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1. (Drift and diffusion coefficient of Ito diffusions) Suppose that (Bt) is a d-
dimensional Brownian motion, and (Xt) = (X1

t , . . . , X
d
t ) is a solution of the SDE

dXt = b(Xt) dt + σ(Xt) dBt, t ≥ 0, X0 = x ∈ Rd,

with continuous bounded coefficients b : Rd → Rd, σ : Rd → Rd×d. Determine the limits
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, i, j = 1 . . . , d.

2. (Hermite polynomials and the Kailath-Segal identity) Let M be a continuous
local martingale such that M0 = 0. We define the iterated stochastic integrals of M by

I0
t = 1, Int =

ˆ t

0

In−1
s dMs.

a) Prove that for n ≥ 2,
nInt = In−1

t Mt − In−2
t [M ]t .

b) Relate this identity to a recurrence formula for Hermite polynomials. Conclude that

n! Int = Hn(Mt, [M ]t) where Hn(x, t) = tn/2hn(x/
√
t).

Hint: The Hermite polynomial hn of order n is defined by the identity

∑
n≥0
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)
, u, x ∈ R,

which implies
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)
=
∑
n≥0

un
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Hn(x, a) for a > 0.
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3. (Exit times for Brownian motion with drift) Let

Xt : = x+mt+ σBt, t ≥ 0,

where (Bt)t≥0 is a standard Brownian motion, and x,m ∈ R, σ > 0 are finite constants.

a) Let a < x < b. Compute the probability that (Xt) reaches the value b before it
reaches a. Hint: For m 6= 0 find λ ∈ R such that exp(λXt) is a martingale.

b) If m < 0, show that X∗ := supt≥0Xt is P−a.s. finite. Furthermore, prove that X∗−x
is exponentially distributed with parameter α = 2|m|σ−2, i.e.,

P[X∗ ≥ x+ b] = exp(−αb) for any b ≥ 0.

c) In the case m ≥ 0 prove that Tb := inf{t ≥ 0|Xt = b} is a.s. finite for any b > x, and
compute the Laplace transform E[exp(−λTb)] for λ ≥ 0.

4. (Localization by stopping) Let T be an (Ft) stopping time, G,H (Ft) adapted
càdlàg processes, and X, Y (Ft) semimartingales.

a) Let (πn) be a sequence of partitions of R+ such that limn→∞mesh(πn) = 0. Prove
that the Riemann sum approximations

∑
s∈πn

Hs(Xs′∧t−Xs∧t) converge to (H− ·X)t
uniformly on compact intervals in probability.

b) Suppose that Gt = Ht for t < T and Xt = Yt for t ≤ T . Prove that almost surely,
H− ·X = G− · Y on [0, T ], and conclude that

(H− ·X)T = H− ·XT = (H−1[0,T ]) ·X .

c) Prove that [X, Y ]T = [XT , Y ] = [X, Y T ] = [XT , Y T ].
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