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those of Exercises 4 and 5 before Tuesday 17.1.2012, 2 pm.

MERRY CHRISTMAS AND A HAPPY NEW YEAR !

1. (Brownian motion with drift) Let b: R — R be a Lipschitz continuous function
and let (X;) be a real valued stochastic process that satisfies the following equation:

dXt = b(Xt) dt + dBt, XO = T.

a) Prove that for any M,t € (0,00) and = € R,

P[X, > M] > 0.
b) Now choose b(z) = —a where « is a positive constant. Prove that
Pllim X; = —oc0| = 1.
t—00

Compare this with the previous result.

2. (Time change I: Brownian motion on the unit sphere) Let Y; = B,/|B;|
where (B¢):>0 is a Brownian motion in R", n > 2. Prove that the time-changed process

t
Zy=Yr,, T = A" with At:/ |B,|"%ds ,
0

is a diffusion taking values in the unit sphere S"~! = { € R" : |z| = 1} with generator
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3. (Novikov’ s condition)

a) Prove that a non-negative supermartingale (Z;) satisfying E[Z;] = 1 for any ¢ > 0 is
a martingale.

b) Now consider

t 1 t
7 = exp ( [ x5 [ rb<Xs>|2ds),
0 0

where b : R? — R? is a continuous vector field, and (X;) is a Brownian motion w.r.t.
the probability measure P.

(i) Show that (Z;) is a supermartingale.
(ii) Prove that (Z;) is a martingale if [b(z)| < c¢-(1+]|z|) for some constant ¢ € (0, 00).

Hint: Prove first that Elexp [ [b(X,)|*ds] < oo for e > 0 sufficiently small,
and conclude that E[Z.] = 1. Then show by induction that E[Zy.| = 1 for any
ke N.

4. (Time change II: Lamperti’s Theorem)

Prove that a geometric Brownian motion can be represented as a time-changed Bessel
process:
exp(B; +vt) = Ry,

where A; = f(f exp[2(Bs + vs)| ds and (R;) is a Bessel process with parameter d = 2v + 1.

5. (Stochastic representation for solutions of PDE)

Let f € CZ(R") and a(z) = (ay(z),. .., an(z)) with o; € CZ(R™) be given functions, and
let u € C*(R, x R") be a bounded solution of the partial differential equation

a) Show that

uttea) = B oo ([ aw)-am— § [aworas) ).

where (B;):i>o is an n—dimensional Brownian motion starting at = w.r.t. P,. In
particular, there is at most one bounded solution.

b) Now assume that there exists a function v € CZ(R™) such that o = V+. Prove that

ultea) = esp(—e) B [exp { = [ 19+ 9] (B)ds} explr (BB



