Institut fiir Angewandte Mathematik ‘. I"I ‘

Wintersemester 2022/23

UNIVERSITAT IAM

Andreas Eberle, Stefan Oberdorster

,,Markov Processes”, Problem Sheet 3

Please hand in your solutions before 12:15 noon on Monday, October 31.

1. (Martingales and boundary value problems). Let (X,,P,) be a canonical
time-homogeneous Markov chain with measurable state space (S, B) and generator £, and

let

T = inf{n>0:X, & D}

denote the first exit time from a subset D € B.

a)

Suppose that v : S — R is a non-negative measurable function satisfying
Lv < —¢ inD
for a non-negative function ¢ : D — R. Prove that for every x € S, the process

M, = U(XnAT)+ Z C(XZ) (1)

is a non-negative supermartingale w.r.t. IP,.

The second part of this exercise gives a direct proof of the uniqueness part in the
Feynman-Kac formula for Markov chains. Let w : S — R be a non-negative measu-
rable function. Determine for which functions v the process

M, = e ZicovXy(X,)

is a martingale. Now suppose that for all z € S, T < co holds P, -almost surely, and
let v be a bounded solution to the boundary value problem

(Lv)(z) = (e*@ —1)w(x) forallz € D, (2)
v(r) = f(x) for all z € S\ D.

Show that .
o(z) = E, [e— i w(Xk)f(XT)] .



2. (Random walks on Z). Suppose that (X,,,P,) is a time-homogeneous Markov chain
with state space Z and transition matrix 7 given by

m(x,x+1)=p, w(z,z)=r =(x,xz—1)=4q,
where p+q+r=1,p>0,q>0and r > 0. Fix a,b € Z with a < b — 1 and let
T = inf{n>0:X, & (a,b)}.

a) Prove that for every function g : {a + 1,a +2,...,b— 1} — R and «, 5 € R, the
system

(Lu)(z) = —g(x) fora<z<b, (3)
u(a) = a, ud) = B,
has a unique solution.

b) Conclude that E,[T] < oo for all z.

¢) How can the mean exit time be computed explicitly? Carry out the computation in
the case where p = ¢ and a = —b.

Hint: Write down a system of equations for the “first derivative” v(z) := u(x) — u(x —1).

3. (Strong Markov property in continuous time). Suppose that (X;,P,) is a time
homogeneous (F;) Markov process in continuous time with state space R? and transition

semigroup (py).

a) Let T be an (F;) stopping time taking only the discrete values t; = ih, i € Z,, for
some fixed h € (0,00). Prove that for any initial value x € R? and any non-negative
measurable function F : (R%)%®) — R,

E. [F(Xrie)|Fr] = Ex,.[F(X)] P,-almost surely. (4)

b) The transition semigroup (p;) is called Feller iff for every ¢t > 0 and every bounded
continuous function f : R — R, z + (p.f)(z) is continuous. Prove that if ¢t — X;(w)
is right continuous for all w and (p;) is a Feller semigroup, then for every (F;) stopping
time 7": Q — [0, 00),

E. [f(X7r)|Fr] = Ex [f(X0)] (5)
holds P,-almost surely for all £ > 0 and all f € C(R?).

¢) Conclude that, under the assumptions of b), the strong Markov property (4) holds
for every (F;) stopping time 7" : Q — [0, 00).



