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“Markov Processes”, Problem Sheet 7

Please hand in your solutions by Friday, November 28, 13.00.

1. (Ergodicity and decay of correlations). We consider a stationary stochastic
process (X¢)ie[o,00) defined on the canonical probability space (€2, A, P).

a) Prove that the following properties are equivalent:

fo COV(FOQS,G)ds — 0 ast1 oo for any F,G € L*(Q, A, P).
fot Cov(Fof,, F)ds — 0 ast? oo forany F € L*(Q, A, P).
b) The process (X;) is said to be mixing iff
(v) limy_0o Cov(Fof;,G) = 0 for any F,G € £L*(Q, A, P).
Prove that if (X;);>¢ is mixing then it is ergodic.

c) Let a € R\ {0}. Is the rotation 0;(w) = w + ta (mod 1) on the circle 2 = R/Z
(i) ergodic, (i) mixing ? Hint: Choose F' and G as indicator functions.

*d) Show that if the tail field F = (1,5, 0(X, : s > t) is trivial then (X;);>o is mixing.

2. (Equivalent characterizations of ergodicity for Markov processes). We
consider a canonical right-continuous Markov process ((X3)>0, (Ps)zes) with Polish state
space (.5, B), transition semigroup (p:):>0, and invariant probability measure pu.

a) Prove that the following nine conditions are all equivalent:

(i) P, is ergodic.

(ii fo Fo®©yds — E,[F]| P,-a.s. and in L*(P,), for any F € L*(P,,).

[ f(X)ds = [ fdu P,-as. and in L*(P,), for any f € £L2(y).

[y Cove, [f(Xo), g(X,)]ds — 0 as ¢ 1 oo for any f,g € L2(u).

fot W[ Xo € B, X € Clds — u(B)u(C) for any B,C € B.

[ ps(x, B)ds — u(B) p-a.e. for any B € B.

[Ft € Q4 : X; € B] >0 pa.e. for any B € B such that u(B) > 0.

very set B € B such that p; 1 = 15 p-a.e. for any t > 0 satisfies u(B) € {0,1}.
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very function h € £2(u) such that psh = h p-a.e. Vt > 0 is p-a.s. constant.



b) A function h : S — R is called harmonic w.r.t. (p;) iff p;h = h for any ¢ > 0. Show
that the following statements are all equivalent:

(i) For every z € S and B € B with u(B) > 0,

P,[Vs>03t>s: X, €B] = 1.

(ii) The constants are the only bounded harmonic functions for (p;).

(iii) For every bounded measurable function F': Q — R and every z € S,

1 t
Z/ FoO©,ds — E,F] P,-almost surely.
0

3. (Simulation of SDE and ergodic averages). = We consider a stochastic process
X; = (X;1, Xi2)T with values in R? that solves a stochastic differential equation

dX, = AX,dt + CX}dt + odB,, X, = 2,

where (B;)>0 is a two dimensional Brownian motion, A and C' are 2x 2 matrices, o € (0, c0)
and the initial value zy € R? are given constants, and X} := (X7, X}}))".

a) Write down and implement the Euler-Maruyama discretization of the SDE over a
time interval [0, t,,.x] for a given time step size h > 0.

b) We consider at first the case of a linear drift, i.e., C' = 0. In this case, the solution
of the SDE is a Gaussian process. Simulate and plot sample paths for the following
choices of A and o, tya = 400 and zo = (1,0)7. To obtain sufficiently accurate
approximations choose h = 0.001 if possible on your computer, at least h < 0.01.

(i) Two dimensional Brownian motion: A = (8 8) , 0 =1.

(i) Standard two dimensional OU process: A = (_01 _01> , 0=1.
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(iii) Randomly perturbed rotation: A = (_1 0

), c=0.1and o =1.

(iv) Randomly perturbed rotation with damping: A = (:’I _17> , 0 =v€{0.1,1}.

(v) A= (_01 17), o =+27, v€{0.1,1}.

c) Compute and plot the ergodic averages of X;; and X5 as a function of time. What
do you observe? In which cases do the ergodic averages converge rapidly/slowly/not
at all? Can you relate your observations to asymptotic properties of the processes?

d) Now consider the overdamped Langevin process solving the SDE with parameters



. . (0625 125\ ., (0 0 B
(vi) OL in double-well potential: A = ( 195 17'5) , C = (O _20) L 0=2.

Compute the Euler-Maruyama approximation with step size h = 0.001 and initial
value zg = (0,0)7 up to tmax = 15, and plot the ergodic averages of the components
as a function of time. What do you observe? Which type of invariant measure would

you expect from your observations?

e) Compute the Euler-Maruyama approximation with step size h = 0.01 and the ergodic
averages up to tyax = 1000. Discuss your observations.

Hint: It might make sense to choose a higher resolution and thin lines for the plots.
For example in Python if the numerical solution is stored in a 2 X steps array sde:

plt.figure(figsize=(7,7), dpi=500)
plt.plot(sde[0],sde[1],linewidth=.1)

plt.show()

Matriz multiplication in Python: np.matmul(A,B)



