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1. (Brownian motion on R/Z). A Brownian motion (X;) on the circle R/Z can be
obtained by considering a Brownian motion (B;) on R modulo the integers, i.e.

Xy, = B,—|B] € [0,1) = R/Z.
Prove the following statements:

a) Brownian motion on R/Z is a Markov process with transition density w.r.t. the
uniform distribution given by

for any ¢t > 0 and z,y € [0,1).
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b) For any initial condition, (X;) solves the martingale problem for the operator Lf =
1"/2 defined on C*(R/Z). (Note that there is a one-to-one correspondence of smooth
functions on R/7Z and periodic smooth functions on R with period 1).

¢) The uniform distribution g is an invariant probability measure for (p;), and the
process with initial distribution p is stationary and ergodic.

d) The generator —L has smooth real-valued eigenfunctions e,, n € Z, with correspon-
ding eigenvalues A, = 272n%. Moreover, pse,, = exp(—A,t)e,, for any ¢t > 0.
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f) Conclude that for the process with initial distribution g,

e) For any f € £?(u),
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(%/0 f(X)ds —/fdu> ] < %Varu(f) for any t > 0 and f € £*(u).



2. (Asymptotic variances of ergodic averages). We consider a stationary Markov
chain (X, P,) with state space (S, B), transition kernel 7, and initial distribution .

a)

For f € L*(p) let fo = f— [ fdu, and let A,f = %Zf;é f(X;). Prove (without
assuming the CLT) that if Gfy = Y ;o 7" fo converges in £?(u), then

Jlim ¢ Var[A,f] = Var[f(Xo)] +2 ) Cov[f(Xo), f(Xx)]

Let S = {1, 2}, and suppose that the transition rates are given by 7(1,1) = 7(2,2) =
p and 7(2,1) = 7(1,2) = 1 — p with p € (0,1). Show that the unique stationary
distribution p is given by p(1) = p(2) = 1/2 for all values of p. Now consider
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where A, and B,, are, respectively, the number of visits to the states 1 and 2 during
the first n steps. Show that S, //n satisfies a central limit theorem, and calculate
the limiting variance as a function o?(p) of p. How does 0?(p) behave as p tends to 0
or 1?7 Can you explain it? What is the value of 02(1/2)? Could you have guessed it?

3. (Structure of invariant measures). Let 7 be a probability kernel on (S, B), and

let

2)
b)

c)

I(m) = {neP(S): p=pr}
Show that Z(m) is convex.

Prove that p € Z(7) is extremal if and only if every set B € B such that 71p = 15
p-a.e. satisfies u(B) € {0, 1}.

Show that every pu € Z(7) is a convex combination of extremals.



