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1. (Strongly continuous semigroups and resolvents).

a) State the defining properties of a strongly continuous contraction semigroup and a
strongly continuous contraction resolvent on a Banach space E.

b) Prove that if (P;) is a Cy contraction semigroup then G, f = fooo e P, f dt defines a
Cy contraction resolvent.

2. (Uniform motion to the right). Consider the deterministic Markov process (X;, P,)
on R given by X; = x +t P,-almost surely.

a) Show that the transition semigroup (P,);>o is strongly continuous both on C'(R) and
on L*(R, dz).

b) Prove that the generator on C'(R) is given by
Lf = f';  Dom(L) = {f€C'(R): [, [ € C(R)}.
c¢) Show that the generator on L?(R,dx) is given by
Lf = f, Dom(L) = H“(R,dx).

3. (Brownian motion killed at 0). Let X, = B, fort < T and X; = A fort > T,
where (B;)>o is a one-dimensional Brownian motion and 7" = inf{t > 0 : B, = 0}.

a) Show that (X;);>o is a Markov process on the extended state space (0,00)U{A}
with transition kernel satisfying pp" (x, B) = [, pP"(x,y) dy for all z € (0,00) and
B € B((0,00)), where

pt () = \/% (eXp (—(y;—tx)Q> — exp (—%)) for z,y € (0, 00).

b) We extend functions f : (0,00) — R to the extended state space (0,00)U{A} by
setting f(A) := 0, Prove that in this sense, (X, P) solves the martingale problem for
the operator Lf = %f” with domain

= {f € G;([0,00)) : f(0) = 0}.



4. (Tightness). Prove the following three statements.

a)

A sequence of probability measures on the line is tight if and only if, for the corre-
sponding distribution functions, we have lim,_,,, Fj,(z) = 1 and lim, ,_, F,(z) =0
uniformly in n.

A sequence of normal distributions on the line is tight if and only if the means and the
variances are bounded (a normal distribution with variance 0 being a point mass).

A sequence of distributions of random variables X,, is tight if (X,,) is uniformly
integrable.

Reminder: A sequence of random variables X,, is uniformly integrable if

sup E[|X,.|; | Xn| > ] = 0 as ¢ — oo.
neN



