-p = p-ap—1ib-p with a = oo’

2) In the superposition example,

Yax+px(p) = wx(a’p)+ ¢y (87p).

Martingales of Lévy processes

The notion of a martingale immediately extends to complex or vector valued processes

by a componentwise interpretation. As a consequence of Theorem [I.1] we obtain:

Corollary 1.2. If (X;) is a Lévy process with X, = 0 and characteristic exponent 1),

then the following processes are martingales:
(i) exp(ip- X; +t(p))  foranyp € R4,
(ii) M, = X, — bt with b = iV(0), provided X, € L'Vt > 0.

(iii) MM} — a*t with a/* = %(0), (,k =1,...,d) provided X; € L*
Vi>O0.

University of Bonn Winter Term 2010/2011



10 CHAPTER 1. LEVY PROCESSES AND POISSON POINT PROCESSES

Proof. We only prove (ii) and (iii) for d = 1 and leave the remaining assertions as an

exercise to the reader. If d = 1 and (X;) is integrable then for 0 < s <'¢,
EX,— X, |F] = EX,—XJ] = i(t—s)¢(0)

by independence and stationarity of the increments and by (I.2). Hence M, = X, —

ity’(0) is a martingale. Furthermore,
M7 — M? = (M + M) (My — M,) = 2M,(M; — M) + (M, — M,)>.
If (X,) is square integrable then the same holds for (1/;), and we obtain

E[M? — M? | F,] = E[(M, — M,)* | F,] = Var[M, — M, | F,]
= Var[X; — X, | F,] = Var[X; — X,] = Var[X,;_,] = (t — s)¥"(0)

Hence M? — " (0) is a martingale. O

Note that Corollary [I.2][(il)] shows that an integrable Lévy process is a semimartingale
with martingale part M; and continuous finite variation part b¢. The identity can be
used to classify all Lévy processes, c.f. e.g. [3]. In particular, we will prove in Section
3.1 below that by Corollary[I.2] any continuous Lévy process with X, = 0 is of the type
X, = 0B, + bt with a d-dimensional Brownian motion (B;) and constants o € Rdxd
and b € R

From now on, we will focus on discontinuous Lévy processes. We first look at simple

examples and then describe a general construction.

1.2 Compound Poisson processes

Compound Poisson processes are pure jump Lévy processes,with paths that are constant
apart from a finite number of jumps in finite time. We first introduce the standard
Poisson process and Poisson random measures. Then we prove that compound Poisson

processes are Lévy processes.

The most basic example of a jump process in continuous time is the Poisson process.

It takes values in {0, 1,2, ...} and jumps up one unit each time after an exponentially

Stochastic Analysis — An Introduction Prof. Andreas Eberle



1.2. COMPOUND POISSON PROCESSES 11

distributed waiting time. Explicitly, a Poisson process (V;);>o with intensity A > 0 is

given by
N, o= Y Iisey = #{neN: S, <t} (1.4)
n=1

where S,, = 11 + Ty + - - - + T,, with independent random variables 7; ~ Exp(\). The

increments /NV; — N, of a Poisson process over disjoint time intervals are independent
and Poisson distributed with parameter A(¢ — s), cf. [8, Satz 10.12]. Note that by (1.4),

the sample paths ¢ — N;(w) are cadlag. In general, any Lévy process with

X;— X, ~  Poisson (A(t — s)) for0 < s <t
is called a Poisson process with intensity A, and can be represented as above. The
characteristic exponent is ¥(p) = A\(1 — e’?).

The paths of a Poisson process are increasing and hence of finite variation. The com-

pensated Poisson process
M, = N —E[N|] = N, —M
is an (F}Y) martingale, yielding the semimartingale decomposition
N, = M+ M

with the continuous finite variation part A¢{. On the other hand, there is the alternative
trivial semimartingale decomposition N; = 0 + N, with vanishing martingale part.
This demonstrates that without an additional regularity condition, the semimartingale

decomposition of discontinuous processes is not unique.

A compensated Poisson process is a Lévy process which has both a continuous and a

pure jump part.

Exercise (Martingales of Poisson processes). Prove that the compensated Poisson pro-
cess My = N; — At and the process M? — At are (F}¥) martingales.

Poisson random measures

Let

M) = {4,

University of Bonn Winter Term 2010/2011
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12 CHAPTER 1. LEVY PROCESSES AND POISSON POINT PROCESSES

denote the set of all counting measures on a set S. A Poisson process (/NV;);>o can be
viewed as the distribution function of a random counting measure, i.e., of a random
variable N : Q — M7 ([0, 00)).

Definition. Letr v be a o-finite measure on a measurable space (S,S). A collection of
random variables N(B), B € S, on a probability space (2, A, P) is called a Poisson

random measure (or spatial Poisson process) of intensity v if and only if
(i) B — N(B)(w) is a counting measure for any w € €,

(ii) if By, ..., B, € S are disjoint then the random variables N (B ), ..., N(B,) are

independent,
(iii) N(B) is Poisson distributed with parameter v(B) forany B € S with v(B) < oc.

A Poisson random measure N with finite intensity v can be constructed as the empirical
measure of a Poisson distributed number of independent samples from the normalized

measure v/v(S):.
K
N = Z dx, with Xj ~v/v(s)iid., K ~ Poisson(v(S)) independent.
j=1
Remark. If the intensity measure v does not have atoms then almost surely, N ({z}) €

{0,1} forany z € S,and N = )

a Poisson random measure is often called a Poisson point process, but we will use this

+e4 0z for a random subset A of S. For this reason,

terminology differently below.

A real-valued process (/V;):>o is a Poisson process of intensity A > 0 if and only if
t +— Ny(w) is the distribution function of a Poisson random measure N (dt)(w) on
B([0,00)) with intensity measure v(dt) = Adt. The Poisson random measure N (dt)

can be interpreted as the derivative of the Poisson process:
N(dt)y= > d,(dt).
s: ANG#0

In a stochastic differential equation of type dY; = o(Y;_)dN,, N(dt) is the driving

Poisson noise.

Stochastic Analysis — An Introduction Prof. Andreas Eberle



1.2. COMPOUND POISSON PROCESSES 13

Compound Poisson processes

A compound Poisson process is a continuous time Random Walk defined by

with a Poisson process (/N;) of intensity A > 0 and with independent identically dis-
tributed random variables n; : Q — R? (j € N) that are independent of the Poisson
process as well.

The process (X;) is again a pure jump process with jump times that do not accumulate.

A compound Poisson process has jumps of size y with intensity

v(dy) = Am(dy),
where 7 denotes the joint distribution of the random variables 7);.

Lemma 1.3. A compound Poisson process is a Lévy process with characteristic expo-

nent

b(p) = / (1 - e) v(dy). (1.5)

Proof. Let0) =1ty <t <---<t,. Then the increments

Nty

Xy = Xo o= >, m o, k=12...n, (1.6)

J=Ng,_,+1

are conditionally independent given the o-algebra generated by the Poisson process

(Ny)i>0. Therefore, for py,...,p, € RY,

E[GXP (Z Zpk (X, — th_l) } (Nt)} = H Elexp(ipy, - (Xz, — Xip_,) | (V1)]

k=1 k=1

~ [T ot

where ¢ denotes the characteristic function of the jump sizes n;. By taking the ex-

pectation value on both sides, we see that the increments in @]) are independent and

University of Bonn Winter Term 2010/2011



14 CHAPTER 1. LEVY PROCESSES AND POISSON POINT PROCESSES

stationary, since the same holds for the Poisson process (N;). Moreover, by a similar

computation,
Elexp(ip - X;)] = E[Elexp(ip - X;) | (Ns)]] = Ele(p)™]
e (A)F _
TP YL
k=0
for any p € R?, which proves (1.5). O

The paths of a compound Poisson process are again of finite variation and cadlag. One
can show that every pure jump Lévy process with finitely many jumps in finite time is a

compound Poisson process , cf. Theorem [I.10|below.

Exercise (Martingales of Compound Poisson processes). Show that the following

processes are martingales:
(@) M; =X, —0bt whereb= [yuv(dy) providedn € L',
(b) |My* —at  wherea = [|y|* v(dy) provided n;, € L2

We have shown that a compound Poisson process with jump intensity measure v(dy) is

a Lévy process with characteristic exponent
Uu(p) = /(1 —ePu(dy) . peR? (1.7)

Since the distribution of a Lévy process on the space D([0, c0), R?) of cadlag paths is

uniquely determined by its characteristic exponent, we can prove conversely:

Lemma 1.4. Suppose that v is a finite positive measure on B(R?\ {0} ) with total mass
A = v(R?\ {0}), and (X;) is a Lévy process with Xy = 0 and characteristic exponent
Y, defined on a complete probability space (2, A, P). Then there exists a sequence
(n;)jen of i.i.d. random variables with distribution \™'v and an independent Poisson

Process (N;) with intensity \ on (2, A, P) such that almost surely,

Ny
j=1

Stochastic Analysis — An Introduction Prof. Andreas Eberle



1.2. COMPOUND POISSON PROCESSES 15

Proof. Let (1;) be an arbitrary sequence of i.i.d. random variables with distribution
A~'y, and let (NV,) be an independent Poisson process of intensity v(R% \ {0}), all
defined on a probability space (ﬁ, .,LT, ﬁ) Then the compound Poisson process E =
Z;\Zl n; is also a Lévy process with )A((/) = 0 and characteristic exponent v,,. Therefore,
the finite dimensional marginals of (X;) and (X;), and hence the distributions of (X})
and (TX:) on D([0, ), R?) coincide. In particular, almost every path ¢ — X;(w) has
only finitely many jumps in a finite time interval, and is constant inbetween. Now set
So = 0 and let

Sj = inf {S > Sj,1 : AXS 7£ O} fOI'j eN

denote the successive jump-times of (X;). Then (S;) is a sequence of non-negative
random variables on (€2, A, P) that is almost surely finite and strictly increasing with

lim S; = oo. Defining 7n; := AXSj if 5; < 00, n; = 0 otherwise, and
Ny = [{se(0,t] : AX,#0}| = [{jeN:S <t}

as the successive jump sizes and the number of jumps up to time ¢, we conclude that
almost surely, (/V;) is finite, and the representation holds. Moreover, for any j € N
and t > 0, n; and N, are measurable functions of the process (X;);>o. Hence the joint
distribution of all these random variables coincides with the joint distribution of the
random variables 77; (j € N) and ﬁt (t > 0), which are the corresponding measurable
functions of the process (Z) We can therefore conclude that (7););en is a sequence
of i.i.d. random variables with distributions A~'v and (V) is an independent Poisson

process with intensity . [
The lemma motivates the following formal definition of a compound Poisson process:

Definition. Let v be a finite positive measure on R?, and let 1), : R? — C be the

function defined by ({1.7).

1) The unique probability measure m, on B(RY) with characteristic function

/ ePVm,(dy) = exp(—tu(p)  VpeR?

is called the compound Poisson distribution with intensity measure v.

University of Bonn Winter Term 2010/2011



16 CHAPTER 1. LEVY PROCESSES AND POISSON POINT PROCESSES

2) A Lévy process (X;) on R? with X, — X, ~ 7, for any s,t > 0 is called a

compound Poisson process with jump intensity measure (Lévy measure) v.

The compound Poisson distribution 7, is the distribution of Z]K:l n; where K is a Pois-
son random variable with parameter A = v(R?) and (n;) is a sequence of i.i.d. random
variables with distribution A~'v. By conditioning on the value of K , we obtain the

explicit series representation
oo
)\k
o - *k
Ty = E (& HI/ s
k=0

where ** denotes the k-fold convolution of v.

Superpositions and subdivisions of Poisson processes

The following assertion about Poisson processes is intuitively clear from the interpre-
tation of a Poisson process as the distribution function of a Poisson random measure.
Compound Poisson processes enable us to give a simple proof of the second part of the

lemma:
Theorem 1.5. Let K be a countable set.

1) Suppose that (Nt(k))tzo, k € K, are independent Poisson processes with intensi-

ties \,,. Then
Ne o= Y NP>,

keK

is a Poisson process with intensity A = Y A\, provided A < oc.

2) Conversely, if (N;)i>o is a Poisson process with intensity A\ > 0, and (C,)nen is
a sequence of i.i.d. random variables C,, : ) — K that is also independent of

(Ny), then the processes
Ny
Nt(k) = Z [{C]:k} s t Z O,
j=1

are independent Poisson processes of intensities qp\, where q,, = P[Cy = k.

Stochastic Analysis — An Introduction Prof. Andreas Eberle



1.3. POISSON POINT PROCESSES AND LEVY JUMP PROCESSES 17

The subdivision in the second assertion can be thought of as colouring the points in
the support of the corresponding Poisson random measure N (dt) independently with

random colours C;, and decomposing the measure into parts N*)(dt) of equal colour.

Proof. The first part is rather straightforward, and left as an exercise. For the second
part, we may assume w.l.o.g. that K is finite. Then the process N, : Q — RX defined
by

Nt

— k .

Ny = (Nt( )>keK:§Im with 7, = (143 (C))) e
=1

is a compound Poisson process on R, and hence a Lévy process. Moreover, by the

proof of Lemma the characteristic function of N, for ¢ > 0 is given by

E |exp (ip- V)| = exp (M(p(p) ~ 1)), p € RE,

where

¢(p) = E[exp(ip-m)] = E

exp (Z Zpkf{k}(cl))] = Z qre’®.

keK keK
Noting that » | g, = 1, we obtain
Elexp(ip - N)] = H exp(Atgr (e — 1)) forany p € R¥ and t > 0.
keK

The assertion follows, because the right hand side is the characteristic function of a Lévy
process in R® whose components are independent Poisson processes with intensities

1.3 Poisson point processes and Lévy jump processes

A compensated Poisson process has only finitely many jumps in a finite time interval.
General Lévy jump processes may have a countably infinite number of (small) jumps in

finite time. We would like to construct such processes from their jumps.

Note first that a Lévy process (X;) has only countably many jumps, because the paths

University of Bonn Winter Term 2010/2011



18 CHAPTER 1. LEVY PROCESSES AND POISSON POINT PROCESSES

are cadlag. The jumps can be encoded in the counting measure-valued stochastic pro-
cess N; : @ — MF(R?\ {0}),

N(dy) = ) dax,(dy), t>0,

s<t
AXs#0

or, equivalently, in the random counting measure N : Q@ — MF (R, x (R )\ {0}))
defined by

N(dtdy) = > Saxy(dtdy).
N
The process (V;);>¢ is increasing and adds a Dirac mass at y each time the Lévy process
has a jump of size y. If (X}) is a pure jump process then it can be recovered from NN, by
adding up the jump sizes:
XX = Yax. = [yNa),
s<t
We are now conversely going to construct a Lévy jump process from the measure-valued

process encoding the jumps.

Poisson point processes

Let (S, S, v) be a o-finite measure space.

Definition. A collection Ny(B), t > 0, B € S, of random variables on a probability
space (2, A, P) is called a Poisson point process of intensity v if and only if

(i) B — Ny(B)(w) is a counting measure on S for anyt > 0 and w € ),

(ii) if By,...,B, € S are disjoint then (Ny(B1))i>0, - - -, (N:(Bp))i>0 are indepen-
dent stochastic processes and
(iii) (N¢(B))i>0 is a Poisson process of intensity v(B) for any B € S withv(B) < oc.

A Poisson point process adds random points with intensity v(dt) dy in each time instant
dt. Tt is the distribution function of a Poisson random measure N (dt dy) on RT™ x S

with intensity measure dt v(dy), i.e.

N(B) = N((0,t] x B) foranyt > 0and B € S.
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The distribution of a Poisson point process is uniquely determined by its intensity mea-

sure: If (V;) and (N/t) are Poisson point processes with intensity v then
(Ni(Ba), - Ni(Ba)izo -~ (N(B), - (Na(Bo) o

for any finite collection of disjoint sets By,..., B, € &, and, hence, for any finite

collection of measurable arbitrary sets By, ..., B, € S.

Applying a measurable map to the points of a Poisson point process yields a new Poisson

point process:

Exercise (Mapping theorem). Let (S,S) and (7', 7) be measurable spaces and let
f S — T be a measurable function. Prove that if (/V;) is a Poisson point process with
intensity measure v then the image measures N; o f~1, ¢ > 0, form a Poisson point

process on T with intensity measure v o f~1.

An advantage of Poisson point processes over Lévy processes is that the passage from
finite to infinite intensity (of points or jumps respectively) is not a problem on the level

of Poisson point processes because the resulting sums trivially exist by positivity:
Theorem 1.6 (Construction of Poisson point processes).

1) Suppose that v is a finite measure with total mass A = v(S). Then

is a Poisson point process of intensity v provided the random variables n); are
independent with distribution \™'v, and (K}) is an independent Poisson process

of intensity \.

2) If (Nt(k)), k € N, are independent Poisson point processes on (S, S) with intensity
measures vy, then

k=1

o0

is a Poisson point process with intensity measure v =Y, vy
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20 CHAPTER 1. LEVY PROCESSES AND POISSON POINT PROCESSES

The statements of the theorem are consequences of the subdivision and superposition

properties of Poisson processes. The proof is left as an exercise.

Conversely, one can show that any Poisson point process with finite intensity measure v
can be almost surely represented as in the first part of Theorem where K; = N,(.59).
The proof uses uniqueness in law of the Poisson point process, and is similar to the
proof of Lemma

Construction of compound Poisson processes from Poisson point pro-

cesses

We are now going to construct Lévy jump processes from Poisson point processes. Sup-
pose first that (V;) is a Poisson point process on R? \ {0} with finite intensity measure

v. Then the support of NV, is almost surely finite for any ¢ > 0. Therefore, we can define

Yo = [Ny =Yy NG,
RA{0} yeEsupp(Vy)
Theorem 1.7. If v(R? \ {0}) < oo then (X;)i>o is a compound Poisson process with
Jjump intensity v. More generally, for any Poisson point process with finite intensity
measure v on a measurable space (S, S) and for any measurable function f : S — R",

n € N, the process
N [Ny ez

is a compound Poisson process with intensity measure v o f 1.

Proof. By Theorem [I.6] and by the uniqueness in law of a Poisson point process with
given intensity measure, we can represent (/V;) almost surely as N, = Eﬁl oy, with
i.i.d. random variables 7; ~ v/v(S) and an independent Poisson process (X) of inten-
sity v(S). Thus,

K

N = /f(y)Nt(dy) = Zf(nj) almost surely.

j=1

Since the random variables f(7;), j € N, are i.i.d. and independent of (/;) with distri-

bution v o {1, (Ntf ) is a compound Poisson process with this intensity measure. [
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As a direct consequence of the theorem and the properties of compound Poisson pro-

cesses derived above, we obtain:

Corollary 1.8 (Martingales of Poisson point processes). Suppose that () is a Pois-
son point process with finite intensity measure v. Then the following processes are
martingales w.r.t. the filtration F¥ = o(N,(B) |0 < s <t, B€S):

(i) N/ = N/ —t[fdv  forany f € £'(v)
(i) NNt [ fgdv  forany f.g € L2(v),
(iii) exp (ipN} +t [(1 —e®!) dv)  for any measurable f : S — R and p € R.
Proof. If f isin LP(v) for p = 1, 2 respectively, then
[Jlarve s idn) = [ 15wl vidy) < o
/m vo fYdx) = /f dv, and /xy vo (fg) ' (dady) = /fg dv

Therefore (i) and (ii) (and similarly also (iii)) follow from the corresponding statements

for compound Poisson processes. ]

With a different proof and an additional integrability assumption, the assertion of Corol-

lary [1.8] extends to o-finite intensity measures:

Exercise (Expectation values and martingales for Poisson point processes with in-
finite intensity). Let (/V;) be a Poisson point process with o-finite intensity v.

a) By considering first elementary functions, prove that for ¢ > 0, the identity

E [ / f(y)Nt(dy)} — ¢ [ sty

holds for any measurable function f : S — [0, oo|. Conclude that for f € £'(v),
the integral N/ = [ f(y)Ni(dy) exists almost surely and defines a random vari-
able in L'(Q2, A, P).
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b) Proceeding similarly as in a), prove the identities

EIN/] _ t/f d for any f € £(1),
Cov[N/ Nf] = t/fg dv forany f,g € L' (v) N L*(v),
Elexp(ipN])] = exp(t/(eipf —1)dv) forany f € L'(v).

c) Show that the processes considered in Corollary are again martingales pro-
vided f € L (v), f,g9 € L' (v) N L?(v) respectively.

If (IV;) is a Poisson point process with intensity measure v then the signed measure

valued stochastic process

Ni(dy) = Ny(dy) —v(dy) , t>0,

is called a compensated Poisson point process . Note that by Corollary and the

exercise,
Nf —~
N [Ny

is a martingale for any f € £!(v), i.e., (N,) is a measure-valued martingale.

Construction of Lévy processes with infinite jump intensity

Let v(dy) be a o-finite positive measure on R¢ \ {0} such that
v(lyy>e) < oo foranye > 0. (1.9)

Note that the condition (1.9)) is necessary for the existence of a Lévy process with jump
intensity v. Indeed, if (I.9) would be violated for some € > 0 then a corresponding
Lévy process should have infinitely many jumps of size greater than ¢ in finite time.

This contradicts the cadlag property of the paths.

In order to construct a Lévy process with jump intensity v, let N;(dy), ¢ > 0, be a
Poisson point process with intensity measure v defined on a probability space (2, A, P).

For a measure ¢ and a measurable set A, we denote by

WN(B) = p(BnA)
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the part of the measure on the set A, i.e., u?(dy) = I1(y)u(dy). The following decom-

position property is immediate from the definition of a Poisson point process:

Remark (Decomposition of Poisson point processes). If A, B € B(R?\ {0}) are

disjoint sets then (N/1);> and (N);>¢ are independent Poisson point processes with

intensity measures v, v'? respectively.

For a given ¢ € (0, 1) we consider the compound Poisson processes
X: = / y Ny(dy) and XO' = / y Ni(dy).  (1.10)
ly[>e e<|y|<1
A first idea for defining a Lévy jump process (X;) with jump intensity v would be to set

X, = 1{:%1)(; - Xt1+1£51Xf’1. (1.11)

However, we will see below that the limit in (T.TT)) does not always exist. Therefore, in
general, we will have to compensate the jumps of (X; ’1) before taking the limit, i.e., we

will consider the compensated processes
MY o= X! —t/ y v(dy).
e<lyl<1

Since
th :/Z/Nt(lm)(dy) and XtE’l = /yNt(e’l](dy)a

(X)) and (X{") are independent compound Poisson processes with (finite) jump inten-

sity measures ) and v(*!] for any £ > 0. Moreover,

Mt = [y (N ay) 0 )
is a martingale w.r.t. the completed filtration
FNP = o (NJ(B)|s € 0,4, BeBR{0})"

generated by the Poisson point process.

To study the existence of the limit as € | 0 we use martingale arguments. Let

Mi([0,a]) = {M e M?*([0,a]) ]|t M(w) cadlag for any w € Q}
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denote the space of all square-integrable cadlag martingales w.r.t. the filtration (]—'tN ’P).

Recall that the L* maximal inequality

2 2
B[ swp M7 < (—) (M, )
te(0,a] 2—1

holds for any right-continuous martingale in M?(]0, a]). Since a uniform limit of cadlag
functions is again cadlag, this implies that the space M?([0, a]) of equivalence classes
of indistinguishable martingales in M?3([0, a]) is a closed subspace of the Hilbert space
M?([0, a]) w.r.t. the norm

IMIaqoay = ElIMd?]"?.
Lemma 1.9. Let a € (0, 00).

1) Iff‘y|<1 ly|?v(dy) < oo then (M*/™') is a Cauchy sequence w.r.t. the M?([0, a])

norm. In particular, there exists a martingale M € M?3([0, a)) such that

E[sup | MY™ —MP] — 0  asn— oo. (1.12)
0<t<a

2) The martingale (My)ic(0,q) is a Lévy process with characteristic exponent
v(p) = / (1 —ePY +ip-y) v(dy) for any p € R%. (1.13)
ly|<1
Proof. 1)Letd,e € (0,1) with § < €. Then

DD GED / y Ni(dy) = / y N (dy),
d<]y|<e

. 5,1 1. . . . . .
ie, X;"' — X' is a compound Poisson process with jump intensity measure (%<,

Therefore,
MY — Mpt = M)* = X7° - t/y v (dy)

is a cadlag martingale, and
s, ; ;
M= M =t [ ol /O a)

is a martingale as well. In particular,
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1M = Moy = EIME = M =a [ JyPuldy)

I<ly|<e
The assumption [, |y[*v(dy) < oo hence implies that (M1, ey is a Cauchy se-

quence in M2([0, a]). The first assertion now follows by completeness of M?2([0, a]).

2) In order to identify the limit martingale (M;) as a Lévy process with characteristic
exponent |D we note that (X} ’1) is a compound Poisson process with characteristic

exponent
blp) = / (1— ) u(dy),
e<ly|<1

1 1 1y - .
and, therefore, M;" = X;” — F[X;"] is a compensated compound Poisson process

with characteristic function
Elexp(ip - M{")] = Elexp(ip - X{)] - exp(—ip - E[X{]) = exp(—tip.(p)),

where

belp) = zba(p)ﬂ'p-/ y v(dy)

e<|y|<1
= / (1 =€ +ip-y) v(dy).
e<ly[<1

As e | 0, 1.(p) converges to 1(p) since 1 — ¥ + ip -y = O(|y|?). Hence the
limit martingale M; = lim Mtl/ ™! also has independent and stationary increments, and
n—oo

characteristic function

Elexp(ip- M;)] = lim Elexp(ip - M;"™")] = exp(—te)(p)).

]
We now return to our original goal of taking the limit of (th / ") as m — oo. Note that
forn € N,
1/n 1 1/n,1
X, = X, +M/"" + t/ y v(dy). (1.14)
1/n<]y|<1

The first summand corresponds to to big jumps, the second to the compensated small
jumps, and the third summand is the compensating drift. For a cadlag process (X;);>o

and a € (0, 00) we define

1/2
1 X||la = E{sup\Xt\z} )
t<a
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We can now state the fundamental result for the construction of Lévy processes:

Theorem 1.10 (Existence of Lévy processes with infinite jump intensity). Let v be a
o-finite measure on R\ {0} satisfying , and fix a € (0, 00).

1) Iff\y|<1 ly| v(dy) < oo, or if v is symmetric (i.e., v(B) = v(—B) for any B €
B(RN\{0})) and f‘y|<1 ly|> v(dy) < oo, then there exists a Lévy process (X;)ic(o,q)

with characteristic exponent

Y(p) = lim (1 — eip'y) v(dy) Vpe R
0 Jly|>e

such that || X'/" — X||, — 0 as n — oo.

2) More generally, iff|y\<1 ly|? v(dy) < oo, then there exists a Lévy process (Z)

with characteristic exponent
v(p) = / (1—e®¥ +ip-ylyy<y) v(dy)  VpeR?

such that || X' + MY"1 — X|| — 0 as n — .

In the first case, if f‘y|<1 ly| v(dy) < oo, then 1 — e is integrable w.r.t. v, and hence

Yip) = /(1—6“”’) v(dy).

Thus the limit process is a Lévy jump process with Lévy measure v.
In the second case, if f1 In<lyl<1 Y v(dy) does not converge as n — oo, then both the
process th/ " as well as the compensated drift in li diverge. Nevertheless, the dif-

ference of both processes converges provided f|y| < ly|? v(dy) < oco. The limit process

X, — lim <th L XM R [th/”’ID

n—o0

is then a partially compensated process with “infinite compensating drift”.

Proof. 1) First suppose that [, [y| v(dy) < oo, and letb := [ _,y v(dy). Then

Ji jnetyi<1 ¥ v(dy) — basn — oo, and hence by 1' and Lernma

xtml 5 x0 wrt | ], (1.15)
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where X*' := M, + tb and (M,) is the limiting martingale in (1.12). Setting X, :=
X} + X', we conclude that

=Xl = KX = (X 50 (116

Since X' and X'/™! are independent Lévy processes for every n, X' and X! are also
independent Lévy processes. Therefore X is a Lévy process. Moreover, by (1.16), X
has characteristic exponent ¢)(p) = nh_g)lo V1 /n(p).

If v is symmetric then the compensating drift f1 In<lyl<1 Y v(dy) vanishes for any n.
Hence X/™! = M'/™! for all n, and the convergence in and holds with

b = 0 under the weaker assumption f‘y|<1 ly|? v(dy) < .

2) In general, if [, |y|* v(dy) < oo, then we still have
1+ M) — (X + Mo = 0

by Lemma The limit X = X! + M of the partially compensated processes is
again the sum of two independent Lévy processes. Hence X isa Lévy process with

characteristic exponent

30) = dx(p) + dur(p) = / e vy + / (1= e 4 ip- ) v(dy).

lyl<1

]

1.4 Examples and Lévy-Ito representation

In the last section, we have constructed Lévy processes corresponding to a given jump
intensity measure v under adequate integrability conditions as limits of compound Pois-
son processes or partially compensated compound Poisson processes, respectively. Re-
markably, it turns out that by taking linear combinations of these Lévy jump processes
and Gaussian Lévy processes, we obtain all Lévy processes. This is the content of
the Lévy-Itd decomposition theorem that we will now state before considering in more

detail some important classes of Lévy processes.
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The Lévy-It6 decomposition

Already the classical Lévy-Khinchin formula for infinity divisible random variables (see
Cor below) shows that any Lévy process on R can be characterized by three quan-
tities: a non-negative definite symmetric matrix a € R4, a vector b € R, and a

o-finite measure v on B(R? \ {0}) such that

/(1 Ayl vidy) < oo . (1.17)

Note that (1.17) holds if and only if v is finite on complements of balls around 0, and
f|y| <1 ly|? v(dy) < oo. The Lévy-Itd decomposition gives an explicit representation of

a Lévy process with characteristics (a, b, v/).

Let o € R with a = o07, let (B;) be a d-dimensional Brownian motion, and let (V;)
be an independent Poisson point process with intensity measure v. We define a Lévy

process (X;) by setting

X, =08, + bt + / y Ny(dy) + lim y (Ne(dy) — tv(dy)) . (1.18)

ly|>1 0 Jeqy<t

The first two summands are the diffusion part and the drift of a Gaussian Lévy process,
the third summand is a pure jump process with jumps of size greater than 1, and the
last summand represents small jumps compensated by drift. All four summands are

independent Lévy processes. The limit of the martingale
vt = [y Ny - o) ez
5n<|y|§1

exists w.r.t. convergence in M3([0,a]) for any a € (0, 00) and any sequence ¢, | 0. If,
moreover, [(1 A |y|) v(dy) < oo then f5<‘y|<l y N;(dy) converges as € | 0 and the

compensation can be omitted.
As a sum of independent Lévy processes, the process (X;) is a Lévy process with char-
acteristic exponent

1

) = §p'ap—ib-p+/ (1—ePY +ip-y Iy<ny) v(dy).  (1.19)
R\ {0}

We have thus proved the first part of the following theorem:
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Theorem 1.11 (Lévy-Ito decomposition).
1) The expression defines a Lévy process with characteristic exponent ).
2) Conversely, any Lévy process (X;) can be decomposed as in with the Pois-

son point process

N,oo= ) AX, >0, (1.20)

s<t
AXs#0

an independent Brownian motion (B;), a matrix 0 € R4, a vector b € R%, and

a o-finite measure v on R\ {0} satisfying (1.17).

We will not prove the second part of the theorem here. The principal way to proceed
is to define (IV;) via (1.17)), and to consider the differences of (X;) and the integrals
w.r.t. (N;) on the right hand side of (1.18). One can show that the difference is a con-
tinuous Lévy process which can then be identified as a Gaussian Lévy process by the
Lévy characterization, cf. Section 3.1 below. Carrying out the details of this argument,

however, is still a lot of work. A detailed proof is given in [3]].

As a byproduct of the Lévy-Itd decomposition, one recovers the classical Lévy-Khinchin
formula for the characteristic functions of infinitely divisible random variables, which

can also be derived directly by an analytic argument.

Corollary 1.12 (Lévy-Khinchin formula). For a function 1) : R — C the following

statements are all equivalent:
(i) ) is the characteristic exponent of a Lévy process.
(ii) exp(—1) is the characteristic function of an infinitely divisible random variable.

(iii) 1 satisfies with a non-negative definite symmetric matrix a € R4, g
vector b € R? and a measure v on B(R?\ {0}) such that [ (1A |y|?) v(dy) < oco.

Proof. (iii)=(i) holds by the first part of Theorem|1.10] 1).
(i)=-(ii): If (X;) is a Lévy process with characteristic exponent ) then X; — Xj is an
infinitely divisible random variable with characteristic function exp(—1).

(i1)=-(iii) is the content of the classical Lévy-Khinchin theorem, see e.g. [12]. [
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We are now going to consider several important subclasses of Lévy processes. The class

of Gaussian Lévy processes of type
Xt = O'Bt + bt

with 0 € R¥4, b € R, and a d-dimensional Brownian motion (B5;) has already been
introduced before. The Lévy-Itd decomposition states in particular that these are the

only Lévy processes with continuous paths!

Subordinators

A subordinator is by definition a non-decreasing real-valued Lévy process. The name
comes from the fact that subordinators are used to change the time-parametrization of a
Lévy process, cf. below. Of course, the deterministic processes X; = bt with b > 0 are
subordinators. Furthermore, any compound Poisson process with non-negative jumps
is a subordinator. To obtain more interesting examples, we assume that v is a positive

measure on (0, co) with

[ anphvay <
(0,00)
Then a Poisson point process (/V;) with intensity measure v satisfies almost surely
supp(Ny)  C  [0,00) for any ¢ > 0.
Hence the integrals
Xi - /yNt(dy) ) tZOa

define a non-negative Lévy process with X, = 0. By stationarity, all increments of (X)
are almost surely non-negative, i.e., (X;) is increasing. In particular, the sample paths

are (almost surely) of finite variation.

Here are a few important examples of subordinators:

Example (Gamma process). The Gamma distributions form a convolution semigroup

of probability measures on (0, c0), i.e.,

C(r,A)«T'(s,A) = T(r+s,A) for any 7, s, A > 0.
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Therefore, for any a, A > 0 there exists an increasing Lévy process (I';);>o with incre-

ment distributions
s — Ty~ T(at, N) for any s,t > 0.

Computation of the Laplace transform yields

Elexp(—ul’y)] = (1 + %) o exp (—t /000(1 — UMW) qy eV dy) (1.21)

for every u > 0, cf.e.g. [21, Lemma 1.7]. Since I'; > 0, both sides in (1.21]) have a
unique analytic extension to {u € C : R(u) > 0}. Therefore, we can replace u by —ip
in (1.21) to conclude that the characteristic exponent of (I';) is

Y(p) = /000(1 — ) u(dy), where v(dy) = ay~ e Mdy.

Hence the Gamma process is a non-decreasing pure jump process with jump intensity

measure v.

Example (Inverse Gaussian subordinators). Let (5;);>¢ be a one-dimensional Brow-

nian motion with By = 0 and let
Ts = 1nf{t20 . Bt:S}

denote the first passage time to a level s € R. Then (7%)s>0 is an increasing stochastic
process that is adapted w.r.t. the filtration (F7, );>o. For any w, s — T,(w) is the gener-
alized right inverse of the Brownian path ¢ — B;(w). Moreover, by the strong Markov

property, the process
B = Br.-B  ,t>0,
is a Brownian motion independent of ]-"755 for any s > 0, and
Torw = T,+T¥  fors,u>0, (1.22)

where T¥) = inf {t >0 : B = u} is the first passage time to u for the process B(*).
By 1| the increment 7, — 7T 1s independent of ]:153 with distribution

u o u?
Ts+u - Ts ~ Tu ~ E €T 3/2 exp (—%) ](0700) (ZL’) dx.
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Hence (T5) is a subordinator. It is called “The Lévy subordinator”. Computation
of the characteristic function shows that (7) is a pure jump Lévy process with Lévy

measure

v(de) = (2m) Y2 2732 I (g 0)(2) do.

More generally, if X; = oB; + bt is a Gaussian Lévy process with coefficients o > 0,

b € R, then the right inverse

X = inf{t>0: X,=s} , s>0,

s

is called an Inverse Gaussian subordinator. An inverse Gaussian subordinator is a

Lévy jump process with jump intensity
v(de) = (2r) Y2073 exp(—b2w/2)1 (0,00 (7) da

Exercise (Time change by subordinators). Suppose that (X;) is a Lévy process with

Laplace exponent nx : R, — R, i.e.,
/E[exp(—@Xt)} = exp(—tnx(«)) forany a > 0.

Prove that if (7}) is an independent subordinator with Laplace exponent 77 then the

time-changed process

Xy = Xp, , s20,
is again a Lévy process with Laplace exponent
np) = nrnx(®p)).

The characteristic exponent can be obtained from this identity by analytic continuation.

Example (Subordinated Lévy processes). Let (B;) be a Brownian motion.
1) If (IVy) is an independent Poisson process with parameter A > 0 then (By,) is a

compensated Poisson process with Lévy measure

vide) = X2r)"Y2exp(—2?/2)dx.
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2) If (I';) is an independent Gamma process then for o, b € R the process
Xt = UBFt + th

is called a Variance Gamma process. It is a Lévy process with characteristic
exponent ¢(p) = [(1 — e™¥) v(dy), where
v(de) = ﬁ (e_ml(om) (x) + e_“l“‘f(_oo,o) (x)) dx
x
with constants ¢, A\, u > 0. Variance Gamma processes have been introduced by

Madan and Seneta [23] to include heavy tails in financial models.

Finite variation Lévy processes

Suppose that (/V;) is a Poisson point process on R \ {0} with jump intensity measure v
satisfying [(1 A |y|) v(dy) < oo. Then the decomposition N, = N> + N7 into
the independent restrictions of (N;) to R, R_ respectively induces a corresponding

decomposition
X, = X7+ X sz/y N (dy) Xt\:/y N0 (dy),

of the associated Lévy jump process X; = [y N,(dy) into a subordinator Xt/ and a de-

creasing Lévy process Xt\. Therefore, (X;) has almost surely paths of finite variation.

Example (Variance Gamma process). A Variance Gamma process X; = o Br, + bl’;
satisfies X; = Fgl) — F§2) with two independent Gamma processes, cf. e.g. [21]. In

particular, the random variables X;, ¢ > 0, have exponential tails.

Stable processes

Stable processes are Lévy processes that appear as scaling limits of random walks. Sup-
pose that S,, = 2?:1 n; is a random walk in R? with i.i.d. increments 7;. If the ran-
dom variables 7; are square-integrable with mean zero then Donsker’s invariance prin-
ciple (the “functional central limit theorem”) states that the diffusively rescaled process

(K™Y/25 k4] )1>0 converges in distribution to (0 B;)i>o where (B;) is a Brownian motion
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in R? and o is a non-negative definite symmetric d x d matrix.

The functional central limit theorem does not apply if the increments 7); are not square
integrable (“heavy tails”). In this case, one considers limits of rescaled random walks
of the form Xt(k) = kYegs 1kt] Where a € (0, 2] is a fixed constant. It is not difficult to
verify that if (Xt(k) ) converges in distribution to a limit process (X;) then (X;) is a Lévy

process that is invariant under the rescaling, i.e.,
kVeX,, ~ X, foranyk € (0,00)and t > 0. (1.23)

Definition. Let o € (0,2]. A Lévy process (X;) satisfying is called (strictly)

o-stable.

The reason for the restriction to « € (0, 2] is that for v > 2, an «a-stable process does
not exist. This will become clear by the proof of Theorem [I.13| below. There is a
broader class of Lévy processes that is called a-stable in the literature, cf. e.g. [21].
Throughout these notes, by an a-stable process we always mean a strictly a-stable

process as defined above.

Examples. 1) For b € R, the deterministic process X; = bt is a 1-stable Lévy process.
2) A Lévy process X in R! is 2-stable if and only if X; = 0B, for a Brownian motion

(B;) and a constant o € [0, 00).
More generally, the following characterization of a-stable processes holds:

Theorem 1.13. For a € (0,2] and a Lévy process (X;) in R! with X, = 0 the following

statements are equivalent:
(i) (Xy) is strictly a-stable.
(ii) Y (cp) = c*(p) forany c > 0andp € R.
(iii) There exists constants 0 > 0 and ;1 € R such that

Y(p) = o%p|*(1 +iusgn(p)).
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Proof. (i) < (ii). The process (X;) is strictly a-stable if and only if X .oy ~ cX; for
any ¢,t > 0, 1.e., if and only if

TP = peee] — plenNe ] = e ()

forany ¢, > 0 and p € R.

(71) < (di7). Clearly, Condition (i7) holds if and only if there exist complex numbers
z4 and z_ such that

ZJr’p‘a fOI'p 2 07
Y(p) =

z_|p|* forp < 0.

Moreover, since ¢;(p) = exp(—ti(p)) is a characteristic function of a probability
measure for any ¢ > 0, the characteristic exponent ¢ satisfies ©)(—p) = (p) and
R(¢(p)) > 0. Therefore, z_ =z, and R(z,) > 0. O

Example (Symmetric a-stable processes). A Lévy process in R? with characteristic

exponent
bp) = ol
for some 0 > 0 and a € (0, 2] is called a symmetric a-stable process. It can be shown

by Fourier transformation that a symmetric a-stable process is a Markov process with

generator —o®(—A)*/2, In particular, Brownian motion is a symmetric 2-stable process.

The jump intensity of strictly a-stable processes can be easily found by an informal
argument. Suppose we rescale in space and time by y — cy and t — ¢*t. If the
jump intensity is v(dy) = f(y) dy, then after rescaling we would expect the jump
intensity ¢ f(cy)c dy. If scale invariance holds then both measures should agree, i.e.,
f(y) o< |y|~'=* both for y > 0 and for y < 0 respectively. Therefore, the jump intensity

measure of a strictly a-stable process in R! should be given by

v(dy) = (cilioo0) () + - I—oop)(¥)) |y~ dy (1.24)

with constants ¢, ,c_ € [0, 00). Note that for any o € (0, 2), the measure v is finite on
R\ (-1,1), and f[—l,ll ly|?v(dy) < oco.

We will prove now that if « € (0,1) U (1,2) then for each choice of the constants ¢,
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and c_, there is a strictly a-stable process with Lévy measure (I.24). For a = 1 this
is only true if ¢, = c_, whereas a non-symmetric 1-stable process is given by X; = bt

with b € R\ {0}. To construct the corresponding «-stable processes, let

X :@/ y Ni(dy)
R\[—¢,¢]

where (IV;) is a Poisson point process with intensity measure v. Setting || X||, =

E[sup,<, | X:|?] "2 an application of Theorem|1.10|yields:

Corollary 1.14 (Construction of a-stable processes). Let v be the probability measure

on R\ {0} defined by with ¢y, c_ € [0, 00).

1) If ¢, = c_ then there exists a symmetric a-stable process X with characteristic
exponent (p) = v |p|®, v = [(1—cosy) v(dy) € R, such that || X" - X||, —
0 for any a € [0, c0).

2) If a € (0,1) then there exists an a-stable process X with characteristic exponent
Y(p) = z|p|* z = [ (1 —€e¥) v(dy) € C, suchthat || X'/" — X||, — 0 for any
a € (0,00).

3) Finally, if o € (1,2) then there exists an a-stable process (X;) with characteristic
exponent (p) =z - |p

processes

* Z= [(1—e¥+iy) v(dy), such that the compensated

th/n = th/n — t/yf{|y>1/n} V(dy), t Z O,

converge to X wirit. || - ||a for any a € (0, 00).

Proof. By Theorem|[I.10]it is sufficient to prove convergence of the characteristic expo-

nents

bp) = ‘/(uﬂwwm —— / (1— ") v(de),

R\[—e,é] R\[—ep,ep]
o) = [ ey = bl [ (=) v
R\[—¢,¢] R\ [—ep,ep]
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to 1(p), ¥ (p) respectively as € | 0. This is easily verified in cases 1), 2) and 3) by
noting that 1 — e + 1 — e @ = 2(1 — cosz) = O(x?), 1 — ¢* = O(|z|), and
1 — e +ix = O(|z]?). O

Notice that although the characteristic exponents in cases 2) and 3) above take a similar
form (but with a different constant), the processes are actually very different. In partic-
ular, for > 1, a strictly a-stable process is a limit of compensated compound Poisson

processes and hence a martingale!

Example (a-stable subordinators). For c. = 0 and o € (0, 1) the a-stable process
with jump intensity v is increasing, i.e., it is an a-stable subordinator. For c_ = 0 and
a € (1,2) this is not the case since the jumps are “compensated by an infinite drift”.
For a € (0,2), a symmetric a-stable process has the same law as (v/2B;,) where (3;)

is a Brownian motion and (75) is an «/2-stable subordinator.
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Chapter 2

Stochastic integrals and Ito calculus for

semimartingales

Our aim in this chapter is to develop a stochastic calculus for functions of finitely many

real-valued stochastic processes Xt(l), Xt(z), PN Xt(d). In particular, we will make sense

of stochastic differential equations of type

d
A, = Y ou(t.Y)dxP
k=1
with continuous time-dependent vector fields oy, ...,04 : R, x R"™ — R"™. The sample

paths of the driving processes Xt(k) and of the solution (Y;) may be discontinuous, but
we will always assume that they are cadlag, i.e., right-continuous with left limits. In
most relevant cases this can be assured by choosing an appropriate modification. For
example, a martingale or a Lévy process w.r.t.a right-continuous complete filtration
always has a cadlag modification, cf. [28, Ch.II, §2] and [27, Ch.I Thm.30].

It will turn out that an adequate class of stochastic processes for which an It6 calculus
can be developed are semimartingales, i.e., sums of local martingales and adapted finite
variation processes with cadlag trajectories. To understand why this could be a reason-

able class of processes to consider, we first briefly look at the discrete time case.

If (Fn),—012.. is a discrete-time filtration on a probability space (2, A, P) then any

(F») adapted integrable stochastic process (.X,,) has a unique Doob decomposition

X, = Xo+ M, + A — A> 2.1)

38
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into an (F,,) martingale (1/,,) and non-decreasing predictable processes (A7) and (A )
such that M, = AO/ = AO\ = 0, cf. [9, Thm. 2.4]. The decomposition is determined
by choosing

Mn - Mnfl = Xn - anl - E[Xn - anl ’ «/T_-nfl]>

Al — AL = E[X,— Xp1 | Foa]t, and AX— A = E[X,— X, 1| Fu]™.

In particular, (X,,) is a sub- or supermartingale if and only if A = 0 for any n, or

A7 = 0 for any n, respectively. The discrete stochastic integral

(G.X)n = in (Xk _kal)

k=1
of a bounded predictable process (G,,) w.r.t. (X,,) is again a martingale if (X,,) is a
martingale, and an increasing (decreasing) process if G,, > 0 for any n, and (X,,) is
and increasing (respectively decreasing). For a bounded adapted process (H,,), we can

define correspondingly the integral

(H_WoX), = i Hy_1 (X — Xj-1)
k=1

of the predictable process H_ = (Hy_1)gen W.r.t. X.

In continuous time, it is no longer true that any adapted process can be decomposed
into a local martingale and an adapted process of finite variation (i.e., the sum of an
increasing and a decreasing process). A counterexample is given by fractional Brownian
motion, cf. Section 2.3 below. On the other hand, a large class of relevant processes has

a corresponding decomposition.

Definition. Let (F);>0 be a filtration. A real-valued (F;)-adapted stochastic process
(X1)i>0 on a probability space (2, A, P) is called an (F;) semimartingale if and only

if it has a decomposition
Xy = Xo+ M+ A, t>0, (2.2)

into a strict local (F;)-martingale (M,) with cadlag paths, and an (F;)-adapted process
(A;) with cadlag finite-variation paths such that My = Ay = 0.
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Here a strict local martingale is a process that can be localized by martingales with
uniformly bounded jumps, see Section 2.2 for the precise definition. Any continuous
local martingale is strict. In general, it can be shown that any local martingale can
be decomposed into a strict local martingale and an adapted finite variation process
(“Fundamental Theorem of Local Martingales™, cf. [27]). Therefore, the notion of
a semimartingale defined above is not changed if the word “strict” is dropped in the
definition. Since the non-trivial proof of the Fundamental Theorem of Local Martingales

is not included in these notes, we nevertheless stick to the definition above.

Without additional conditions on (A;), the semimartingale decomposition in (2.2)) is not
unique. Uniqueness holds if, in addition, (A;) is assumed to be continuous, this is a

consequence of Corollary [2.15]below.

Remark. (Assumptions on path regularity). Requiring (A;) to be cadlag is just a
standard convention ensuring in particular that ¢t — A;(w) is the distribution function of
a signed measure. The existence of right and left limits holds for any monotone function,
and, therefore, for any function of finite variation. Similarly, every local martingale

w.r.t. a right-continuous complete filtration has a cadlag modification.

Many results for continuous martingales carry over to the cadlag case. However, there

are some important differences and pitfalls to be noted:

Exercise (Cadlag processes).
1) Show that for a cadlag stochastic process (X;):>o, the first hitting time
Ty=1inf{t >0 : X; € A} of aclosed set A C R is not predictable in general.
2) Prove that for a right continuous (F;) martingale (M;);>o and an (F;) stopping
time 7', the stopped process (M;ar):>0 is again an (F;) martingale.
3) Prove that a cadlag local martingale (M) can be localized by a sequence (M;ar,,)

of bounded martingales provided the jumps of ()/;) are uniformly bounded, i.e.,
sup {|AM(w)| : t >0, w € Q} < 0.

4) Give an example of a cadlag local martingale that can not be localized by bounded

martingales.
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The following examples show that semimartingales form a sufficiently rich class of
stochastic processes. First examples of semimartingales with jumps have been already

given in Chapter|[I]

Example (Solutions of SDE w.r.t. Brownian motion). Suppose that X; : 2 — R" is

a solution of a stochastic differential equation
dXt == g (t, Xt) dBt + b (t, Xt) dt (23)

driven by a d-dimensional Brownian motion (B;). Then directly yields a semi-
martingale decomposition for the components X/, i = 1,...,n, into the local mar-
tingale part given by the stochastic integral and the finite variation part given by the
integral of the drift term. More generally, the It6-Doeblin formula yields an explicit
semimartingale decomposition of F'(¢, X;) for an arbitrary function F' € C? (R, x R"),
cf. [9} 8.5.1] and Corollary [2.24] below.

Example (Functions of Markov processes). If (X}) is a time-homogeneous (F;) Markov
process on a probability space (€2, .4, P), and f is a function in the domain of the gen-

erator £, then f(X;) is a semimartingale with decomposition

t
f(X;) = local martingale + / (Lf)(Xs) ds, (2.4)
0

cf.e.g. [7] or [11]. Indeed, it is possible to define the generator £ of a Markov process

through a solution to a martingale problem as in (2.4]).

2.1 Finite variation calculus

In this section we extend Stieltjes calculus to cadlag paths of finite variation. The results
are completely deterministic. They will be applied later to the sample paths of the finite

variation part of a semimartingale.

Fix u € (0,00], and let A : [0,u) — R be a right-continuous function of finite variation.
In particular, A is cadlag. We recall that there is a o-finite measure 4 on (0, u) with

distribution function A4, i.e.,

pa ((s,t]) = A — A forany 0 < s <t < w. (2.5)
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The function A has the decomposition

A = At Al (2.6)
into the pure jump function
A = ) A4, 2.7)
s<t

and the continuous function A¢ = A, — A% Indeed, the series in (2.7) converges abso-
lutely since

Z |AA;] < Vt(l)(A) < 0 forany ¢t € [0, u).

s<t

The measure ;14 can be decomposed correspondingly into

HA = HAc T+ [ad
where
pas = Y AA-G,
s€(0,u)
AA£0

is the atomic part, and g 4. does not contain atoms. Note that 4. is not necessarily

absolutely continuous!

Lebesgue-Stieltjes integrals revisited

Let £L.([0,u), ua) :== LL.([0,u),|pa|) where |p4] denotes the positive measure with
distribution function Vt(l)(A). For G € LL_([0,u), pua), the Lebesgue-Stieltjes integral
of H w.r.t. A is defined as

/ G,dA, = /GT Iis4(r) pa(dr) for0 < s<t<u.
A crucial observation is that the function
t
I, = / G,dA, = / Gy paldr) , teo,u),
0 (0,t]
is the distribution function of the measure

pr(dr) = Gy pa(dr)

with density G, w.r.t. ;4. This has several important consequences:
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1) The function [ is again cadlag and of finite variation with

t t
/ Gl lal(dr) = / G, v (A
0 0

2) I decomposes into the continuous and pure jump parts

t t
Ir = /GrdAj R /GTdA‘;‘f = ) G.AA,
0 0

s<t
t t
/ G, dl, = / GG, dA,,
0 0

ie., if “dl = G dA” then also “Gdl = GH dA”.

3) Forany G € L} (1),

Theorem 2.1 (Riemann sum approximations for Lebesgue-Stieltjes integrals). Sup-
pose that H : [0,u) — R is a cadlag function. Then for any a € [0,u) and for any
sequence (T, of partitions with mesh(m, ) — 0,

lim Z Hy(Agpe — / H,_ dA, uniformly fort € [0, al.
n—oo

s€7rn

Remark. If (A;) is continuous then

t t
/ Hs_ dAS - / Hs dAS7
0 0

because fot AH A, = ngt AH,AA, = 0 for any cadlag function H. In general,
however, the limit of the left sided Riemann sums takes the modified form

t
/HS_ dA, /H dAS+Y H, AA,.
0

s<t

Proof. Forn € Nandt > 0,

Z HS(AS’/\t - As) - Z / " = H[T‘jndAT’

SETY SETY (Ovt}
s<t s<t

where ||, := max{s € m, : s <r} is the next partition point strictly below r. As
n — o0, |r], — r from below, and thus H|,|, — H,_. Since the cadlag function H is

uniformly bounded on the compact interval [0, a], we obtain

t t
/ HLrjn dAr - / Hrf dAr < / |HL7"Jn - Hrf‘ |MA’(dT) —0
0 0 (Ova]

as n — oo by dominated convergence. [

sup
t<a
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Product rule

The covariation [H, A] of two functions H, A : [0,u) — R w.r.t.a sequence (7,) of

partitions with mesh(m,) — 0 is defined by

(H, Al = lim Y (Hon — H)(Aon — Ay), (2.8)
SETy
s<t

provided the limit exists. For finite variation functions, [H, A] can be represented as a

countable sum over the common jumps of H and A:

Lemma 2.2. If H and A are cadlag and A has finite variation then the covariation
exists and is independently of (m,) given by
[H A, = > AHAA,
0<s<t

Proof. We again represent the sums as integrals:

t
> (Hopen,(Agp — A) - = / (Hppune — Hpp,) dA;
sET 0

<t
with |r], as above, and [r], := min{s € 7, : s >7r}. Asn — oo, Hpq,ne — HyJ,,
converges to H, — H,_, and hence the integral on the right hand side converges to
t
/ (H, — H,_)dA, = Y AHAA,
0 r<t

by dominated convergence. [

w.r.t.. 1) If H or A is continuous then [H, A] = 0.

2) In general, the proof above shows that

t t
/ H,dAs, = / H,_ dAs+ [H, Al
0 0
i.e., [H, A] is the difference between limits of right and left Riemann sums.

Theorem 2.3 (Integration by parts, product rule). Suppose that H, A : [0,u) — R

are right continuous functions of finite variation. Then

t t
H,A, — HyAy = / H,._dA, + / A,_dH, + [H, A, foranyt € [0,u). (2.9)
0 0
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In particular, the covariation [H, A| is a cadlag function of finite variation, and for
a < u, the approximations in converge uniformly on [0, a| w.r.t. any sequence ()
such that mesh(m,) — 0.

In differential notation, (2.9) reads
d(HA), = H, dA,+ A, dH,+d[H,A],.
As special cases we note that if H and A are continuous then H A is continuous with
d(HA), = H,dA.+ A,dH,,

and if H and A are pure jump functions (i.e. H® = A° = 0) then H A is a pure jump

function with
A(HA), = H,_ AA.+A,_AH,.+ AAAH,
Note that the latter statement is not completely trivial. Indeed, it says that

H, A, — HoAg = > A(HA),
r<t
holds even when the jump times of H A are a countable dense subset of [0, ]!

Since the product rule is crucial but easy to prove, we give two proofs

Proof 1. For (7,,) with mesh(m,) — 0, we have

HtAt - HOAO == Z(Hs//\tAs’/\t - HsAs)

SETy
s<t

== Z Hs(As’/\t - As) + ZAS(HS//\t - Hs) + Z(As’/\t - As)(Hs’/\t - Hs)

As n — oo, (2.9) follows by Theorem [2.1] above. Moreover, the convergence of the
covariation is uniform for ¢ € [0, a|, a < wu, since this holds true for the Riemann sum
approximations of fg H,_ dA, and fg A,_ dH, by Theorem O
Proof 2. Note that for t € [0,u),

(Hi= H)(A = A) = [ () palds)
(0,¢]%x(0,¢]
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is the area of (0, ¢] x (0, ¢] w.r.t. the product measure 1y ® p4. By dividing the square
(0,t]x (0, t] into the parts {(s,7) | s < r}, {(s,7) | s > r} and the diagonal {(s,7) | s = r}
we see that this area is given by
t t
/ +/ +/ _ / (A, — Ay) dH, +/ (H, — Ho) dA,+ Y AHAA,,
s<r s>r s=r 0 0 s<t

The assertion follows by rearranging terms in the resulting equation. Ll

Chain rule

The chain rule can be deduced from the product rule by iteration and approximation of

C! functions by polynomials:

Theorem 2.4 (Change of variables, chain rule, It6 formula for finite variation func-
tions). Suppose that A : [0,u) — R is right continuous with finite variation, and let
F € CY(R). Then for any t € [0, u),

F(4,) — F(4) = / t F'(A,2) dA,+ ) (F(A) — F(A,D) — F'(A,D)AA,),
= (2.10)
or, equivalently,
FA)-FA) = [P Y (FA) - FAL). @D

If A is continuous then F(A) is also continuous, and (2.10) reduces to the standard

chain rule .
F(A) — F(A) = / F/(A,) dAs.
0

If A is a pure jump function then the theorem shows that F'(A) is also a pure jump
function (this is again not completely obvious!) with
F(A) = F(Ao) = ) (F(A,) = F(A,))
s<t
Remark. Note that by Taylor’s theorem, the sum in converges absolutely when-
ever y St(AAS)Q < oo. This observation will be crucial for the extension to Itd’s

formula for processes with finite quadratic variation, cf. Theorem 2.22] below.
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Proof of Theorem 2.4. Let A denote the linear space consisting of all functions F' €
C'(R) satisfying (2.10). Clearly the constant function 1 and the identity F'(¢) = ¢ are in
A. We now prove that A is an algebra: Let F, G € A. Then by the integration by parts

identity and by (2.11),

(FG)(A)—(FG)(Ao)

= [Py e+ [ o) ar. + Y ar.a60).

_ / (P )G (As) + G(A, )P (A,) dAS

+ > (F(AL)AG(A) + G(A)AF(A)s + AF(A),AG(A),)

s<t
t
= [(FOy (A das Y (FG)AL) - (FG)(A.)
0 s<t
forany t € [0,u), i.e., FG isin A.
Since A is an algebra containing 1 and ¢, it contains all polynomials. Moreover, if F
is an arbitrary C' function then there exists a sequence (p,) of polynomials such that

pn — F and p/, — F’ uniformly on the bounded set { A, | s < t}. Since (2.11)) holds
for the polynomials p,, it also holds for F'. [

Exponentials of finite variation functions

Let A : [0,00) — R be a right continuous finite variation function. The exponential
of A [?] is defined as the right-continuous finite variation function (Z;);>o solving the
equation

az, = Z, dA; Zo=1 | ie.l,

t
Zy = 1 —1—/ Z,_ dA, forany t > 0. (2.12)
0

If A is continuous then Z; = exp(A;) solves (2.12)) by the chain rule. On the other hand,
if A is piecewise constant with finitely many jumps then Z; = [, (1 + AA;) solves
(2.12)), since
Z, = Zo+Y AZ, = 14> Z,AA, = 1+/ Z,_ dA,.
(0,¢]

s<t s<t
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In general, we obtain:

Theorem 2.5. The unique cadlag function solving is
Z, = exp(4y)-[J(1+ A4, (2.13)
s<t

where the product converges for any t > 0.

Proof. 1) We first show convergence of the product
P, = JJa+AA4,).
s<t
Recall that since A is cadlag, there are only finitely many jumps with |[AA| > 1/2.

Therefore, we can decompose

P o= exp| Y log(l+AA) |- J[ (+AA4,) (2.14)
\AASS\S;/z \AASS%W

in the sense that the product F; converges if and only if the series converges. The series
converges indeed absolutely for A with finite variation, since log(1+ x) can be bounded
by a constant times |z| for |x| < 1/2. The limit S; of the series defines a pure jump

function with variation V,"(S) < const. - V;"'(A) for any ¢ > 0.

2) Equation for P;: The chain and product rule now imply by (2.14)) that ¢ — P is also

a finite variation pure jump function. Therefore,

t
P, = PR+Y AP, = 1+)Y P_AA, = 1+/ P,_dA?, vt >0,
s<t s<t 0

(2.15)
i.e., P is the exponential of the pure jump part A = >~ <t A4

3) Equation for Z;: Since Z; = exp(A§) P, and exp(A€) is continuous, the product rule

and (2.15)) imply
t t
Zi—1 = / es dP, + / P, et dA;
0 0

t t
— / et P, d(AY 4 A%, = / Zy dA,.
0 0
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4) Uniqueness: Suppose that Z is another cadlag solution of I) and let X; :=
Ly — Z. Then X solves the equation

t
X, = /XsdAs Vt>0
0
with zero initial condition. Therefore,

t
X < /|Xs_|dvt < MV, Vi,
0

where V; := V,(")(A) is the variation of A and M, := sup,; | X,|. Iterating the estimate
yields

t
1X,| < A@/ﬁ%_ﬂ@ < MV?/2
0
by the chain rule, and

M, [ M,
X, < =L vray, < L_yrtl vi>0,neN. (2.16)
n! Jo ° (n+1)!

Note that the correction terms in the chain rule are non-negative since V; > 0 and
[V]: > 0 for all t. As n — oo, the right hand side in (2.16) converges to 0 since M; and
V; are finite. Hence X; = 0 for each t > 0. L]

From now on we will denote the unique exponential of (A;) by (£7).

Remark (Taylor expansion). By iterating the equation (2.12) for the exponential, we

obtain the convergent Taylor series expansion

5{4 = 1+ Z/ / / dAsdeSkq ) "dAS1 + Rgn)v
kil (0715} (0,51) (O,Sn_l)
where the remainder term can be estimated by
RVl < MV (n+ 1)L,

If A is continuous then the iterated integrals can be evaluated explicitly:

// / dA, dA,, | ---dA,, = (A, — A)*/k!l
(Ort] (0751) (Ovskfl)
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If A is increasing but not necessarily continuous then the right hand side still is an upper

bound for the iterated integral.

We now derive a formula for £/*-£F where A and B are right-continuous finite variation

functions. By the product rule and the exponential equation,

t t
EAEP -1 = / EN dEP + / EP dE} +) T AELNEP
0 0

s<t

t
= / ELEP A(A+B),+> ELEP AAAB,

0 s<t

t
= /5;‘_55_ d(A+ B+ [A, B)]),
0

for any ¢ > 0. This shows that in general, £4E8 # £4+5,

Theorem 2.6. If A, B : [0,00) — R are right continuous with finite variation then

gAgB _ gA—l—B—I—[A,B].

Proof. The left hand side solves the defining equation for the exponential on the right

hand side. O
In particular, choosing B = — A, we obtain:
1 —A+[A
i = &—A+A]

Example (Geometric Poisson process). A geometric Poisson process with parameters

A > 0 and 0, a € R is defined as a solution of a stochastic differential equation of type
dSt = O'St, dNt + CVSt dt (217)

w.r.t. a Poisson process (/V;) with intensity A. Geometric Poisson processes are relevant
for financial models, cf.e.g. [30]. The equation (2.17) can be interpreted pathwise as

the Stieltjes integral equation

t t
Sy = So+0/ Sr_dNT+04/ S,.dr , t>0.
0 0
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Defining A; = o N; + at, (2.17) can be rewritten as the exponential equation
dSt - St— dAt 5
which has the unique solution

S = So-& = Sp-e]J1+0AN) = Sp-e(1+o0)M.
s<t
Note that for o > —1, a solution (.S;) with positive initial value Sy is positive for all ¢,
whereas in general the solution may also take negative values. If &« = —\o then (4;)
is a martingale. We will show below that this implies that (S;) is a local martingale.

Indeed, it is a true martingale which for Sy = 1 takes the form
S, = (1+o)Ne M

Corresponding exponential martingales occur as “likelihood ratio” when the intensity

of a Poisson process is modified, cf. Chapter 3 below.

Example (Exponential martingales for compound Poisson processes). For com-
pound Poisson processes, we could proceed as in the last example. To obtain a different

point of view, we go in the converse direction: Let

Ky

Xy = Z 15
j=1
be a compound Poisson process on R? with jump intensity measure v = Ay where A €
(0, 00) and p is a probability measure on R%\{0}. Hence the n; are i.i.d. ~ u, and (K;) is
an independent Poisson process with intensity A. Suppose that we would like to change
the jump intensity measure to an absolutely continuous measure 7(dy) = o(y)v(dy)
with relative density o € £(v), and let A = 7(R?\ {0}). Intuitively, we could expect
that the change of the jump intensity is achieved by changing the underlying probability

measure P on ]—"tX with relative density (“likelihood ratio™)

— Nt —
Z, = OV Jemy) = V] e(axy).
j=1 s<t
AX#0
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In Chapter [3] as an application of Girsanov’s Theorem, we will prove rigorously that
this heuristics is indeed correct. For the moment, we identify (Z;) as an exponential

martingale. Indeed, Z; = £ with

A = A=Nt+ Y (o(AX,) - 1)
A¥oz0
= =N [Gely) =D Nifdy), 2.18)

Here N; = Z]K:tl oy, denotes the corresponding Poisson point process with intensity
measure v. Note that (A;) is a martingale, since it is a compensated compound Poisson

process
Ay = /(Q(y) -1) Nt(dy) ., where N, := N, — tuv.

By the results in the next section, we can then conclude that the exponential (7;) is a

local martingale. We can write down the SDE

t
Zy = 1+/ZS_ dA (2.19)
0

in the equivalent form

t

Zy = 1+ / Zs (o(y) — 1) N(ds dy) (2.20)
(0,t] xR

where N(ds dy) := N(ds dy) — ds v(dy) is the random measure on R* x R¢ with

N((0,4] x B) = N,(B) forany ¢ > 0 and B € B(R?). In differential notation, (2.20) is

an SDE driven by the compensated Poisson point process (Nt):

iz = /Waww—nmwm.

Example (Stochastic calculus for finite Markov chains). Functions of continuous
time Markov chains on finite sets are semimartingales with finite variation paths. There-
fore, we can apply the tools of finite variation calculus. Our treatment follows Rogers
& Williams [29] where more details and applications can be found.

Suppose that (X;) on (€2, .4, P) is a continuous-time, time-homogeneous Markov pro-

cess with values in a finite set S and cadlag paths. We denote the transition matrices by
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p: and the generator (Q-matrix) by £ = (L£(a,b))spes. Thus £ = limy ot~ (p; — 1),
i.e., for a # b, L(a,b) is the jump rate from a to b, and L(a,a) = — 3¢y, L£(a,b) is

the total (negative) intensity for jumping away from a. In particular,

(LA a) = D L@bfb) = > Lab)(f(b) - fla)

bes beS,ba

for any real-valued function f = (f(a)).es on S. It is a standard fact that ((X3), P)

solves the martingale problem for L, i.e., the process

MO f(Xt)—/t(Lf)(Xs)ds L t>0, (221)
0

is an (F;X) martingale for any f : S — R. Indeed, this is a direct consequence of the

Markov property and the Kolmogorov forward equation, which imply
t
EDMP - M| FN) = B - 100 - [(EN() dr | £
t
= () S0~ [ (P ds =0
for any 0 < s < ¢. In particular, choosing f = Iy, for b € S, we see that
t
M = Ip(X) - / L(X,,b)ds (2.22)
0
is a martingale, and, in differential notation,
dlgy (X)) = L(X,,b)dt+dM}. (2.23)
Next, we note that by the results in the next section, the stochastic integrals
t
Nob = / Iy (Xso) dM? [ >0,
0
are martingales for any a, b € S. Explicitly, for any a # b,

NP =Y Ty (Xn) (Tovey (X Ly (Xs) — Ty (X sy (X))

s<t

t
—/ I{a}(XS) ﬁ(XS,b) ds , i.€.,
0
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NP = M — L(a,b) LY (2.24)
where J* = [{s <t : X,_ =a, X, =b}| is the number of jumps from a to b until
time ¢, and

t
[T /Ia(Xs)ds
0

is the amount of time spent at a before time ¢ (“local time at a”). In the form of an
SDE,
dJ = L(a,b) dL + dN*  for any a # b. (2.25)

More generally, for any function g : S x S — R, the process

N =3 gla, b)N®
a,besS

is a martingale. If g(a, b) = 0 for a = b then by (2.24),

t
N = Y (X X)) - /0 (LgT)(X,, X,) ds (2.26)

s<t
Finally, the exponentials of these martingales are again local martingales. For example,
we find that
N = (14 a)”" exp(—aLl(a, b)L?)
is an exponential martingale for any @ € R and a, b € S. These exponential martingales

appear again as likelihood ratios when changing the jump rates of the Markov chains.

Exercise (Change of measure for finite Markov chains). Let (X;) on (Q, A, P, (F;))
be a continuous time Markov chain with finite state space S and generator (Q-matrix)
L, ie.,

M= 100 - 1) - [ (L)(X.) ds

is a martingale w.r.t. P for each function f : S — R. We assume L(a,b) > 0 for a # b.
Let

g(a,b) = L(a,b)/L(a,b) —1 fora#b,  g(a,a) = 0,

where £ is another Q-matrix.
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1) LetANa) = >, L£(a,b) = —L(a, a) and Xa) = —L(a, a) denote the total jump
intensities at a. We define a “likelihood quotient” for the trajectories of Markov

chains with generators Land £ by Z; = Z; /(; where

G = exp (— /0 (X ds) I Zix..x,),

s<t:Xs—#Xs

and (; is defined correspondingly. Prove that (Z;) is the exponential of (Nt[g}), and
conclude that (Z;) is a martingale with £[Z;] = 1 for any ¢.
2) Let P denote a probability measure on .4 that is absolutely continuous w.r.t. P on

F: with relative density Z; for every ¢ > 0. Show that forany f : S — R,
t
MY i 00 - )~ [ (BN ds
0

is a martingale w.r.t. P. Hence under the new probability measure P, (X;) is a

Markov chain with generator L.

Hint: You may assume without proof that (Mf }) is a local martingale w.r.t. P if
and only if (Zt]\7[/t[f ]) is a local martingale w.r.t. P. A proof of this fact is given in
Section 3.3.

2.2 Stochastic integration for semimartingales

Throughout this section we fix a probability space (€2, .4, P) with filtration (F;);>o. We
now define the stochastic integral of the left limit of an adapted cadlag process w.r.t. a
semimartingale in several steps. The key step is the first, where we prove the existence
for the integral [ H,_ dM, of a bounded adapted cadlag process H w.r.t.a bounded

martingale M.

Integrals with respect to bounded martingales

Suppose that M = (M,);>¢ is a uniformly bounded cadlag (F;) martingale, and H =
(Hy)¢>0 is a uniformly bounded cadlag (/) adapted process. In particular, the left limit
process

H_ = (Htf)tzo
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is left continuous with right limits and (F/}") adapted. If 7 is a partition of R, then we

can approximate /1 and f_ by the elementary process (step function)

Hf = > H,I,(t), andtheleftlimit H = > H, Iyt
sem sem
respectively. The process ™ is again cadlag and adapted, whereas H is left continuous

and (hence) previsible . We consider the Riemann sum approximations

Ir = ) H(Myy — M,)

sem
s<t

to the integral fot H,_ dM; to be defined. Note that if we define the stochastic integral

of an elementary process in the obvious way then

t
Ir = /H;f_ M,
0

We remark that a straightforward pathwise approach for the existence of the limit of

I™(w) as mesh(m) — 0 is doomed to fail, if the sample paths are not of finite variation:

Exercise. Let w € Q and t € (0, 00), and suppose that (7,,) is a sequence of partitions

of Ry with mesh(m,) — 0. Prove that if Zsetr hs(Mgnt(w) — Mg(w)) converges for
s<

every deterministic continuous function A : [0,¢] — R then Vt(l)(M (w)) < oo (Hint:

Apply the Banach-Steinhaus theorem from functional analysis).

The assertion of the exercise is just a restatement of the standard fact that the dual space
of C([0, t]) consists of measures with finite total variation. There are approaches to ex-
tend the pathwise approach by restricting the class of integrands further or by assuming
extra information on the relation of the paths of the integrand and the integrator (Young
integrals, rough paths theory, cf. [22], [13]]). Here, following the standard development
of stochastic calculus, we also restrict the class of integrands further (to previsible pro-
cesses), but at the same time, we give up the pathwise approach. Instead, we consider

stochastic modes of convergence.

For H and M as above, the process I™ is again a bounded cadlag (F}") martingale as

is easily verified. Therefore, it seems natural to study convergence of the Riemann sum
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approximations in the space M3([0,a]) of equivalence classes of cadlag L?-bounded
(FF) martingales defined up to a finite time a. The following fundamental theorem

settles this question completely:

Theorem 2.7 (Convergence of Riemann sum approximations to stochastic inte-
grals). Let a € (0,00) and let M and H be as defined above. Then for every v > 0

there exists a constant A > 0 such that
1= I Re@a < 7 (2.27)
holds for any partitions m and 7 of R with mesh(m) < § and mesh(7) < 6.

The constant A in the theorem depends on M, H and a. The proof of the theorem for
discontinuous processes is not easy, but it is worth the effort. For continuous processes,
the proof simplifies considerably. The theorem can be avoided if one assumes exis-
tence of the quadratic variation of M. However, proving the existence of the quadratic
variation requires the same kind of arguments as in the proof below (cf. [11]), or, alter-

natively, a lengthy discussion of general semimartingale theory (cf. [29]).

Proof of Theorem[2.7} Let C' € (0, 00) be a common uniform upper bound for the pro-
cesses (H;) and (M;). To prove the estimate in (2.27), we assume w.l.o.g. that both
partitions 7 and 7 contain the end point a, and 7 is a refinement of 7. If this is not
the case, we may first consider a common refinement and then estimate by the triangle

inequality. Under the additional assumpion, we have

Ir-17 = > (H,— Hy)(My— M,) (2.28)

sem

where from now on, we only sum over partition points less than a, s’ denotes the suc-

cessor of s in the fine partition 7, and

ls] = max{ten :t<s}
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is the next partition point of the rough partition 7 below s. Now fix ¢ > 0. By (2.28)),
the martingale property for M, and the adaptedness of H, we obtain

=By = B[ =107
= E[) (H, - H,)*(My — M,)?] (2.29)
sem
<EE[Y (Mg — M)+ QC)PE[Y . > (My—M,)’]
sem tew sem

T () <s<[t]
where [t] := min{u € T : u > t} is the next partition point of the rough partition, and
7(e) = min{sem s>t : |Hys— H| >e} AJt].
is the first time after ¢ where H deviates substantially from H,. Note that 7; is a random
variable.

The summands on the right hand side of are now estimated separately. Since M
is a bounded martingale, we can easily control the first summand:
E[) (My — M)’} => E[M; - M}] = E[M} - Mg] < C”. (2.30)
The second summand is more difficult to handle. Noting that
E[(My — M) |F,] = E[M;-M|F,] on {r<s},

we can rewrite the expectation value as

YE[ Y E[(My— M) | F,]] 2.31)

tem Te<s<[t]
=D BIE[Mfy — M| Fo]] = B[ Y _(Mi = M,)*] = B
= tew
Note that M7 — M,, # Oonly if 7, < [t], i.e., if H oscillates more than ¢ in the interval
[t, 7;]. We can therefore use the cadlag property of H and M to control . Let

D,y = {se€l0,a] : |H,—H,_| >¢/2}

denote the (random) set of “large” jumps of H. Since H is cadlag, D, /, contains only
finitely many elements. Moreover, for given €, > 0 there exists a random variable

d(w) > 0 such that for u,v € [0, al,
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i) lu—v|<d = |H,—H)J|<e or (u,v]NDp#0 |,
() r€D.pp, uw,velr,r+d] = |M,—M,|<E

Here we have used that H is cadlag, D, ; is finite, and M is right continuous.

By (i) and (ii), the following implication holds on {A < ¢}:
> [t] = |H,—H|>e = [t,n|NDyp#0 = |My—M,| <E,

i.e., if , > [t] and A < § then the increment of M between 7; and [#] is small.

Now fix k£ € N and £ > 0. Then we can decompose B = B; + B, where

B = E[Y (My—M,)"; A<6, |D.p| <k] < ke, (2.32)
tew

B, = E[Y (My—M,)?; A>dor|D.p| >k
tem

1/2

< B[ (Mg — M) P[A > dor |D.j| > K] (2.33)

tew

< V6C*(P[A> 6]+ P[|Dys| > k])"?

In the last step we have used the following upper bound for the martingale increments
= M|’t'| — MTt:

E[(Ym)] = E[D_w]+2E[> Y nn]

tew t u>t

< ACB[Y w4+ 2B[Y nE[Y ni| Al

u>t

<6C°E[> nj] < 6C’E[M;-M]] < 6CY
t

This estimate holds by the optional sampling, and since E[Y_ ., 72 | F] < E[M? —
M? | F;] < C? by the orthogonality of martingale increments Mr,,, — My, over disjoint

time intervals (7}, 7;,] bounded by stopping times.

We now summarize what we have shown. By (2.29)), (2.30) and (2.31)),

™ = I < €°C?+4C%(B) + By) (2.34)
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where B and Bs are estimated in (2.32) and (2.33)). Let v > 0 be given. To bound the
right hand side of by v we choose the constants in the following way:

1. Choose £ > 0 such that C%e? < /4.

2. Choose k € N such that 4v/6 C*P[|D.»| > k] Y2 <4,

3. Choose & > 0 such that 4C?k&% < ~ /4, then choose the random variable ¢ de-

pending on € and ¢ such that (i) and (ii) hold.

4. Choose A > 0 such that 4y/6 C*P[A > §| V2 - v/4.
Then for this choice of A we finally obtain
T T g
[ —1 ||?\/l2([07a]) < 4 r
whenever mesh(7) < ¢ and 7 is a refinement of 7. O

The theorem proves that the stochastic integral H,M is well-defined as an M? limit of

the Riemann sum approximations:

Definition (Stochastic integral for left limits of bounded adapted cadlag processes
w.r.t. bounded martingales). For H and M as above, the stochastic integral H_4M is
the unique equivalence class of cadlag (FF) martingales on [0, 00) such that

H_.M}[Oﬂ] = lim HfﬁM|[07a] in M2([0,al)

n—o0

for any a € (0,00) and for any sequence (m,,) of partitions of R, with mesh(r,) — 0.

Note that the stochastic integral is defined uniquely only up to cadlag modifications. We
will often denote versions of [_,M by f0° H,_ dM,, but we will not always distinguish
between equivalence classes and their representatives carefully. Many basic properties
of stochastic integrals with left continuous integrands can be derived directly from the

Riemann sum approximations:

Lemma 2.8 (Elementary properties of stochastic integrals). For H and M as above,
the following statements hold:
1) If t — M, has almost surely finite variation then H_,M coincides almost surely
with the pathwise defined Lebesgue-Stieltjes integral fo. H,  dM,.
2) A(H_eM) = H_AM almost surely.
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3)If T:Q — [0,00] is a random variable, and H, ﬁ, M, M are processes as
above such that H; = ﬁIt foranyt < T and M; = ]\Z Jor any t < T then,

almost surely,
HWM = H. M on 0T
Proof. The statements follow easily by Riemann sum approximation. Indeed, let (7,,)
be a sequence of partitions of R, such that mesh(m,) — 0. Then almost surely along a

subsequence (7,,),

(H_.M)t = r}l—{go Z HS(MS’/\t - MS)
s<t
SETY

w.r.t. uniform convergence on compact intervals. This proves that H_,M coincides
almost surely with the Stieltjes integral if M has finite variation. Moreover, for ¢ > 0 it
implies

AH_ M), = lim Hy, (My—My,) = H_AM, (2.35)

n—oo
almost surely, where [t ],, denotes the next partition point of (7, ) below ¢. Since both
H_,M and M are cadlag, (2.35) holds almost surely simultaneously for all ¢ > 0. The

third statement can be proven similarly. 0

Localization

We now extend the stochastic integral to local martingales. It turns out that unbounded
jumps can cause substantial difficulties for the localization. Therefore, we restrict our-
selves to local martingales that can be localized by martingales with bounded jumps.

Remark 2 below shows that this is not a substantial restriction.
Suppose that (M;);>o is a cadlag (F;) adapted process, where (F;) is an arbitrary filtra-
tion. For an (F;) stopping time 7', the stopped process M7 is defined by

MtT = Mr for any ¢ > 0.

Definition (Local martingale, Strict local martingale). A localizing sequence for M
is a non-decreasing sequence (T),)nen of (F;) stopping times such that sup Ty = oo,

and the stopped process M™ is an (F;) martingale for each n. The process M is called
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a local (F;) martingale iff there exists a localizing sequence. Moreover, M is called a
strict local (F;) martingale iff there exists a localizing sequence (T,) such that M™

has uniformly bounded jumps for each n, i.e.,
sup {|AM;(w)] : 0<t<T,(w),weN} < oo VnelN

Remark. 1) Any continuous local martingale is a strict local martingale.

2) In general, any local martingale is the sum of a strict local martingale and a local
martingale of finite variation. This is the content of the “Fundamental Theorem
of Local Martingales”, cf. [27]]. The proof of this theorem, however, is not trivial
and is omitted here.

The next example indicates how (local) martingales can be decomposed into strict (lo-

cal) martingales and finite variation processes:

Example (Lévy martingales). Suppose that X; = [y (N;(dy) — tv(dy)) is a compen-
sated Lévy jump process on R' with intensity measure v satisfying [ (|y|A|y|?) v(dy) <
oo. Then (X;) is a martingale but, in general, not a strict local martingale. However,
we can easily decompose X; = M, + A, where A, = [y Igy>13 (Ni(dy) — t v(dy))
is a finite variation process, and M; = [yl <1y (Ni(dy) — tv(dy)) is a strict (local)

martingale.
Strict local martingales can be localized by bounded martingales:

Lemma 2.9. M is a strict local martingale if and only if there exists a localizing se-

quence (T,,) such that M is a bounded martingale for each n.

Proof. If M™ is a bounded martingale then also the jumps of M7”» are uniformly
bounded. To prove the converse implication, suppose that (7,,) is a localizing sequence
such that AM ™" is uniformly bounded for each n. Then

Sn = Ty,ANnf{t>0: |M]>n} , neN,

is a non-decreasing sequence of stopping times with sup.S,, = oo, and the stopped

processes M are uniformly bounded, since

|Mips,| < n+]AMs | = n+|AM§:| for any ¢ > 0.

]
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Definition (Stochastic integrals for left limits of adapted cadlag processes w.r.t. strict
local martingales).  Suppose that (M,);>o is a strict local (F}') martingale, and
(Hy)¢so is cadlag and (FF) adapted. Then the stochastic integral H_,M is the unique

equivalence class of local (FL') martingales satisfying

Ho M|y, = HM|g, as, (2.36)

0,7]
whenever T is an (FF) stopping time, H is a bounded cadlag (FF) adapted process
with H|jory = ]TI|[07T) almost surely, and M is a bounded cadlag (FF) martingale with

M}[ = ]Tﬂ 0.7] almost surely.

0,7
You should convince yourself that the integral H_,M is well defined by because
of the local dependence of the stochastic integral w.r.t. bounded martingales on H and
M (Lemma 3). Note that H, and H, only have to agree for ¢ < T, so we may
choose ﬁt = H; - Ity<ry. This is crucial for the localization. Indeed, we can always
find a localizing sequence (7},) for M such that both H; - I ;7 and M ™ are bounded,
whereas the process H” stopped at an exit time from a bounded domain is not bounded
in general!

Remark (Stochastic integrals of cadlag integrands w.r.t. strict local martingales are
again strict local martingales). This is a consequence of Lemma [2.9| and Lemma
2:1If (T,,) is a localizing sequence for M such that both H™ = H - Iy 1, and M

are bounded for every n then
H.M = HWM™ on [0,T)],

and, by Lemma 2.8) A(H") M) = H™ AM™ is uniformly bounded for each 7.

Integration w.r.t. semimartingales

The stochastic integral w.r.t. a semimartingale can now easily be defined via a semi-
martingale decomposition. Indeed, suppose that X is an (F}) semimartingale with
decomposition

Xy = Xo+M+A4 , t>0,

into a strict local (F/") martingale M and an (F}) adapted process A with cadlag finite-
variation paths ¢ — A;(w).
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Definition (Stochastic integrals for left limits of adapted cadlag processes w.r.t. semimartingales
). For any (F!') adapted process (Hy);>o with cadlag paths, the stochastic integral of
H w.rt. X is defined by

H_.X — H_.M+ H—0A7

where M and A are the strict local martingale part and the finite variation part in
a semimartingale decomposition as above, H_ M is the stochastic integral of H_
w.rt. M, and (H_,A); = fot H,_ dA, is the pathwise defined Stieltjes integral of H_
w.rt. A.

Note that the semimartingale decomposition of X is not unique. Nevertheless, the inte-

gral H_,X is uniquely defined up to modifications:

Theorem 2.10. Suppose that (m,) is a sequence of partitions of R, with mesh(m,) — 0.
Then for any a € [0, ),

(HoX): = lim Y H(Xon — X,
SETT
s<t

w.r.t. uniform convergence for t € [0, a] in probability, and almost surely along a subse-
quence. In particular:
1) The definition of H_,X does not depend on the chosen semimartingale decompo-
sition.
2) The definition does not depended on the choice of a filtration (F;) such that X is
an (FF) semimartingale and H is (F!') adapted.
3) If X is also a semimartingale w.r.t. a probability measure () that is absolutely
continuous w.r.t. P then each version of the integral (H_,X)p defined w.r.t. P is

a version of the integral (H_,X ) defined w.r.t. Q).
The proofs of this and the next theorem are left as exercises to the reader.

Theorem 2.11 (Elementary properties of stochastic integrals).
1) Semimartingale decomposition: The integral H_,X is again an (FL') semi-
martingale with decomposition H_,X = H_,M + H_,A into a strict local mar-

tingale and an adapted finite variation process.
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2) Linearity: The map (H, X) — H,X is bilinear.
3) Jumps: A(H_,X) = H_AX almost surely.
4) Localization: If T is an (F}) stopping time then

(H-oX)' = H X" = (H-Igm)-X.

2.3 Quadratic variation and covariation

From now on we fix a probability space (€2, .A, P) with a filtration (F;). The vector
space of (equivalence classes of) strict local (F}’) martingales and of (F/) adapted
processes with cadlag finite variation paths are denoted by M), and FV respectively.

Moreover,

S = Moc +FV

denotes the vector space of (F}’) semimartingales. If there is no ambiguity, we do not
distinguish carefully between equivalence classes of processes and their representatives.
The stochastic integral induces a bilinear map S x S — S, (H, X) — H_,X on the
equivalence classes that maps S x My to Mo and S x FV to F'V.

A suitable notion of convergence on (equivalence classes of) semimartingales is uniform

convergence in probability on compact time intervals:

Definition (ucp-convergence). A sequence of semimartingales X,, € S converges to a

limit X € S uniformly on compact intervals in probability iff

sup | X[ — Xi| 50 asnm— oo forany a € R,.
t<a

By Theorem (2.10)), for H, X € S and any sequence of partitions with mesh(m,,) — 0,
the stochastic integral [ H_ dX is a ucp-limit of predictable Riemann sum approxima-

tions, i.e., of the integrals of the elementary predictable processes H™".
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Covariation and integration by parts

The covariation is a symmetric bilinear map S x & — FV. Instead of going once
more through the Riemann sum approximations, we can use what we have shown for

stochastic integrals and define the covariation by the integration by parts identity

t t
XY, — XY, = / X,_ dY, +/ Y,_ dX, + [X,Y];.
0 0

The approximation by sums is then a direct consequence of Theorem [2.10]

Definition (Covariation of semimartingales). For X,Y € S,
(X,Y] = XY -XY, —/X_ dY—/Y_ dX.

Clearly, [X, Y] is again an (F[) adapted cadlag process. Moreover, (X,Y) — [X,Y]

is symmetric and bilinear, and hence the polarization identity

XY = S (X +Y]-[X]-[Y])

DN | —

holds for any X,Y € & where
Xl = [XX]

denotes the quadratic variation of X. The next corollary shows that [ X, Y| deserves

the name “‘covariation’:

Corollary 2.12. For any sequence (,) of partitions of R, with mesh(m,) — 0,

[X,Y]; = ucp— lim E (Xone — X)) (Yarne — Ys). (2.37)
oo SETY
s<t

In particular, the following statements hold almost surely:
1) [X] is non-decreasing, and | X, Y] has finite variation.
2) AIX,)Y] = AXAY.
3 X,V = [XT)Y] = [X,)YT] = [XT YT
4) XY < [X)P)R
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Proof. (2.37) is a direct consequence of Theorem [2.10} and 1) follows from (2.37) and
the polarization identity. 2) follows from Theorem which yields

AX,Y] = AXY)=AXLY) = A(Y_.X)
= X _AY +Y.AX +AXAY — X_AY — Y_AX
=  AXAY.

3) follows similarly and is left as an exercise and 4) holds by (2.37) and the Cauchy-

Schwarz formula for sums. L]

Statements 1) and 2) of the corollary show that [ X, Y] is a finite variation process with

decomposition

[X,Y] = XY+ ) AXAY, (2.38)

s<t

into a continuous part and a pure jump part.

If Y has finite variation then by Lemma[2.2]

(X, Y], = ) AXAY..

s<t
Thus [X, Y]¢ = 0 and if, moreover, X or Y is continuous then [X, Y] = 0.

More generally, if X and Y are semimartingales with decompositions X = M + A,
Y =N+ Binto M, N € M, and A, B € FV then by bilinearity,

(X,Y]* = [M,N|]°+[M,B]‘+[A N|°+[A, Bl =[M,N].
It remains to study the covariations of the local martingale parts which turn out to be the

key for controlling stochastic integrals effectively.

Quadratic variation and covariation of local martingales

If M is a strict local martingale then by the integration by parts identity, M? — [M]is a

strict local martingale as well. By localization and stopping we can conclude:
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Theorem 2.13. Let M € My, and a € [0,00). Then M € M?3([0,a]) if and only if
My € L£? and [M), € L. In this case, M} — [M]; (0 <t < a) is a martingale, and

IM|Rqoay = E[M§]+E[[M])]. (2.39)

Proof. We may assume M, = 0; otherwise we consider M= M— M. Let (T},) be a
joint localizing sequence for the local martingales M and M? — [M] such that M7 is

bounded. Then by optional stopping,
E[M.;] = E[[Mr,] forany t>0 andanyn € N. (2.40)
Since M? is a submartingale, we have

EM?) < liminf E[MZ,] < E[M}

n—o0

by Fatun’s lemma. Moreover, by the monotone convergence theorem,

E[M})] = lim E[[Mr].

n—o0

Hence by (2.39), we obtain
EM}] = E[M]] for any ¢ > 0.

For ¢t < a, the right-hand side is dominated from above by E [[M],], Therefore, if [M],
is integrable then M is in MZ([0,a]) with M? norm E[[M],]. Moreover, in this case,
the sequence (M7, —[M ]t/\T”)nEN is uniformly integrable for each ¢ € [0, al, because,

sup |[MZ2 — [M],] < sup|M*+[M], €Lt

t<a t<a

Therefore, the martingale property carries over from the stopped processes ME/\TH —
[M]t/\Tn to Mt2 — [M]t [

Remark. The assertion of Theorem also remains valid for ¢ = oo in the sense that
if My is in £2 and [M],, = lim;_,,[M]; is in £' then M extends to a square integrable
martingale (M;)¢e(o,c) satisfying (2.40) with a = oco. The existence of the limit M, =

lim,_,~, M, follows in this case from the L? Martingale Convergence Theorem.

The next corollary shows that the /2 norms also control the covariations of square

integrable martingales.
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Corollary 2.14. The map (M, N) — [M, N| is symmetric, bilinear and continuous on
M?3([0, a)) in the sense that

Elsup [[M,N]l] < [IM]||azqoap || N1 a2 (0,

t<a

Proof. By the Cauchy-Schwarz inequality for the covariance (Cor. [2.12]4),

IM,N)| < [MLPINL? < IMIYPIN]Y? vi<a

Applying the Cauchy-Schwarz inequality w.r.t. the L?-inner product yields

1/2 1/2

Efsup|[M,N],[] < E[[M],] < IM ]|z qo,ap! N || a2 (0,01

t<a

E[[N].a]

by Theorem [2.13] O

Corollary 2.15. Let M € M,,. and suppose that [M|, = 0 almost surely for some

a € [0, 00|. Then almost surely,
M, = My,  foranyt€|0,al.
In particular, continuous local martingales of finite variation are almost surely constant.

Proof. By Theorem|2.13] ||M — Mo||ar2(o,q) = E[[M]a] = 0. O

The assertion also extends to the case when a is replaced by a stopping time. Combined

with the existence of the quadratic variation, we have now proven:
»Non-constant strict local martingales have non-trivial quadratic variation«
Example (Fractional Brownian motion is not a semimartingale). Fractional Brow-

nian motion with Hurst index H € (0, 1) is defined as the unique continuous Gaussian

process (BH);> satisfying

E[B] = 0 and  Cov[BZ,Bf] = _(*+ s —|t —s*)

N —

for any s,7 > 0. It has been introduced by Mandelbrot as an example of a self-similar
process and is is used in various applications, cf. [1]. Note that for H = 1/2, the

covariance is equal to min(s, t), i.e., BY/? is a standard Brownian motion. In general,
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one can prove that fractional Brownian motion exists for any H € (0, 1), and the sample
paths t — Bl(w) are almost surely a-Hélder continuous if and only if a < H, cf.e.g.

[13]]. Furthermore,

Vt(l)(BH ) = o0 forany t > 0 almost surely , and
0 if H>1/2,
B = lm Y (BY,-BI) = (& iH=1/2,
SETy
s<t oo if H<1/2.

Since [B¥]; = oo, fractional Brownian motion is not a semimartingale for H < 1/2.

Now suppose that > 1/2 and assume that there is a decomposition B = M, + A,

into a continuous local martingale M and a continuous finite variation process A. Then
M] = [BY] = 0 almost surely

so by Corollary M is almost surely constant, i.e., B has finite variation paths.
Since this is a contradiction, we see that also for H > 1/2, B is nota continuous
semimartingale, 1.e., the sum of a continuous local martingale and a continuous adapted
finite variation process. It is possible (but beyond the scope of these notes) to prove that
any semimartingale that is continuous is a continuous semimartingale in the sense above
(cf. [27]]). Hence for H # 1/2, fractional Brownian motion is not a semimartingale and
classical Itd calculus is not applicable. Rough paths theory provides an alternative way

to develop a calculus w.r.t. the paths of fractional Brownian motion, cf. [13]].

The covariation [M, N| of local martingales can be characterized in an alternative way

that is often useful for determining [M, N] explicitly.

Theorem 2.16 (Martingale characterization of covariation). For M, N € M, the
covariation [M, N1 is the unique process A € FV such that

(i) MN —A €M, , and

(ii) AA = AMAN , Ayg=0 almost surely .

Proof. Since [M,N| = MN — MyNo— [ M_ dN — [ N_dM, (i) and (ii) are satisfied
for A = [M, N]. Now suppose that A is another process in F'V satisfying (i) and (ii).
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Then A — A is both in M. and in FV, and A(A - 2) = 0 almost surely. Hence A — A
is a continuous local martingale of finite variation, and thus A — A= Ag — A/O =0
almost surely by Corollary 2.15] O

The covariation of two local martingales M and NV yields a semimartingale decomposi-
tion for M N:
MN = local martingale + [M, N].

However, such a decomposition is not unique. By Corollary 2.15] it is unique if we
assume in addition that the finite variation part A is continuous with Aqg = 0 (which is

not the case for A = [M, N] in general).

Definition. Let M, N € M,,.. If there exists a continuous process A € ¥V such that
(i) MN —A € M., and
(i) A A = 0 , Ay = 0 almostsurely,

then (M, N) = A is called the conditional covariance process of M and N.

In general, a conditional covariance process as defined above need not exist. General
martingale theory (Doob-Meyer decomposition) yields the existence under an additional
assumption if continuity is replaced by a weaker condition, cf.e.g. [27]. For applica-
tions it is more important that in many situations the conditional covariance process can

be easily determined explicitly, see the example below.

Corollary 2.17. Let M, N € M.
1) If M is continuous then (M, N) = [M, N| almost surely.
2) In general, if (M, N) exists then it is unique up to modifications.
3) If (M) exists then the assertions of Theorem[2.13| hold true with [M]| replaced by

Proof. 1) If M is continuous then [M, N] is continuous.
2) Uniqueness follows as in the proof of [2.16]
3)If (T;,) is a joint localizing sequence for M? — [M] and M? — (M) then, by monotone

convergence,
E[(M)] = Jim E[(M)ir,) = E[Mn] = E[[M]]
for any ¢ > 0. The assertions of Theorem [2.13]now follow similarly as above. [
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Examples (Covariations of Lévy processes).
1) Brownian motion: If (B;) is a Brownian motion in R¢ then the components (BF) are
independent one-dimensional Brownian motions. Therefore, the processes BF B! — §y,t

are martingales, and hence almost surely,
(B* B, = (B*BY)Y = 6t forany t>0.
2) Lévy processes without diffusion part: Let

X, = / y (Ni(dy) —t Iy <iyv(dy)) + bt
R\ {0}

with b € R, a o-finite measure v on R? \ {0} satisfying [(Jy|* A 1) v(dy) < oo, and a
Poisson point process (N;) of intensity v. Suppose first that supp(v) C {y € R?: |y| > €}

for some £ > (. Then the components X* are finite variation processes, and hence

(XX, = Y AXIAX] = / vyl Ny(dy). (2.41)
s<t
In general, (2.41)) still holds true. Indeed, if X (®) is the corresponding Lévy process with
intensity measure v (dy) = Ijjy>3 v(dy) then || X©* — X¥||yr20) — Oase L0
forany a € R, and k € {1,...,d}, and hence
koyl - &)k y(e)l _ kA Yl
(X% X1, = ucp-lim [(X@F X = Y AXEAX]
s<t

On the other hand, we know that if X is square integrable then M, = X; —itV,(0) and

MFM! — -2 (0) are martingales, and hence

OprOp;
0%
MF MY, =t :
< ) OprOpy
whereas [M*, M!] = [X* X!]is a pure jump process.

3) Covariations of Brownian motion and Lévy jump processes: For B and X as above

we have
(B X" = [B*X'] = 0 almost surely for any % and /. (2.42)

Indeed, (2.42) holds true if X' has finite variation paths. The general case then follows

once more by approximating X' by finite variation processes. Note that independence
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of B and X has not been assumed! We will see in Section 3.1 that (2.42)) implies
that a Brownian motion and a Lévy process without diffusion term defined on the same

probability space are always independent.

Covariation of stochastic integrals

We now compute the covariation of stochastic integrals. This is not only crucial for
many computations, but it also yields an alternative characterization of stochastic inte-

grals w.r.t. local martingales, cf. Corollary 2.19 below.

Theorem 2.18. Suppose that X and Y are (F}') semimartingales, and H is (FI)
adapted and cadlag. Then

[/H dX,Y] = /H d[X,Y] almost surely. (2.43)

Proof. 1. We first note that (2.43)) holds if X or Y has finite variation paths. If, for
example, X € FV then also f H_dX € FV, and hence

[/H_ dX,Y] = Y A(H_X)AY = Y H AXAY = /H_ d[X,Y] .

The same holds if Y € FV.
2. Now we show that (2.43)) holds if X and Y are bounded martingales, and H is
bounded. For this purpose, we fix a partition 7, and we approximate /I by the elemen-

tary adapted cadlag process H™ = > _ H, - I}, ). Let

I = H™dX = > H(Xun—X,)

(0,4] sem

We can easily verify that

" Y] = / H™ d[X,Y] almost surely. (2.44)
Indeed, if (7,,) is a sequence of partitions such that = C 7,, for any n and mesh(7,,) — 0
then
Iy —INVon=Y) = Y Ho Y (Xon—X)(You—Y).
TT’€<ﬂ—tn e sgrre<ﬂ:97}/\t
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Since the outer sum has only finitely many non-zero summands, the right hand side

converges as n — o0 to

ZHS([X7Y]S’/\25_ [X7Y]3) = HT d[X7Y]7

sem (0,t]

in the ucp sense, and hence (2.44) holds.
Having verified (2.44)) for any fixed partition 7, we choose again a sequence (7,,) of

partitions with mesh(m,) — 0. Then

/H_ dX = lim I™ in M?*([0,a]) foranya € (0,00),
n—oo
and hence, by and (2.44)),
[/H dX,Y] = ucp-lim[I™ Y] = /H d[X,Y].
n—oo

3. Now suppose that X and Y are strict local martingales. If 7" is a stopping time such

that X7 and Y7 are bounded martingales, and H I (0,7) 18 bounded as well, then by Step

2,2.11and2.12}
[/H dx,y]" = [(/H dx)" YT = [/(H Iom) dXT,Y7]
_ / H Ipr d X7, YT = ( / H_d[X,Y))".

Since this holds for all localizing stopping times as above, (2.44)) is satisfied as well.
4. Finally, suppose that X and Y are arbitrary semimartingales. Then X = M + A and
Y = N+ B with M, N € M, and A, B € FV. The assertion (2.43)) now follows by

Steps 1 and 3 and by the bilinearity of stochastic integral and covariation. [
Perhaps the most remarkable consequences of Theorem [2.18]is:

Corollary 2.19 (Kunita-Watanabe characterization of stochastic integrals).
Let M € M,,. and G = H_with H (F}") adapted and cadlag. Then G, M is the unique
element in M,,. satisfying

(i) (GeM)y = 0 , and

(ii) [GeM,N| = G¢M,N] forany N € M.
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Proof. By Theorem[2.18] G, M satisfies (i) and (ii). It remains to prove uniqueness. Let
L € M. such that Ly = 0 and

[L,N] = GJM,N] forany N € M.

Then [L — G,M,N| = 0 for any N € M,.. Choosing N = L — G4M, we conclude
that [L — G4,M] = 0. Hence L — G, is almost surely constant, i.e.,

L— G.M = LO - (G.M)O = 0.
[

Remark. Localization shows that it is sufficient to verify Condition (ii) in the Kunita-

Watanabe characterization for bounded martingales N.

The corollary tells us that in order to identify stochastic integrals w.r.t. local martingales
it is enough to “test” with other (local) martingales via the covariation. This fact can be
used to give an alternative definition of stochastic integrals that applies to a broader
class of integrands: Let &2 denote the o-algebra on [0, 00) x ) generated by all (F})

adapted left-continuous processes (s,w) — Gg(w).

Definition (Stochastic integrals with general predictable integrands).
1) A stochastic process (Gy)i>o is called predictable iff the function (s,w) — Gs(w)
is measurable w.r.t the o-algebra .
2) Let M € M,,., and suppose that G is a predictable process satisfying fg G?d[M], <
oo almost surely for any t > 0. If there exists GoM € M,,. such that conditions
(i) and (ii) in Corollary[2.19 hold, then G,M is called the stochastic integral of
G w.rt. M.

Many properties of stochastic integrals can be deduced directly from this definition, see
e.g. Theorem below.

The It6 isometry for stochastic integrals w.r.t. martingales

Of course, Theorem [2.18| can also be used to compute the covariation of two stochastic
integrals. In particular, if M is a semimartingale and G = H_ with H cadlag and
adapted then

.

[GJM,G M) = GJM,GM] = GA[M].
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Corollary 2.20 (Itd isometry for martingales). If M € M, then ([ G dM )2 —
[ G? d[M] € My, and

H/GdM‘ j\/12([0@]) - EK/OaGdM)Q} - E[/Oand[M]] Va>0, a.s.

Proof. If M € Mo then GoM € M., and hence (G M )? — [Ge M| € M,o.. Moreover,
by Theorem[2.13]

NG M3y = ElGMl] = E[(GI[M])a)].
]

The It6 isometry for martingales states that the M2 ([0, a]) norm of the stochastic integral
[ G dM coincides with the L?([0, a] x Q, Ppy)) norm of the integrand (¢, w) — Gi(w),

where Py is the measure on R x (2 given by
Poa(dt dw) = P(dw) [M](w)(dt).

This can be used to prove the existence of the stochastic integral for general predictable
integrands G € L*(Pjyy), cf. Section 2.5 below.

2.4 1Ito calculus for semimartingales

We are now ready to prove the two most important rules of Itd calculus for semimartin-
gales: The so-called “Associative Law” which tells us how to integrate w.r.t. processes

that are stochastic integrals themselves, and the change of variable formula.

Integration w.r.t. stochastic integrals

Suppose that X and Y are semimartingales satisfying dY = G dX, ie,Y — Yo =
i G dX for some predictable integrand G. We would like to show that we are allowed
to multiply the differential equation formally by another predictable process G, i.e., we
would like to prove that [ G dY = [ GG dX:

dY = GdX — GdY = GGdX
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The covariation characterization of the stochastic integrals w.r.t. local martingales can

be used to prove this rule in a simple way.
Theorem 2.21 (““‘Associative Law”). Let X € S. Then

G (G X) = (GG)X (2.45)
holds for any processes G = H_ and G = H_ with H and H cadlag and adapted.

Remark. The assertion extends with a similar proof to more general predictable inte-

grands.

Proof. We already know that (2.45]) holds for X € FV. Therefore, and by bilinearity of
the stochastic integral, we may assume X € M,,.. By the Kunita-Watanabe characteri-
zation it then suffices to “test” the identity with local martingales. For N € M.,
Corollary [2.19)and the associative law for F'V processes imply

[Go(GX),N] = G.GX,N] = GdG.[X,N])
= (GG)JX,N] = [(GG).X,N].

Thus (2.43) holds. O

1to’s formula

We are now going to prove a change of variable formula for discontinuous semimartin-
gales. To get an idea how the formula looks like we first briefly consider a semimartin-
gale X € S with a finite number of jumps in finite time. Suppose that 0 < 7} < T, <

. are the jump times, and let 7y = 0. Then on each of the intervals [T} _q,T%]), X
is continuous. Therefore, by a similar argument as in the proof of Itd’s formula for

continuous paths (cf. [9, Thm.6.4]), we could expect that

F(X) = F(Xo) = Y (F(Xi) = F(Xing,_,))
=3 ( / F'(X,-) dX, +% / F"(X,.) d[X]S) + > (F(Xn,) — F(X7,-))
- /0 t F'(X, ) dX¢+ % /0 t F'(X,) d[X]¢ + ; (F(X,) — F(X,2)) (2.46)
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where X7 = X; — >, AX denotes the continuous part of X. However, this formula
does not carry over to the case when the jumps accumulate and the paths are not of finite
variation, since then the series may diverge and the continuous part X does not exist in

general. This problem can be overcome by rewriting (2.46) in the equivalent form

F(X,) — F(X,) (2.47)
t 1 t
= [P axc g [ FRO) AR Y (FOG) - FG) - FI(X) AX),
1 0 Sgt
which carries over to general semimartingales.
Theorem 2.22 (It6’s formula for semimartingales). Suppose that X; = (X}, ..., X?)

with semimartingales X', ..., X% € S. Then for every function ' € C*(R?),

d d
oF i1 O*F s
F = :Z / dx? (Xo-) dXo + 2 Z / Oz (Xs-) d[ X", X
i: (07t] ZJ:I(O t]
L OF |
+ S;ﬂ (F(X,) — F(X,2) — ; o (X._)AXY) (2.48)

for any t > 0, almost surely.

Remark. The existence of the quadratic variations [X"]; implies the almost sure ab-
solute convergence of the series on the right hand side of (2.48). Indeed, a Taylor

expansion up to order two shows that

d

SIF(X) - F(X) =Y S (xax < 63 S jaxip

s<t =0 s<t 1

<Ci- Z[Xi]t < 00,

)

where C; = C}(w) is an almost surely finite random constant depending only on the

maximum of F” on the compact set { X, : s € [0,¢]}.

It is possible to prove this general version of Itd’s formula also by a Riemann sum
approximation, cf. [27]]. Here, following [29]], we instead derive the “chain rule” once

more from the “product rule”:
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Proof. To keep the argument transparent, we restrict ourselves to the case d = 1. The

generalization to higher dimensions is straightforward. We now proceed in three steps:

1. As in the finite variation case (Theorem @, we first prove that the set A consisting
of all functions F' € C?(R) satisfying (2.47) is an algebra, i.e.,

FGeA = F,GeA

This is a consequence of the integration by parts formula

FIX)GIX) ~ FX)G(X) = [ F(X) dG(X) + / GOx) dr(x)

+ [F(X),G(X)]"+ ) _AFP(X)AG(X), (249)
(0.]

the associative law, which implies

/ F(X_)dG(X) = / F(X_)G'(X_) dX+% / F(X_)G"(X_) d[X]°

+3 F(X_) (AG(X) — G'(X_)AX), (2.50)
the corresponding identity with F' and G interchanged, and the formula

(F(X),G(X) = [/F’(X_)dX,/G’(X_)er 2.51)
- / PX)G(X ) )" = / (P& (X)) dX]*

for the continuous part of the covariation. Both (2.50) and [2.5T]follow from (2.48)) and
the corresponding identity for G. It is straightforward to verify that (2.49), and
imply the change of variable formula for F'G, ie., FG € A. Therefore,
by induction, the formula holds for all polynomials F'.

2. In the second step, we prove the formula for arbitrary /' € C? assuming X = M + A
with a bounded martingale M and a bounded process A € FV. In this case, X is

uniformly bounded by a finite constant C'. Therefore, there exists a sequence (p,,) of
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polynomials such that p,, — F, p/, — F’ and p!! — F" uniformly on [—C, C]. For
t > 0, we obtain

F(X) = F(X0) = Tim (pa(X0) ~ pa(X0))
- gﬂﬂ%wmmwéfp< +;/&/ ) dz dy)
— /OtF’(XS_)dXS+%/O F"(X, +;/X_/_ F'(z) dz dy

w.r.t. convergence in probability. Here we have used an expression of the jump terms in

2.47) by a Taylor expansion. The convergence in probability holds since X = M + A,

‘/pn ) dM, — /F }

- /o(p" F)(X,_)? d[M]S} < sup i~ FP B[V

by It6’s isometry, and

Xs ) 1
S ez < G s - (K
s<t Y Xs— /X5 -

[=C, s<t
3. Finally, the change of variables formula for general semimartingales X = M + A
with M € M, and A € FV follows by localization. We can find an increasing se-
quence of stopping times (7},) such that sup T}, = oo a.s., M " is a bounded martingale,

and the process AT»~ defined by

AtT"_ _ A, for t < T,

Ar, . for t > 1T,
is a bounded process in FV for any n. Itd’s formula then holds for X" := MT» + ATn—
for every n. Since X™ = X on [0,7},) and T,, ,/* o a.s., this implies 1td’s formula for

X. ]

Note that the second term on the right hand side of Itd’s formula (2.48) is a continuous
finite variation process and the third term is a pure jump finite variation process. More-
over, semimartingale decompositions of X*, 1 < ¢ < d, yield corresponding decomposi-

tions of the stochastic integrals on the right hand side of (2.48)). Therefore, Itd’s formula
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can be applied to derive an explicit semimartingale decomposition of FI(X}, ..., X%)

for any C? function F. This will now be carried out in concrete examples.

Application to Lévy processes

We first apply Itd’s formula to a one-dimensional Lévy process

with z,0,b € R, a Brownian motion (B;), and a compensated Poisson point process
N, = N, — tv with intensity measure v. We assume that [(|y|> A |y|) v(dy) < oo. The
only restriction to the general case is the assumed integrability of |y| at oo, which en-
sures in particular that (X}) is integrable. The process (X;) is a semimartingale w.r.t. the

filtration (F;>") generated by the Brownian motion and the Poisson point process.

We now apply It6’s formula to F/(X,) where F € C%(R). Setting C; = [ y Ny(dy) we

first note that almost surely,

(X}, = o’[Bli+20[B,Cli+[Cly = o’t+ ) (AX,)

s<t
Therefore, by (2.53),
F(Xy) — F(Xo)

_ /t F'(X_)dX + % /t FI(X_)dIX]°+ ) (F(X) - F(X_) - F'(X)AX_)

= /Ot(aF’)(XS_) dB, + /Ot(bF/ + %azF”)(XS) ds + / y F'(X,.) N(ds dy)
(0,t]xR
+ / (F(Xs- +y) — F(X,o) — F'(X,-)y) N(ds dy), (2.53)

(0,t]xR

where N (ds dy) is the Poisson random measure on R, x R corresponding to the Pois-
son point process, and N (ds dy) = N(ds dy) — ds v(dy). Here, we have used a rule for
evaluating a stochastic integral w.r.t. the process C; = [y Nt(dy) which is intuitively

clear. A rigorous proof for this rule will be given in Section 2.5 below. Note also that
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in the second integral on the right hand side we could replace X, by X, since almost

surely, A X = 0 for almost all s.

To obtain a semimartingale decomposition from (2.53)), we note that the stochastic inte-
grals w.r.t. (B,) and w.r.t. (N,) are local martingales. In the case of NN, a rigorous proof
of this fact is again still missing and will be postponed to Section 2.5. By splitting the
last integral on the right hand side of into an integral w.r.t. N (ds dy) (i.e., a local

martingale) and an integral w.r.t. the compensator ds v(dy), we have proven:

Corollary 2.23 (Martingale problem for Lévy processes). For any F € C?*(R), the

process
t
M = PO - PO - [ (eP)(X) ds
0
]‘ /" / /
(LE)z) = S(@F")(z)+ (bF)(z) +/(F(x+y) — F(z) = F'(z)y) v(dy),
is a local martingale vanishing at 0. For F € C}(R), M) is a martingale, and
1
(LF)(x) = ltlfél E[F(Xt) — F(XO)].

Proof MU is a local martingale by the considerations above and since X (w) =
( ) for almost all (s,w). For F' € CZ, LF is bounded since |F(z + y) — F(z) —

z)y| = O(|y| A |y|*). Hence M¥1 is a martingale in this case, and

%E[F(Xt)—F(XO)] = EF

t /0 t(EF)(XS) ds] S (LF)(2)

as t | 0 by right continuity of (LF)(Xy). O

The corollary shows that £ is the infinitesimal generator of the Lévy process. The
martingale problem can be used to extend results on the connection between Brownian
motion and the Laplace operator to general Lévy processes and their generators. For ex-
ample, exit distributions are related to boundary value problems (or rather complement
value problems as L is not a local operator), there is a potential theory for generators of

Lévy processes, the Feynman-Kac formula and its applications carry over, and so on.

Example (Fractional powers of the Laplacian). By Fourier transformation one veri-

fies that the generator of a symmetric a-stable process with characteristic exponent |p|“
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is £ = —(—A)%/2. The behaviour of symmetric a-stable processes is therefore closely

linked to the potential theory of these well-studied pseudo-differential operators.

Exercise (Exit distributions for compound Poisson processes). Let (X;);>¢ be a com-

pound Poisson process with Xy = 0 and jump intensity measure v = N (m, 1), m > 0.
i) Determine A\ € R such that exp(AX}) is a local martingale.
1) Prove that for a < 0,
P[T, < ] = blggo PT, < T, < exp(ma/2).

Why is it not as easy as for Brownian motion to compute P[T,, < T}| exactly?

Applications to Ito6 diffusions
Next we consider a solution of a stochastic differential equation
dXt = b(t, Xt) dt ‘I— U(t7 Xt) dBt, XO = Xy, (254)

defined on a filtered probability space (€2, A, P, (F;)). We assume that (B;) is an (F;)
Brownian motion taking values in R%, b,0y,...,04 : R x R® — R" are continuous
time-dependent vector fields in R”, and o(t,z) = (o1(t,z)---04(t,x)) is the n x d
matrix with column vectors o;(¢, z). A solution of is a continuous (F7) semi-

martingale (X;) satisfying
t d t
X, = +/ b(s, X,) ds + Z/ on(s, X)) dB*  Vt>0 as. (2.5
0 — Jo
If X is a solution then

XLX7), = X)dB* X) dB'
(X X7, Z /ak s, /O’l s, ]t
= Z/ ot 0))(s,X) d[B*, B /

where a” =Y, oi07, i.e.,

a(s,x) = o(s,x)o(s,r)T € R™™,
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Therefore, 1t6’s formula applied to (X;) yields

OF 1 02 F
AF(HX) = 5o (6 X) + VaF(5X) dX + 5 e

(t, X) d[X", X7]

= (o'V,.F)(t,X)-dB + (a—F + EF) (t, X) dt,
ot
forany F' € C*(R, x R"), where

d d
1 g O*F A oF
frg —_ v - 7 -
(LF)(t,2) 3 2 ) () + ) 75 ).

We have thus derived the It6-Doeblin formula

F(t,X,) — F(0,X;) = /t(gTVF)(s,XS)-dBSJr/t (%—f+m)(s,xs) ds

(2.56)
Again, the formula provides a semimartingale decomposition for F'(¢, X;). It establishes
a connection between the stochastic differential equation (2.54)) and partial differential

equations involving the operator L.

Example. Suppose that ' € C?(R, x R") is a classical solution of the pde
OF
E(t,x)—i—(ﬁF)(t,x) = —g(t,x) Vt>0,zeU
on an open subset U C R™ with boundary values
F(t,z) = o(t,x) Vit>0,zedl.
Then by (2.56), the process
t
Mt = F(taXt) +/ g(S,XS) ds
0

is a local martingale. If F' and g are bounded on [0, ] x U, then the process M’ stopped
at the first exit time 7" = inf {t > 0 : X, ¢ U} is a martingale, and hence

Elo(T, X7)] + E[/OTg(s,XS) ds} = F(0,zo).

This can be used, for example, to compute exit distributions (for g = 0) and mean exit

times (for ¢ = 0,g = 1) analytically or numerically.
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Similarly as in the example, the Feynman-Kac-formula and other connections between
Brownian motion and the Laplace operator carry over to Itd diffusions and their gen-
erator L in a straightforward way. Of course, the resulting partial differential equation
usually can not be solved analytically, but there is a wide range of well-established
numerical methods for linear PDE available for explicit computations of expectation

values.

Often, the solution of an SDE is only defined up to some explosion ¢ where it diverges
or exits a given domain. By localization, we can apply the results above in this case as

well. Indeed, suppose that U C R is an open set, and let
U = A{xe€U: |z|<kand dist(z,U°) >1/k}, keN.

Then U = |JUi. A solution (X;) of the SDE (2.54) up to explosion is a process
(X4)tel0,0)ufoy such that for every n € N, T;, < ¢ almost surely on {¢ € (0,00)}, and
the stopped process X" is a semimartingale satisfying (2.55)) for t < T,,. By applying

Itd’s formula to the stopped processes, we obtain:

Corollary 2.24 (Martingale problem for It6 diffusions). If X; : 2 — U is a solution
of up to the explosion time (, then for any F € C*(R, x U) and o € U, the

process

tOF
M, = F(t, X —/ — + LF)(s,X,)ds, t<C,
e rex- [ (R

is a local martingale up to the explosion time (, and the stopped processes M, n € N,

are localizing martingales.
Proof. We can choose functions F}, € C3([0,a]xU),n € N, a > 0, such that F,,(¢,x) =
F(t,z) for t € [0,a] and z in a neighbourhood of U,,. Then for t < a,

L/ OF,
MtT" = Mg, = Fn(t7Xt/\Tn)_/ (at
0

By (2.56)), the right hand side is a bounded martingale. O

+ ,CFn) (s, Xsar,) ds.

Stochastic exponentials

If X is a continuous semimartingale then by It6’s formula,

th = &Xp <Xt - %[X]t>
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is the unique solution of the exponential equation
d&X = £XdX, & = 1

In particular, £ is a local martingale if X is a local martingale. Moreover, if

mn

ho(t,x) = Som exp(ax — o?t/2)

a=0

denotes the Hermite polynomial of order n and X, = 0 then
H! = hn([X]t,Xt) (2.57)

solves the SDE
dH" = H"! dX, Hj =0,

for any n € N, cf. Section 6.4 in [9]. In particular, ™ is an iterated 1t0 integral:

t Sn S92
H' = n'// / dX, dX,, - dX,, .
0 0 0

The formula for the stochastic exponential can be generalized to the discontinuous case:

Theorem 2.25 (Doléans-Dade). Let X € S. Then the unique solution of the exponen-

tial equation

t
Z, = 1+/ Z,_dX,, >0, (2.58)
0
is given by
1
Z, = exp (Xt - 5[}(];) ] (1 +AX,) exp(-AX,). (2.59)
s€(0,t]

Remarks. 1) In the finite variation case, (2.59) can be written as

1
Z, = exp <Xt - 5[}(]5) I (1 +axs).
s€(0,t]
In general, however, neither X nor [[(1 + AX) exist.
2) The analogues to the stochastic polynomials A" in the discontinuous case do not

have an equally simply expression as in (2.57) . This is not too surprising: Also for
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continuous two-dimensional semimartingales (X, Y;) there is no direct expression for
the iterated integral fg Jy dX. dY, = f(f (X, — Xo) dY; and for the Lévy area process

t s t s
A = / / dX, dY, — / / dY, dX,
0 0 0 0

in terms of X,Y and their covariations. If X is a one-dimensional discontinuous semi-
martingale then X and X _ are different processes that have both to be taken into account

when computing iterated integrals of X.

Proof of Theorem[2.25] The proof is partially similar to the one given above for X €
FV, cf. Theorem 2.5 The key observation is that the product

P = J] 1+AX,) exp(-AX,)

s€(0,t]

exists and defines a finite variation pure jump process. This follows from the estimate

Z |log(1 +AX,) — AX,| < const.- Z IAX,]* < const. - [X],
0<s<t s<t
|AX[<1/2
which implies that

Sy = ) (log(1+AX,)—-AX,), >0,

s<t
|AX[<1/2

defines almost surely a finite variation pure jump process. Therefore, (F;) is also a finite

variation pure jump process. Moreover, the process G; = exp (Xt — %[X ]f) satisfies

G = 1+ /G_ dX +) (AG - G_ AX) (2.60)
by It6’s formula. For Z = G P we obtain
AZ = Z_ <eAX(1 FAX)e S 1) — Z_AX,
and hence, by integration by parts and (2.60)),
Z—-1 = /P_ dG+/G_dP+[G,P]

= /P_G_ dX +) (P_-AG - P_G_AX +G_ AP+ AG AP)

- /ZdX+Z(AZ—ZAX) = /ZdX.
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This proves that Z solves the SDE (2.58). Uniqueness of the solution follows from a

general uniqueness result for SDE with Lipschitz continuous coefficients, cf. Section

4.1l O

Example (Geometric Lévy processes). Consider a Lévy martingale X; = [y Nt(dy)
where (IV;) is a Poisson point process on R with intensity measure v satisfying [(|y| A

ly|2) v(dy) < oo, and N, = N, — tv. We derive an SDE for the semimartingale
Zy = eXp(UXt + #t)a t >0,

where o and p are real constants. Since [X|¢ = 0, Itd’s formula yields

Z -1 :a/ZdX+u/st+ZZ(e"AX—1—aAX> 2.61)
0,4 (0,4] 0.t
=0 / Zs_y N(ds dy) + p / Zs_ ds +/ ZS_<e"y —1- ay) N(ds dy).
(0] xR (0,4] (OAR

If [€*¥ v(dy) < oo then (2.61) leads to the semimartingale decomposition

dZ, = Z,_dM°+aZ,_dt, Zy=1, (2.62)

M7 = / (e"y — 1) ]\N/t(dy)

is a square-integrable martingale, and o = p+ [ €Y — 1 — oy v(dy). Hence we see that

where

although (Z;) again solves an SDE driven by the compensated process (]Vt) this SDE

can not be written as an SDE driven by the Lévy process (X;).

2.5 Stochastic integrals with general predictable inte-

grands

So far, we have considered stochastic integrals w.r.t. a semimartingale only for left limits
of adapted cadlag processes. This is indeed sufficient for many applications. For some

results including in particular convergence theorems for stochastic integrals, martingale
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representation theorems, and the existence of local time, stochastic integrals with more
general integrands are important. In this section, we sketch the definition of stochastic
integrals w.r.t. not necessarily continuous semimartingales for general predictable inte-

grands. For details of the proofs, we refer to Chapter IV in [27].

Throughout this section, we fix a filtered probability space (€2, A, P, (F;)). Recall that
the predictable o-algebra is the o-algebra P on 2 x (0,00) generated by all left-
continuous (F;) adapted processes (w, t) — Gi(w). A process (w,t) — Gi(w) is called

predictable iff it is measurable w.r.t. P.

Exercise. 1) Prove that P is generated by the sets A X (s,t] with A € F, and
0<s<t.
2) Equivalently, P is generated by all sets of the form A x (S, 7] where A € Fg,
and 0 < S < T are (F;) stopping times.

We denote by £ the vector space consisting of all elementary predictable processes G

of the form
Gy(w) Z Zi(w) Xt 541 ()

withn e N,0 <ty <t <--- <1, and Z; : 2 — R bounded and F;,-measurable.
For G € &€ and a semimartingale X € S, the stochastic integral G, X defined by

t n—1
(G.X)t = / Gs dX, = Z Zz thﬂ/\t - Xt /\t)
0 =0

is again a semimartingale. If A is a finite variation process then G, A has finite variation

as well. If M € M?(0,00) is a square-integrable martingale then G,M € M3(0, o),

([ oun)]

= E{ / e d[M]} = / G* AP (2.63)
0 QxR

and the It6 isometry

|GeM| a2 (0,00) =

holds, where

v
S
=

S

S

I

P(dw) [M](w, dt)
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is the Doléans measure on () x R,. The It6 isometry has been derived in a more
general form in Corollary but for elementary processes it can easily be verified
directly (Excercise!).

In many textbooks, the angle bracket process (M) is used instead of [M] to define
stochastic integrals. The next remark shows that this is equivalent for predictable inte-
grands:

Remark ([M] vs. (M)). If the angle-bracket process (M) exists then the measures
P and Py coincide on predictable sets. Indeed, if C' = A x [s,t] with A € F, and
0 < s < tthen

Pu(C) = E[M]—[M]s; Al = BIE[[M], — [M],|F]; Al
= E[E[(M), — (M)s|F]; Al = Pan(C).

Since the collection of these sets C' is an N-stable generator for the predictable o-

algebra, the measures Py and Py coincide on P.

Example (Doléans measures of Lévy martingales). If M/, = X; — F[X;] with an

integrable Lévy process X; : () — R then
Pap = Pan = ¢"0) P® Ao

where 1) is the characteristic exponent of X and A .. denotes Lebesgue measure on
R, . Hence the Doléans measure of a general Lévy martingale coincides with the one

for Brownian motion up to a multiplicative constant.

Definition of stochastic integrals w.r.t. semimartingales

We denote by H? the vector space of all semimartingales vanishing at 0 of the form
X = M+ A with M € M?(0,00) and A € FV predictable with total variation
vi4) = J° |dAs| € L*(P). In order to define a norm on the space 7, we as-
sume without proof the following result, cf. e.g. Chapter III in [27]:

Fact. Any predictable local martingale with finite variation paths is almost surely con-

stant.
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The result implies that the Doob-Meyer semimartingale decomposition
X = M+A (2.64)

is unique if we assume that M is local martingale and A is a predictable finite variation

process vanishing at 0. Therefore, we obtain a well-defined norm on H? by setting

(M) + (/Ooo |dA])2

Note that the M? norm is the restriction of the #? norm to the subspace M?(0,00) C
H2. As a consequence of (2.63), we obtain:

X152 = IMIEe+ VAN = B

Corollary 2.26 (It6 isometry for semimartingales). Let X € H? with semimartingale

decomposition as above. Then

|G X3z = ||Gllx  forany G € £, where

2

L2(P)

61 = NGl +|| [ 1611441

Hence the stochastic integral J : € — H?, JIx(G) = G.X, has a unique isometric

. =X . .
extension to the closure £ of € in the space of all predictable processes w.r.t. the norm

- 1lx-

Proof. The semimartingale decomposition X = M + A implies a corresponding de-
composition G¢ X = G,M + G, A for the stochastic integrals. One can verify that
for G € &£, GoM is in M 3(0, o0) and G,A is a predictable finite variation process.
Therefore, and by (2.63),

GX B = IIG M + IV Gl = (G, + | [ 161144

(P

]

The It6 isometry yields a definition of the stochastic integral G, X for G' € &*. For
G = H_ with H cadlag and adapted, this definition is consistent with the definition
given above since, because by Corollary 2.20, the Itd isometry also holds for the inte-
grals defined above, and the isometric extension is unique. The class & of admissible

integrands is already quite large:
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Lemma 2.27. & contains all predictable processes G with ||G||x < oc.

Proof. We only mention the main steps of the proof, cf. [27] for details:

1) The approximation of bounded left-continuous processes by elementary predictable
processes w.r.t. || - || x is straightforward by dominated convergence.

2) The approximability of bounded predictable processes by bounded left-continuous
processes W.r.t. || - ||x can be shown via the Monotone Class Theorem.

3) For undefined predictable G with ||G||x < oo, the processes G" := G - Ijg<n},
n € N, are predictable and bounded with ||G" — G||x — 0.

O

Localization

Having defined G, X for X € H? and predictable integrands G with ||G||x < oo, the
next step is again a localization. This localization is slightly different than before, be-
cause there might be unbounded jumps at the localizing stopping times. To overcome
this difficulty, the process is stopped just before the stopping time 7, i.e., at 7'—. How-
ever, stopping at 7" destroys the martingale property if 7" is not a predictable stopping

time. Therefore, it is essential that we localize semimartingales instead of martingales!

For a semimartingale X and a stopping time 7" we define the stopped process X~ by

X for t < T,
X7 = {X; fort>T>0,
0 for T'=0.

The definition for 7' = 0 is of course rather arbitrary. It will not be relevant below, since
we are considering sequences (7,,) of stopping times with 7}, 1 oo almost surely. WE

state the following result from Chapter IV in [27] without proof.

Fact. If X is a semimartingale with X, = 0 then there exists an increasing se-
quence (7},) of stopping times with sup7,, = oo such that X7~ € H? for any
n € N,

Now we are finally ready to state the definition of stochastic integrals for general pre-
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dictable integrands w.r.t. general semimartingales X . By setting G, X = G¢(X — X))

we may assume X = 0.

Definition. Ler X be a semimartingale with X, = 0. A predictable process G is called
integrable w.r.t. X iff there exists an increasing sequence (T,,) of stopping times such
that supT,, = oo a.s., X'~ € H? and ||G||xr.- < oo for anyn € N. If G is
integrable w.r.t. X then the stochastic integral G, X is defined by

t t
(GX)y = / G, dX, = / G, dXI forany t €10,T,), n€N.
0 0

Of course, one has again to verify that G, X is well-defined. This requires in particular
a locality property for the stochastic integrals that are used in the localization. We do

not carry out the details here, but refer to Chapter IV in [27].

Exercise (Sufficient conditions for integrability of predictable processes). 1) Prove
that if G is predictable and locally bounded in the sense that G'» is bounded for a
sequence (7,,) of stopping times with 7,, T oo, then G is integrable w.r.t. any semi-
martingale X € S.

2) Suppose that X = M + A is a continuous semimartingale with M € M and
A € FV.. Prove that G is integrable w.r.t. X if G is predictable and

t t
/ G? d[M}S—i—/ |G| |[dAs] < o0 a.s. forany ¢t > 0.
0 0

Properties of the stochastic integral

Most of the properties of stochastic integrals can be extended easily to general pre-
dictable integrands by approximation with elementary processes and localization. The
proof of Property (2) below, however, is not trivial. We refer to Chapter IV in [27] for
detailed proofs of the following basic properties:

(1) The map (G, X) — G4X is bilinear.

(2) A(GeX) = GAX almost surely.

(3) (GeX)T = (G Ijpry)e X = G XT.

@ (G X)) =G X"

(5) Ho(GoX) = (HG)WX.
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In all statements, X is a semimartingale, G is a process that is integrable w.r.t. X, T'is a
stopping time, and H is a process such that G is also integrable w.r.t. X. We state the
formula for the covariation of stochastic integrals separately below, because its proof is

based on the Kunita-Watanabe inequality, which is of independent interest.

Exercise (Kunita-Watanabe inequality). Let X, Y € S, and let G, H be measurable
processes defined on € x (0, 00) (predictability is not required). Prove that for any

a € [0,00] and p, ¢ € [1, 00| with 1—1) + % = 1, the following inequalities hold:

/ayGSHHS|\d[X,Y]S| < (/ G2d /2 /H2 . (2.65)
0

a a 1/2 1/2
e[ [enmaxy] < [|[( ] 6*ax /H2

0 0

Hint: First consider elementary processes G, H.

Lq'

(2.66)

Theorem 2.28 (Covariation of stochastic integrals). For any X,Y € S and any pre-
dictable process G that is integrable w.r.t. X,

[ / G dX, Y} = / G [X,Y] almost surely. (2.67)

Remark. If X and Y are local martingales, and the angle-bracket process (X, Y') exists,

then also
</GdX,Y> = /Gd(X, Y) almost surely.

Proof of Theorem[2.28} We only sketch the main steps briefly, cf. [27] for details. Firstly,
one verifies directly that (2.67) holds for X, Y € H? and G € £. Secondly, for
X,Y € H? and a predictable process G with ||G||x < oo there exists a sequence

(G™) of elementary predictable processes such that ||G" — G||x — 0, and

[/G” dX,Y] = /G” d[X,Y] forany n € N.

Asn — oo, [G"dX — [ G dX in H?* by the Itd isometry for semimartingales, and

[/G” X, Y} — [/GdX, Y} w.cp..
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by [2.14] Moreover,
/ G dX, Y] — / GdX,Y] ucp.

by the Kunita-Watanabe inequality. Hence (2.67) holds for GG as well. Finally, by local-
ization, the identity can be extendet to general semimartingales X, Y and integrands G

that are integrable w.r.t. X by. [

Dominated Convergence Theorem for stochastic integrals

An important motivation for the extension of stochastic integrals to general predictable

integrands is the validity of a Dominated Convergence Theorem:

Theorem 2.29. Suppose that X is a semimartingale with decomposition X = M + A
as above, and let G", n € N, and G be predictable processes. If

Gy (w) — Giw)  forany t >0, almost surely,

and if there exists a process H that is integrable w.r.t. X such that |G"| < H for any
n € N, then
G"X — GX u.c.p., as n — oo.

If, in addition to the assumptions above, X is in H? and ||H||x < oo then even
|G"X — G X3z — 0 as n — o0.

Proof. We may assume G = 0, otherwise we consider G" — G instead of G". Now

suppose first that X is in H? and || H||x < oo. Then

et = B[ [T+ ([Tieia)] — o

as n — oo by the Dominated Convergence Theorem for Lebesgue integrals. Hence by
the Itd isometry,

G"X — 0 in H® asn — oo.

The general case can now be reduced to this case by localization, where 2 convergence

is replaced by the weaker ucp-convergence. [
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Integration w.r.t. Poisson point processes

Instead of integrating w.r.t. real-valued martingales it is also possible to define stochastic
integrals w.r.t. measure-valued martingales. Here, we focus exclusively on integration
w.r.t. compensated Poisson point processes, which is important for studying stochastic
calculus for jump processes.

Let (S, S, v) be a o-finite measure space, and let (N;(dy)):>o be a Poisson point process
on (S, S) with intensity measure v. Our main interest is the case S = RY. As usual, we
denote by Nt = N; — tv the compensated Poisson point process, and by N (dt dy) and
N (dt dy) the corresponding uncompensated and compensated Poisson random measure
on R, x S. Recall that for A, B € S with ¥(A) < oo and v(B) < oo, the processes
Ny(A), N,(B), and N,(A)N,(B) — tv(A N B) are in M2(0,a) for any a € R,. In

particular,

(N(A),N(B)): = t-v(ANDB),
whereas
IN(A),N(B), = Y AN(A)AN(B) = N(ANB). (2.68)
(0,¢]

Our goal is to define stochastic integrals of type
HN) = [ H) Nsdy)
(0,t]xS

for predictable processes (w, s,y) — H(y)(w) defined on 2 xR, x S. Here a process H
is called predictable iff it is measurable w.r.t. the o-algebra generated by all processes
(w,s,y) — K,(y)(w) that are product measurable in (w, s, y), and left-continuous in s

for any given w, y. We consider first predictable integrands of the form
Hipw) = Y 6w Iy, weQ se(0,0), yes, (269
k=1

with m € N, predictable processes G*) € £L2(P ® )\) depending not on y, and disjoint
sets Ay, € S with v(Ay) < oo. In this case, the stochastic integral H.]V is defined by

m t
(HDN), = Y / G®) dN,(Ay). (2.70)
k=10
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Since the processes N (Ag), k = 1,...,m, are (independent) compensated Poisson
processes and G, ... G(™ are square-integrable w.r.t. P ® )\, the stochastic integral

H.Nisa square-integrable martingale. Moreover, the following Itd type isometry holds:

Theorem 2.30 (Ito isometry for integrals w.r.t. compensated PPP). For any process

H asin and for a € [0, 0],

E[(H,N),]? / /H v(dy) ds|.

Proof. Let I®) := [ G®) dN(A). Then I®) € M2(0,a) forany k € Nand a € [0, 0]
with
1®, 0] — / GHGO dN(AL), N(A)] Yk IeN.

In particular, by (2.68]), the covariation vanishes for k£ # [. Hence

E(HN?Z = Y EIPIP = > EI®, 10],]
— ZE[/Q|G(k>|2d[N(Ak)]} = ZE[/OG|G(k)|2d(N(Ak))}

_ /Z|G V(A di] = E[/Oa/szydt},

because G*) is predictable. O

Theorem [2.30] shows that for processes H as in (2.69),

[HoNaz = [[H|[z2(Perew)-

On the other hand, any predictable process H € L*(P ® A(o,oc) ® V) is a limit w.r.t. the
L*(P ® X\(0,00) ® v) norm of processes H (k) as in (2.69). Hence isometric extension of
the map H — H,N can again be used to define H,N € M 2(0, 00) for any predictable
H € L*(P ® A\p,0) ® V) in such a way that

H®N — H,N in M>  whenever H"® — H in L.

Again, the definition of stochastic integrals w.r.t. N can then be extended to locally

square integrable predictable processes H by localization — we refer to [3] for details.
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Example (Deterministic integrands). If H,(y)(w) = h(y) for some function h €
L2(S, S, v) then

HN) = [n) Ny = S
ie., HN isa Lévy martingale with jump intensity measure v o h~ 1.

Remark (Integration w.r.t. uncompensated Poisson point processes). For inte-
grands H € L'(P ® A ® v), the integral

t
HN) = [ HNGsd) =Y B
0 (s,y)€supp N
s<t
w.r.t. the uncompensated Poisson point process N is almost surely well-defined as a

Lebesgue integral. The process H, N has finite variation paths, and
H.N = HN — Hy(A ® v).

Hence the construction via the Itd isometry is not required in this case. It is nevertheless
useful, since it shows that H, N is a square-integrable martingale.

If Hisin £2(P ® A ® v) but not in L'(P ® A ® v) then H,N does not necessarily
converge, whereas H.N is still a well-defined square integrable martingale. We have
already exploited this fact in the construction of Lévy processes in Chapter [I] where
Hy(y)(w) = y.

Basic properties of stochastic integrals carry over to integrals with respect to compen-
sated Poisson point processes. We refer to the monographs by D.Applebaum [3] for
basics, and to Jacod & Shiryaev [18] for a detailed study. We only state the following

extension of the associative law, which has already been used in the last section:

Theorem 2.31. Suppose that H : Q) xR, x .S — R is predictable and square-integrable
wrt. PRA® v, and G : 2 x Ry — R is a bounded predictable process. If

X, :m/ H,(y) N(ds dy)
(0,t]xS

then .
/ G, dX, = / G, H,(y) N(ds dy).
0 (0,t]xS

The proof based on approximation by more elementary processes is left as an exercise.
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Chapter 3

Transformations and weak solutions of

stochastic differential equations

Let U C R" be an open set. We consider a stochastic differential equation of the form
dXt = b(t, Xt) dt + O'(t, Xt) dBt (31)

with a d-dimensional Brownian motion (B;) and measurable coefficients b : [0, 00) X
U — R'and o : [0,00) x U — R™ . In applications one is often not interested in the
random variables X; : {0 — R themselves but only in their joint distribution. In that
case, it is usually irrelevant w.r.t. which Brownian motion (B;) the SDE 1s satisfied.
Therefore, we can “solve” the SDE in a very different way: Instead of constructing the
solution from a given Brownian motion, we first construct a stochastic process (X;, P)
by different types of transformations or approximations, and then we verify that the

process satisfies (3.1)) w.r.t. some Brownian motion (B;) that is usually defined through

(EI2
Definition. A weak solution of the stochastic differential equation (3.1)) is given by

(i) a “setup” consisting of a probability space (2, A, P), a filtration (F;);>0 on
(9, A) and an (F;) Brownian motion B; : Q — R? w.rt. P,
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(ii) a continuous (F;) adapted stochastic process (X)i<s where S is an (F}) stopping
time such that b(-, X) € £}, .([0,5),R"), o(-, X) € £2, ([0, 5),R"™9), and

a,loc a,loc

t ¢
X = X +/ b(s, Xs) ds+/ o(s, Xs) dBs foranyt < S a.s.
0 0

It is called a strong solution w.r.t. the given setup if and only if (X}) is adapted w.r.t. the

Siltration (0‘ (ftB’P, Xo) ) £>0 generated by the Brownian motion and the initial condition.

Note that the concept of a weak solution of an SDE is not related to the analytic concept

of a weak solution of a PDE!

Remark. A process (X;):> is a strong solution up to .S < oo w.r.t. a given setup if and
only if there exists a measurable map F' : R, x R" x C'(Ry,R?) — R", (¢, x9,y) —
Fi(xo,y), such that the process (F}):>o is adapted w.r.t. the filtration B(R") @ B;, B; =
o(yr—y(s):0<s<t),and

X, = F(XyB) forany t >0
holds almost surely. Hence strong solutions are (almost surely) functions of the given
Brownian motion and the initial value!

There are SDE that have weak but no strong solutions. An example is given in Sec-
tion3.1] The definition of weak and strong solutions can be generalized to other types

of SDE including in particular functional equations of the form
where (b;) and (o) are (B;) adapted stochastic processes defined on C'(R ., R™), as well
as SDE driven by Poisson point processes, cf Chapter 4]

Different types of transformations of a stochastic process (X;, P) are useful for con-

structing weak solutions. These include:

e Random time changes: (X;)i>0 — (X1,)a>0 Where (1,).>0 is an increasing stochas-

tic process on R, such that 7, is a stopping time for any a > 0.

e Transformations of the paths in space: These include for example coordinate changes
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(X:) = (v(X¢)), random translations (X;) — (X;+ H;) where (H;) is another adapted
process, and, more generally, a transformation that maps (X}) to the strong solution (V)
of an SDE driven by (X}).

e Change of measure: Here the random variables X; are kept fixed but the underlying
probability measure P is replaced by a new measure P such that both measures are mu-
tually absolutely continuous on each of the o-algebras F;, t € R, (but usually not on
Foo)-

In this chapter we study these transformations as well as relations between them. For
identifying the transformed processes, the Lévy characterizations in Section play a

crucial rble.

3.1 Lévy characterizations

Let (2, A, P, (F;)) be a given filtered probability space. We first note that Lévy pro-

cesses can be characterized by their exponential martingales:

Lemma 3.1. Let i) : RY — C be a given function. An (F;) adapted cadlag process
X; : Q — R is an (F;) Lévy process with characteristic exponent 1 if and only if the

complex-valued processes
Z¥ = exp (z’p - Xy + tw(p)) , >0,
are (F;) martingales, or, equivalently, local (F;) martingales for any p € R

Proof. By Corollary [I.2] the processes Z” are martingales if X is a Lévy process with
characteristic exponent 0. Conversely, suppose that Z? is a local martingale for any
p € RZ Then, since these processes are uniformly bounded on finite time intervals,

they are martingales. Hence for 0 < s < t and p € R,

E[eXp (ip (X — XS>) ‘]:s} = exp(—(t — s)¥(p)),

which implies that X; — X is independent of F; with characteristic function equal to
exp(—(t — s)¥). O

University of Bonn Winter Term 2010/2011



CHAPTER 3. TRANSFORMATIONS AND WEAK SOLUTIONS OF
102 STOCHASTIC DIFFERENTIAL EQUATIONS

Exercise (Lévy characterization of Poisson point processes). Let (S, S,v) be a o-
finite measure space. Suppose that (N;):>o on (2,4, P) is an (F;) adapted process
taking values in the space M (.S) consisting of all counting measures on S. Prove that
the following statements are equivalent:

(i) (IVy) is a Poisson point processes with intensity measure v.

(ii) For any function f € £(S,S,v), the real valued process

N/ = / fo) N (dy),  t>0,

is a compound Poisson process with jump intensity measure ;o f L.

(iii) For any function f € £1(S,S,v), the complex valued process

M = exp(NLHt6(f), 20, $(f) = / (1— ) dv,

is a local (F;) martingale.
Show that the statements are also equivalent if only elementary functions f € L'(S, S, v)

are considered.

Lévy’s characterization of Brownian motion

By Lemma an R<-valued process (X;) is a Brownian motion if and only if the
processes exp (ip - X; + t[p|?/2) are local martingales for all p € R?. This can be
applied to prove the remarkable fact that any continuous R? valued martingale with the

right covariations is a Brownian motion:

Theorem 3.2 (P. Lévy 1948). Suppose that M, ..., M? are continuous local (F;) mar-

tingales with

[ME, MY, = ot P-a.s. forany t > 0.

Then M = (M*, ..., M%) is a d-dimensional Brownian motion.

The following proof is due to Kunita and Watanabe (1967):
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Proof. Fix p € R% and let ®; := exp(ip - M;). By Itd’s formula,

d
. 1
o, = ip@-dMy— 5 Y @ pipr dMF M,

k=1

1

Since the first term on the right hand side is a local martingale increment, the product
rule shows that the process ®; - exp(|p|® t/2) is a local martingale. Hence by Lemma
M is a Brownian motion. O

Lévy’s characterization of Brownian motion has a lot of remarkable direct consequences.

Example (Random orthogonal transformations). Suppose that X; : 2 — R" is a
solution of an SDE
dXt = Ot dBt, Xo = Xy, (32)

w.r.t. a d-dimensional Brownian motion (B;), a product-measurable adapted process
(t,w) — O(w) taking values in R™*%, and an initial vale zo € R"™. We verify that X is

an n-dimensional Brownian motion provided
O w) Oyw)t = 1, forany ¢ > 0, almost surely. (3.3)

Indeed, by (3.2) and (3.3)), the components

d t
X = x5+2/ O* 4Bk
k=170
are continuous local martingales with covariations
XLXT =) / O* 0" d[B*,B'] = / Y otordt = gyt
k,l k

Applications include infinitesimal random rotations (n = d) and random orthogonal

projections (n < d). The next example is a special application.

Example (Bessel process). We derive an SDE for the radial component R, = |B;| of

Brownian motion in R%. The function r(z) = |z| is smooth on R? \ {0} with Vr(z) =

University of Bonn Winter Term 2010/2011



CHAPTER 3. TRANSFORMATIONS AND WEAK SOLUTIONS OF
104 STOCHASTIC DIFFERENTIAL EQUATIONS

e.(z), and Ar(x) = (d — 1) - |z|~! where e.(z) = x/|x|. Applying Itd’s formula to
functions r. € C*(R?), e > 0, with r.(x) = r(x) for |z| > ¢ yields

2R,
where Tj is the first hitting time of 0 for (B;). By the last example, the process

th = er(Bt) . dBt + dt for any t < To

t
W, = /er(Bs)-dBS, t>0,
0

is a one-dimensional Brownian motion defined for all times (the value of e, at 0 being
irrelevant for the stochastic integral). Hence (B;) is a weak solution of the SDE
d—1
2R
up to the first hitting time of 0. The equation makes sense for any particular d € R

dR, = dW; +

dt (3.4)

and is called the Bessel equation. Much more on Bessel processes can be found in
Revuz and Yor [28] and other works by M. Yor.

Exercise. a) Let (X;)o<;<¢ be a solution of the Bessel equation
d—1
2X,

where (B;);>¢ is a standard Brownian motion and d is a real constant.

dXt = dt + dBt, XO = X,

i) Find a non-constant function u : R — R such that u(X;) is a local martingale up

to the first hitting time of 0.
ii) Compute the ruin probabilities P[T, < T}] for a,b € R, with 2 € [a,b] .
iii) Proceeding similarly, determine the mean exit time F[T'], where ' = min{T,, T} }.

b) Now let (X;);>0 be a compound Poisson process with X, = 0 and jump intensity

measure v = N(m, 1), m > 0.
i) Determine A\ € R such that exp(AX}) is a local martingale up to Tj.
i1) Prove that for a < 0,
PT, < o] = blLrg@ PT, <Ty)) < exp(ma/2).

Why is it not as easy as above to compute the ruin probability P[T,, < T;] exactly ?
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The next application of Lévy’s characterization of Brownian motion shows that there

are SDE that have weak but no strong solutions.

Example (Tanaka’s example. Weak vs. strong solutions). Consider the one dimen-
sional SDE

dX, = sgn(Xy) dB; (3.5)
+1 for x >0,

where (B;) is a Brownian motion and sgn(z) := . Note the unusual
—1 for z <0

convention sgn(0) = 1 that is used below. We prove the following statements:

1) X is a weak solution of (3.5)) on (2, A, P, (F;)) if and only if X is an (F;) Brow-

nian motion.

2) If X is a weak solution w.r.t. a setup (2, A, P, (F:), (B;)) then for any ¢ > 0, the

process (Bj),<; is measurable w.r.t. the o-algebra generated by Fy and FXI-*,
3) There is no strong solution to (3.5).
The proof of 1) is again a consequence of the first example above: If X is a weak

solution then X is a Brownian motion by Lévy’s characterization. Conversely, if X is

an (F;) Brownian motion then the process

t
B, = / sgn(Xs) dX;
0
is a Brownian motion as well, and, by the “associative law”,
t t
/ sen(X,) dB, = / sen(X,)?dX, = X,— X,
0 0

i.e., X is a weak solution to (3.5).

For proving 2) , we approximate r(x) = |z| by symmetric and concave functions 7. €
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C>(R) satisfying r.(z) = |z| for |x| > e. Then the associative law, the It0 isometry,

and Itd’s formula imply

t t
B, — By = / sgn(X;) dXy = lig]l O (X,) dX
0 = Jo
. 1 ! iz
= lim (. () . (X0) — 5 [ () d)
. I
=t (o) — o) — 5 [ (XD ds)
E\LO 2 0

with almost sure convergence along a subsequence ¢, |, 0.

Finally by 2), if X would be a strong solution w.r.t. a Brownian motion B then X,

would also be measurable w.r.t. the o-algebra generated by F, and .7-'t|X"P. This leads

to a contradiction as one can verify that the event {X; > 0} is not measurable w.r.t. this

o-algebra for a Brownian motion (X}).

Lévy characterization of Lévy processes

Lévy’s characterization has a natural extension to discontinuous martingales.

Theorem 3.3. Let a € R™% b € R, and let v be a o-finite measure on R¢ \ {0}
satisfying [(|y| A |y]?) v(dy) < co. If X},..., X+ Q@ — R are cadlag stochastic

processes such that
(i) Mf:=XF—V" isalocal (F;) martingale for any k € {1,...,d},
(ii) [X* XY¢=d"t foranyk,le{1,...,d}, and

(iii) E| > e I8(AXS) .7-}} =v(B)-(t—r) almost surely
forany 0 <r < tandforany B € B(R?\ {0}),

then X; = (X}, ..., X2 is a Lévy process with characteristic exponent
v(p) = ép-ap—w-bnt/(l—epyﬂp-y)u(dy). (3.6)

For proving the theorem, we assume without proof that a local martingale is a semi-
martingale even if it is not strict, and that the stochastic integral of a bounded adapted
left-continuous integrand w.r.t. a local martingale is again a local martingale, cf. e.g.
[27].
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Proof of Theorem[3.3] We first remark that (iii) implies

]-"7«} = E[/t/Gs-f(y) v(dy) ds‘]—"r}, as. for 0<r <t

(3.7
for any bounded left-continuous adapted process (&, and for any measurable function
f: RT\ {0} — C satisfying |f(y)| < const.- (Jy| A |y|?). This can be verified
by first considering elementary functions of type f(y) = > ¢ Ip,(y) and Gs(w) =
> Ai(w) Iii4s,0(s) with¢; € R, B; € B(RY\ {0}),0 <ty <ty < -+ < t,,and 4;

bounded and F;,-measurable.

se(r,t]

Now fix p € R?, and consider the semimartingale

Zy = exp(ip- X;+t(p)) = exp(ip- My +t(y(p) +ip-b)).

Noting that [M*, M']¢ = [X*, X'|¢ = a*t by (ii), 1t6’s formula yields

t t
1
Z, = 1+/ Z_ z'p~dM+/ Z_ (1/1(p)+ip~b—52pkplakl) dt  (3.8)
0 0 Tl
+3 7 (ap'AX —1—ip. AX).
(0]

By (3.7) and since |[¢®?¥ — 1 —ip - y| < const. - (Jy| A |y|?), the series on the right hand

side of (3.8)) can be decomposed into a martingale and the finite variation process

t
A = / /ZS (e?Y —1 —ip-y) v(dy) ds
0

Therefore, by (3.8) and (3.6), (Z;) is a martingale for any p € R?. The assertion now
follows again by Lemma[3.1] O

An interesting consequence of Theorem is that a Brownian motion B and a Lévy
process without diffusion part w.r.t. the same filtration are always independent, because
[B¥, X!] = 0 for any k, [.

Exercise (Independence of Brownian motion and Lévy processes). Suppose that
B, : Q - R?and X; : Q@ — R? are a Brownian motion and a Lévy process with

characteristic exponent ¢x(p) = —ip - b+ [(1 — e¢?¥ +ip - y) v(dy) defined on the
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same filtered probability space (2, A, P, (F;)). Assuming that [(|y|A|y|?) v(dy) < oo,

prove that (B;, X;) is a Lévy process on R%*? with characteristic exponent

1 ,
v(p.q) = §Ipléd+¢x(q), peRY geRY.

Hence conclude that B and X are independent.

Lévy characterization of weak solutions

Lévy’s characterization of Brownian motion can be extended to solutions of stochastic

differential equations of type
dXt = b(t, Xt) dt + O'(t, Xt) dBt (39)

driven by a d-dimensional Brownian motion (B;). As a consequence, one can show that
a process is a weak solution of (3.9) if and only if it solves the corresponding martingale
problem. We assume that the coefficients b : R, x R? — R?and ¢ : R, x R — R%*4
are measurable and locally bounded, i.e., bounded on [0, ] x K for any t > 0 and any
compact set K C R?. Let
d 9 d
L = %i;aij(t,x)% + 1 b"(t,x)% (3.10)

=

T

denote the corresponding generator where a(t,z) = o(t, z)o(t, )" is a symmetric d X d

matrix for any ¢ and x.

Theorem 3.4 (Weak solutions and the martingale problem). If the matrix o(t, ) is
invertible for any t and x, and (t,z) — o(t,z)"' is a locally bounded function on

R. x RY, then the following statements are equivalent:
(i) (X3) is a weak solution of (3.9) on the setup (Q, A, P, (F), (B)).

(ii) The processes M} = X! — fot bi(s, X,) ds, 1 < i < d, are continuous local (FF)

martingales with covariations

t
(M, M), = / a’(s, X,) ds P-a.s. forany t > 0. (3.11)
0
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(iii) The processes M = f(X,) — fot(ﬁf)(s,Xs) ds, f € C*(R%), are continuous

local (F’) martingales.

(iv) The processes M\ = f(t, X,) — — [ (% L£f)(s,X,) ds, f € C2(Ry x RY),

are continuous local (]—"t ) martingales.
Proof. (i)=-(iv) is a consequence of the It6-Doeblin formula, cf. equation (2.56) above.
(iv)=-(ii1) trivially holds.

(iii)=-(ii) follows by choosing for f polynomials of degree > 2. Indeed, for f(x) = z*,

we obtain £ f = b', hence
M = Xg—/ bi(s,X,)ds = M (3.12)
0

is a local martingale by (iii). Moreover, if f(z) = z'z7 then Lf = a” + 20/ + 270’ by

the symmetry of a, and hence
t
xXixi = M7+ / (a¥ (s, X,) + X1V (s, X,) + XI (s, X)) ds  (3.13)
0
On the other hand, by the product rule and (3.12),
. . . . t . . t . . . .
X, X] = X\ X —I—/ X. dX! +/ X1 dX:+ [ X', X7, (3.14)
0 0
t
= N+ / (XIV (s, Xs) + X] b'(s, Xy)) ds + [ X', X,
0
with a continuous local martingale N. Comparing (3.13) and (3.14) we obtain
M M), = (XU XY, = / a’(s, Xy) ds
0

since a continuous local martingale of finite variation is constant.

(i1))=-(1) is a consequence of Lévy’s characterization of Brownian motion: If (ii) holds

then

dXt = th -+ b(t, Xt) dt - U(t, Xt) dBt -+ b(t, Xt) dt
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where M, = (M},..., M) and B, := [} (s, X,)”" dM are continuous local martin-
gales with values in R? because o~ is locally bounded. To identify B as a Brownian

motion it suffices to note that

[B* B, = /OZ(a,ﬂlaljl)(s,Xs)d[M@',Mj]

_ /0 (07 la(c ™)), (s, X)ds = ot
forany k,l =1,...,d by (3.11). [

Remark (Degenerate case). If o(¢,z) is degenerate then a corresponding assertion
still holds. However, in this case the Brownian motion (B;) only exists on an extension
of the probability space (€2, .4, P, (F;)). The reason is that in the degenerate case, the
Brownian motion can not be recovered directly from the solution (X}) as in the proof

above, see [[29] for details.

The martingale problem formulation of weak solutions is powerful in many respects:
It is stable under weak convergence and therefore well suited for approximation argu-
ments, it carries over to more general state spaces (including for example Riemannian
manifolds, Banach spaces, spaces of measures), and, of course, it provides a direct link
to the theory of Markov processes. Do not miss to have a look at the classics by Stroock
and Varadhan [31] and by Ethier and Kurtz [11] for much more on the martingale prob-

lem and its applications to Markov processes.

3.2 Random time change

Random time change is already central to the work of Doeblin from 1940 that has been
discovered only recently [6]]. Independently, Dambis and Dubins-Schwarz have devel-
oped a theory of random time changes for semimartingales in the 1960s [19], [28]. In
this section we study random time changes with a focus on applications to SDE, in par-

ticular, but not exclusively, in dimension one.

Throughout this section we fix a right-continuous filtration (F;) such that 7, = F¥
for any ¢ > 0. Right-continuity is required to ensure that the time transformation is

given by (F;) stopping times.
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Continuous local martingales as time-changed Brownian motions

Let (M;):>o be a continuous local (F;) martingale w.r.t. the underlying probability mea-
sure P such that My = 0. Our aim is to show that M; can be represented as By, with
a one-dimensional Brownian motion (B, ). For this purpose, we consider the random
time substitution a — T, where T;, = inf {u : [M], > a}is the first passage time to the

level u. Note that a — T, is the right inverse of the quadratic variation ¢ — [M];, i.e.,
Mlr, = a on {1, < oo}, and,
T, = inf{u:[M],>[M} = sup{u:[M], = M}

by continuity of [M]. If [M] is strictly increasing then 7' = [M]~!. By right-continuity
of (F:), T, is an (F;) stopping time for any a > 0.

Theorem 3.5 (Dambis, Dubins-Schwarz). If M is a continuous local (F;) martingale
with [M |~ = oo almost surely then the time-changed process B, := Mr,, a > 0, is an

(Fr,) Brownian motion, and
M; = B, foranyt >0, almost surely. (3.15)
The proof is again based on Lévy’s characterization.

Proof. 1) We first note that By, = M; almost surely. Indeed, by definition, By, =
MT[

[t, Tiar,). This holds true since the quadratic variation [M] is constant on this

- 1t remains to verify that M is almost surely constant on the interval

interval, cf. the exercise below.

2) Next, we verify that B, = My, is almost surely continuous. Right-continuity

holds since M and T" are both right-continuous. To prove left-continuity note that

fora > 0,
liig My, . = Mg, forany a > 0
[
by continuity of M. It remains to show Mr, — = My, almost surely. This again

holds true by the exercise below, because 7, and 7, are stopping times, and

M = lmMr. = lma-g) = a = (Mg

by continuity of [M].
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3) We now show that (B,) is a square-integrable (Fr, ) martingale. Since the random
variables T, are (F;) stopping times, (B,) is (Fr,) adapted. Moreover, for any a,

the stopped process MtT * = M,,r, 1s a continuous local martingale with
E[M"™]s] = E[M]l] = a < o
Hence M* is in M? ([0, oc]), and

EB) = E[M;] = E[(MX)? =a forany a>0.

a

This shows that (B, ) is square-integrable, and, moreover,
E[B,Fr] = FE[Mrp|Fr] = M, = B, forany 0 <r<a

by the Optional Sampling Theorem applied to M7=,

Finally, we note that [B], = (B), = a almost surely. Indeed, by the Optional Sampling
Theorem applied to the martingale (M7+)? — [M7=], we have

E[B; — B|Fr,] = E[Mf, — M |Fr,]
= E[My, — M)y, |Fr,] = a—r for 0<r<a.

Hence B? — a is a martingale, and thus by continuity, [B], = (B), = a almost surely.

We have shown that (B,) is a continuous square-integrable (7, ) martingale with

[B], = a almost surely. Hence B is a Brownian motion by Lévy’s characterization. [

Remark. The assumption [M], = oo in Theorem 3.5]ensures 7, < oo almost surely.
If the assumption is violated then M can still be represented in the form (3.15) with a
Brownian motion B. However, in this case, B is only defined on an extended probability

space and can not be obtained as a time-change of M for all times, cf. e.g. [28]].

Exercise. Let M be a continuous local (F;) martingale, and let S and 7" be (F;) stop-
ping times such that S < 7. Prove that if [M]s = [M]r < oo almost surely, then M
is almost surely constant on the stochastic interval [\S, T']. Use this fact to complete the

missing step in the proof above.

We now consider several applications of Theorem Let (W;);>o be a Brownian

motion with values in R? w.r.t. the underlying probability measure P.
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Time-change representations of stochastic integrals

By Theorem [3.5]and the remark below the theorem, stochastic integrals w.r.t. Brownian
motions are time-changed Brownian motions. For any integrand G € L2, (R, R?),

there exists a one-dimensional Brownian motion B, possibly defined on an enlarged

probability space, such that almost surely,
t
/Gs.dWs = Bf(flG 2 ds forany ¢t > 0.
0 S

Example (Gaussian martingales). If G is a deterministic function then the stochas-
tic integral is a Gaussian process that is obtained from the Brownian motion B by a

deterministic time substitution. This case has already been studied in Section 8.3 in [9].

Doeblin [6] has developed a stochastic calculus based on time substitutions instead of

1t integrals. For example, an SDE in R! of type

t t
X, - X, = /a(s,xs) dWs+/ b(s, X.) ds
0 0

can be rephrased in the form

t
Xt — XO = Bfoto'(sts)Q ds + / b(S,Xs) ds
0
with a Brownian motion B. The one-dimensional It6-Doeblin formula then takes the
form
t 8f
f(tJ Xt) - f(ov XO) - Bfg (5,X5)? f(s,Xs)? ds + % + Ef (87 XS) ds
0

with Lf =1 o2 f" +bf’.

Time substitution in stochastic differential equations

To see how time substitution can be used to construct weak solutions, we consider at

first an SDE of type
ay, = o})dB; (3.16)
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in R! where 0 : R — (0, 00) is a strictly positive continuous function. If Y is a weak
solution then by Theorem and the remark below,

t
Y, = X,  with At:[Y]t:/a(Y})zdr (3.17)
0

and a Brownian motion X. Note that A depends on Y, so at first glace (3.17) seems not
to be useful for solving the SDE (3.16). However, the inverse time substitution 7' = A1

satisfies

T 1 B 1 B 1
 AoT o(Y oT)2 o(X)?
and hence
|
T, = d
/o o(x.)?

Therefore, we can construct a weak solution Y of (3.16) from a given Brownian motion
X by first computing 7', then the inverse function A = 7!, and finally setting Y =
X o A. More generally, the following result holds:

Theorem 3.6. Suppose that (X,) on (2, A, P, (F;)) is a weak solution of an SDE of the
form
dX, = o(X,)dB,+b(X,)da (3.18)

with locally bounded measurable coefficients b : R* — R? and o : R? — R4 such
that o(z) is invertible for almost all x, and o~ is again locally bounded. Let ¢ : R —

(0, 00) be a measurable function such that almost surely,
T, = /a o(X,)du < oo Va € (0,00), and T, =o0. (3.19)
0
Then the time-changed process defined by
Y, = Xua, A = T

is a weak solution of the SDE

dy, = (%) () dBt+(g> (Y,) dt. (3.20)

We only give a sketch of the proof of the theorem:
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Proof of 3.6] (Sketch). The process X is a solution of the martingale problem for the

operator £ = 1 3" a;;() ax?—;xj +b(z) -V where a = oo’ ie.,

MY = f(X,) - / (LF)(X.) du

is a local (F,) martingale for any f € C?. Therefore, the time-changed process
1 .
ME = ) - [ En) du
0
= 10— [

is a local (F4,) martingale. Noting that

v 1 B 1 B 1
’ T'(A,) 0(X4,) o(Y,)’

we see that w.r.t. the filtration (Fj4,), the process Y is a solution of the martingale

problem for the operator

1 B j b
L= QE N Zgaxzaxﬂ v

%)

Since ﬁ = % % this implies that Y is a weak solution of (3.20). [

In particular, the theorem shows that if X is a Brownian motion and condition @])
holds then the time-changed process Y solves the SDE dY = o(Y)~'/2 dB.

Example (Non-uniqueness of weak solutions). Consider the one-dimensional SDE
dyy = [|Yi|*dB, Yo =0, (3.21)

with a one-dimensional Brownian motion (B;) and @ > 0. If « < 1/2 and z is a
Brownian motion with X, = 0 then the time-change T, = [;" o(X,) du with o(x) =

|z| 72 satisfies

s = B[ [ exaad — [ e
= E[|X1|20‘]-/Oau“du < 00
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for any a € (0, 00). Hence holds, and therefore the process Y; = X 4,, A = T
is a non-trivial weak solution of (3.21). On the other hand, Y; = 0 is also a weak
solution. Hence for @ < 1/2, uniqueness in distribution of weak solutions fails. For
a > 1/2, the theorem is not applicable since Assumption is violated. One can

prove that in this case indeed, the trivial solution Y; = 0 is the unique weak solution.

Exercise (Brownian motion on the unit sphere). Let Y; = B, /| B;| where (B;)>0 is a

Brownian motion in R", n > 2. Prove that the time-changed process
t
Zo=Yr, T = A" with At:/ |B,| %ds ,
0

is a diffusion taking values in the unit sphere S"~! = {x € R™ : || = 1} with generator

0? n— 0
L) = 5 (Af(x) —Zwixjmj;jm) Sy wdle), wesm

1

One-dimensional SDE

By combining scale and time transformations, one can carry out a rather complete study

of weak solutions for non-degenerate SDE of the form
dXt = O'(Xt) dBt -+ b(Xt) dt, X[) = Xy, (322)

on a real interval («, 3). We assume that the initial value X, is contained in («, 3), and
b, o : (v, 5) — R are continuous functions such that o(x) > 0 for any = € («a, 3). We
first simplify (3.22)) by a coordinate transformation Y; = s(X;) where

s (a,p) — (3(@)73(5))

is C? and satisfies s'(z) > 0 for all z. The scale function

s(z) = /zeXp<—/y(27lzgl dx) dy

o o

has these properties and satisfies %ags” + bs’ = 0. Hence by the It6-Doeblin formula,

the transformed process Y; = s(X;) is a local martingale satisfying

dY, = (08)(X,)dB,
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i.e., Y is a solution of the equation
&, = F)dB, Yy = s(x), (3.23)

where & := (0s’) o s71. The SDE (3.23) is the original SDE in “natural scale”. It can
be solved explicitly by a time change. By combining scale transformations and time

change one obtains:
Theorem 3.7. The following statements are equivalent:

(i) The process (X;)i<c on the setup (2, A, P, (F), (By)) is a weak solution of (3.22)
defined up to a stopping time (.

(ii) The process Y; = s(X;), t < (, on the same setup is a weak solution of up
to .

(iii) The process (Y:)s<¢ has a representation of the form Y, = B A,, where ét is a

one-dimensional Brownian motion satisfying By = s(xg) and A = T~ with
1, = [oB)d o) = 1P
0

Carrying out the details of the proof is left as an exercise. The measure m(dy) =
o(y) dy is called the “speed measure” of the process Y although Y is moving faster
if m is small. The generator of Y can be written in the form £ = %%d%’ and the
generator of X is obtained from £ by coordinate transformation. For a much more
detailed discussion of one dimensional diffusions we refer to Section V.7 in [29]. Here

we only note that[3.7]immediately implies existence and uniqueness of a maximal weak

solution of (3.22):

Corollary 3.8. Under the regularity and non-degeneracy conditions on o and b imposed
above there exists a weak solution X of (3.22)) defined up to the first exit time

¢ = inf {t >0: hngt € {a:b}}

from the interval (o, ). Moreover, the distribution of any two weak solutions (X;);<¢
and (X;);<¢ on U, C([0,u), R) coincide.

u>0
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Remark. We have already seen above that uniqueness may fail if o is degenerate.
For example, the solution of the equationdY; = |Y;|* dB;, Yy = 0, is not unique in

distribution for o € (0,1/2).

Example (Bessel SDE). Suppose that (R;),<, is a maximal weak solution of the Bessel

equation
d—1

2R,
on the interval (a, 3) = (0, c0) with initial condition Ry = r9 € (0,00) and the pa-
rameter d € R. The ODE Ls = %S” + %s’ = 0 for the scale function has a strictly

dR, = dW,+ dt, W ~ BM(R'),

increasing solution

7= for d #2,
s(r) =
log r for d =2

(More generally, cs + d is a strictly increasing solution for any ¢ > 0 and d € R).

Note that s is one-to-one from the interval (0, o) onto
(0, 00) for d < 2,
(5(0),s(c0)) = (—o0,00) for d =2,
(—00,0) for d > 2.

By applying the scale transformation, we see that

R _ TR _ sB) _ ps(r)y _ S(ro) —s(a)
PIIF <TF = PP <T®) - SO

for any a < ry < b, where T denoted the first passage time to ¢ for the process X. As

a consequence,

1 for d <2,
P[lminf R, =0] = Pl U {mr<n] -
a€(0,r0) be(rp,00) 0 for d> 27
1 for d > 2,
P[limsup R, = 00| = P[ ﬂ U {TbR<Tf}] —
i be(ro,00) a€(0,r0)
0 for d<2.
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Note that d = 2 is the critical dimension in both cases. Rewriting the SDE in natural

scale yields
ds(R) = o(s(R)dW  with &(y) = (s '(y)).

In the critical case d = 2, s(r) = logr, 5(y) = e, and hence o(y) = o(y)~2 = e?.

Thus the speed measure is m(dy) = e* dy, and log R; = §T71(t), ie.,
R, = exp (ET—I(t)) with 1, = / exp (2§u) du
0

and a one-dimensional Brownian motion B.

3.3 Girsanov transformation

In Section 3.3-3.6 we study connections between two different ways of transforming a

stochastic process (Y, P):

1) Random transformations of the paths: For instance, mapping a Brownian motion

(Y}) to the solution (X;) of s stochastic differential equation of type
dX, = d(t,X,)dt+dy, (3.24)

corresponds to a random translation of the paths of (Y;):

Xi(w) = Yi(w)+ Hi(w) where H, = /tb(Xs)ds.

2) Change of measure: Replace the underlying probability measure P by a modified
probability measure () such that P and () are mutually absolutely continuous on

JF; for any ¢.

In this section we focus mainly on random transformations of Brownian motions and the
corresponding changes of measure. To understand which kind of results we can expect

in this case, we first look briefly at a simplified situation:
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Example (Translated Gaussian random variables in R%). We consider the equation
X = X)+Y, Y ~ N(0,1;) wrt. P, (3.25)

for random variables X,Y : Q — R? where b : R? — R? is a “predictable” map
in the sense that the i-th component b’(x) depends only on the first i — 1 components
X% ..., X! of X. The predictability ensures in particular that the transformation
defined by is invertible, with Y1 = X! —p!, Y2 = X? — ?(X1), V3 = X3 —
(XY X%, Y =X"—p (X .. X,

A random variable (X, P) is a “weak” solution of the equation (3.25) if and only if Y :=

X — b(X) is standard normally distributed w.r.t. P, i.e., if and only if the distribution

P o X~!is absolutely continuous with density

) = ff(x—b(x))‘det%‘

_ (27r)—d/2€—\x—b(a:)|2/2

ew-b(m)—|b(w)|2/2 QDd(l'),

where ¢?(z) denotes the standard normal density in R?. Therefore we can conclude:

(X, P) is a weak solution of if and only if X ~ N (0, 1;) w.r.t. the unique proba-
bility measure Q on R? satisfying P < Q with

dP

g = o -6X) - BXP/2). (3.26)

In particular, we see that the distribution u;, of a weak solution of (3.25) is uniquely

determined, and i, satisfies
w = PoX ' <« QoX ' = N(OIL;) =

with relative density

Dy oy L X0l
dpio
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The example can be extended to Gaussian measures on Hilbert spaces and to more
general transformations, leading to the Cameron-Martin Theorem (cf. Theorem 3.17
below) and Ramer’s generalization [2]. Here, we study the more concrete situation
where Y and X are replaced by a Brownian motion and a solution of the SDE (3.24)
respectively. We start with a general discussion about changing measure on filtered

probability spaces that will be useful in other contexts as well.

Change of measure on filtered probability spaces

Let (F;) be a filtration on a measurable space (€2, .4), and fix ¢y, € (0, 00). We consider
two probability measures P and ) on (£2,.A) that are mutually absolutely continuous
on the o-algebra F,, with relative density
dP
Lyy = a0 - > 0 (Q-almost surely.

Then P and () are also mutually absolutely continuous on each of the o-algebras F;,
t <o, with Q- and P-almost surely strictly positive relative densities

dP

Z, = = EqlZ,|F]  and

ar aQ 1
dQ | 7

dPls, — Z/
The process (Z;)i<y, is a martingale w.r.t. (), and, correspondingly, (1/7;);<, is a mar-

tingale w.r.t. P. From now on, we always choose a cadlag version of these martingales.

Lemma 3.9. 1) Forany 0 < s <t < iy, and for any F;-measurable random vari-
able X : Q — [0, o0,

EQIXZ\|Fs|  EqQlXZ|F,]

Ep[X|F] = EolZ|F] Z.

P-a.s. and Q-a.s. (3.27)

2) Suppose that (My)i<y, is an (F;) adapted cadlag stochastic process. Then

(i) M is a martingale w.rt. P < M - Z is a martingale w.r.t. (),

(ii) M is a local martingale w.r.t. P < M - Z is a local martingale w.r.t. Q).
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Proof. 1) The right-hand side of (3.27) is F,;-measurable. Moreover, for any A € Fj,
EplEQIXZi|Fil/Zs; Al = EQlEQIXZi|Fi]; Al
= EQ[XZt; A] = EQ[X; A]

2) (i) is a direct consequence of 1).
(1)) By symmetry, it is enough to prove the implication "<". Hence suppose that
M - Z is a local Q-martingale with localizing sequence (77,). We show that M is a
P-martingale, i.e.,

Ep[Mnr, ; A] = Ep[Mpr, ; A] forany A € F,, 0<s <t <t. (3.28)
To verify (3.28)), we first note that

Ep[Myr, ; AN{T, <5} = Ep[Mg, ; AN{T, < s}] (3.29)

sincet AT, =T, = s AT, on{T, < s}. Moreover, one verifies from the definition of
the o-algebra Fyr, that for any A € F,, the event AN {T,, > s} is contained in Fy7,,
and hence in F;,7,. Therefore,
Ep[Miar, ; AN{T, > s} = Eq[Miar, Zinr, ; AN{T, > s}] (3.30)
= EQ[MSATn Zs/\Tn ; AN {Tn > S}H = EP[MS/\Tn ; AN {Tn > 8}]

by the martingale property for (M Z)*, the optional sampling theorem, and the fact that
P < Q) on F;,p, with relative density Z;a7, . (3.28)) follows from (3.29) and (3.30). [

If the probability measures P and () are mutually absolutely continuous on the o-algebra

F:, then the ()-martingale /7, = % of relative densities is actually an exponential
Fi
martingale. Indeed, to obtain a corresponding representation let
t
1
L, = / 7 dZs
0 Ls—

denote the stochastic "logarithm' of Z. Note that (L;):<¢, is a well-defined local
martingale w.r.t. () since Q-a.s., (Z;) is cadlag and strictly positive. Moreover, by the
associative law,

Az, = Zy_ dLy, Zy = 1,

so Z, is the stochastic exponential of the local ()-martingale (L;):

Zt = gtL
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Translated Brownian motions

We now return to our original problem of identifying the change of measure induced
by a random translation of the paths of a Brownian motion. Suppose that (X;) is a
Brownian motion in R? with X, = 0 w.r.t. the probability measure () and the filtration
(F1), and fix ty € [0, 00). Let

t
Lt - / Gs‘dXs, tZO,
0

with G € £2,,.(Ry,R?). Then [L], = [ |G|? ds, and hence

a,loc
t 1 t
7, = exp(/ Gs-dXS——/ ]G8\2d3> (3.31)
0 2 0

is the exponential of L. In particular, since L is a local martingale w.r.t. (), Z is a non-
negative local martingale, and hence a supermartingale w.r.t. ). It is a ()-martingale
for t < ¢, if and only if Eg[Z;,] = 1 (Exercise). In order to use Z;, for changing the

underlying probability measure on J;, we have to assume the martingale property:
Assumption. (Z;):<;, is a martingale w.r.t. Q).

If the assumption holds then we can consider a probability measure P on .4 with

dP

— = 7 -a.s. 3.32
dQ ]__to to Q a.s ( )
Note that P and () are mutually absolutely continuous on F; for any ¢ < ¢, with
dP dQ 1
- - 7z d —d -
a0 7, e dP 7, 7

both P- and ()-almost surely. We are now ready to prove one of the most important

results of stochastic analysis:

Theorem 3.10 (Maruyama 1954, Girsanov 1960). Suppose that X is a d-dimensional
Brownian motion w.r.t. Q and (Z;)i<y, is defined by with G € L2, (R, RY). If

a,loc

Eq[Zy,] = 1 then the process
t
Bt = Xt - / GS dS, t S t07
0

is a Brownian motion w.r.t. any probability measure P on A satisfying (3.32).
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Proof. By Lévy’s characterization, it suffices to show that (B )<y, is an R%-valued P-
martingale with [B*, B’]; = ¢;;t P-almost surely forany i, j € {1,...,d}. Furthermore,
by Lemma(3.9] and since P and () are mutually absolutely continuous on F;,, this holds
true provided (B;Z;)<y, is a Q-martingale and [B*, B’] = §;;t Q-almost surely. The
identity for the covariations holds since (B;) differs from the ()-Brownian motion (X})
only by a continuous finite variation process. To show that B - Z is a local ()-martingale,

we apply Itd’s formula: For 1 <7 < d,
d(B'Z) = B'dZ+ ZdB'+d[B", 7] (3.33)
= BZG-dX +ZdX'—ZGdt+ ZG' dt,
where we have used that
dB',7Z] = ZG-dB,X] = ZGdt Q- as.

The right-hand side of (3.33) is a stochastic integral w.r.t. the (-Brownian motion X,

and hence a local ()-martingale. [

The theorem shows that if X is a Brownian motion w.r.t. (), and Z defined by (3.31)) is

a (Q-martingale, then X satisfies
dXt - Gt dt + dBt

with a P-Brownian motion B. It generalizes the Cameron-Martin Theorem to non-

deterministic adapted translation
t
Xt(W) — Xt(&)) —Ht(W)7 Ht = / GS dS,
0

of a Brownian motion X.

Remark (Assumptions in Girsanov’s Theorem). 1) Absolute continuity and adapt-
edness of the “translation process” H; = fot G5 ds are essential for the assertion of
Theorem 3.10.

2) The assumption E,[Z;,] = 1 ensuring that (Z;);<;, is a ()-martingale is not always
satisfied — a sufficient condition is given in Theorem [3.12]below. If (Z,) is not a martin-
gale w.r.t. () it can still be used to define a positive measure P; with density Z; w.r.t. ()
on each o-algebra F;. However, in this case, P;[Q2] < 1. The sub-probability measures

P; correspond to a transformed process with finite life-time.
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First applications to SDE

The Girsanov transformation can be used to construct weak solutions of stochastic dif-

ferential equations. For example, consider an SDE
dX, = b(t,X,)dt+dB,, Xy = o, B ~ BM(RY), (3.34)

where b : R, x R — R is continuous, and o € R? is a fixed initial value. Let

Xi(x) = x; denote the canonical process on
Q = {ze C([O,oo),Rd) Ty = o},
and let ;1 denote Wiener measure on (€2, F2X). Then (X, 11°) is a Brownian motion. By

changing measure, we will transform it into a weak solution of (3.34).

Assumption (A). The process

t 1 t
Z, = exp (/ b(s, X,) - dX, — 5/ b(s, X,)[? ds) : t>0,
0 0

is a martingale w.r.t. z°.

We will see later that the assumption is always satisfied if b is bounded, or, more gen-
erally, growing at most linearly in z. If (A) holds then by the Kolmogorov extension
theorem, there exists a probability measure 4° on F- such that p° is mutually absolutely

continuous w.r.t. u° on each of the o-algebras F;X, t € [0, 00), with relative densities

dy® 0
d_luo ].‘tX = Zt Mo-a.s.
By Girsanov’s Theorem, the process
t
Bt = Xt — / b(S,XS> dS, t Z O,
0

is a Brownian motion w.r.t. z°. Thus we have shown:
Corollary 3.11. Suppose that (A) holds. Then:

1) The process (X, uib) is a weak solution of .
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2) Foranyt € [0, 00), the distribution 1°o X~ is absolutely continuous w.r.t. Wiener

measure ;1° on FX with relative density Z,.

The second assertion holds since u® o X' = pb. It yields a rigorous path integral
representation for the solution (X, u®) of the SDE (3.34): If u? denotes the distribution
of (X,)s<t on Co([0, 7], R?) w.r.t. u then

t t
pbldr) = exp (/ b(s,xs) - drg — %/ |b(s, z4)|? ds) pd (da). (3.35)
0 0

By combining (3.35) with the heuristic path integral representation

1 1/
“pd(dr) = — exp (—5/0 EA ds) do(dxg) H drs ”

0<s<t

Wiener measure, we obtain the non-rigorous but very intuitive representation

1 1 [
) = o [l dsaP ds) aulde) T de v 336
0<s<t
of 1. Hence intuitively, the “likely” paths w.r.t. ® should be those for which the action

functional
1 t
I(z) = —/ !x’s—b(s,xs)’2 ds
2 Jo

takes small values, and the “most likely trajectory” should be the solution of the deter-
ministic ODE

x; = b<3> .775)

obtained by setting the noise term in the SDE (3.34) equal to zero. Of course, these
arguments do not hold rigorously, because I(z) = oo for u?- and - almost every .
Nevertheless, they provide an extremely valuable guideline to conclusions that can then

be verified rigorously, e.g. via (3.35).

Example (Likelihood ratio test for non-linear filtering). Suppose that we are observ-
ing a noisy signal (X;) taking values in R? with X; = 0. We would like to decide if
there is only noise, or if the signal is coming from an object moving with law of motion
dz/dt = —V H(x) where H € C*(R?). The noise is modelled by the increments of a
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Brownian motion (white noise). This is a simplified form of models that are used fre-
quently in nonlinear filtering (in realistic models often the velocity or the acceleration is
assumed to satisfy a similar equation). In a hypothesis test, the null hypothesis and the

alternative would be

HO : Xt - Bt;
H1 : dXt = b(Xt) dt + dBt,
where (B;) is a d-dimensional Brownian motion, and b = —V H. In a likelihood ratio

test based on observations up to time ¢, the test statistic would be the likelihood ratio
dpl /dp? which by (3.35) and 1td’s formula is given by

dpb (/t 1 9
— = exp b( X -dXS——/bXS ds
i o -ax = 5 [ pex

1 t

—  exp (H(XO) ~H(X)) + 5 /O (AH — |VH?)(X,) ds) (3.37)

The null hypothesis Hy would then be rejected if this quantity exceeds some given value

c for the observed signal z, i.e. , if

¢
H(xo) — H(xy) + %/ (AH — |VH|)*)(z,)ds > logec. (3.38)
0

Note that the integration by parts in (3.37) shows that the estimation procedure is quite
stable, because the log likelihood ratio in (3.38)) is continuous w.r.t. the supremum norm
on C,([0,t],R%).

Novikov’s condition

We finally derive a sufficient condition due to Novikov for ensuring that the exponential
Zt = exXp (Lt — 1/2 [L]t)

of a continuous local (F;) martingale is a martingale. Recall that Z is always a non-

negative local martingale, and hence a supermartingale w.r.t. (F;).

Theorem 3.12 (Novikov 1971). Let to € R,. If Elexp (E[L];,)] < oo for some p > 1

then (Z;)i<y, is an (F;) martingale.
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Remark (p = 1). The Novikov criterion also applies if the condition above is satisfied
for p = 1. Since the proof in this case is slightly more difficult, we only prove the

restricted form of Novikov’s criterion stated above.

Proof. Let (T,,)nen be a localizing sequence for the martingale Z. Then (Z;ar,, )i>0 IS a
martingale for any n. To carry over the martingale property to the process (Z;)ic[o.1,), it
is enough to show that the random variables Z;,7. , n € N, are uniformly integrable for

each fixed t < t. However, for ¢ > 0 and p,q € (1,00) with p~! + ¢~ = 1, we have

E[Zt/\Tn ; Zt/\Tn > C}

—1
= E[exp (Lt/\Tn - g[L]t/\Tn) exp (pT[L]t/\Tn) s Zint, = C} (3.39)
7 1/p p—1 , 1/q
< FKE [GXP (th/\Tn E[L]t/\Tn)] B [GXP (q : T[L]t/\Tn) i Zint, = C}

< E[exp (g[L]t) AN C} o

for any n € N. Here we have used Holder’s inequality and the fact that exp (th AT, —

2

%[L]t,\Tn) is an exponential supermartingale. If exp (g[L]t) is integrable then the right

hand side of (3.39) converges to 0 uniformly in n as ¢ — oo, because

P[Zt/\Tn > O] S C_l E[Zt/\Tn] S C_l — O

uniformly in n as ¢ — oo. Hence {Z;r1, | n € N} is uniformly integrable. O

Example. If L, = fot Gy - dX, with a Brownian motion (X;) and an adapted process
(G,) that is uniformly bounded on [0, ¢] for any finite ¢ the quadratic variation then the
1

quadratic variation [L]; = fot |G2| ds is also bounded for finite t. Hence exp(L — §[L])

is an (F;) martingale for ¢ € [0, 00).

A more powerful application of Novikov’s criterion is considered in the beginning of
Section 3.4.

3.4 Drift transformations for Ito diffusions

We now consider an SDE

dX, = b(X;)dt+dB, Xy = o, B ~ BM(RY (3.40)
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with initial condition 0 € R? and b € L2 (R? RY). We will show that the solution
constructed by Girsanov transformation is a Markov process, and we will study its tran-
sition function, as well as the bridge process obtained by conditioning on a given value
at a fixed time. Let p° denote Wiener measure on (2, 72X ) where Q = Cy(]0, 00), R?)

and X, (z) = x, is the canonical process on €. Similarly as above, we assume:

Assumption (A). The exponential Z; = exp (fot b(X,) - dX, — L [ |b(X,)[? ds> isa

martingale w.r.t. ;.

We note that by Novikov’s criterion, the assumption always holds if
b(z)] < e (14 |x]) for some finite constant ¢ > 0 : (3.41)

Exercise (Martingale property for exponentials).

a) Prove that a non-negative supermartingale (Z;) satisfying E[Z;] = 1 forany t > 0

1s a martingale.

t 1 t
Zy = exp (/ b(X,) - dXs — 5/ 1b(X,)|? ds) ,
0 0

where b : RY — R¢ is a continuous vector field, and (X;) is a Brownian motion

b) Now consider

w.r.t. the probability measure P.

(i) Show that (Z;) is a supermartingale.
(ii) Prove that (Z;) is a martingale if (3.41) holds.
Hint: Prove first that Elexp [; |b(X,)[*ds] < oo for ¢ > 0 sufficiently

small, and conclude that E[Z.] = 1. Then show by induction that E[Z.| =
1 forany k € N.

The Markov property

Recall that if (A) holds then there exists a (unique) probability measure z° on (Q, fo)g)
such that
pPlA] = E°[Z,; A]  forany t >0 and A € F¥.
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Here E° denotes expectation w.r.t. °. By Girsanov’s Theorem, the process (X, u?)
is a weak solution of (3.40). Moreover, we can easily verify that (X, u*) is a Markov

process:

Theorem 3.13 (Markov property). If (A) holds then (X, u°) is a time-homogeneous

Markov process with transition function
P(0,0) = WX, eC] = EZ; X, €C] Y C € B(RY).

Proof. Let 0 < s < t,and let f : R? — R, be a non-negative measurable function.

Then, by the Markov property for Brownian motion,

Eb[f(Xt)’}—éX] = Eo[f(Xt)Zt’}—sX]/Zs
- E° [f(Xt)eXp </S b(X,) dX, — %/5 b(X,)[? dr) ‘ff]
= EXf(Xe)Zid = (X

p°- and pP-almost surely where E° denotes the expectation w.r.t. Wiener measure with

start at . ]

Remark. 1) If b is time-dependent then one verifies in the same way that (X?, i) is a
time-inhomogeneous Markov process.
2) It is not always easy to prove that solutions of SDE are Markov processes. If the

solution is not unique then usually, there are solutions that are not Markov processes.

Bridges and heat kernels

We now restrict ourselves to the time-interval [0, 1], i.e., we consider a similar setup as
before with Q = Cy([0, 1], R?). Note that F;* is the Borel o-algebra on the Banach
space €). Our goal is to condition the diffusion process (X Z) on a given terminal value
X1 =y, y € R”. More precisely, we will construct a regular version y — p” of the

conditional distribution p°[-| X; = y] in the following sense:

(i) Foranyy € RY, MZ is a probability measure on B(S)) such that ,ug (X =y]=1
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(ii) Disintegration: For any A € B(X), the function y — ,ug [A] is measurable, and
WAl = /R ) 1 [Alp} (o, dy).

(iii) The map y ,ug is continuous w.r.t. weak convergence of probability measures.

Example (Brownian bridge). For b = 0, a regular version y — ,ug of the conditional
distribution £°[ - |X; = y| w.r.t. Wiener measure can be obtained by linearly trans-
forming the paths of Brownian motion, cf. Theorem 8.11 in [9]: Under ", the process
X! = X; —tX; +ty, 0 < t <1, is independent of X; with terminal value y, and the
law 1) of (X7 )sefo,1) W.r.t. p° is a regular version of 1°[ - | X = y|. The measure i is

called “pinned Wiener measure”.

The construction of a bridge process described in the example only applies for Brow-
nian motion, which is a Gaussian process. For more general diffusions, the bridge can
not be constructed from the original process by a linear transformation of the paths. For
perturbations of a Brownian motion by a drift, however, we can apply Girsanov’s The-

orem to construct a bridge measure.

We assume for simplicity that b is the gradient of a C? function:
b(x) = —VH(z) with H e C*RY.

Then the exponential martingale (Z;) takes the form

1

Zo = e (HOX0) -~ HX) + 5 [ (81— [VHP)X) d5)

cf. 1D Note that the expression on the right-hand side is defined ,ug—almost surely
for any y. Therefore, (Z;) can be used for changing the measure w.r.t. the Brownian

bridge.
Theorem 3.14 (Heat kernel and Bridge measure). Suppose that (A) holds. Then:

1) The measure p’(o,dy) is absolutely continuous w.r.t. d-dimensional Lebesgue

measure with density

p? <07 Z/) = p?(Oa y) ' E;,/J {Zl]
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2) A regular version of 1’| - | X1 = y] is given by

pi(o,y) exp H(o) (1

P0.y) exp H(y) §A(AH—W”WX%%B>M%M)

g (dz)

The theorem yields the existence and a formula for the heat kernel p; (0, y), as well as a

path integral representation for the bridge measure ,ug:

1 1
W(dr) o« exp (5 / (AH — [VH|?)(zs) d5> WO(dr).  (3.42)
0
Proof of .14 Let F : Q@ — R, and g : R — R, be measurable functions. By the

disintegration of Wiener measure into pinned Wiener measures,

BF-gX))] = EFy(X)Z] = /@wamwﬁmw@

Choosing F' = 1, we obtain

ﬂmm%mn—-/ﬂwwmﬁ@w@

for any non-negative measurable function g, which implies 1).
Now, by choosing g = 1, we obtain
Ey[FZ)]

EFZ) 00, y)dy = /—b .d 3.43
/ y[FZ1] (0, y) dy EVZ] pi(o, dy) (3.43)

= / ENF) p3(0, dy) (3.44)

E'[F]

by 1). This proves 2), because X; =y ,ug—almost surely, and y — /LZ is weakly contin-

uous. ]

Remark (Non-gradient case). If b is not a gradient then things are more involved
because the expressions for the relative densities Z; involve a stochastic integral. One
can proceed similarly as above after making sense of this stochastic integral for u2 -

almost every .

Example (Reversibility in the gradient case). The representation (3.42) immediately
implies the following reversibility property of the diffusion bridge when b is a gradient:
If R:C([0,1],RY) — C([0, 1], R?) denotes the time-reversal defined by (Rx); = 1,
then the image ,ug o R™! of the bridge measure from o to y coincides with the bridge
measure from y to o. Indeed, this property holds for the Brownian bridge, and the

relative density in (3.42) is invariant under time reversal.
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Drift transformations for general SDE

We now consider a drift transformation for an SDE of the form
dX, = o(t,Xy) dW, +b(t, X;) dt (3.45)

where W is an R%-valued Brownian motion w.r.t. the underlying probability measure Q).

We change measure via an exponential martingale of type

t 1 t
2o = on( [ ot avi— ) [ xor )
0 0
where b, 3 : Ry x R* = R" and 0 : R, x R" — R™*? are continuous functions.

Corollary 3.15. Suppose that (X, Q) is a weak solution of (3.43). If (Z;)i<y, is a Q-
martingale and P < @) on Fy, with relative density Z;, then ((Xi)i<t,, P) is a weak

solution of
dX; = o(t,X;)dB; + (b+aB)(t, X;) dt, B ~ BM(R?). (3.46)
Proof. By (3.45)), the equation (3.46) holds with
B, = W,— /tﬂ(s,Xs) ds.
0
Girsanov’s Theorem implies that 5 is a Brownian motion w.r.t. P. [

Note that the Girsanov transformation induces a corresponding transformation for the

martingale problem: If (X, ()) solves the martingale problem for the operator

1 02
_ - 17 3 _ T
L = QEija 8wi8xﬂ'+b V., a = oo,

then (X, P) is a solution of the martingale problem for
L = L+8-0'V.

This “Girsanov transformation for martingale problems” carries over to diffusion pro-

cesses with more general state spaces than R".
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Doob’s h-transform and diffusion bridges

In the case of Itd diffusions, the h-transform for Markov processes is a special case of
the drift transform studied above. Suppose that h € C?*(R, x R") is a strictly positive

space-time harmonic function for the generator £ of the It6 diffusion (X, @) (defined

by (3.41)) with h(0,0) = 1:
% +Lh = 0, h(0,0) = 1. (3.47)
Then, by Itd’s formula, the process
Z; = h(t,Xy), t>0,

is a positive local ()-martingale satisfying Z; = 1 (Q-almost surely. We can therefore
try to change the measure via (Z;). For this purpose we write Z; in exponential form.
By the It6-Doeblin formula and (3.47),

dZ, = (o"Vh)(t, X;) - dW;.

Hence Z, = & = exp(L; — 3[L];) where

t 1 t
L, = /—dZS = /(UTVlogh)(s,Xs)-dWS
0 Zs 0

is the stochastic logarithm of Z. Thus if Z is a martingale, and P < () with % } 5= Zy
then (X, P) solves the SDE (3.45) with

= o'Vliegh.
Example. If X; = IV, is a Brownian motion w.r.t. () then

dX; = Vlogh(t,X;)dt+ dB;, B ~ BM(RY) w.rt. P.

For example, choosing h(t,z) = exp(a -z — 3|af*t), € R%, (X, P) is a Brownian
motion with constant drift o.
A more interesting application of the h-transform is the interpretation of diffusion bridges

by a change of measure w.r.t. the law of the unconditioned diffusion process (X, °) on
Co([0, 1], R?) satisfying

dX, = dB,+b(X,)dt, Xy = o,
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with an R%-valued Brownian motion B. We assume that the transition density (¢, z, y) —
p2(x,y) is smooth for ¢ > 0 and bounded for ¢ > ¢ for any ¢ > 0. Then for y € R,
p°(+,y) satisfies the Kolmogorov backward equation

0
ap;'?(ny) = L'%)(,y)  forany t >0,

where £° = 1A + b - V is the corresponding generator. Hence

ht,z) = pl_(zy)/Poy), t <1,

is a space-time harmonic function with h(0,0) = 1. Since h is bounded fort < 1 — ¢
for any € > 0, h(t, X;) is a martingale for ¢ < 1. Now suppose that ,ug < pb on F; with
relative density A(t, X;) for any ¢ < 1. Then the marginal distributions of the process

(Xt)i<1 under pi°, i respectively are

(Xt s X)) ~ D) (0,20)ph, 4 (21, 22) - - -pfk_tkil(mk_l, ) da® w.rt. p°,
pgl (Oaxl)pg—tl (.Tl,l’g) o 'p?k—tk_l(zk—lvzk)pl{—tk(xkay) k b
~ 7 dz W.L.L fly).
pi(0,y)

This shows that y — MZ coincides with the regular version of the conditional distribution
of b given X1, i.e., uz is the bridge measure from o to y. Hence, by Corollary , we

have shown:

Theorem 3.16 (SDE for diffusion bridges). The diffusion bridge (X, ,ug) is a weak
solution of the SDE

dX; = dB; + b(X;)dt + (Vlegp? (-, ) (X,) dt, t < 1. (3.48)

Note that the additional drift 8(¢,z) = V1ogp? ,(-,y)(x) is singular as ¢ 1 1. Indeed,
if at a time close to 1 the process is still far away from y, then a strong drift is required

to force it towards 3. On the o-algebra F7, the measures ;° and MZ are singular.

Remark (Generalized diffusion bridges). = Theorem carries over to bridges
of diffusion processes with non-constant diffusion coefficients o. In this case, the
SDE (3.48) is replaced by

dX, = o(Xy)dB,+b(X;)dt+ (00" Viogpi_i(-,y)) (X;) dt. (3.49)

The last term can be interpreted as a gradient of the logarithmic heat kernel w.r.t. the

Riemannian metric ¢ = (c0o?)~! induced by the diffusion process.
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3.5 Large deviations on path spaces

In this section, we apply Girsanov’s Theorem to study random perturbations of a dy-

namical system of type
dX; = b(X;)dt++edB, X5 =0, (3.50)

asymptotically as € | 0. We show that on the exponential scale, statements about the
probabilities of rare events suggested by path integral heuristics can be put in a rigorous
form as a large deviation principle on path space. Before, we give a complete proof of

the Cameron-Martin Theorem.

Let Q) = Cy([0, 1], R?) endowed with the supremum norm ||w|| = sup {|w(t)| : t € [0,1]},
let 1« denote Wiener measure on 3(£2), and let W;(w) = w(t).

Translations of Wiener measure

For h € €, we consider the translation operator 7y, : {2 — 2,
Th (w) = w + h,
and the translated Wiener measure pi;, 1= (1o 7 L

Theorem 3.17 (Cameron, Martin 1944). Let h € ). Then pu; < p if and only if h is

contained in the Cameron-Martin space
Hey = {h€Q : hisabsolutely contin. with ' € L*([0,1],R%)} .

In this case, the relative density of iy w.r.t. | is
d t 1 [
n exp(/ h;-dWs——/ |h;|2ds). (3.51)
dp 0 2 Jo
Proof. “=" is a consequence of Girsanov’s Theorem: For h € H¢y,, the stochastic
integral [ h'- dW has finite deterministic quadratic variation [[ b’ - dW], = [,/ |I'[? ds.

Hence by Novikov’s criterion,

t 1 t
o /. - 112
Z, = exp(/oh AW 2/0|h| ds)
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is a martingale w.r.t. Wiener measure . Girsanov’s Theorem implies that w.r.t. the

measure v = Z; - i, the process (W;) is a Brownian motion translated by (h;). Hence

pn = po(W4+h)" = voWl =

“«<" To prove the converse implication let i € €, and suppose that y;, < p. Since W
is a Brownian motion w.r.t. , W — h is a Brownian motion w.r.t. 1. In particular, it
is a semimartingale. Moreover, 1/ is a semimartingale w.r.t. ;« and hence also w.r.t. z,.
Thus h = W — (W — h) is also a semimartingale w.r.t. z5,. Since h is deterministic, this

implies that h has finite variation. We now show:
Claim. The map g — f01 g - dh is a continuous linear functional on L?([0, 1], RY).

The claim implies i € Hcy. Indeed, by the claim and the Riesz Representation Theo-
rem, there exists a function f € L*([0, 1], R?) such that

1 1
/ g-dh = / g-fds  forany g € L*([0,1],R%).
0 0

Hence / is absolutely continuous with /' = f & L*([0,1],R%). To prove the claim
let (g,) be a sequence in L?([0,1],R?) with ||g,|[zz= — 0. Then by Itd’s isometry,
J gn dW — 0in L?*(ut), and hence p- and ju,-almost surely along a subsequence. Thus

also

/gn-dh = /gn~d(W—i—h)—/gn-dW — 0
p-almost surely along a subsequence. Applying the same argument to a subsequence of
(9n), we see that every subsequence (g, ) has a subsequence (g,,) such that [ §,-dh — 0.

This shows that [ g, - dh converges to 0 as well. The claim follows, since (g,,) was an

arbitrary null sequence in L*([0, 1], R?). O

A first consequence of the Cameron-Martin Theorem is that the support of Wiener mea-
sure is the whole space 2 = Cy([0, 1], R9):

Corollary 3.18 (Support Theorem). For any h € Q) and § > 0,

pl{weQ : |lw—n||<d] > o
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Proof. Since the Cameron-Martin space is dense in {2 w.r.t. the supremum norm, it is
enough to prove the assertion for h € Hc¢yy. In this case, the Cameron-Martin Theorem

implies
pll|W=hl||<d] = pp|W]<d] > o
as p[||W]| < 6] > 0and p_p < p. O
Remark (Quantitative Support Theorem). More explicitly,
W =nll<d] = Wl <o

1 1
= FElexp(— [ W -dW—= [ |WN]}ds); max|W,| <§
2 s<1
0 0 <

where the expectation is w.r.t. Wiener measure. This can be used to derive quantitative

estimates.

Schilder’s Theorem

We now study the solution of (3.50) for b = 0, i.e.,
X = eB, t €10,1],

with € > 0 and a d-dimensional Brownian motion (B;). Path integral heuristics suggests
that for h € Heyy,

h
« P[XE =~ h] = I[L|:W ~ %} ~ e_I(h/\/g) — 6—](}1)/8 ”

where [ : 2 — [0, oo] is the action functional defined by

%fol |w'(s)|? ds ifw € Hey,
I{w) =

+00 otherwise.
The heuristics can be turned into a rigorous statement asymptotically as € — 0 on the
exponential scale. This is the content of the next two results that together are know as

Schilder’s Theorem:
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Theorem 3.19 (Schilder’s large derivation principle, lower bound).

1) Forany h € Heoyr and 6 > 0,

limui)nf elog u[veW € B(h,8)] > —I(h).

2) For any open subset U C (),

limuiJnf elog p[veW e U] > — inf I(w).

wel
Here B(h,0) = {w € Q : ||w — h|| < d} denotes the ball w.r.t. the supremum norm.

Proof. 1) Let ¢ = /8I(h). Then for € > 0 sufficiently small,

n[VEW € B(h,0)] = u[W € B(h/VE5/VE)]
= pon[B0,6/VE)]
1

— E[exp(—% Olh’~dW—%/Ol|h’|2ds>;B(O,%)]
exp(—;(h)—\%)u[{/ﬂlh'-dWSc}mb%)}
> 1exp <—§](h)— M)

v

2 €

where E stands for expectation w.r.t. Wiener measure. Here we have used that

1 1 9
u[/ h’-dW>c] < c2E[</ hﬂdW) } = 2/ < 1/4
0 0
by It6’s isometry and the choice of c.

2) Let U be an open subset of (2. For h € U N H¢yy, there exists 6 > 0 such that
B(h,d) C U. Hence by 1),

limui)nf elog plveW e U] > —I(h).

Since this lower bound holds for any h € U N Heyy, and since [ = oo on U \ Heypy, we
can conclude that
L S I ‘
hr?ul)nf elog plveW e U] > he(}éléﬂ{](h) Cirelgl(w)

]
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To prove a corresponding upper bound, we consider linear approximations of the Brow-

nian paths. For n € N let

W = (1= ) Wim + $Wig1/m
whenever t = (k + s)/nfork € {0,1,...,n — 1} and s € [0, 1].
Theorem 3.20 (Schilder’s large deviations principle, upper bound).

1) Foranyn € Nand \ > 0,

limsup elog p[l(veW™) >\ < =\

el0

2) For any closed subset A C (),

limsup elog pu[veW € A] < —inf I(w).
el0 wEA

Proof. 1) Lete > 0and n € N. Then
n 1 .
I(Vew™) = 5€ ; n (Wim — Wa1y/n)?

Since the random variables 7y, := /n - (W, m—Wa—1) /n) are independent and standard

normally distributed, we obtain

PIVEW™) 20 = | 3 el = 23/¢]
< exp(—2Ac/e) E[exp (CZ ]nk\Q)],

where the expectation on the right hand side is finite for ¢ < 1/2. Hence forany ¢ < 1/2,

limsup elog p[l(vEW™) >\ < —2c\.
el0

The assertion now follows as ¢ 1 1/2.

2) Now fix a closed set A € Q and A < inf {I(w) : w € A}. To prove the second

assertion it suffices to show

limsup elog pu[veW € A] < =\ (3.52)

el0
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By the Theorem of Arzéla-Ascoli, the set {/ < A} is a compact subset of the Banach
space (). Indeed, by the Cauchy-Schwarz inequality,

lw(t) —w(s)] = ‘/stw’(u)du‘ < V2AVi—s  Vstelo1]]

holds for any w € (2 satisfying /(w) < A. Hence the paths in {/ < A} are equicontinu-
ous, and the Arzéla-Ascoli Theorem applies.

Let 0 denote the distance between the sets A and {/ < A} w.r.t. the supremum norm.
Note that § > 0, because A is closed, {/ < A} is compact, and both sets are disjoint by

the choice of \. Hence for £ > 0, we can estimate

plVew e Al < plI(vVEW™) > A + pl[[VEW — VEW ™|y, > 4.

The assertion (3.52]) now follows from

limsup elog p[I(veW™) >\ < =X, and (3.53)
el0

limsup elog pul||[W — W"||g, >6/vE] < =\ (3.54)
el0

The bound (3.53) holds by 1) for any n € N. The proof of (3.54) reduces to an estimate
of the supremum of a Brownian bridge on an interval of length 1/n. We leave it as an

exercise to verify that (3.54) holds if n is large enough. O

Remark (Large deviation principle for Wiener measure). Theorems [3.19 and
show that

plvVeW € Al =~  exp ( ! inf I(w))

€ weA
holds on the exponential scale in the sense that a lower bound holds for open sets and
an upper bound holds for closed sets. This is typical for large deviation principles,
see e.g. [?] or [?]. The proofs above based on “exponential tilting” of the underlying
Wiener measure (Girsanov transformation) for the lower bound, and an exponential esti-
mate combined with exponential tightness for the upper bound are typical for the proofs

of many large deviation principles.
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Random perturbations of dynamical systems

We now return to our original problem of studying small random perturbations of a

dynamical system

dX: = b(X])dt++edBy, X; = 0. (3.55)
This SDE can be solved pathwise:
Lemma 3.21 (Control map). Suppose that b : R? — R? is Lipschitz continuous. Then:

1) Forany functionw € C([0,1], R?) there exists a unique function x € C([0, 1], R%)
such that .
x(t) = / b(z(s)) ds + w(t) Vtelo,1]. (3.56)
0

The function x is absolutely continuous if and only if w is absolutely continuous,

and in this case,
() = blz(t)+u'(t)  forae te€]0,1]. (3.57)

2) The control map J : C([0,1],R?) — C([0,1],R?) that maps w to the solution
J (w) = z of (3.56)) is continuous.

Proof. 1) Existence and uniqueness holds by the classical Picard-Lindelof Theorem.
2) Suppose that x = J(w) and ¥ = J(w) are solutions of (3.56) w.r.t. driving paths
w,w € C[0,1],R%). Then for t € [0, 1],

ORI b)) — @) ds + VE(w(t) ~ T(0)
< 1 [ lots) = Bt9)1 s+ VEl i~ 300
where L € R is a Lipschitz constant for b. Gronwall’s Lemma now implies
2(0) = FO] < exp(tL) VEw = Tlluy V€ [0,1]

and hence
||ZE - 5||sup S eXp(L) \/g ||w - a||sup-

This shows that the control map 7 is even Lipschitz continuous. [
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For € > 0, the unique solution of the SDE (3.55) on [0, 1] is given by
X = J(J/EB).

Since the control map J is continuous, we can apply Schilder’s Theorem to study the

large deviations of X*® as ¢ | O:

Theorem 3.22 (Fredlin & Wentzel 1970, 1984). If b is Lipschitz continuous then the

large deviations principle

limj)nf elog PIX*e€U] > —inf L(x)  foranyopenset U CQ,

zeU

z€EA

limﬁ)nf elog P[IX* € A] > —inf I,(z)  foranyclosedset A C
holds, where the rate function I, : Q — [0, 00| is given by

Lf1a'(s) = ba(s)P ds for = € Hear,
+00 fOr xr e Q \ HCM-

Ib(x) =

Proof. For any set A C (2, we have
PX*e€Al = PeBeJ '(A)] = pVeW e T '(A).
If A is open then 7 ~!(A) is open by continuity of 7, and hence

liminf clog P[X°€ A] > — inf I
iminf elog P[ I— et (w))

by Theorem Similarly, if A is closed then 7 ~*(A) is closed, and hence the corre-
sponding upper bound holds by Theorem [3.20] Thus it only remains to show that

inf [ = fr
Jelnf W) inf Iy(2).

To this end we note that w € J!(A) if and only if x = J(w) € A, and in this case

w' = a2’ — b(zx). Therefore,

inf I(w) = inf / ' (5)|? ds
weJ~1(A) weJ~ 1(A)mHCM 2
_ - : 2 _
= xeAl;lIgmz\x( s) = b(x(s))[" ds inf Iy(2).

]
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Remark. The large deviation principle in Theorem [3.22] generalizes to non-Lipschitz
continuous vector fields b and to SDEs with multiplicative noise. However, in this case,
there is no continuous control map that can be used to reduce the statement to Schilder’s

Theorem. Therefore, a different proof is required, cf. e.g. [?].

3.6 Change of measure for jump processes

A change of the underlying probability measure by an exponential martingale can also
be carried out for jump processes. In this section, we first consider absolutely continu-
ous measure transformations for Poisson point processes. We then apply the results to

Lévy processes, and finally we prove a general result for semimartingales.

Poisson point processes

Let (N;);>o be a Poisson point process on an o-finite measure space (S, S, v) that
is defined and adapted on a filtered probability space (£2,.4,Q, (F;)). Suppose that
(w,t,y) — Hy(y)(w) is a predictable process in £ (P ® A ® v). Our goal is to change

the underlying measure () to a new measure P such that w.r.t. P, (N;);>¢ is a point

process with intensity of points in the infinitesimal time interval [¢, ¢ + dt] given by
(1+ Hy(y)) dt v(dy).

Note that in general, this intensity may depend on w in a predictable way. Therefore,
under the new probability measure P, the process (/V;) is not necessarily a Poisson point

process. We define a local exponential martingale by
Z, = & where L, := (H,N),. (3.58)

Lemma 3.23. Suppose that inf H > —1, and let G :=log (1 + H). Then fort > 0,

et = on( [ ) Nisdy)— [ (1.0~ G dsvid)
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Proof. The assumption inf H > —1 implies inf AL > —1. Since, moreover, [L|¢ = 0,

we obtain
gho= T+ AL)e
—  exp <L + (log(1 + AL) — AL))
—  exp (G,N + / (G — H) ds y(dy)).

Here we have used that

S(log(1-AL) - AL = [ (log (14 Hu(y) - H()) N(ds dy

holds, since |log(1 + Hi(y)) — Hs(y)| < const. |Hy(y)|* is integrable on finite time

intervals. [
The exponential Z; = &} is a strictly positive local martingale w.r.t. Q, and hence a
supermartingale. As usual, we fix t; € R, and assume:

Assumption. (Z;);<;, is a martingale w.r.t. ), i.e. Eg[Z;] = 1.

Also tThen there is a probability measure P on F, such that

d_P
dQ | 7,

In the deterministic case H;(y)(w) = h(y), we can prove that w.r.t. P, (V) is a Poisson

= 7 for any ¢ < .

point process with changed intensity measure

wdy) = (1+h(y)) v(dy):

Theorem 3.24 (Change of measure for Poisson point processes). Let (N, Q)) be a
Poisson point process with intensity measure v, and let g := log (1+h) where h € L*(v)

satisfies inf h > —1. Suppose that the exponential
Zy = éfvh = exp (Nf+t/(g—h) d1/>

is a martingale w.r.t. (), and assume that P < () on JF; with relative density g—g =7
Fi
for any t > 0. Then the process (Ny, P) is a Poisson point process with intensity

measure

du = (14h)dv.
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Proof. By the Lévy characterization for Poisson point processes (cf. the exercise below
Lemma [3.1]) it suffices to show that the process

M = exp (NI tt(f), W) = / (1— &) dp,

is a local martingale w.r.t. P for any elementary functions f € £!(S,S,v). Further-
more, by Lemma M/ is a local martingale w.r.t. P if and only if M7/ Z is a local
martingale w.r.t. (. The local martingale property for (M7’ Z, Q) can be verified by a

computation based on Itd’s formula. 0

Remark (Extension to general measure transformations). The approach in Theo-
rem can be extended to the case where the function h(y) is replaced by a general
predictable process H;(y)(w). In that case, one verifies similarly that under a new mea-

sure P with local densities given by (3.58)), the process
M = exp (iNf + /(1 — D)1+ Hy(y)) dy)

is a local martingale for any elementary functions f € £'(v). This property can be used

as a definition of a point process with predictable intensity (1 + H,(y)) dt v(dy).

Application to Lévy processes

Since Lévy processes can be constructed from Poisson point processes, a change of mea-
sure for Poisson point processes induces a corresponding transformation for Lévy pro-
cesses. Suppose that v is a o-finite measure on R\ {0} such that [(|y| A |y|?) v(dy) <

00, and let
pldy) = (1+h(y)) v(dy).
Recall that if (N, Q) is a Poisson point process with intensity measure v, then

Xt = /y Nt(dy), Nt = Nt —tV,

is a Lévy martingale with Lévy measure p w.r.t. ().
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Corollary 3.25. Suppose that h € L?(v) satisfies inf h > —1 and suph < oo. Then

the process

X, = /ymdyﬁ/yh(y)V(dy), N, = N, —tp,

is a Lévy martingale with Lévy measure |1 w.r.t. P provided P < () on JF; with relative
density Z, for any t < (.

Example. Suppose that (X, Q) is a compound Poisson process with finite jump inten-

sity measure v, and let

N} = ) h(AX,).

s<t
with h as above. Then (X, P) is a compound Poisson process with jump intensity

measure di = (1 + h) dv provided

dpP i i (hdo
0l = g = et I+ h(AX,).

s<t

A general theorem

We finally state a general change of measure theorem for possibly discontinuous semi-

martingales:

Theorem 3.26 (P.A. Meyer). Suppose that the probability measures P and () are equiv-
alent on F; for any t > 0 with relative density % = Zy. If M is a local martingale
Fi

w.rt. Q then M — [ & d[Z, M| is a local martingale w.rt. P.

The theorem shows that w.r.t. P, (M;) is again a semimartingale, and it yields an explicit
semimartingale decomposition for (M, P). For the proof we recall that (Z;) is a local

martingale w.r.t. () and (1/Z,) is a local martingale w.r.t. P.

Proof. The process ZM — [Z, M] is a local martingale w.r.t. (). Hence by Lemmy
the process M — - [Z, M] is a local martingale w.r.t. P. It remains to show that [Z, M|
differs from [ % d[Z, M| by a local P-martingale. This is a consequence of the Itd
product rule: Indeed,

%[Z,M] = /[Z,M}_d%+/%d[Z,M]+[%’[ZvMH-
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The first term on the right-hand side is a local ()-martingale, since 1/ is a ()-martingale.

The remaining two terms add up to [ - d[Z, M], because

[%,[Z,M]} = ZA%A[Z,M].
O

Remark. Note that the process | % d[Z, M] is not predictable in general. For a pre-
dictable counterpart to Theorem [3.26] cf. e.g. [27].
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Chapter 4
Strong solutions and flows

In this chapter we study strong solutions of stochastic differential equations and the
corresponding stochastic flows. We start with a crucial martingale inequality that is used
frequently to derive L” estimates for semimartingales. For real-valued cadlag functions
x = (x4)1>0 We set

xry = suplzg for t # 0, and xy = |xol.
s<t

Then the Burkholder-Davis-Gundy inequality states that for any p € (0,00) there

exist universal constants ¢,, C,, € (0, c0) such that the estimates

o EMP < E[(MLY] < G- E[MP @1

o0 o0

hold for any continuous local martingale M satisfying My = 0, cf. [28]. The inequality
shows in particular that for continuous martingales, the H? norm, i.e., the L? norm of
M, is equivalent to E[[M ]%2] 1/ Note that for p = 2, by Itd’s isometry, equality holds
in (4.1) with ¢, = C, = 1. The Burkholder-Davis-Gundy inequality can thus be used
to generalize arguments based on Itd’s isometry from an L? to an L” setting. This is,
for example, important for proving the existence of a continuous stochastic flow corre-

sponding to an SDE, see Section 4.3 below.

Here, we only prove an easy special case of the Burkholder-Davis-Gundy inequality that

will be sufficient for our purposes. This estimate also holds for cadlag local martingales:
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Theorem 4.1 (Burkholder’s inequality). Let p € [2,00). Then the estimate
By <y EME (4.2)

holds for any M € M, such that My = 0, and for any stopping time T : Q) — [0, o<,

where
p—1

1 2 p e
= 14+ —- — < —p.
K ( p— 1) V2 2"
Remark. The estimate does not depend on the underlying filtered probability space,

the local martingale M, and the stopping time 7". However, the constant 7, goes to oo

as p — o0.

Proof. 1) We first assume that 7" = oo and M is a bounded cadlag martingale. Then,
by the Martingale Convergence Theorem, M., = tlgilo M, exists almost surely. Since
the function f(x) = |z[P is C? for p > 2 with ¢"(z) = p(p — 1)|z|P~2, [td’s formula
implies

o 1 e}
pap = [ arr g [ eror) do;
0 0

+ ) (p(My) = p(M,) = ¢ (M )AM,, ), (43)
where the first term is a martingale since ¢’ o M is bounded, in the second term
¢I(M) < plp— DML,
and the summand in the third term can be estimated by

p(M,) ~ (M, ) ~ /(M )AM, < Jsup(e o MY(AM,)?

< oplp— DMLY (AMY.

Hence by taking expectation values on both sides of (.3, we obtain for ¢ satisfying
11 _ 1.
> + i 1:

E[(ML)] < ¢" Bl[Mx|"]

< ¢ P22 o2 (g, + Y an?)]
< 22 pany)F Eni
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by Doob’s inequality, Holder’s inequality, and since [M]¢, + > (AM)? = [M]. The
inequality (4.2) now follows by noting that ¢’p(p — 1) = ¢*~p?.

2) For T' = oo and a strict local martingale M € M, there exists an increasing
sequence (7T},) of stopping times such that M7 is a bounded martingale for each n.

Applying Burkholder’s inequality to M~ yields

E[(M;,)"] = E[MZ*)F] < A E[M™]? = 2 E[M]?).

Tn
Burkholder’s inequality for M now follows as n — oc.

3) Finally, the inequality for an arbitrary stopping time 7' can be derived from that for

T = oo by considering the stopped process M7 . [
For p > 4, the converse estimate in (4.1)) can be derived in a similar way:

Exercise. Prove that for a given p € [4, c0), there exists a global constant ¢, € (1, 0)

such that the inequalities

L E[[MPER] < E[(ML))] < o B [[M]2]

with M} = sup,_, | M| hold for any continuous local martingale (M;)ic[0,00)-

The following concentration inequality for martingales is often more powerful than

Burkholder’s inequality:

Exercise. Let M be a continuous local martingale satisfying M, = 0. Show that
2

PlsupM, >z ; [M]; < ¢| < exp(—x—>
s<t 2c

for any ¢, t,z € [0, 00).

4.1 Existence and uniqueness of strong solutions

Let (€2, A, P) be a probability space, (S, S, ) a o-finite measure space, and let d,n €
N. Suppose that on (€2, A, P), we are given an R%valued Brownian motion (B;)> and

a Poisson random measure N (dt dy) on R x S with intensity measure A o) ® v, and
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let N := N — A0,00) ® v. We study existence and uniqueness for strong solutions of

stochastic differential equations of type

dX, = b(X)dt+ o (X)dB, + / i (X, y) N(dt dy). (4.4)

Here b : R, x D(R,,R") — R"and ¢ : R, x D(R,,R") — R"*< are functions that
are progressively measurable, i.e., for any ¢ > 0, the restrictions to [0,¢] x D(R,,R")
are measurable w.r.t. B([0,¢]) ® B; where B; := o(z — xz; : s < t). Moreover,
¢: Ry x DRy, R") x S — R", (t,z,y) — c(x,y), is a cadlag function in the first
variable for any given values of z and y, and ¢; is measurable w.r.t. B, ® S for any ¢t > 0.
Note that the assumptions imply that b;(z) is a measurable function of the path ()<
up to time ¢. Hence b,(z) is also well-defined for cadlag paths (x;),. with finite life-
time ¢ provided ¢ > ¢. Corresponding statements hold for o; and ¢;. In addition to the

assumptions above, we assume a local Lipschitz condition for the coefficients:

Assumption (Al).  For any ty € R, and for any open bounded set U C R", there
exists a constant L € R such that the following Lipschitz Lip(to, U) condition holds:

|bt($)—bt(5)l+\l0t($)—Ot(f)H+/|Ct($,y)—0t(f,y)|2 v(dy) < L-suples — T

s<t
foranyt € [0,to] and z,x € D(R,R™) with x5, 75 € U for s < t,.
In the sequel, we denote by z the supremum norm of a cadlag function = on the interval
[0,2):

xry = sglt)]:cs] fort > 0, xy = |xol.
S

By (F:) we denote the completed filtration generated by the Brownian motion (B;) and

the Poisson point process (/V;) corresponding to N.

LP Stability

We now prove an a priori estimate for solutions of ({#.4) that is crucial for studying

existence, uniqueness, and dependence on the initial condition.
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Theorem 4.2 (A priori estimate). Fix p € [2,00) and an open set U C R", and let
T be an (F,) stopping time. Suppose that (X,),<r and (X,)<r are solutions of
taking values in U fort < T, and let

p(t) = EIX - X)p5)

If the Lipschitz condition Lip(to, U) holds then there exists a finite constant C' € R
such that for any t < t,

t
o) < - (pl0)+ / o(s) ds), and 4.5)
0
ot) < C-e(0). (4.6)
Proof. We only prove the assertion for p = 2. For p > 2, the proof can be carried
out essentially in a similar way by relying on Burkholder’s inequality instead of It6’s

isometry.
Clearly, (4.6) follows from (#.5)) by Gronwell’s lemma. To prove (4.5), note that

t t
X, = X0+/ by(X) ds+/ os(X) dBS+/ se_(X,y) N(dsdy) Vt<T,
0 0 (0,4]xS

and an analogue equation holds for X. Hence for t < to,

(X—X); < T+1II+1II+1V, where (4.7)
I = ’XO_)?OL
AT _
o= [0 - b)) ds
0
M = sup / (0.(X) — 0o(X)) dB.|, and
u<tAT 0
Vo= s | [ () - e (Ri) s dy)|
u<tAT
(0,u] xS

The L?-norms of the first two expressions are bounded by

E[I*] = ¢(0), and
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tAT _ t
E[II?] < L%E[ / (X—X);st} < L / ©(s) ds.
0 0

Denoting by M, and K, the stochastic integrals in III and IV respectively, Doob’s

inequality and It6’s isometry imply
EMr] = E[M;] < 4E[My]

_ 4E{/OMT||O—S(X)—US()?)H2ds} < 4L2/0tg0(5)d3,

EIV?] = EBlK,7] < 4E[Kj,]
tAT B t
_ 4E[/ /Ics_(X,y)—cs_(X,y)IQV(dy) dS] < 4L2/ p(s) ds.
0 0
The assertion now follows since by (.7),
pt) = B[(X-X)5%] < 4 -ER+12+112 41V
[

As an immediate consequence of the a priori estimate, we note the following stability

property for strong solutions:

Corollary 4.3 (Dependence of solutions on the initial condition). Suppose that a

global Lipschitz condition Lip(ty, R™) holds for t, € R, and let (X;)i<t, and (X )i<t,
be strong solutions of with Xy = )?0 almost surely. Then

P[Xt:)?t foranytSO} = 1.

Proof. For any open bounded set U C R™ and ¢, € R, the a priori estimate 4.2 implies
that X and X coincide almost surely on [0, ¢y A Tye) where Ty denotes the first exit

time from U. ]

Existence of strong solutions

To prove existence of strong solutions, we need an additional assumption:
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Assumption (A2). Foranyty, € Ry,

sup (O] + O] + [ 1@ vidy) < o

t<to

Here 0 denotes the constant path Xy = 0 in D(R,,R").

Theorem 4.4 (Ito). Let £ : 2 — R" be a random variable that is independent of the
Brownian motion B and the Poisson random measure N.

1) Suppose that the local Lipschitz condition (A1) and (A2) hold. Then ({.1) has a

strong solution (X;),<¢ with initial condition X, = & that is defined up to the

explosion time
¢ = supT,, where T,, = inf{t>0:|X;| >n}.

2) 1If, moreover, the global Lipschitz condition Lip(ty, R™) holds for any ty € R,

then ( = oo almost surely.

Proof of We first prove 2), and then we show that 2) implies 1).
2) To prove the second assertion we may assume w.l.o.g. that £ is bounded. We then
construct a sequence (X™) of approximate solutions of (4.1) by a Picard-Lindelof iter-

ation, i.e., fort > 0 and n € N we define inductively

Xi = ¢
t t "
XrH= ey / by(X™) ds+ / oo(X™) dB,+ / s (X", y) N(ds dy). (4.8)
0 0 (0,t] xS
Let
AT = B[ - X))

Then by (4.1)), the global Lipschitz condition and Itd’s isometry, for any ¢, € R there

exists a finite constant C'(¢,) such that
t
AL < C’(to)/ Ads  forany n >0 and t < .
0
Hence by induction,

AP < CH"—=A" VYneN, t>0.
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In particular, >~ A < co. An application of the Borel-Cantelli Lemma now shows
that for ¢ > 0, the limit X, = lim,,_,, X" exists uniformly for s € [0, ¢] with probability
one. Moreover, X is a fixed point of the Picard-Lindelof iteration, and hence a solution
of the SDE (@.1).

1) If b,0 and c only satisfy the local Lipschitz condition (A1) then for £ € N and
to € R,, we find functions b*, o* and c* that are globally Lipschitz continuous and
that agree with b, o and ¢ on paths (z;) taking values in the ball B(0, k) for ¢t < t.
The solution of the SDE with coefficients b*, o*, ¢* is then a solution of up to
t ATy, where T}, denotes the first exit time from B(0, k). By strong uniqueness, the local
solutions obtained in this way are consistent. Hence they can be combined to construct

a solution of (4.1)) that is defined up to the explosion time ¢ = sup 7},. 0

Non-explosion criteria

Theorem (.4 shows that under a global Lipschitz and linear growth condition on the
coefficients, the solution of (4.I) is defined for all times with probability one. How-
ever, this condition is rather restrictive, and there are much better criteria to prove that
the explosion time ( is almost surely infinite. Arguably the most generally applicable
non-explosion criteria are those based on stochastic Lyapunov functions. Consider for

example an SDE of type

where b : R* — R™ and o : R” — R™*? are locally Lipschitz continuous, and let

1 & 0? T
L = §ijzﬂaij($)m+b($)'v> a(r) = o(x)o(z)”,

denote the corresponding generator.

Exercise (Lyapunov condition for non-explosion).
1) Suppose that there exists a function ¢ € C?(R") such that
(i) ¢(x) >0 foranyz € R",

(i) p(xr) - oo as|z| — oo, and
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(iii)) Lo < Ay forsome A € R,.
Prove that in this case, the strong solution of exists up to ( = oo almost
surely.
(Hint: Show that exp(—At)p(X}) is a local supermartingale up to the explosion
time C, and apply the Optional Stopping Theorem.)

2) Conclude that if there exists A € R, such that

22 - b(x) +tr(a(z)) < X-(14]z]?)
then ¢ = oo almost surely.

Note that the condition in the exercise is satisfied if
-b(z) < const.-|z| and tra(x) < const. -|z|?

for sufficiently large z € R", i.e., if the outward component of the drift is growing at

most linearly, and the trace of the diffusion matrix is growing at most quadratically.

4.2 Stratonovich differential equations

Replacing Itd by Statonovich integrals has the advantage that the calculus rules (product
rule, chain rule) take the same form as in classical differential calculus. This is useful
for explicit computations (Doss-Sussman method), for approximating solutions of SDE
by solutions of ordinary differential equations, and in stochastic differential geometry.
For simplicity, we only consider Stratonovich calculus for continuous semimartingales,

cf. [27] for the discontinuous case.

Let X and Y be continuous semimartingales on a filtered probability space (2, A, P, (F;)).

Definition (Fisk-Stratonovich integral). The Stratonovich integral [ X o dY is the

continuous semimartingale defined by
t t 1
/ X,o0dY, = / X, dY8+§[X,Y]t forany t > 0.
0 0

Note that a Stratonovich integral w.r.t. a martingale is not a local martingale in general.

The Stratonovich integral is a limit of trapezoidal Riemann sum approximations:
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Lemma 4.5. If (7,,) is a sequence of partitions of R with mesh(m,) — 0 then

¢ X+ Xy
/ X,o0dY, = lim E %(YS/M -Y5) in the ucp sense.
0 n—o00 g
s<t

Proof. This follows since fo X dY =ucp-lim) ., X, (Yor — Y) and
(X, Y]y =ucp-lim ) _,(Xgr — Xs)(Yone — Y5) by the results above. ]

Ito-Stratonovich formula

For Stratonovich integrals w.r.t. continuous semimartingales, the classical chain rule
holds:

Theorem 4.6. Let X = (X1, ..., X9) with continuous semimartingales X'. Then for
any function F' € C*(R?),

. [toF
F(X,) - F(X,) = Z/ (X,)odX!  Vt>0. (4.10)
0

i=1

Proof. To simplify the proof we assume F' € C3. Under this condition, (4.10) is just a

reformulation of the It6 rule

F(X,) — F(Xo) Z/ () dxt + Z/ () dIX X,
@.11)

Indeed, applying Itd’s rule to the C? function 2% shows that

ox 7

OF .
= J
o (X0) A, +Z / 57 (Xe) dX]

for some continuous finite variation process A. Hence the difference between the
Statonovich integral in (4.10) and the It6 integral in (4.11)) is

170F ; .
§[a$i(X)’XL a _Z/ax@xﬂ ) dLX7, X',

]
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Remark. For the extension of the proof to C? functions F' see e.g. [27], where also a

generalization to cadlag semimartingales is considered.

The product rule for Stratonovich integrals is a special case of the chain rule:

Corollary 4.7. For continuous semimartingales X,Y,
t t
XY, — XoYy = /XsodYsﬁL/YsodXs Vit>0.
0 0

Exercise (Associative law). Prove an associative law for Stratonovich integrals.

Stratonovich SDE

Since Stratonovich integrals differ from the corresponding Itd integrals only by the co-
variance term, equations involving Stratonovich integrals can be rewritten as [t6 equa-
tions and vice versa, provided the coefficients are sufficiently regular. We consider a

Stratonovich SDE in R? of the form

d
odX, = bX)dt+) on(X))odBf, X, = mx, (4.12)
k=1
with 2o € R", continuous vector fields b, 0y, ...,04 € C(R" R"), and an R%-valued

Brownian motion (B;).

Exercise (Stratonovich to Ité conversion). 1) Prove thatforoy,...,0, € C1(R" R"™),
the Stratonovich SDE (#.12)) is equivalent to the Itd SDE

d
dX, = b(X))dt+ > on(X)dBf, Xy = x, (4.13)
k=1

where

~ 1

b= b+§Zak~Vak.

k=1

2) Conclude that if b and o1,...,04 are Lipschitz continuous, then there is a unique
strong solution of (#.12).
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Theorem 4.8 (Martingale problem for Stratonovich SDE). Let b € C(R",R"™) and
o1,...,04 € C*(R",R"), and suppose that (X;):>o is a solution of ({.12)) on a given
setup (Q, A, P, (F;), (By)). Then for any function F € C3(R"), the process

t
ME = F(Xt)—/(ﬁF)(XS) ds,
0
1 d
LF = §Zak-V(ak-VF)+b-VF,
k=1

is a local (F[) martingale.

Proof. By the Stratonovich chain rule and by (4.12)),
t
F(X,) - F(Xy) = / VF(X)-odX
0
t t
= /(b~VF)(X) dt+Z/(ak-VF)(X)odBk. (4.14)
0 = Jo
By applying this formula to o, - VF', we see that
(op - VF)(Xy) = A+ Z/al -V(oy - VF)(X) dB'
!
with a continuous finite variation process (A;). Hence
t t
/ (op - VF)(X)odB* = / (04 - VF)(X) dB* + [(0} - VF)(X), B";
0 0

t
= local martingale +/ o - V(o - VF)(X)dt.
0
(4.15)

The assertion now follows by (#.14)) and @.13). O

The theorem shows that the generator of a diffusion process solving a Stratonovich SDE
is in sum of squares form. In geometric notation, one briefly writes B for the derivative

b - V in the direction of the vector field b. The generator then takes the form

1 2
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Brownian motion on hypersurfaces

One important application of Stratonovich calculus is stochastic differential geometry.
Itd calculus can not be used directly for studying stochastic differential equations on
manifolds, because the classical chain rule is essential for ensuring that solutions stay
on the manifold if the driving vector fields are tangent vectors. Instead, one considers
Stratonovich equations. These are converted to Itd form when computing expectation
values. To avoid differential geometric terminology, we only consider Brownian motion
on a hypersurface in R"™?, cf. [29], [14] and [16] for stochastic calculus on more general

Riemannian manifolds.

Let f € C*°(R™"!) and suppose that ¢ € R is a regular value of f, i.e., V f(x) # 0 for

any z € f~!(c). Then by the implicit function theorem, the level set
M, = f*o = {xER"+1 : f(z) =c}

is a smooth n-dimensional submanifold of R™!. For example, if f(x) = |z|>and c = 1

then M. is the n-dimensional unit sphere S™.

For x € M.,, the vector

a) = S g

IV f(2)]

is the unit normal to )/, at x. The tangent space to M, at z is the orthogonal comple-

ment
T,M, = span{n(z)}"

Let P(z) : R™™! — T, M, denote the orthogonal projection onto the tangent space w.r.t.

the Euclidean metric, i.e.,
P(x)v = wv—v-n(x)n(z), veR"

(insert graphic)
Fork € {1,...,n+ 1}, we set Py(x) = P(x)ey.

Definition. A Brownian motion on the hypersurface M . with initial value xo € M, is
a solution (X3) of the Stratonovich SDE

n+1
odX, = P(X;)odB, = Y Pi(X)odBf, Xo=m, (4.16)

k=1
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with respect to a Brownian motion (B;) on R" "1,

We now assume for simplicity that M, is compact. Then, since c is a regular value of
f, the vector fields P, are smooth with bounded derivatives of all orders in a neigh-
bourhood U of M, in R"*!, Therefore, there exists a unique strong solution of the SDE
(4.16)) in R™! that is defined up to the first exit time from U.Indeed, this solution stays

on the submanifold M, for all times:

Theorem 4.9. If X is a solution of with xy € M, then almost surely, X; € M,
foranyt > 0.

The proof is very simple, but it relies on the classical chain rule in an essential way:

Proof. We have to show that f(X;) is constant. This is an immediate consequence of

the Stratonovich formula:
t n+1 t
F00) =500 = [ V) edx, = Y- [ VA0 P 0 dBE < 0
0 1 /0

since Py (z) is orthogonal to V f(x) for any z. O

Although we have defined Brownian motion on the Riemannian manifold A/, in a non-
intrinsic way, one can verify that it actually is an intrinsic object and does not depend on
the embedding of M, into R™*! that we have used. We only convince ourselves that the
corresponding generator is an intrinsic object. By Theorem [4.8] the Brownian motion

(X;) constructed above is a solution of the martingale problem for the operator

1 n+1 1 n+1
— — . . P— —_— 2
L = 2;(& V)P, -V 2;&.

From differential geometry it is well-known that this operator is %A v, Where Ay de-

notes the (intrinsic) Laplace-Beltrami operator on /..

Exercise (Ito SDE for Brownian motion on M_). Prove that the SDE (4.16) can be

written in 1t6 form as

1
dXt = P(Xt) dBt — §H(Xt)n(Xt) dt

where (z) = X divn(x) is the mean curvature of M, at x.

T n
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Doss-Sussmann method

Stratonovich calculus can also be used to obtain explicit solutions for stochastic differ-
ential equations in R™ that are driven by a one-dimensional Brownian motion (B;). We
consider the SDE

o dXt == b(Xt) dt + O-(Xt) @) dBt) X[) = l‘[), (4.17)

where b : R® — R™ is Lipschitz continuous and o : R" — R"™ is C? with bounded
derivatives. Recall that is equivalent to the Itd SDE

1
dXt = (b + 50‘ . VU) (Xt) dt + U(Xt) ch XO, = bfL‘Q. (418)

We first determine an explicit solution in the case b = 0 by the ansatz X; = F(B;)
where F' € C?*(R, R"). By the Stratonovich rule,

odX; = F'(By)odB, = o(F(B))odB
provided F'is a solution of the ordinary differential equation
F'(s) = o(F(s)). (4.19)
Hence a solution of with initial condition X, = x; is given by
Xy = F(Byx)

where (s,x) — F(s,z) is the flow of the vector field o, i.e., F(-,z¢) is the unique
solution of (#.19) with initial condition .

Recall from the theory of ordinary differential equations that the flow of a vector field o
as above defines a diffeomorphism xy — F'(s, xq) for any s € R. To obtain a solution

of in the general case, we try the “variation of constants” ansatz
Xt - F(Bt, Ct) (420)

with a continuous semimartingale (C;) satisfying Cy = x. In other words: we make a

time-dependent coordinate transformation in the SDE that is determined by the flow F'

and the driving Brownian path (B;). By applying the chain rule to (4.20), we obtain
oF

OF
OdXt = %(Bh Ct) 9] dBt + %(Bta Ct) o dCt
OF

= O'(Xt) o) dBt + 9 (Bt, Ct) o dCt

€T
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where 2E (s, -) denotes the Jacobi matrix of the diffeomorphism F'(s, ). Hence (X;) is
a solution of the SDE provided (C;) is almost surely absolutely continuous with
derivative

9o = Lp.oyrurm.o). @21)
For every given w, the equation is an ordinary differential equation for C}(w)
which has a unique solution. Working out these arguments in detail yields the following

result:

Theorem 4.10 (Doss 1977, Sussmann 1978). Suppose that b : R™ — R" is Lipschitz
continuous and o : R"* — R" is C? with bounded derivatives. Then the flow F of the
vector field o is well-defined, F(s,-) is a C? diffeomorphism for any s € R, and the
equation has a unique pathwise solution (Cy)i>o satisfying Cy = xo. Moreover,
the process X; = F(By, C}) is the unique strong solution of the equation ,

respectively.

We refer to [|19]] for detailed proof.

Exercise (Computing explicit solutions). Solve the following It stochastic differen-

tial equations explicitly:

1y
1 ——s
dXt — §Xt dt + 1 + XtQ dBt, XQ — O,
2)
dX, = X(1+X})dt+(1+X})dB, X, = 1.

Do the solutions explode in finite time?

Wong Zakai approximations of SDE

A natural way to approximate the solution of an SDE driven by a Brownian motion is
to replace the Brownian motion by a smooth approximation. The resulting equation can
then be solved pathwise as an ordinary differential equation. It turns out that the limit

of this type of approximations as the driving smoothed processes converge to Brownian
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motion will usually solve the corresponding Stratonovich and not the It6 equation.

Suppose that (B;);>0 is a Brownian motion in R¢ with B, = 0. For notational conve-
nience we define B; := 0 for ¢ < 0. We approximate B by the smooth processes
t2
B® = B * P1/k; pe(t) = (2me)exp ( - 2—)
€
Other smooth approximations could be used as well, cf. [19] and [[17]. Let X (k) denote

the unique solution of the ordinary differential equation

d
=X = (X)) +o(xM)

dt Bt(k)’ Xék) = Zo

dt
with coefficients b : R* — R™ and ¢ : R* — R™*4,

Theorem 4.11 (Wong, Zakai 1965). Suppose that b is C* with bounded derivatives and

o is C? with bounded derivatives. Then almost surely as k — oo,

Xt(k) —  Xi uniformly on compact intervals,
where (X,) is the unique solution of the Stratonovich equation

odX; = b(Xy)dt+o(X;)odBy, Xo = xp.

If the driving Brownian motion is one-dimensional, there is a simple proof based on
the Doss-Sussman representation of solutions. This shows that X*) and X can be
represented in the form X* = F(Blgk)7 C’t(k)) and X; = F(By, C;) with the flow F of
the same vector field o, and the processes C'*) and C solving , cf. [19]. The proof
in the more interesting general case is much more involved, cf. e.g. Ikeda & Watanabe
(17, Ch. VI, Thm. 7.2].

4.3 Stochastic flows

Let Q = Cy(R,,R?) endowed with Wiener measure iy and the canonical Brownian
motion W (w) = w(t). We consider the It6 SDE

dXt = bt(X) dt -+ Ut(X) th, Xo = X, (422)
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with progressively measurable coefficients b, o : R, x C'(R;, R") — R" R"* respec-

tively satisfying the global Lipschitz condition
|bi(x) — be(Z)| + ||or(z) — 0e(Z)]] < L(x—2) Vi, (4.23)
for some finite constant L € R, as well as

sup (|b5(0)] +[los(0)]]) < o Vit (4.24)

s€[0,t]

Then by Itd’s existence and uniqueness theorem, there exists a unique global strong
solution (X);> of (4.22)) for any initial condition = € R". Our next goal is to show
that there is a continuous modification (¢, z) — &7 of (X[). The proof is based on the

Kolmogorov-Centsov continuity theorem for stochastic processes.

Kolmogorov-Centsov Theorem

Theorem 4.12. Suppose that (E,|| - ||) is a Banach space, C = [[¢_, Iy is a product
of real intervals I,...,1; C R, and X,, : Q0 — E, u € C, is an F-valued stochastic
process (a random field) indexed by C. If there exists constants vy, c,e € R, such that

E[||Xu—X|["] < cu—n0|"  forany u,v€C, (4.25)
then there exists a modification (£,)uec of (Xu)uec such that

E[(iig %)7} < o0 forany o €10,e/7). (4.26)

In particular, u — &, is almost surely a-Hélder continuous for any o < €/~.
For the proof cf. e.g. [28, Ch. I, (2.1)]. (XXX include later)

Example. Brownian motion satisfies (4.25) with d = 1 and e = 7 — 1 for any v €
(2,00). Letting 7y tend to oo, we see that almost every Brownian path is a-Holder
continuous for any ov < 1/2. This result is sharp in the sense that almost every Brownian

path is not %—Hélder—continuous, cf. [9, Thm. 1.20].
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Existence of a continuous flow

We now apply the Kolmogorov-Centsov Theorem to the solution x +— (X7¥),<; of the
SDE as a function of its starting point.

Theorem 4.13 (Flow of an SDE). Suppose that and hold.
1) There exists a function § : R" x Q@ — C(R,R"), (z,w) — £*(w) such that

(i) & = (& )i>0 is a strong solution offor any x € R", and
(ii) the map x — &% (w) is continuous w.r.t. uniform convergence on finite time

intervals for any w € €.

2) If o(t,z) = 5(x,) and b(t, x) = b(x,) with Lipschitz continuous functions
5 :R" — R™ gnd b : R™ — R"*? then ¢ satisfies the cocycle property

is(w) = §UO'W)  Vst20 zeR (4.27)
for po-almost every w, where
O'w) = w(-+t) € COR,,RY
denotes the shifted path, and the definition of £ has been extended by
{w) = &w—w(0)) (4.28)
to paths w € C(R ., R?) with starting point w(0) # 0.

Proof. 1) We fix p > d. By the a priori estimate in Theorem there exists a finite

constant ¢ € R, such that
E[(X*—=X")?] < c-e|x—yP  forany t >0 and z,y € R", (4.29)

where X denotes a version of the strong solution of (4.22) with initial condition .

Now fix t € R,. We apply the Kolmogorov-Centsov Theorem with £ = C([0, ¢], R")
endowed with the supremum norm || X||; = X;. By (4.29), there exists a modification £
of (X7)s<tzern such that z — (£7),<, is almost surely a-Holder continuous w.r.t. || -, ||

for any a < Iﬁ. Clearly, for t; < to, the almost surely continuous map (s, z) — &7
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constructed on [0, 1] xR" coincides almost surely with the restriction of the correspond-
ing map on [0, 5] x R™. Hence we can almost surely extend the definition to R, x R"

in a consistent way.

2) Fixt > 0 and x € R". Then pp-almost surely, both sides of (4.27) solve the same

SDE as a function of s. Indeed,
t+s t+s
o = G+ [ Udus [ FE)aw,
t t
= &+ / g(f;ﬁrr) dr + / o(&,) d(W, 00",
0 0

o0t = g+/5@%®ﬁw+/5@ﬂ@%WMo@>
0 0

hold jip-almost surely for any s > 0 where (¢ o ©)(w) := &7 “)(0(w)). Strong

uniqueness now implies
§bre = £ o 0! forany s > 0, almost surely.

Continuity of ¢ then implies that the cocycle property (4.27)) holds with probability one

for all s,t and = simultaneously. [

Remark. 1) Since the constant p in the proof above can be chosen arbitrarily large,
the argument yields a-Holder continuity of z +— £* for any < 1. It is also possible
to prove joint Holder continuity in ¢ and z, cf. XXX. In Chapter 5.1 we will prove
that under a slightly stronger assumption on b and o, the flow is actually continuously
differentiable in z.

2) For the validity of the cocycle property, strong uniqueness is essential.

Above we have shown the existence of a continuous flow for the SDE (#.22) on the

canonical setup. From this we can obtain strong solutions on other setups:

Exercise. Show that the unique strong solution of (#.22) w.r.t. an arbitrary driving
Brownian motion B instead of W is given by X7 (w) = &F(B(w)).

In the time-homogeneous diffusion case, the Markov property for solutions of the SDE

(4.22) is a direct consequence of the cocycle property:
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Corollary 4.14. SUppose that o(t,x) = &(z,) and b(t,x) = b(x,) with Lipschitz
continuous functions & : R" — R"™ and b : R® — R". Then (&7 )i>0 is a time-

homogeneous (ftW’P) Markov process with transition function
p(x,B) = PlEFeB, t>0, x€R"
Proof. Let f : R™ — R be a measurable function. Then for 0 < s < ¢,
O'w) = wt)+ (wlt+-)—wt),
and hence, by the cocycle property and by (4.28),
FEaw) = FE (it +1) —w())

for a.e. w. Since w(t+-) —w(t) is a Brownian motion starting at 0 independent of F;"*",

we obtain

E[f(&)IF " (w) = EBfEE“)] = ()& (w))  almost surely.
L]

Remerk. Without uniqueness, both the cocycle and the Markov property do not hold

in general.

4.4 Local time
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Chapter 5

Variations of SDE

This chapter contains a first introduction to basic concepts and results of Malliavin cal-
culus. For a more thorough introduction to Malliavin calculus we refer to [26], [25],
[32]], [17]], [24] and [5].

Let 1 denote Wiener measure on the Borel o-algebra of the Banach space © = Cy([0, 1], R?)
endowed with the supremum norm ||w|| = sup {|w(¢)|: t € [0,1]}. We consider an
SDE of type

dXy = b(Xy)dt+o(Xy) dWy, Xy = «z, (5.1)

driven by the canonical Brownian motion W;(w) = w(t). In this chapter, we will be
interested in variations of the SDE and its solutions respectively. We will study the

relations between different types of variations of (5.1)):
e Variations of the initial condition: x* — x4+ h
e Variations of the coefficients: b(z) — b(e,x), o(x) — o(e,x)
e Variations of the driving paths: W, — W, + H,, (H,) adapted
e Variations of the underlying probability measure: p — pu® = 2°-pu

We first prove differentiability of the solution w.r.t. variations of the initial condition
and the coefficients, see Section 5.1. In Section 5.2, we introduce the Malliavin gradi-

ent which is a derivative of a function on Wiener space (e.g. the solutions of an SDE)
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w.r.t. variations of the Brownian path. Bismut’s integration by parts formula is an in-
finitesimal version of the Girsanov Theorem, which relates these variations to variations
of Wiener measure. After a digression to representation theorems in Section 5.3, Sec-
tion 5.4 discusses Malliavin derivatives of solutions of SDE and their connection to
variations of the initial condition and the coefficients. As a consequence, we obtain
first stability results for SDE from the Bismut integration by parts formula. Finally,
Section 5.5 sketches briefly how Malliavin calculus can be applied to prove existence
and smoothness of densities of solutions of SDE. This should give a first impression
of a powerful technique that eventually leads to impressive results such as Malliavin’s

stochastic proof of Hormander’s theorem, cf. [15] [25].

5.1 Variations of parameters in SDE

We now consider an SDE

d
dX; = (e, X[)dt+ ) ou(e, X7)dWE,  X§ = x(e),  (5.2)
k=1

on R" with coefficients and initial condition depending on a parameter ¢ € U, where
U is a convex neighbourhood of 0 in R™, m € N. Here b,0;, : U x R® — R" are
functions that are Lipschitz continuous in the second variable, and x : U — R". We
already know that for any € € U, there exists a unique strong solution (X7):>o of (5.2).

For p € [0, 00) let
. cip 1/p
X = B[ suwp [xgp]
te(0,1]
Exercise (Lipschitz dependence on €). Prove that if the maps z, b and o}, are all Lip-

schitz continuous, then € — X* is also Lipschitz continuous w.r.t.

|||, i-e., there exists

a constant L, € R such that
X — Xe||, < L,|hl forany e, h € R™ with ¢, +h € U.

We now prove a stronger result under additional regularity assumptions:
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Differentation of solutions w.r.t. a parameter

Theorem 5.1. Let p € [2,00), and suppose that x, b and oy, are C? with bounded

derivatives up to order 2. Then the function € — X¢ is differentiable on U w.r.t. || -

and the differential Y = “— is the unique strong solution of the SDE
0b 0b
dyy = (8 (e, X;) + %(e,Xf)Yf) dt (5.3)
d
8ok 6 aO'k c c
Z( + TR, XY ) dW,
5= (o),

that is obtained by formally differentiating W.LL €.

Here and below 2 e and — denote the differential w.r.t. the € and z variable, and 2’ de-
notes the (total) d1fferent1al of the function x.

Remark. Note that if (X7) is given, then is a linear SDE for (Y;) (with mul-
tiplicative noise). In particular, there is a unique strong solution. The SDE for the
derivative process Y© is particularly simple if o is constant: In that case, (5.3) is a

deterministic ODE with coefficients depending on X*.

Proof of We prove the stronger statement that there is a constant M, € (0, co) such
that

| X" = XF—Yeh|| < M, AP (5.4)
holds for all €, h € R™ with ¢,e + h € U, where Y* is the unique strong solution of

(5.3). Indeed, by subtracting the equations satisfied by X", X*¢ and Y¢h, we obtain
fort € [0, 1]:

¢ d
| X7 — X7 —Y7h| < m+/0 ]II]derZ‘/ I, dWy|.
k=1
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where
I = 2(e+h)—a() -2 (e)h,
1
I = ble+h X)) —be, X°) —V(e, X7) , and
Yoh
e+h € / € 1
I = oy(e+h, X — op(e, X5) — o(e, X9) ven )

Hence by Burkholder’s inequality, there exists a finite constant C), such that
t
E[(X* =X =Y h)[?] < G- (|IP +/ E[|I1P + ||1I][?] ds> . (55)
0

Since z, b and o}, are C? with bounded derivatives, there exist finite constants Cj, Cyj,

CIII such that

| < Cih)? (5.6)
ob

| < Culh)*+ \%@,Xi)(XE*h—XE —YZh), (5.7)
oo

1, < Cumlhf+ |a—;(6, X)X — X2 —YEn)|. (5.8)

Hence there exist finite constants @,, C’p such that
ElUP + ] < Cm <|h|27’ +Cm /t B [(X* — X*—Y*h)"] ds) ,
0
and thus, by (5.6)),
E[(X=™" - X —Y*h)"] < GCnP+C, / t E[(X"" — X° —Y*h)] ds
0

for any ¢ < 1. The assertion (5.4) now follows by Gronwall’s lemma. [l

Derivative flow and stability of SDE

We now apply the general result above to variations of the initial condition, i.e., we

consider the flow

d
g = b(E) dt+ Y on(&)dWE, & = . (5.9)

k=1
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Assuming that b and 0}, (k = 1,...,d) are C? with bounded derivatives, Theorem

shows that the derivative flow

9 ui
Y= = fl(flf) _ (_é-x, )
' ' Ok 1<k,I<n
exists w.r.t. || - ||, and (Y}");> satisfies the SDE
d
AYp = W)Yty (&) Y AW, Yy = L (5.10)
k=1

Note that again, this is a linear SDE for Y if £ is given, and Y is the fundamental solu-
tion of this SDE.

Remark (Flow of diffeomorphisms). One can prove that x — £ (w) is a diffeomor-

phism on R” for any ¢ and w, cf. [20] or [10].

In the sequel, we will denote the directional derivative of the flow &; in direction v € R”
by Y,

Yoo = Y5 = YR o= ag.
(i) Constant diffusion coefficients. Let us now first assume that d = n and o(z) = I,
for any z € R". Then the SDE reads

de* = bE) dtrdW, & =
and the derivative flow solves the ODE

ay* = V(&)Y dt, Yo = L.
This can be used to study the stability of solutions w.r.t. variations of initial conditions
pathwise:

Theorem 5.2 (Exponential stability I). Suppose that b : R* — R" is C? with bounded
derivatives, and let
k = sup supv-bV(x)v.
z€R™ TﬁE’{

Then for anyt > 0 and x,y,v € R",

0,81 < el and |G —¢ < eMla—yl.
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The theorem shows in particular that exponential stability holds if £ < 0.

Proof. The derivative Y7, = 0,/ satisfies the ODE

v

ay, = b ()Y,dt.
Hence
dY,? = 2Y,-V(Y,dt < 2x«|Y,|*dt,
which implies
0.7 = YR < el and thus
1
G-l = | [ g < ety
0

O

Example (Ornstein-Uhlenbeck process). Let A € R™*". The generalized Ornstein-
Uhlenbeck process solving the SDE

dﬁt — Agt dt + th
is exponentially stable if x = sup {v - Av : v € S"} < 0.

(ii) Non-constant diffusion coefficients. If the diffusion coefficients are not constant, the
noise term in the SDE for the derivative flow does not vanish. Therefore, the derivative
flow can not be bounded pathwise. Nevertheless, we can still obtain stability in an L?

sense.

Lemma 5.3. Suppose that b,o1,...,04 : R* — R™ are C? with bounded derivatives.
Then for any t > 0 and x,v € R", the derivative flow Y, = 0,&] is in L*(Q, A, P),

and

d X X T X
EEHKMP] = 2E[Y;),t ) K(ft )th]
where
1 d
K(x) = V(x)+ B > op(x) o} (x)
k=1
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Proof. Let V" denote the k-the component of Y,,. The Itd product rule yields
dly,? = 2v,-dv,+> dy")
k

2, - B(E)Y, dt +23 Y, - o (&) dWE + Y o} (6)Y, |2 dt.
k k

Noting that the stochastic integrals on the right-hand side stopped at
T, =inf{t > 0: |Y, | > n} are martingales, we obtain

E||Yoint,

tATy,
= P+ 2E[/ Y, - K (€)Y, ds].
0
The assertion follows as n — oco. O]

Theorem 5.4 (Exponential stability II). Suppose that the assumptions in Lemma
hold, and let

Kk = sup sup v- K(x)v. (5.11)
T€ER™ TUE‘E’IL

Then for anyt > 0 and x,y,v € R",
E[|0,£57] < e*v|?, and (5.12)
Bl =PI < elu—yl. (5.13)
Proof. Since K (z) < kI, holds in the form sense for any =, Lemma [5.3|implies
SRV < 2BVl

(5.12) now follows immediately by Gronwell’s lemma, and (5.13) follows from (5.12)
since & — &/ = [} 9, & Y ds, O

Remark. (Curvature) The quantity —x can be viewed as a lower curvature bound
w.r.t. the geometric structure defined by the diffusion process. In particular, exponential
stability w.r.t. the L? norm holds if x < 0, i.e., if the curvature is bounded from below

by a strictly positive constant.
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Consequences for the transition semigroup

We still consider the flow (&) of the SDE (5.1)) with assumptions as in Lemma|5.3|and
Theorem 5.4 Let

pi(x,B) = Pl € B, r €R", Be BR"),

denote the transition function of the diffusion process on R". For two probability mea-

sures 1, v on R"™, we define the L? Wasserstein distance

Wolpv) = inf, E[|X - Y[
XNM:YNV

as the infimum of the L? distance among all couplings of y and v. Here a coupling of
and v is defined as a pair (X, Y") of random variables on a joint probability space with

distributions X ~ pand Y ~ v. Let k be defined as in (5.11)).

Corollary 5.5. Foranyt > 0 and x,y € R",

WQ(pt(l" ’ )7pt(yv ’ )) < em|$ - y|

Proof. The flow defines a coupling between p,(z, - ) and p;(y, - ) for any ¢, x and y:

& ~ plz-), &~ By, )
Therefore,
Wa(pile,- ).y, )" < BlIg — &P
The assertion now follows from Theorem 5.4 0
Exercise (Exponential convergence to equilibrium). Suppose that . is a stationary
distribution for the diffusion process, i.e., iz is a probability measure on 5(IR") satisfying

ppy = p for every t > 0. Prove that if £ < 0 and [ |z|* u(dz) < oo, then for any
r e RLW, (pt(x, ), ,u) — 0 exponentially fast with rate x as ¢t — oo.

Besides studying convergence to a stationary distribution, the derivative flow is also

useful for computing and controlling derivatives of transtion functions. Let

(0ef) () = / prla, dy) f(y) = Ef(€7)]

denote the transition semigroup acting on functions f : R” — R. We still assume the

conditions from Lemma[3.3]
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Exercise (Lipschitz bound). Prove that for any Lipschitz continuous function f :
R™ — R,
||ptf||Lip < 65t||f||Lip Vi>0,

where || f||Lip = sup{|f(z) — f(y)|/|z —y| : x,y € R" s.t. = # y}.

For continuously differentiable functions f, we even obtain an explicit formula for the

gradient of p, f:

Corollary 5.6 (First Bismut-Elworthy Formula). For any function f € C}(R") and
t >0, pif is differentiable with

v-Vepf = E[Y;ft-V@cf] Var,veR™ (5.14)

Here V.p; f denotes the gradient evaluated at z. Note that Y;", - Vo [ is the directional

derivative of f in the direction of the derivative flow Y" .

Proof of 5.6} For A € R\ {0},

)+ M) — (pef)(z 24N z A T+sv
et A= D) Lppe a6 = ;[ B V] ds

The assertion now follows since = — &/ and x — Y, are continuous, V f is continuous

and bounded, and the derivative flow is bounded in 2. O]

The first Bismut-Elworthy Formula shows that the gradient of p; f can be controlled by
the gradient of f for all ¢ > 0. In Section ??, we will see that by applying an integration
by parts on the right hand side of (5.14), for ¢ > 0 it is even possible to control the gra-
dient of p, f in terms of the supremum norm of f, provided a non-degeneracy condition
holds, cf. (??).
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