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Let (Xpn)nez, on (£, A,P) be a canonical

1. (Ergodicity for stationary processes).
A=07"1A)}.

stationary process with state space S, and let 7 ={A € A:

) Show that P is not ergodic if and only if there exists a decomposition 2 = AU A°
into disjoint sets A, A° € A such that P[A] > 0, P[A¢] > 0,

O(A)C A and ©O(A°) C A°.

b) Prove that for F': Q0 — R the following two properties are equivalent

(i) Fis J-measurable.
(i) F=Fo®O.
) Conclude that P is ergodic if and only if every shift-invariant function F': 2 — R is
P-almost surely constant.
2. (Ergodicity for stationary Markov chains). Let ((X,)nez, , (P2)zcs) be a cano-
nical time-homogeneous Markov chain, and let 4 be an invariant probability measure for

the transition kernel 7.

a) Show that the following properties are all equivalent:

)

ii) %Z?  Fo®" — E,[F] P,-almost surely for any F € L}(P,).
i) L3 o (X)) = [fdu P,-almost surely for any f € £'(u).
)

n—1
1 )
— Zﬂl(x, B) — u(B) for p-almost every w.
n -

(v) For any B € B such that u(B) > 0,

P, [Tp <o0] >0 for p-almost every x.
(vi) Any set B € B satisfying 7(x, B) = 1p(z) for p-a.e. x has measure u(B) €

{0,1}.



b) Prove that P, is ergodic if the support of 4 is connected, and the transition kernel 7
has the strong Feller property (i.e., wf is continuous for every f € F,(95)).

c¢) Now suppose that the state space is R¢, and

(2, B) — /B r(e ) N(dy), B e BRY,

where the transition density m(z, y) is a continuous and strictly positive function such
that for every r € (0,00), [ supy,<, 7(z,y) X (dy) < co. Show that PP, is ergodic.



