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Chapter 0
Introduction

Let I = Z, = {0,1,2,...} (discrete time) or I = R, = [0,00) (continuous time), and let
(Q,2(, P) be a probability space. If (.S, B) is a measurable space then a stochastic process with

state space S is a collection (X} );c; of random variables
Xt . Q — S

More generally, we will consider processes with finite life-time. Here we add an extra point A to
the state space and we endow Sn = SU{A} with the o-algebra B = {B, BU{A} : B € B}.

A stochastic process with state space S and life time ( is then defined as a process
X :Q — Sa suchthat Xi;(w)=A ifandonlyif > ((w).

Here ¢ : 2 — [0, oo] is a random variable.

We will usually assume that the state space S is a polish space, i.e., there exists a metric
d: S xS — R, such that (S, d) is complete and separable. Note that for example open sets in
R™ are polish spaces, although they are not complete w.r.t. the Euclidean metric. Indeed, most
state spaces encountered in applications are polish. Moreover, on polish spaces regular versions
of conditional probability distributions exist. This will be crucial for much of the theory devel-

oped below. If S is polish then we will always endow it with its Borel o-algebra B = B(S).

A filtration on (2,2, P) is an increasing collection (F;);c; of o-algebras F; C 2. A stochastic
process (X;);es is adapted w.r.t. a filtration (F;)c; iff X, is F;-measurable for any ¢t € . In
particular, any process X = (X,);c; is adapted to the filtrations (F;¥) and (F;*""") where

Ff =o0(X,:s€l,s<t), tel,

7



8 CHAPTER 0. INTRODUCTION

is the filtration generated by X, and ]-"tX ¥ denotes the completion of the o-algebra F; w.r.t. the

probability measure P:
FP ={Ae: 3A e FX with P[AAA] = 0}.

Finally, a stochastic process (X;):c;r on (£2,2, P) with state space (S, B) is called an (F)
Markov process iff (X;) is adapted w.r.t. the filtration (F; )., and

P[X; € B|F,] = P[X,; € B|X,] P-as.forany B € Bands,t€ [withs<t¢.  (0.0.1)

Any (F;) Markov process is also a Markov process w.r.t. the filtration (F;*) generated by the
process. Hence an (F;*) Markov process will be called simply a Markov process. We will see

other equivalent forms of the Markov property below. For the moment we just note that (0.0.1))

implies
P[X; € B|F] =ps+(Xs,B) P-as.forany B € Bands <t, and (0.0.2)
E[f(X¢)|Fs] = (pstf)(Xs) P-as. for any measurable function f : S — R, and s < ¢,

(0.0.3)

where p; +(z, dy) is a regular version of the conditional probability distribution of X, given X,

and

(poaf) (@) = / Pasl, dy) ().

Furthermore, by the tower property of conditional expectations, the kernels p, (s,¢ € I with

s < t) satisfy the consistency condition
Pl X B) = [ 2o . B 0.0.4)
P-almost surely for any B € B and s < t < u, i.e., for any measurable function f : S — R,
Psaf = PsiPiuf P o X '-almostsurely forany 0 < s <t < u. (0.0.5)

Exercise. Show that the consistency conditions (0.0.4) and (0.0.3) follow from the defining prop-
erty (0.0.2)) of the kernels pj ;.

0.1 Transition functions and Markov processes

From now on we assume that S'is a polish space and B is the Borel o-algebra on S. We denote

the collection of all non-negative respectively bounded measurable functions f : S — R by

Markov processes Andreas Eberle



0.1. TRANSITION FUNCTIONS AND MARKOV PROCESSES 9

F(9), Fu(S) respectively. The space of all probability measures resp. finite signed measures
are denoted by P(S) and M(S). For p € M(S) and f € F,(5), as well as for i € P(S) and
f e Fi(9), we set

n(h) = [ san

The following definition is natural by the considerations above:

Definition (Sub-probability kernel, transition function). /) A (sub) probability kernel p on
(S,B) is amap (x, B) — p(z, B) from S x B to [0, 1] such that

(i) for any x € S, p(z,-) is a positive measure on (S, B) with total mass p(z,S) = 1
(p(x, S) < 1 respectively), and

(ii) for any B € B, p(-, B) is a measurable function on (S, B).

2) A transition function is a collection p,, (s,t € I with s < t) of sub-probability kernels on
(S, B) satisfying

pei(x,-) =0, foranyx € Sandt e I, and (0.1.1)
Ps,tPt.u = Psu fOl" any s S t S u, (012)

where the composition of two sub-probability kernels p and q on (S, B) is the sub-probability
kernel pq defined by

(v) (. B) = / ple.dy)q(y, B) foranyz € 5. B € B.

The equations in (0.1.2)) are called the Chapman-Kolmogorov equations. They correspond to
the consistency conditions in (0.0.4). Note, however, that we are now assuming that the consis-
tency conditions hold everywhere. This will allow us to relate a family of Markov processes with
arbitrary starting points and starting times to a transition function.

The reason for considering sub-probability instead of probability kernels is that mass may be lost
during the evolution if the process has a finite life-time. We extend transition functions of sub-
probability kernels on (S, B) to transition functions of probability kernels on (Sa, Ba) by setting
Pst(A,-) :==0a, and

psi(T,{A}) == 1—ps4(z,S5) forany z € S and s < t. (0.1.3)

Example (Discrete and absolutely continuous transition kernels). A sub-probability kernel on

a countable set S takes the form p(z, {y}) = p(x,y) where p : S x S — [0, 1] is a non-negative

University of Bonn Winter semester 2016/17



10 CHAPTER 0. INTRODUCTION

function satisfying Y p(x,y) < 1. More generally, let A be a non-negative measure on a general
yes
polish state space (e.g. the counting measure on a discrete space or Lebesgue measure on R"). If

p: S xS — R, is a measurable function satisfying

/p(x,y))\(dy) <1 foranyzx € S,

then p is the density of a sub-probability kernel given by

p(, B) = / Pz, )M (dy).

The collection of corresponding densities p; ;(z, y) for the kernels of a transition function w.r.t.
a fixed measure A is called a transition density. Note, however, that many interesting Markov
processes on general state spaces do not possess a transition density w.r.t. a natural reference
measure. A simple example is the Random Walk Metropolis algorithm on R?. This Markov
chain moves in each time step with a positive probability according to an absolutely continuous
transition density, whereas with the opposite probability, it stays at its current position, cf. X X X

below.

Definition (Markov process with transition function ps¢). Let ps, (s,t € [ with s < t) be a

transition function on (S, B), and let (F)ie1 be a filtration on a probability space (2,2, P).

1) A stochastic process (X;)ier on (2,2, P) with values in S is called an (F;) Markov
process with transition function (ps+) iff it is (F;) adapted, and

(MP) P[X; € B|Fs] = ps+(Xs,B) P-a.s. forany s <tand B € B.

2) It is called time-homogeneous iff the transition function is time-homogeneous, i.e., iff there

exist sub-probability kernels p, (t € I) such that
Dst = Pi—s forany s <1t.

Notice that time-homogeneity does not mean that the law of X, is independent of ¢; it is only
a property of the transition function. For the transition kernels (p;)c; of a time-homogeneous

Markov process, the Chapman-Kolmogorov equations take the simple form
Psit = pspy foranys,t e I. 0.1.4)

A time-inhomogeneous Markov process (X;) with state space S can be identified with the time-

homogeneous Markov process (¢, X;) on the enlarged state space R, x S :

Markov processes Andreas Eberle



0.1. TRANSITION FUNCTIONS AND MARKOV PROCESSES 11

Exercise (Reduction to time-homogeneous case). Let ((X;):cr, P) be a Markov process with
transition function (p, ;). Show that for any ¢, € I the time-space process X, = (to+t, Xig1t) 18

a time-homogeneous Markov process with state space R, x .S and transition function

ﬁt ((87 SC), ) = 5S+t X ps,s+t(x7 )

Kolmogorov’s Theorem states that for any transition function and any given initial distribution

there is a unique canonical Markov process on the product space
Qean = SA = {w: T — Sa}.

Indeed, let X; : Qe — Sa, Xi(w) = w(t), denote the evaluation at time ¢, and endow (),, with
the product o-algebra

Acan :®BA =o(Xy:tel).

tel

Theorem 0.1 (Kolmogorov’s Theorem). Let p,; (s,t € I with s < t) be a transition function on
(S, B). Then for any probability measure v on (S, B), there exists a unique probability measure
P, on (Qean, Uean) such that ((Xy)ier, P,) is a Markov process with transition function (ps,) and

initial distribution P, o X L

Since the Markov property (MP) is equivalent to the fact that the finite-dimensional marginal

laws of the process are given by

(Xt07 tha s 7th) ~ M(dx())po,tl ($0, dxl)ptl,tg (xla de) e ptnfl,tn (I’n_l, dl’n)

forany 0 = tg < t; < --- < t,,, the proof of Theorem is a consequence of Kolmogorov’s
extension theorem (which follows from Carathéodory’s extension theorem), cf. X X X. Thus
Theorem is a purely measure-theoretic statement. Its main disadvantage is that the space S’
is too large and the product o-algebra is too small when I = R, . Indeed, in this case important
events such as the event that the process (X;);>¢ has continuous trajectories are not measurable
w.r.t. Acan. Therefore, in continuous time we will usually replace {),, by the space D(R,, Sa)
of all right-continuous functions w : R, — S with left limits w(¢—) for any ¢ > 0. To realize a
Markov process with a given transition function on 2 = D(R, Sa) requires modest additional

regularity conditions, cf. e.g. Rogers & Williams I [32].

University of Bonn Winter semester 2016/17



12 CHAPTER 0. INTRODUCTION

For x € S and t, € I, we denote by P the canonical measure corresponding to the initial

distribution J,, and the time-shifted transition kernels

(to) _
ps,t - pto+s,t0+t-

(to)

st = Ds; for any to, whence Pm(t(’) coincides with

In particular, in the time-homogeneous case, p

the law Pj_ of the original Markov process starting at x.

Theorem 0.2 (Markov properties). Let (X,)c; be a stochastic process with state space
(Sa, Ba) defined on a probability space (2,24, P). Then the following statements are equiva-

lent:
(i) (Xy, P) is a Markov process with initial distribution v and transition function (ps.).
(ii) Foranyn € Z, and 0 =ty <t; < ... <t

(Xtoa th o0 ath) ~V ®pto,t1 ®pt1,t2 ®ooo ®ptn717tn w.r.t. P.

(iii) (Xi)ier ~ Py

(iv) Forany s € I, P)(fs) is a version of the conditional distribution of (X;);>s given F2, i.e.,

E[F((X)es)|FX] = EQIF] P-as.

for any U..,-measurable function F' : Q.,, — R,.

0.2 Some classes of Markov processes

0.2.1 Markov chains

Markov processes (X;):cz, in discrete time are called Markov chains. The transition function of
a Markov chain is completely determined by its one-step transition kernels 7, = p,_1,, (n € N).

Indeed, by the Chapman-Kolmogorov equation,
Dst = Tsy1Tsyo - - forany s,t € Z, with s <t.
In particular, in the time-homogeneous case, the transition function takes the form

p,=n" foranyt € Z,,

Markov processes Andreas Eberle



0.2. SOME CLASSES OF MARKOV PROCESSES 13

where ™ = p,,_1 ,, 1s the one-step transition kernel that does not depend on n.

The canonical law P, of a Markov chain with initial distribution & on
Qe = S1O120F = {(wn)nez, :wn € S}
is the infinite product P, = p ® m @ Ty ® 73 @ .. .. In particular,
(Xoyo o, Xp) M URM QM ® -+ @y, for any n > 0.

For Markov chains, the Markov property (iv) in Theorem [0.2] says that for any n € Z ., P)(g;) isa

version of the conditional distribution of (X,,, X,,11,...) given (Xo, X1, ..., X,), i.e.,
E[F(Xp, Xni1s-- )Xoy, Xa] = EQ[F] P-as.

for any %.,,-measurable function F' : {2.,, — R, . In the time homogeneous case, this Markov

property is equivalent to the following strong Markov property:

Exercise (Strong Markov property for time homogeneous Markov chains). Show that for

any (F.X) stopping time T : Q — Z, U {0},
E[F(X7,X741,...)|Ff] = Ex,[F] P-as.on{T < oo}
for any 2.,,-measurable function F': (), — R,.

Corresponding strong Markov properties for Markov processes in continuous time will be estab-

lished further below.

One way in which Markov chains frequently arise in applications is as random dynamical sys-

tems: A stochastic process on a probability space (€2, 2, P) defined recursively by

Xni1 = D1 (X, Wyy1) forneZy (0.2.1)
is a Markov chain if X, : © — S and Wy, Wy, --- : Q — T are independent random variables
taking values in measurable spaces (S, 5) and (T,C), and &4, ®,, ... are measurable functions

from S x T to S. The one-step transition kernels are
mn(x, B) = P[®,(x,W,) € B,
and the transition function is given by

pst(z, B) = P[Xi(s,x) € B,

University of Bonn Winter semester 2016/17



14 CHAPTER 0. INTRODUCTION

where X (s, z) for t > s denotes the solution of the recurrence relation (0.2.1)) with initial value
X;(s,x) = x at time s. The Markov chain is time-homogeneous if the random variables WV,, are

identically distributed, and the functions ®,, coincide for all n € N.

On a polish state space S, every Markov chain can be represented as a random dynamical system

in the form

Xn+1 - (I)n-l—l (Xn7 Wn-l—l)

with independent random variables X, W7, W5, W3, ... and measurable functions @, @5, @5, . . .,

see e.g. Kallenberg [?]. Often such representations arise naturally:

Example. 1) Random Walk on R9. A d-dimensional Random Walk is defined by a recur-
rence relation X,,; = X,, + W, with i.i.d. random variables W, Wy, W5, ... :  — R¢

and a independent initial value X, : Q — R¢.

2) Reflected Random Walk on S C R9. There are several possibilities for defining a re-

flected random walk on a measurable subset S C R?. The easiest is to set

X1 = Xn + Wopilix,sw,pie9

with i.i.d. random variables W; : 2 — R?. One application where reflected random walks
are of interest is the simulation of hard-core models. Suppose there are d particles of

diameter r in a box B C R3. The configuration space of the system is given by
S = {(xl,...,xd) eR* .z, € Band |z, — x| >r‘v’i7éj}.

If the law of the increments is invariant under reflection, i.e., —W,, ~ W,,, then the uniform
distribution on S' is a stationary distribution of the reflected random walk on S defined

above.

3) State Space Models with additive noise. Several important models of Markov chains in

R? are defined by recurrence relations of the form
Xn+1 - (I)(Xn) + Wn+1

with i.i.d. random variables W; (i € N). Besides random walks these include e.g. linear

state space models where

Xpi1=AX, + W, for some matrix A € R™¢,

Markov processes Andreas Eberle



0.2. SOME CLASSES OF MARKOV PROCESSES 15

and stochastic volatility models defined e.g. by

Xpt1 = X, + 7P W, 0,
Vier=m+a(V,—m)+ 02,44

with constants a,0 € Ry, m € R, and i.i.d. random variables W; and Z;. In the latter
class of models X, stands for the logarithmic price of an asset and V,, for the logarithmic

volatility.

0.2.2 Markov chains in continuous time

If (Yy,)nez, is a time-homogeneous Markov chain on a probability space (2,2, P), and (/Vy)¢>o
is a Poisson process with intensity A > 0 on (2,2, P) that is independent of (Y},),cz, then the
process

X, =Yy, te€]0,00),

is a time-homogeneous Markov process in continuous time, see e.g. [9]. Conditioning on the

value of V; shows that the transition function is given by

o (A)F M(r—T
pi(z, B) = Ze T (z,B) = MDD (2, B).
k=0
The construction can be generalized to time-inhomogeneous jump processes with finite jump
intensities, but in this case the processes (Y,,) and (/N;) determining the positions and the jump
times are not necessarily Markov processes on their own, and they are not necessarily independent

of each other, see Section 4.1l below.

0.2.3 Diffusion processes

A Brownian motion ((B;);>0, P) taking values in R™ is a time-homogeneous Markov process

with continuous sample paths ¢ — B;(w) and transition density

o) = (rt) ey (250

2t

with respect to the n-dimensional Lebesgue measure \". In general, Markov processes with
continuous sample paths are called diffusion processes. It can be shown that a solution to an It6

stochastic differential equation of the form

dXt = b(t, Xt)dt + O'(t, Xt)dBt, XO = Xy, (022)

University of Bonn Winter semester 2016/17



16 CHAPTER 0. INTRODUCTION

is a diffusion process if, for example, the coefficients are Lipschitz continuous functions b :
R, xR" — R"and o : R, x R"® — R™ 4, and (B;);>0 is a Brownian motion in R?. In this case,

the transition function is usually not known explicitly.

Example (Ornstein-Uhlenbeck process). The Ornstein-Uhlenbeck process is the solution to the
SDE (0.2.2)) with b(t, x) = —~vx and o(t, x) = I; where v > 0 is a fixed parameter. The solution
to this linear SDE is a Gaussian process that can be computed explicitly by variation of constants.
It is given by .
X; = e "X, + / =) 4B,
0

where the integral is an It6 integral. Observe that the influence of the initial condition decays

exponentially.

0.2.4 Markov processes with absorption

Given an arbitrary Markov process and a possibly time-dependent absorption rate on the state
space, we can define another Markov process that follows the same dynamics until it is eventually
absorbed with the given rate.

We first consider the discrete time case. Let (X),),cz, be the original Markov chain with state
space S and transition probabilities 7, and suppose that the absorption rates are given by mea-
surable functions w,, : S x S — [0, o], i.e., the survival (non-absorption) probability is e =% (@)
if the Markov chain is jumping from x to y in the n-th step. Let F, (n € N) be independent
exponential random variables with parameter 1 that are also independent of the Markov chain

(X,,). Then we can define the absorbed chains with state space SU{A} recursively by X’ = X,
X if X* | # Aand E, > w,(X,_1, X,),
A otherwise.
Example (Absorption at the boundary). If D is a measurable subset of S and we set
0 fory € D,
wa(z,y) =
oo  fory e S\D,
then the Markov chain is absorbed completely when exiting the domain D for the first time.

Lemma 0.3 (Absorbed Markov chain). The process (X)) is a Markov chain on Sa w.r.t. the
filtration F,, = 0(Xo, X1, ..., Xy, E1, ..., E,). The transition probabilities are given by

7(z, dy) = eV (z, dy) + (1 - /e_w"(x’z)ﬂn(x, dz)) oa(dy) forxz e S,

Markov processes Andreas Eberle



0.2. SOME CLASSES OF MARKOV PROCESSES 17

Proof. For any Borel subset B of S,
P [X;UJA © B|‘Fn] - E [P [X;U < S’ Xn+1 = B’ En+1 > wn(Xna Xn+1)|U(XO:007 El:n)] |-Fn]
=F |:1S(X;f)1B<Xn+1>€7wn+1(xn7Xn+l)‘Fn]

— 1S(X;’U) / €7Wn+1(Xnyy)7Tn+1<Xn7dy) = 7Tn+1<X:zU7 B)
B

Here we have used the properties of conditional expectations and the Markov property for (X,).
The assertion follows since the o-algebra on S U {A} is generated by the sets in BB, and B is

stable under intersections. |

In continuous time, we can not use a step-by-step construction of the absorbed Markov process
as in the discrete time case. However, the memoryless property of the exponential distribution
ensures that the following alternative construction leads to an equivalent result. Let (X;);cr . be
a time-homogeneous Markov process on (£2,2(, P) with state space (.5, ), and suppose that the
absorption rate is given by a measurable function V' : R, x S — [0, 0o]. Then the accumulated

absorption rate up to time ¢ is given by setting

t
A = / V (s, Xs) ds.
0

We define the corresponding process (X} );cr, with absorption rate V' by

X, ifA, <E,
xy =" ' ¢ =inf{t>0:X) =A}=inf{t >0: A, > E},
A if A4, > E,

where E : 2 — R, is an exponential random variable with parameter 1 that ia independent of

the process (X;).

Lemma 0.4 (Absorbed Markov process). The process (X)) is a Markov process on Sa w.r.t.
the filtration F; = o(D,{s < (} : D € Fj*,s € [0,1]). The transition probabilities are given by

pzt(a:, B)=E, [exp <— /ts V(s +u,X,) du) X € B] forx € Sand B € B,
0
pgt(A, ) =da.
Proof. Fix B € Band 0 < s < t. We are going to show that
PIX)|F] = pl,(X,,B)  P-as 0.2.3)

To this end we observe that the o-algebra F; is generated by the collection of events of the form

Dn{r <} with D € F, and r € |0, s]. Furthermore, for events of this form, a computation

University of Bonn Winter semester 2016/17



18 CHAPTER 0. INTRODUCTION

based on the Markov property for the original process (X;) and on the properties of conditional

expectations yields
P{X/ eB}nDn{r<¢}] = P{X: e B}nDnN{t <}
= E[P[t<(|FL];{X: € B}nD]
= Flexp(—A;);{X; € B} N D]
= F [exp(—As)ID E lexp (—/ Vs~ u, X,) du) 15(Xy) ff”
= E[pl (X, B);DN{s<(}] = E[p,(X,,B);Dn{r<(}].

Here we have used in the first and last step that {t < (} C {s < (} C {r < (} and ps (X, B) =
0 on s > (. The assertion follows since the collection of events generating F considered above

is stable under intersections. [l

Exercise. Complete the proof by verifying that (p;,) is indeed a transition function.

0.3 Generators and Martingales

Since the transition function of a Markov process is usually not known explicitly, one is looking
for other natural ways to describe the evolution. An obvious idea is to consider the rate of change

of the transition probabilities or expectations at a given time .

In discrete time this is straightforward: For f € F,(S) and t > 0,
Blf(Xi11) — f(X)|F] = (Lf)(X,)  P-as. 0.3.1)
where L; : F(S) — Fp(S) is the linear operator defined by
(Lef)(@) = (T f) (x) = f(2) = /ml(fc, dy) (f(y) = f(x)) .
L, is called the generator at time t - in the time homogeneous case it does not depend on ¢.

Examples. 1) Simple random walk on Z. Here 7(z,-) = 30,41 + 30,_1. Hence the gener-

ator is given by the second difference (discrete Laplacian):

(L) =5 (fle+1) + fle—1)=f(x) = % [(f(z+1) = f(2) = (f(z) = flz—1))].

DO | —

2) Random walk on R9. A random walk on R¢ with increment distribution ;. can be repre-

sented as .
Xn:x+ZWk (neZy)
k=1
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with independent random variables W, ~ 1. The generator is given by
(£5)@) = [ $lo+ whnld) = f2) = [ (@ w) = F)tdu)

3) Markov chain with absorption. Suppose that £ is the generator of a time-homogeneous
Markov chain with state space S and transition kernel 7. Then the generator of the corre-

sponding Markov chain on SU{A} with absorption rates w,(z, y) is given by

(€D = [ (I f) - f@) nlndy)  forze s

In particular, if w,,+1(z,y) = v,(x) for measurable functions vy, vy, . . . (i.e., the absorption

rate in the next step only depends on the current position), then
LYf =e"Lf + (e —1) f.
for any bounded measurable function f : S — R, and for any xz € S.

In continuous time, the situation is more involved. Here we have to consider the instantaneous

rate of change, i.e., the derivative of the transition function. We would like to define

- (Penf)(@) = f(x) 1 —
(Lef)(z) = 1]1?01 h = 1]1?01 EE[f(XHh) — [(Xy)| Xy = x]. 0.3.2)

By an informal calculation based on the Chapman-Kolmogorov equation, we could then hope

that the transition function satisfies the differential equations

d d
(FE) %ps,tf = ah (ps,tpt,tJrhf) lh=0 = psiLef, and (0.3.3)
d d
(BE) - %ps,tf = _% (ps,erhszrh,tf) |h:0 + ps,s‘csps,tf = Lsps,tf- (034)

These equations are called Kolmogorov’s forward and backward equation respectively, since
they describe the forward and backward in time evolution of the transition probabilities.

However, making these informal computations rigorous is not a triviality in general. The problem
is that the right-sided derivative in (0.3.2) may not exist for all bounded functions f. Moreover,
different notions of convergence on function spaces lead to different definitions of £; (or at least
of its domain). Indeed, we will see that in many cases, the generator of a Markov process in
continuous time is an unbounded linear operator - for instance, generators of diffusion processes
are (generalized) second order differential operators. One way to circumvent these difficulties
partially is the martingale problem of Stroock and Varadhan which sets up a connection to the

generator only on a fixed class of nice functions.
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We first consider again the discrete time case. Here, the generator can be used immediately to
identify martingales associated to a Markov chain. Indeed if (X,,, P) is an (F,,) Markov chain

with transition kernels ,, then by [@.3.1), for any f € F,(S), the process M1 defined by

3
,_.

M = () - (LX), neZ,, (03.5)
0

i

is an (F,,) martingale. We even have:

Theorem 0.5 (Martingale problem characterization of Markov chains). Let X, : (2 — S be
an (F,,) adapted stochastic process defined on a probability space (2,2, P). Then (X,,, P) is an
(Fn) Markov chain with transition kernels T, if and only if the process M defined by (0.3.5) is
an (F,,) martingale for every function f € F;(S).

The proof is a direct consequence of the fact that (X,,, P) is an (F,,) Markov chain with transition
kernels m,, if and only if (0.3.1) holds for any f € F;(.5).

The martingale problem provides a Doob decomposition for arbitrary bounded functions of a

Markov chain into a martingale and a predictable process:

n—1

f(X,) = MY+ AT where Al = Z(Ckf)(Xk) is F,,_1-measurable.
k=0

This decomposition can also be extended to time-dependent functions. Indeed, if (X, P) is a
Markov chain with state space .S and transition kernels 7,, then the time-space process X, =
(n, X,) is a time-homogeneous Markov chain with state space Z, x S. Let

A

(Lf)(n,2) = / T (@, dy)(f(n 4+ 1,3) — f(n, 7))
(Lo f(n 4+ 1,)(@) + flnt 1,2) — f(n,a)

denote the corresponding time-space generator.

Corollary 0.6 (Time-dependent martingale problem for Markov chains). Ler X,, : 2 — §
be an (F,,) adapted stochastic process defined on a probability space (2,2, P). Then (X,,, P) is

an (F,) Markov chain with transition kernels 7y, m, . . . if and only if the processes
n—1
MUYl .= )= > (LX) (neZy)
k=0
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are (JF,,) martingales for all functions f € Fy(Z, x 5).

Proof. By definition, the process (X, P) is a Markov chain with transition kernels m,, if and
only if the time-space process ((n, X,,), P) is a time-homogeneous Markov chain with transition

kernel 7((n,x), ) = dpy1 @ Tpi1(x, ). The assertion now follows from Theorem [0.51 O

We now return to general Markov processes. Let A be a linear space of bounded measurable
functions on (S, B), and let £; : A — F(5),t € I, be a collection of linear operators with

domain A taking values in the space F(.S) of measurable (not necessarily bounded) functions on

(S, B).

Definition (Martingale problem). A stochastic process ((X;)ier, P) that is adapted to a filtra-
tion (F;) is said to be a solution of the martingale problem for ((L)tcr1, A) iff the real valued
processes

t—1

M} = f(X0) =) (L)X if] =Ty, resp.

s=0
MI = f(X,) - / (L)X ifI =R,
0

are (F;) martingales for all functions f € A.

We have remarked above that in the discrete time case, a process ((X;), P) is a solution to the
martingale problem w.r.t. the operators £, = my — I with domain A = F(5) if and only if it
is a Markov chain with one-step transition kernels 7. Again, in continuous time the situation
is much more tricky since the solution to the martingale problem may not be unique, and not
all solutions are Markov processes. Indeed, the price to pay in the martingale formulation is
that it is usually not easy to establish uniqueness. Nevertheless, if uniqueness holds, and even
in cases where uniqueness does not hold, the martingale problem turns out to be a powerful tool
for deriving properties of a Markov process in an elegant and general way. This together with
stability under weak convergence turns the martingale problem into a fundamental concept in a

modern approach to Markov processes.

Example. 1) Markov chains. As remarked above, a Markov chain solves the martingale
problem for the operators (L, F3(S)) where (L. f)(x) = [(f(y) — f(z))m(x, dy).

2) Continuous time Markov chains. A continuous time process X; = Yy, constructed from

a time-homogeneous Markov chain (Y},),cz, with transition kernel = and an independent

University of Bonn Winter semester 2016/17



22 CHAPTER 0. INTRODUCTION

Poisson process (IV;);>o solves the martingale problem for the operator (£, F;(S)) defined
by

(L)) = [(F6) = FDate. )
where ¢(z, dy) = Ar(x, dy) are the jump rates of the process (X;);>o. More generally, we

will construct in Section 4.1l Markov jump processes with general finite time-dependent

jump intensities ¢;(z, dy).

3) Diffusion processes. By It6’s formula, a Brownian motion in R" solves the martingale

problem for

Lf= %Af with domain A = C}(R™).

More generally, an It6 diffusion solving the stochastic differential equation (0.2.2) solves

the martingale problem for

1 < 0% f —om
Etf—b(t,x)-Vf+§Zazj(t,x)axﬁ%, A= Ce(RY),

t,j=1

where a(t, ) = o(t,z)o(t,z)T. This is again a consequence of Itd’s formula, cf. Stochas-
tic Analysis, e.g. [1O]/[11].

0.4 Stability and asymptotic stationarity

A question of fundamental importance in the theory of Markov processes are the long-time sta-
bility properties of the process and its transition function. In the time-homogeneous case that we
will mostly consider here, many Markov processes approach an equilibrium distribution z in the

long-time limit, i.e.,

Law(X;) > p  ast — o 0.4.1)

w.r.t. an appropriate notion of convergence of probability measures. The limit is then necessarily

a stationary distribution for the transition kernels, i.e.,

w(B) = (up)(B) = /,u(dx)pt(:c,B) forany ¢t € [ and B € B.
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More generally, the laws of the trajectories X;.oo. = (Xs)s>¢ from time ¢ onwards converge to
the law P, of the Markov process with initial distribution y, and ergodic averages approach

expectations w.r.t. P, i.e.,

t—1

1

S ZO F(Xn, Xps1,...) . FdP,, 0.4.2)
1 t

—/ F(Xg00)ds — FdP, respectively (0.4.3)
t Jo D(Ry4,S)

w.rI.t. appropriate notions of convergence.

Statements as in (0.4.2]) and (0.4.3) are called ergodic theorems. They provide far-reaching gen-
eralizations of the classical law of large numbers. We will spend a substantial amount of time on
proving convergence statements as in (0.4.1)), (0.4.2)) and (0.4.3) w.r.t. different notions of conver-
gence, and on quantifying the approximation errors asymptotically and non-asymptotically w.r.t.
different metrics. This includes studying the existence and uniqueness of stationary distributions.
In particular, we will see in X X X that for Markov processes on infinite dimensional spaces (e.g.
interacting particle systems with an infinite number of particles), the non-uniqueness of station-
ary distributions is often related to a phase transition. On spaces with high finite dimension the
phase transition will sometimes correspond to a slowdown of the equilibration/mixing properties

of the process as the dimension (or some other system parameter) tends to infinity.

We start in Chapter [I] by applying martingale theory to Markov processes in discrete and contin-
uous time. Chapter 2] focuses on ergodic theorems and bounds for ergodic averages as in (0.4.2))
and (Q.4.3). A key idea in the theory of Markov processes is to relate long-time properties of the
process to short-time properties described in terms of its generator. Two important approaches for
doing this are the coupling/transportation approach considered in Chapter 3] and the L?/Dirichlet
form approach considered in Chapter [7l In Chapter 4 we construct and study different types of
Markov processes. A few selected applications to interacting particle systems are considered
in Sections and 4.3l Other jump processes with infinite jump intensities (e.g. general Lévy
processes as well as jump diffusions) will be constructed and analysed in the stochastic anal-
ysis course. Chapter [3] discusses the relation of Markov processes in continuous time to their

generators in depth.
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Chapter 1
Lyapunov functions & stochastic stability

In applications it is often not possible to identify relevant martingales explicitly. Instead one
is frequently using supermartingales (or, equivalently, submartingales) to derive upper or lower
bounds on expectation values one is interested in. It is then convenient to drop the integrability

assumption in the martingale definition:

Definition (Non-negative supermartingale). Let I = 7Z, or I = R,. A real-valued stochastic
process ((My)ier, P) is called a non-negative supermartingale w.r.t. a filtration (F,) if and only
if forany s,t € I with s <1,

(i) M, >0 P-almost surely,
(ii) M, is Fi-measurable, and
(iii) E[M|Fs] < My P-almost surely.

The optional stopping theorem and the supermartingale convergence theorem have versions for
non-negative supermartingales. Indeed by Fatou’s lemma,

E[Mp;T < oo] < liminf E[Mrp,] < E[M)]

n—oo

holds for an arbitrary (F;) stopping time 7" : Q@ — [ U {oo}. Similarly, the limit M, =

limy_, , M, exists almost surely in [0, 00).

Lyapunov functions are functions of Markov processes that are supermartingales outside of a
bounded subset of the state space. They can be applied effectively in order to prove asymptotic
properties of Markov processes such as recurrence, existence of stationary distributions, and

different forms of ergodicity.

24
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1.1 Potential theory for Markov chains

Let S be a polish space endowed with its Borel o-algebra 5. We consider a canonical time-
homogeneous Markov chain (X,,, P,) with state space (S, 3) and one-step transition kernel 7.

The corresponding generator is given by

(L)) = (mf)(x) = f(2) = Eu[f(X1) = f(Xo)]

By Theorem [0.3]
MU = F(X,) = (LF)(Xy)

i<n
is a martingale w.rt. (F.X) and P, for any x € S and f € F,(S). Similarly, one easily verifies
that if the inequality £f < —c holds for non-negative functions f, ¢ € F,(5), then the process

MY = (X)) + 3 (X))
i<n
is a non-negative supermartingale w.r.t. (F-X) and P, for any x € S. By applying optional
stopping to these processes, we will derive upper bounds for various expectations of the Markov
chain.
Let D € B be a measurable subset of S. We define the exterior boundary of D w.r.t. the Markov

chain as
0D = U supp 7(x,-) \ D

where the support supp(u) of a measure x on (S, B3) is defined as the smallest closed set A such
that 14 vanishes on A¢. Thus, open sets contained in the complement of DUQJD can not be reached

by the Markov chain in a single transition step from D.

Examples. (1). For the simple random walk on Z¢, the exterior boundary of a subset D C Z¢
is given by
0D ={r €Z*\ D : |z —y|=1forsomey € D}.

(2). For the ball walk on R? with transition kernel
m(x,-) = Unif (B(z, 1)),
the exterior boundary of a Borel set D € B is the r-neighbourhood

0D = {z € R\ D : dist(x, D) < r}.
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Let
T =min{n >0: X, € D}

denote the first exit time from D. Then
Xr €0D Pas.on{l < oo} foranyz € D.

Our aim is to compute or bound expectations of the form

T— n=l

Zg (X.)

=0

T-1
- X w(Xn)

u(z) = E, |e =0 f(Xr); T <oo| + (1.1.1)

for given non-negative measurable functions f : 0D — R,,c,w : D — R,. The general
expression (LL4.I) combines a number of important probabilities and expectations related to the

Markov chain:
Examples. (1). w =0,c= 0, f = 1: Exit probability from D:
u(r) = P[T < ]
2). w=0,c=0,f=1p,B C 0D : Law of the exit point X;:
u(z) = P[Xr € B;T < 0.

For instance if 0D is the disjoint union of sets A and B and f = 15 then
u(z) = P[Tp < Tyl

3). w=0, f =0,c= 1: Mean exit time from D:

4). w=0, f =0,c= 1g: Average occupation time of B before exiting D:

u(z) = Gp(x,B) where

T—1 00
Gp(z,B)=E, | lB(Xn)] =Y PJ[X,€Bn<T]
n=0 n=0

G'p is called the potential kernel or Green kernel of the domain D, it is a kernel of

positive measure.
(5). ¢=0, f =1, w = X for some constant A > 0: Laplace transform of mean exit time:

u() = Ealexp (—AT)].
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6). c=0,f=1,w= Alpgforsome \ >0, B C D: Laplace transform of occupation time:

exp (—/\Z 1B(Xn)>] :

The next fundamental theorem shows that supersolutions to an associated boundary value prob-

u(z) = E,

lem provide upper bounds for expectations of the form (L.4.1). This observation is crucial for

studying stability properties of Markov chains.

Theorem 1.1 (Maximum principle). Suppose v € F.,(S) is a non-negative function satisfying

IA

Lv
v

VvV

(¥ —=1)v—e€“c onD, (1.1.2)
f on 0D.

Then u < v.

The proof is straightforward application of the optional stopping theorem for non-negative super-
martingales, and will be given below. The expectation u(x) can be identified precisely as the

minimal non-negative solution of the corresponding boundary value problem:

Theorem 1.2 (Dirichlet problem, Poisson equation, Feynman-Kac formula). The function u

is the minimal non-negative solution of the boundary value problem

Lv=(e"—1)v—e€“c onD, (1.1.3)
v=f on 0D.

Ifc =0, f is bounded and T' < oo P,-almost surely for any x € S, then u is the unique bounded

solution of (L1.3).

We first prove both theorems in the case w = 0. The extension to the general case will be

discussed afterwards. The proof for w = 0 is based on the following simple observation:

Lemma 1.3 (Locally Superharmonic functions and supermartingales). Let A € B and sup-

pose that V € F, (S) is a non-negative function satisfying

LV < —c onS\A
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for a non-negative function ¢ € F(S \ A). Then the process

My, =V (Xonr) + > (X)) (1.1.4)

i<nA\Ts

is a non-negative supermartingale.

The elementary proof of the lemma is left as an exercise.

Proof of Theorem[[ 1| for w = 0: Letv € F(5) such that Lv < —c on D. Then by the lemma,

M, =V(Xpnr) + Y e(X0)

i<nA\T

is a non-negative supermartingale. In particular, (M,,) converges almost surely to a limit

M, > 0, and thus M is defined and non-negative even on {7 = oo}. If v > f on 9D then

T-1

My > f(X7)lreoey + Y c(X). (1.1.5)

=0

Therefore, by optional stopping combined with Fatou’s lemma,

Proof of Theorem[L2|for w = 0: By Theorem all non-negative solutions v of dom-
inate u from above. This proves minimality. Moreover, if ¢ = 0, f is bounded, and 7" < oo
P,-a.s. for any x, then (M,,) is a bounded martingale, and hence all inequalities in (I.1.3) and
(L.1.6) are equalities. Thus if a non-negative solution of (L.1.3)) exists then it coincides with u,
i.e., uniqueness holds.

It remains to verify that u satisfies (I.4.2)). This can be done by conditioning on the first step of
the Markov chain: For x € D, we have T > 1 P,-almost surely. In particular, if 7" < oo then X
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coincides with the exit point of the shifted Markov chain (X,,11)n>0, and 7" — 1 is the exit time

of (X,,41). Therefore, the Markov property implies that

E,

f(Xr) Lreooy + Z c(Xn)\Xll

n<T

=c(z)+ E,

F(Xr) ooy + Z c(Xn+1)|X1]

n<T—-1

=c(z) + Ex,

F(X1)lires) + Z C(Xn)]

=c(x) + u(X;) P,-almost surely,

and hence

u() = Ey [e(r) + u(X1)] = e(z) + (pu)(2),
ie, Lu(x)=—c(z).

Moreover, for x € 0D, we have T' = 0 P,-almost surely and hence

u(z) = Ex[f(Xo)] = f(z).
U

We now extend the results to the case w #Z 0. This can be done by representing the expectation

in as a corresponding expectation with w = 0 for an absorbed Markov chain:

Reduction of general case to w = 0: We consider the Markov chain (X) with absorption rate
w defined on the extended state space SU{A} by X}/ = X,

v Xpy1 XY #Aand E, 1 > w(X,),
e A otherwise ,

with independent Exp(1) distributed random variables F;(i € N) that are independent of (X,) as
well. Setting f(A) = ¢(A) = 0 one easily verifies that

v

u(z) = E[f(X7); T < ool + Ey[ ) (X))

i
o

By applying Theorem [[.1] and [.2] with w = 0 to the Markov chain (X), we see that u is the

minimal non-negative solution of

L= —c onD, u=/f ondD, (1.1.7)
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and any non-negative supersolution v of dominates v from above. Moreover, the boundary
value problem (L.1.7) is equivalent to (ILI3) since

LYy=e"mu—u=e"Lu+ (e —1)u=—c
if and only if Lu = (e” — 1)u — e“c.

This proves Theorem [L.1l and the main part of Theorem [I.2]in the case w # 0. The proof of the

last assertion of Theorem is left as an exercise. [l

Example (Random walks with bounded steps). We consider a random walk on R with tran-
sition step x — = + W where the increment W : () — R is a bounded random variable, i.e.,

|W| < r for some constant € (0, c0). Our goal is to derive tail estimates for passage times.
T, =min{n >0: X, > a}.

Note that T, is the first exit time from the domain D = (—o0,a). Since the increments are
bounded by , 0D C [a, a-+r]. Moreover, the moment generating function Z (\) = Elexp (AW)],
A € R, is bounded by e*", and for \ < 0, the function v(z) = e* satisfies

(Lv)(z) = E, [e’\(”W)] —eM = (Z(\) = 1)v(z) forz € D,

v(x) > eMatn) forz € OD.

By applying Theorem [L1] with the constant functions w and f satisfying e*® = Z()\) and

f(x) = Nt we conclude that
E, [Z(\) Mt T, < o0] <M Vz eR (1.1.8)
We now distinguish cases:

(i) E[W] > 0 : In this case, by the law of large numbers, X,, — oo P,-a.s., and hence
P,[T, < o] =1 for any € R. Moreover, for A < 0 with || sufficiently small,

ZN) = Ee] =1+ AEW]+0(\?) < 1.

Therefore, (L.L8) yields the exponential moment bound

Ta
E, {(ﬁ) ] < e Matr—a) (1.1.9)

forany x € R and A < 0 as above. In particular, by Markov’s inequality, the passage time

T, has exponential tails:

P[T, > n] < Z(\)"E,[Z(A) ] < Z(A)re Mot
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(ii) E[W] =0 :In this case, we may have Z(\) > 1 for any A € R, and thus we can not apply
the argument above. Indeed, it is well known that for instance for the simple random walk
on Z even the first moment F,[7,] is infinite, cf. [9]. However, we may apply a similar
approach as above to the exit time Tk (—4,q) from a finite interval. We assume that /" has a
symmetric distribution, i.e., W ~ —W. By choosing u(z) = cos(Az) for some A > 0 with

Aa +r) < w/2, we obtain

(Lu)(z) = E[cos(Ax + AW)] — cos(Ax)
= cos(\x)E[cos(AW)] + sin(Az) E[sin(AW)] — cos(A\x)
= (C(X) — 1) cos(Ax)

where C()\) := E[cos(A\W)], and cos(Azx) > cos (A(a+r)) > 0 for z € J(—a,a). Here
we have used that 9(—a,a) C [—a —r,a +r] and A(a + ) < 7/2. If W does not vanish
almost surely then C'(\) < 1 for sufficiently small A\. Hence we obtain similarly as above

the exponential tail estimate

Py [Tcaae = n] < CN)"E [C(A) Teor] < C(A)" cos(Az)

— fi :
- cos(Aa+1)) orlz| <a

1.2 Lyapunov functions and recurrence

The results in the last section already indicated that superharmonic functions can be used to con-
trol stability properties of Markov chains, i.e., they can serve as stochastic Lyapunov functions.
This idea will be developed systematically in this and the next section. As before we consider a
time-homogeneous Markov chain (X,,, P,) with generator £ = p — I on a Polish state space S

endowed with the Borel o-algebra B.

1.2.1 Recurrence of sets
The first return time to a set A is given by

Ty =inf{n>1:X, € A}.
Notice that

Ta =Ty - Lixogay,

1.e., the first hitting time and the first return time coincide if and only if the chain is not started in
A.
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Definition (Harris recurrence and positive recurrence). A set A € B is called Harris recur-
rent iff
P|TH <ool=1 foranyz € A.

It is called positive recurrent iff
E.[Tf] < oo foranyx € A.

The name “Harris recurrence” is used to be able to differentiate between several possible notions
of recurrence that are all equivalent on a discrete state space but not necessarily on a general state
space, cf. [Meyn and Tweedie: Markov Chains and Stochastic Stability] [25]. Harris recurrence
is the most widely used notion of recurrence on general state spaces. By the strong Markov

property, the following alternative characterisations holds:

Exercise. Prove that a set A € B is Harris recurrent if and only if
P.[X,, € Ainfinitely often] =1 foranyz € A

We will now show that the existence of superharmonic functions with certain properties provides
sufficient conditions for non-recurrence, Harris recurrence and positive recurrence respectively.
Below, we will see that for irreducible Markov chains on countable spaces these conditions are

essentially sharp. The conditions are:

(LT) There exists a function V' € F,(S) and y € S such that

LV <0on A°and V(y) < igf\/.

(LR) There exists a function V' € F, (.S) such that

LV <0onA°and Ty~ <00 Pg-as. forany z € Sand ¢ > 0.

(LP) There exists a function V' € F, (S) such that

LV < —1on A°and 7V < oo on A.

Theorem 1.4. (Foster-Lyapunov conditions for non-recurrence, Harris recurrence and

positive recurrence)
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(1). If (LT) holds then
P,[Ty < 0] < V(y)/ing < 1.

(2). If (LR) holds then
P,Ty<oo]=1 foranyz € S.

In particular, the set A is Harris recurrent.

(3). If (LP) holds then

E.[T4) <V(x) <oo foranyx € A, and
E T < (nV)(z) < oo  foranyx € A.

In particular, the set A is positive recurrent.

Proof: (1). If LV < 0 on A° then by Lemmal[L.3Ithe process M,, = V (X7, ) is a non-negative

supermartingale w.r.t. P, for any x. Hence by optional stopping and Fatou’s lemma,
V(y) = E,[My] > Ey[Mr,; T4 < 00] > Py[T4 < 0] -ing.
Assuming (LT"), we obtain P,[Ty < oo] < 1.
(2). Now assume that (L R) holds. Then by applying optional stopping to (), we obtain
V(@) = Eo[Mo] > E[Mry,.)) = EolV(Xpangy)] 2 cPlTa = ol

for any ¢ > 0 and x € S. Here we have used that T}y ~., < oo P -almost surely and
hence V (X7, AT{v>c}) > ¢ P,-almost surely on {74 = co}. By letting ¢ tend to infinity,

we conclude that P, [Ty = oo] = 0 for any z.
(3). Finally, suppose that LV < —1 on A€. Then by Lemma[L.3]
M, = V(Xpnr,) + 1 ATy

is a non-negative supermartingale w.r.t. P, for any x. In particular, (M,,) converges P,-
almost surely to a finite limit, and hence P,[Tx < oco] = 1. Thus by optional stopping and
since V > 0,

E.[Ta] < E.[Mr,] < E,[My] =V (x) foranyz € S. (1.2.1)
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Moreover, we can also estimate the first return time by conditioning on the first step. In-
deed, for z € A we obtain by (L2.1):

Ey[T3] = E; [Eu[TF|X4]] = B, [Ex, [Ta]] < Eo[V(X3)] = (7V)(2)

Thus A is positive recurrent if (L P) holds.
0

Example (State space model on R?). We consider a simple state space model with one-step

transition

r—=x+bx)+ W

where b : R? — R? is a measurable vector field and 1 : ) — R? is a square-integrable random

vector with E[W] = 0 and Cov(W*, W7) = §;;. As a Lyapunov function we try
V(z) = |z|*/e  for some constant £ > 0.

A simple calculation shows that

e(LV)(x) = E [|x + b(z) + W] — |
= |z +b(2)]* + E[|W|*] — |2|* = 22 - b(z) + |b(2)|* + d.

Therefore, the condition LV (z) < —1 is satisfied if and only if
27 - b(x) + |b(z)]* +d < —e.

By choosing ¢ small enough we see that positive recurrence holds for the ball B(0,r) with r

sufficiently large provided

limsup (22 - b(z) + |b(z)]*) < —d. (12.2)
|x|—00
This condition is satisfied in particular if outside of a ball, the radial component b,.(x) = i b(x)
of the drift satisfies (1 — 0)b,(x) < —ﬁ for some 6 > 0, and |b(z)|?/r < —0 - b,(z).

Exercise. Derive a sufficient condition similar to for positive recurrence of state space
models with transition step

x— x+b(x)+o(x)W

where b and W are chosen as in the example above and ¢ is a measurable function from R? to
Rdxd_
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Example (Recurrence and transience for the simple random walk on Z?). The simple random
walk is the Markov chain on Z¢ with transition probabilities 7(z,y) = 55 if |+ —y| = 1 and

7(x,y) = 0 otherwise. The generator is given by

d
(L)) = 5 (Bgaf) @) :idz fla+e) = (@) = ()~ e = e)].

In order to find suitable Lyapunov functions, we approximate the discrete Laplacian on Z? by the

Laplacian on R¢. By Taylor’s theorem, for f € C*(RY),

flx+e) = flx) =0if(x) + 82f( )+ Lo, fx) + %, J(6),

2 (2 6 111 24 1118
Flo =) — () = ~0uf () + S0 (x) — 0% F () + 0kl (),

where ¢ and 7 are intermediate points on the line segments between x and = + e;, z and x — e;

respectively. Adding these 2d equations, we see that

Agaf(x) = Af(z) + R(x), where (1.2.3)
d
|R(z)| < — sup [[0*f]. (1.2.4)
12 g,

This suggests to choose Lyapunov functions that are close to harmonic functions on R? outside a
ball. However, since there is a perturbation involved, we will not be able to use exactly harmonic

functions, but we will have to choose functions that are strictly superharmonic instead. We try
V(z) = |z|P for some p € R.

By the expression for the Laplacian in polar coordinates,

> d-14d
AV (z) = (WjL " dr) r?

=p-(p—1+d—1)r""

where r = |z|. In particular, V' is superharmonic on R? if and only if p € [0,2—d] orp € [2—d, 0]
respectively. The perturbation term can be controlled by noting that there exists a finite constant
C such that

10*V ()| < C - |z|P~* (Exercise).

This bound shows that the approximation of the discrete Laplacian by the Laplacian on R? im-
proves if |z| is large. Indeed by and we obtain

LV (z) = @Azdv( x)

p

< 2d(p+d—2)rp i C s,

2d
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Thus V is superharmonic for £ outside a ball provided p € (0,2—d) orp € (2—d, 0) respectively.
We now distinguish cases:

d > 2 : In this case we can choose p < 0 such that £V < 0 outside some ball B(0, (). Since r?

is decreasing, we have

V(z) < inf V' forany z with |z| > 7,
B(0,r0)

and hence by Theorem [L.4]
P,[Tgor) < o00] <1 whenever |z| > ro.

Theorem [L.3] below shows that this implies that any finite set is transient, i.e., it is almost surely

visited only finitely many times by the random walk with an arbitrary starting point.

d < 2 : In this case we can choose p € (0,2 — d) to obtain LV < 0 outside some ball B(0, 7).

Now V' (z) — oo as || — oo. Since limsup | X,,| = oo almost surely, we see that
Tivsey < oo Pp-almost surely for any x € Z%and c € R,.

Therefore, by Theorem [L.4] the ball B(0, ry) is (Harris) recurrent. By irreducibility this implies
that any state x € Z< is recurrent, cf. Theorem [L.3] below.

d = 2 : This is the critical case and therefore more delicate. The Lyapunov functions considered
above can not be used. Since a rotationally symmetric harmonic function for the Laplacian on
R? is log ||, it is natural to try choosing V(z) = (log |z|)* for some a € R, . Indeed, one can
show by choosing « appropriately that the Lyapunov condition for recurrence is satisfied in this

case as well:

Exercise (Recurrence of the two-dimensional simple random walk). Show by choosing an

appropriate Lyapunov function that the simple random walk on Z? is recurrent.

Exercise (Recurrence and transience of Brownian motion). A continuous-time stochastic pro-
cess ((Bt)iefo,0), P taking values in R? is called a Brownian motion starting at x if the sample

paths ¢ — B;(w) are continuous, By = = P,-a.s., and for every f € CZ(R?), the process

o e
M = (B - 5 [ Af(Bas

0

is a martingale w.r.t. the filtration 72 = (B, : s € [0,1]). Let T, = inf{t > 0 : |B;| = a}.

a) Compute P, [T, < T| for a < |x| < b.
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b) Show that for d < 2, a Brownian motion is recurrent in the sense that P, [T, < oco] = 1 for

any a < |x|.

¢) Show that for d > 3, a Brownian motion is transient in the sense that P,[T, < oco] — 0 as

You may assume the optional stopping theorem and the martingale convergence theorem in con-
tinuous time without proof. You may also assume that the Laplacian applied to a rotationally

symmetric function g(x) = v(|x|) is given by

. d . d d? d—14d
Ag(z) =r! d_ <7’d 1%7) (r) = W’y(r) + . 57(7’) where r = |z|.

(How can you derive this expression rapidly if you do not remember it?)

1.2.2 Global recurrence

For irreducible Markov chains on countable state spaces, recurrence respectively transience of an
arbitrary finite set already implies that recurrence resp. transience holds for any finite set. This
allows to show that the Lyapunov conditions for recurrence and transience are both necessary
and sufficient. On general state spaces this is not necessarily true, and proving corresponding
statements under appropriate conditions is much more delicate. We recall the results on countable
state spaces, and we state a result on general state spaces without proof. For a thorough treatment
of recurrence properties for Markov chains on general state spaces we refer to the monograph

“Markov chains and stochastic stability” by Meyn and Tweedie, [25].

a) Countable state space

Suppose that 7(x, y) = m(x, {y}) are the transition probabilities of a homogeneous Markov chain
(X, P;) taking values in a countable set S, and let T}, and TyJr denote the first hitting resp. return

time to a set {y} consisting of a single state y € S.

Definition (Irreducibility on countable state spaces). The transition matrix © and the Markov
chain (X, P,) are called irreducible if and only if

(1). Y,y € S:3In € Z, : m"(x,y) > 0, or equivalently, if and only if

(2). Vx,y € S: P,[T, < oo] > 0.
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If the transition matrix is irreducible then recurrence and positive recurrence of different states
are equivalent to each other, since between two visits to a recurrent state the Markov chain will

visit any other state with positive probability:

Theorem 1.5 (Recurrence and positive recurrence of irreducible Markov chains). Suppose

that S is countable and the transition matrix p is irreducible.
(1). The following statements are all equivalent:

(i) There exists a finite recurrent set A C S.
(ii) Forany x € S, the set {x} is recurrent.
(iii) Forany x,y € S,
P.[X,, = y infinitely often | = 1.

(2). The following statements are all equivalent:

(i) There exists a finite positive recurrent set A C S.
(ii) Forany x € S, the set {x} is positive recurrent.

(iii) Forany x,y € S,

The proof is left as an exercise, see also the lecture notes on “Stochastic Processes” [9]. The
Markov chain is called (globally) recurrent iff the equivalent conditions in (1) hold, and tran-
sient iff these conditions do not hold. Similarly, it is called (globally) positive recurrent iff the
conditions in (2) are satisfied. By the example above, for d < 2 the simple random walk on Z¢ is
globally recurrent but not positive recurrent. For d > 3 it is transient.

As a consequence of Theorem [L.3] we obtain Lyapunov conditions for transience, recurrence and

positive recurrence on a countable state space that are both necessary and sufficient:

Corollary 1.6 (Foster-Lyapunov conditions for recurrence on a countable state space). Sup-

pose that S is countable and the transition matrix p is irreducible. Then:

1) The Markov chain is transient if and only if there exists a finite set A C S and a function
V € F.(S) such that (LT) holds.
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2) The Markov chain is recurrent if and only if there exists a finite set A C S and a function
V € Fi(S) such that

(LR") LV <0on A°, and {V < c} is finite for any c € R

3) The Markov chain is positive recurrent if and only if there exists a finite set A C S and a
function V€ F,(S) such that (LP) holds.

Proof: Sufficiency of the Lyapunov conditions follows directly by Theorems [L.4] and If
(LT) holds then by [L.4] there exists y € S such that P,[T4 < oc], and hence the Markov chain
is transient by Similarly, if (LP) holds then A is positive recurrent by [[.4] and hence global
positive recurrence holds by Finally, if (LR’) holds and the state space is not finite, then
for any ¢ € R, the set {V > ¢} is not empty. Therefore, (LR) holds by irreducibility, and the
recurrence follows again from and If S is finite then any irreducible chain is globally
recurrent.

We now prove that the Lyapunov conditions are also necessary:

1) If the Markov chain is transient then we can find a state € S and a finite set A C S such

that the function V' (z) = P,[Tx < o] satisfies
Viz)<1l= iI}lf V.
By Theorem[L.2] V' is harmonic on A€ and thus (LT') is satisfied.

2) Now suppose that the Markov chain is recurrent. If S is finite then (L R’) holds with A = §
for an arbitrary function V' € F, (S). If S is not finite then we choose a finite set A C S
and an arbitrary decreasing sequence of sets D,, C S suchthat A C S\ Dy, S\ D,, is finite
for any n, and (| D,, = (), and we set

Vo(x) = P.[Tp, < Tal.
Then V,, = 1on D,, and as n — oo,
Va(x) Ny Py[T4 =00] =0 foranyzx € S.

Since S is countable, we can apply a diagonal argument to extract a subsequence such that

V(z) = ZVnk(x) < oo foranyzx € S.
k=1
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By Theorem[L.2] the functions V,, are harmonic on S \ (A U D,,). Moreover, for x € D,,,
LV, (x) = E[Vo(Xy)]—=Vi(z) < 1-1=0.

Hence the functions V}, and V' are superharmonic on S \ A. Moreover, V' > k on D,, .

Thus the sub-level sets of V' are finite, and (LR’) is satisfied.

3) Finally if the chain is positive recurrent then for an arbitrary finite set A C S, the function
V(z) = E,[T4] is finite and satisfies LI/ = —1 on A°. Since

(7V)(2) = Eq [Ex, [Tu]] = B, [E:[TF|X1]] = Eo[T}] < o0

for any x, condition (L P) is satisfied.

b) Extension to locally compact state spaces

Extensions of Corollary [L.6lto general state spaces are not trivial. Suppose for example that S is
a separable locally compact space. Let 7 be a transition kernel on (5, BB), and let \ be a positive
measure on (S, B) with full support, i.e., A(B) > 0 for any non-empty open set B C S. For

instance, S = R% and ) is the Lebesgue measure.

Definition (\-irreducibility ). The transition kernel 7 is called M-irreducible if and only if
for any x € S and for any Borel set A € B with \(A) > 0, there exists n € Z. such that
7" (z, A) > 0.

One of the difficulties on general state spaces is that there are different concepts of irreducibility.
In general, A-irreducibility is a strictly stronger condition than topological irreducibility which
means that every non-empty open set B C S is accessible from any state x € S. The following

equivalences are proven in Chapter 9 of Meyn and Tweedie [25]]:

Theorem 1.7 (Necessary and sufficient conditions for Harris recurrence on a locally com-
pact state space). Suppose that 7 is a M-irreducible transition kernel on (S, B). Moreover, sup-
pose that there exist a probability mass function (a,) on Z. and a sub-probability kernel T' on
(S, B) such that T'(x,S) > 0 for any x € S, the function x — T (x, B) is lower semi-continuous
forany B € B, and

Zanﬂ"(:c, B) > T(x,B)  foranyx € Sand B € B.
n=0
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Then the following statements are all equivalent:

(i) There exists a compact set K C S and a function V€ F(S) such that

(LR") LV <0on K and {V < ¢} is compact for any c € R,

(ii) P.[X, visits every compact set only finitely many times| = 0 forany x € S.
(iii) Every non-empty open ball B C S is Harris recurrent.

(iv) Forany x € S and any set A € B with \(A) > 0,

P.[X,, € A infinitely often | = 1.

The result summarizes Theorems 9.4.1 (“()=-(i1)”), 9.2.2 (“(i1)=(ii1)"), 9.1.4 (“(i11)=(iv)”)
and 9.4.2 (“(iv)=-(1)”) in [25]. The second assumption is only required for the implication
“(i))=-(iii)”. The idea of the proof is to show at first that for any compact set X' C S, there
exist a probability mass function (a,,) on Z, a probability measure v on (S, B), and a constant

¢ > 0 such that the minorization condition
o0
> agr(z,) > ev (1.2.5)
n=0

holds for any « € K. In the theory of Markov chains on general state spaces, a set K with this
property is called petite. Given a petite set K and a Lyapunov condition on K¢ one can then
find a strictly increasing sequence of regeneration times 7,, (n € N) such that the law of X,
dominates the measure cv from above. By the strong Markov property, the Markov chain makes
a “fresh start” with probability ¢ at each of the regeneration times, and during each excursion
between two fresh starts it visits a given set A satisfying A(A) > 0 with a fixed strictly positive
probability.

Example (Recurrence of Markov chains on R).

1.3 Invariant probability measures

A central topic in Markov chain theory is the existence, uniqueness and convergence of Markov

chains to stationary distributions. To this end we will consider different topologies and metrics
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on the space P(.5) of probability measures on a Polish space .S endowed with its Borel o-algebra
B. In this section, we study weak convergence of probability measures, and applications to exis-
tence of stationary distributions. Convergence in Wasserstein and total variation metrics will be
considered in Chapter[3l A useful additional reference for this section is the classical monograph

“Convergence of probability measures” by Billingsley [2].

Recall that P(.S) is a convex subset of the vector space

M(S) = {apy — B piy, p- € P(S), 0, B> 0}

consisting of all finite signed measures on (5, B8). By M_(S) we denote the set of all (not
necessarily finite) non-negative measures on (S, ). For a measure ;. and a measurable function
f we set

wu(f) = / fdp whenever the integral exists.

Definition (Invariant measure, stationary distribution). A measure ;1 € M (S) is called

invariant w.r.t. a transition kernel 7 on (S, B) iff um = u, i.e., iff

/u(d:c) m(x,B) = u(B) forany B € B.

An invariant probability measure is also called a stationary (initial) distribution or an equilib-

rium of .

Exercise. Show that the set of invariant probability measures for a given transition kernel 7 is a

convex subset of P(.5).

Below, we are going to prove the existence of an invariant probability measure . for a given

.. . . . L 1 .
transition kernel as a subsequential limit of Césaro averages of the form p, = - > . v7’,
where v is an arbitrary initial distribution. We first need some preparations on weak convergence

and the existence of subsequential limits for Sequences of probability measures.

1.3.1 Weak convergence of probability measures

Recall that a sequence (1 )ken of probability measures on (.S, B3) is said to converge weakly to

ameasure £ € P(S) if and only if

@) pk(f) = pu(f)  forany f € Cyp(S).

The Portemanteau Theorem states that weak convergence is equivalent to each of the following

properties:
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(i) pr(f) — p(f) for any uniformly continuous f € C(.5).
(iii) limsup pg(A) < p(A)  for any closed set A C S.
(iv) liminf ug(O) > u(O)  for any openset O C S.

(v) limsup pi(f) < p(f) for any upper semicontinuous function f : S — R that is bounded

from above.

(vi) liminf pug(f) > p(f) for any lower semicontinuous function f : S — R that is bounded

from below.
(vi)) pr(f) — p(f) for any function f € F;,(S) that is continuous at p-almost every = € S.

For the proof see e.g. the monographs by Billingsley [2] or Stroock [34, Theorem 3.1.5]. The

following observation is crucial for studying weak convergence on polish spaces:

Remark (Polish spaces as measurable subset of [0, 1]"). Suppose that (.5, o) is a separable

metric space, and {z,, : n € N} is a countable dense subset. Then the map h : S — [0, 1]",

h(z) = (o(x,7,) A1), cn (1.3.1)

is a homeomorphism from S to h(.S) provided [0, 1]" is endowed with the product topology (i.e.,
the topology corresponding to pointwise convergence). In general, it can be shown that i(S)
is a measurable subset of the compact space [0, 1] (endowed with the product o-algebra that is
generated by the product topology). If S is compact then h(.5) is compact as well. In general, we

can identify
S = nS) cSclo1l

where S := (.S) is compact since it is a closed subset of the compact space [0, 1]N. Thus S can

be viewed as a compactification of S.

On compact spaces, any sequence of probability measures has a weakly convergent subsequence.

Theorem 1.8. If S is compact then P(S) is compact w.r.t. weak convergence.

Sketch of the proof. Suppose that S'is compact. Then it can be shown based on the remark above
that C'(S) is separable w.r.t. uniform convergence. Thus there exists a sequence g, € C(S)

(n € N) such that ||g,||sup < 1 for any n, and the linear span of the functions g,, is dense
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in C(S). Now consider an arbitrary sequence (u)ren in P(S). We will show that (1) has
a convergent subsequence. Note first that (1u(gn))ken is @ bounded sequence of real numbers
for any n. By a diagonal argument, we can extract a subsequence (fix, )ien Of (f4x)ken such that
fi, (gn) converges as | — oo for every n € N. Since the span of the functions g,, is dense in

C'(.9), this implies that
A(f) = Tim g (f) (132)

exists for any f € C'(.5). It is easy to verify that A is a positive (i.e., A(f) > 0 whenever f > 0)
linear functional on C'(S) with A(1) = 1. Moreover, if ( f,),en is a decreasing sequence in C'(S)
such that f,, ~\, 0 pointwise, then f,, — 0 uniformly by compactness of S, and hence A(f,,) — 0.

Therefore, there exists a probability measure ;2 on .S such that

A(f) = nu(f) forany f e C(S).
By (L.3.2), the sequence (i, ) converges weakly to /. O

Remark (A metric for weak convergence). Choosing the function g, as in the proof above, we
see that a sequence (i )ren of probability measures in P(S) converges weakly to 4 if and only
if 1k (gn) — p(gn) for any n € N. Thus weak convergence in P(S) is equivalent to convergence

w.r.t. the metric

d(p,v) = D 27"p(gn) — v(ga)l-

1.3.2 Prokhorov’s theorem

We now consider the case where S is a polish space that is not necessarily compact. By identify-
ing S with the image i (,S) under the map h defined by (L3.1)), we can still view S as a measurable
subset of the compact space S C [0, 1]V. Hence P(S) can be viewed as a subset of the compact

space P(S):
P(S) = {u € P(S): p(S\8) =0} € P(S).

If 11, (k € N) and y are probability measures on S (that trivially extend to S) then:

e — p weakly in P(S) (1.3.3)
< pk(f) — wp(f) for any uniformly continuous f € Cy(.5)
& (f) = p(f) forany f € C(S)

A

& — poweakly in P(S).
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N

Thus P(S) inherits the weak topology from P(S). The problem is, however, that since S is
not necessarily a closed subset of S, it can happen that a sequence (1) in P(S) converges to a
probability measure 1 on S s.t. u(S) < 1. To exclude this possibility, the following tightness

condition is required:

Definition (Tightness of collections of probability measures). Ler R C P(S) be a set consist-
ing of probability measures on S. Then R is called tight iff for any € > 0, there exists a compact
set K C S such that

supu(S\ K) < e.

HER

Thus tightness means that the measures in the set R are concentrated uniformly on a compact set
up to an arbitrary small positive amount of mass. On a polish space, a set R = {u} consisting
of a single probability measure is always tight, cf. e.g. Ethier and Kurtz [12, Ch. 3, Lemma 2.1].
A set R C P(S) is called relatively compact iff every sequence in R has a subsequence that

converges weakly in P(5).

Theorem 1.9 (Prokhorov). Suppose that S is polish, and let R C P(S). Then
R is relatively compact < 'R is tight .

In particular, every tight sequence in P(S) has a weakly convergent subsequence.

We only prove the implication “<=" that will be the more important one for our purposes. This
implication holds in arbitrary separable metric spaces. For the proof of the converse implication
cf. e.g. Billingsley [2].

Proof of “<=": Let (u)ren be a sequence in R. We have to show that (1) has a weakly con-
vergent subsequence in P(S). Since P(S” ) is compact by Theorem [L.8] there is a subsequence
(415, ) that converges weakly in P(S) to a probability measure ;2 on S. We claim that by tightness,
p(S) =1and py, — p weakly in P(S). Let e > 0 be given. Then there exists a compact subset
K of S such that u, (K) > 1 — ¢ for any [. Since K is compact, it is also a compact and (hence)
closed subset of S. Therefore, by the Portmanteau Theorem,

u(K) > limsup g, (K) > 1 —¢, and thus

=00

u(S\S) < wS\K) < e
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Letting ¢ tend to 0, we see that ;(S \ S) = 0. Hence ;1 € P(S). Moreover, by (L33), jur, — p
weakly in P(5) . O

1.3.3 Existence of invariant probability measures

We now apply Prokhorov’s Theorem to derive sufficient conditions for the existence of an invari-

ant probability measure for a given transition kernel 7 (x, dy) on (S, B).

Definition (Feller property). The transition kernel 7 is called Feller iff «f is continuous for
any f € Cy(9).

A kernel 7 is Feller if and only if  — 7 (x, -) is a continuous map from S to P(.S) w.r.t. the weak

topology on P(.S). Indeed, by definition, 7 is Feller if and only if
Tp—x = (nf)(x,) = (nf)(x) V[feCS).

A topological space is said to be o-compact iff it is the union of countably many compact subsets.

For example, R? is o-compact, whereas an infinite dimensional Hilbert space is not o-compact.

Theorem 1.10 (Krylov-Bogoliubov, Foguel). Suppose that 7 is a Feller transition kernel on a

Polish space S, and let D,, :== % Z;‘_Ol 7. Then there exists an invariant probability measure ji of

7 if one of the following conditions is satisfied for some probability measure v on S:

(i) Forany e > 0, there exists a compact set K C S such that

liminf (vp,)(K) > 1 —¢, or

n—o0

(ii) S is o-compact, and there exists a compact set K C S such that
lim sup (vp,,)(K) > 0.

n— o0

Clearly, the second condition is weaker than the first one in several respects. If (X, P,) is a

Markov chain with transition kernel 7 and initial distribution v then

1 n—1

- Z 1 (X z)]
=0

is the average proportion of time spent by the chain in the set K during the first n steps.

vp,(z,K) = E,
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Proof of Theorem[[ 10: (i) On a Polish space, every finite collection of probability measures is
tight. Therefore, Condition (1) implies that the sequence v,, := vp,, 1s tight. Hence by Prokhorov’s
Theorem, there exists a subsequence v,,, and a probability measure x on S such that v, —
weakly. We claim that ym = p. Indeed, for f € Cy(S) we have 7f € Cy(S) by the Feller
property. Therefore, for any f € Cy(S),

(um)(f) = (e f) = lim vy, (nf) = T (v, m)(f) = Jim v, () = p(f).

k—o0 k—o0

where the second last equality holds since

np—1
1 i1 1 1 -
Up, T = — E VT = Uy, — —V+ —vm*.
ng < p ng ng
1=

(i1) Now suppose that Condition (ii) holds. We may assume that S is a Borel subset of a compact
space S. Since P(S’ ) is compact and (ii) holds, there exist a constant e > 0, a compact set X C S,

a subsequence (v, ) of (1,), and a probability measure /i on S such that
Un,(K)>e¢ foranyk eN, and v, — ft weaklyin S.

Note that weak convergence of the probability measures on S does not imply weak convergence
of the restricted measures on .S. However, v, converges vaguely to the restriction of the prob-
ability measure [ to S, i.e., v, (f) — [i(f) holds for any function f € C(S) with compact
support K C S, because these functions can be extended trivially to continuous functions on S.

Therefore, we can conclude that for any non-negative compactly supported f € C(5),

Af) = Jim vy, (F) = Jim (v m) () = Jim vy, () > il f), (1.3.4)

k—o0

Since [1(S) > f(K) > limsup v, (K) > ¢, the normalized measure
w(B) == p(BNS)/p(S) = aBlS),  BeB(S),
exists, and by (.3.4)), x > p. But i and prr are both probability measures, and thus = pur. O

In practice, the assumptions in Theorem [L.I0lcan be verified via appropriate Lyapunov functions:

Corollary 1.11 (Lyapunov condition for the existence of an invariant probability measure).
Suppose that 7 is a Feller transition kernel and S is o-compact. Then an invariant probability

measure for m exists if the following Lyapunov condition is satisfied:

(LI) There exists a function V € F.(S), a compact set K C S, and constants c,e € (0,00)
such that
LV <clg —e.
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Proof: By (LI),
clg > e+ LV =e+aV -V

By integrating the inequality w.r.t. the probability measure p,(z, -), we obtain

n—1
1 ) .
P, K) = ePlx > e+ -3 (7 =7V
1=0

1 1 1
=e+-—7V-=V >e—--V
n n n
for any n € N. Therefore,

liminfp,(z, K) > ¢ foranyz € S.

n—oo

The assertion now follows by Theorem [1.10 L

Examples. 1) Countable state space. If S is countable and 7 is irreducible then an invariant
probability measure exists if and only if the Markov chain is positive recurrent. On the other
hand, by Corollary [L.6] positive recurrence is equivalent to (L/). Hence for irreducible Markov
chains on countable state spaces, Condition (L) is both necessary and sufficient for the existence

of a stationary distribution.

2) S = R% On RY, Condition (L1) is satisfied in particular if £V is continuous and

limsup LV (z) < 0.

|z|—o00

1.4 Lyapunov functions and stability in continuous time

In this section we explain how Lyapunov function methods similar to those considered above
can be applied to Markov processes in continuous time. An excellent reference is the book by
Khasminskii [17] that focuses on diffusion processes in R¢. Most results in [[17]] easily carry over

to more general Markov processes in continuous time.

We assume that we are given a right continuous stochastic process ((X;):cr, , P) with Polish state
space S, constant initial value X, = xq € S, and life time (. Let A be a linear subspace of the
space C10([0, 00) x S) consisting of continuous functions (¢, z) + f(¢, ) that are continuously
differentiable in the first variable. Moreover, let £ : A — F ([0,00) x S) be a linear operator of

the form

€ = (G +cr) @
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where L, is a linear operator acting only on the x-variable. For f € Aandt < ¢ we consider

_ t(of
M = f(t,Xt)—/O <£+£sf) (5, X.) ds

where it is implicitly assumed that the integral exists almost surely and defines a measurable
function. We assume that the process (X ) is adapted to a filtration (F;), and that (X;, P) solves

the local martingale problem for (ﬁ, .»Zl) up to the life-time ¢ in the following sense:

Assumption (A). There exists an increasing sequence (B )ren of open sets in .S such that the

following conditions are satisfied:
(i) S = Bs.

(ii) The exit times T}, := inf{t > 0 : X; ¢ By} satisfy T, < (on {¢ < oo} forany k € N,
and ( = sup T}.

(iii) For any k € N and f € A, the stopped process (MtJ;\Tk)tZO is a square integrable (F;)

martingale.

Examples. 1) Minimal diffusion processes. A minimal It6 diffusion in R satisfies Assumption
(A) with By = B(0, k) and A = C2(]0, 00) x R?), see e.g. [11I].

2) Minimal jump processes. In Section[4. 1l we will construct a minimal jump process for given
jump intensities. This process satisfies the assumption if (By) is an increasing sequence of open
sets exhausting the state space such that the jump intensities A;(z) are uniformly bounded for
(t,z) € Ry x By, and A consists of all functions f € C0([0,00) x S) such that f and f /Ot
are bounded on [0,t] X By forany ¢ > 0 and k € N.

1.4.1 Upper bounds for expectations

Let D C S be an open subset. Since the process is right-continuous, the first exit time
T=inf{t >0: X, € Sa\ D}

is an (F;) stopping time. Similarly to the discrete time case, we can use superharmonic functions

to bound expected values of the form
T
u(we) = E [e= o w6X0d {(T X7) T < g} +E [/ el Xdre(s Xy ds|  (1.4.1)
0

for given non-negative measurable functions f : R, x (S\ D) - R, andc,w: Ry x D — R,.
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Theorem 1.12 (Upper bounds via time-dependent superharmonic functions). Suppose that

Assumption (A) holds, and let v be a non-negative function in A satisfying

|
+
5
<
A

wy — ¢ on R, x D, (1.4.2)

S
Y
~

on R, x (S\ D).

Then u(xy) < v(0,x).

Proof. We first assume w = 0. Then by ,
t
v(t, Xy) < MY —/ c(s, Xs)ds fort <T.
0

The process (M}, )i>o0 is a martingale for any & € N. Since v > 0, optional stopping implies

AT AT
E vt ANT ATy, Xiarat,) +/ c(s, Xs) ds} < v(0, o) forany k € Nand t € R,.
0

As k — oo, T, — ( almost surely. Recalling that v and ¢ are non-negative functions, and letting

both k and ¢ tend to infinity, we obtain

El(T,Xe): T<d + E [/OTC(S,XS) ds} < (0, 0).

This proves the assertion, since for I’ < ¢, Xy € S\ D, and thus v(T, X1) > f(T, Xr).

In the general case let A, = fot w(s, X;) ds. Notice that for every w, the function ¢t — A;(w)
is continuous and non-decreasing, and hence of finite variation. Therefore, by 1t6’s product rule
(which in this case is just the integration by parts identity from Stieltjes calculus, see e.g. [11]),

t t
Mot X)) = (0, 20) +/6—As dM. +/6—As <?+£Sv—wv> (s, X,) ds
0 0 S

t t
< v(0,z9) + / e s dM, — / e (s, X,) ds.
0 0

t

Now the argument can be completed as in the case w = 0 because the It0 integral fo M o= As dMs,

t > 0, is a martingale for any £ € N. O

1.4.2 Non-explosion criteria

A first important application of Lyapunov functions in continuous time are conditions for non-

explosiveness of a Markov process:
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Theorem 1.13 (Khasminskii). Suppose that Assumption (A) is satisfied, and assume that there

exists a non-negative function V. € A such that foranyt > 0,
(i) infecjoinfrepe V(s,2) = 00 ask — oo, and
OV

(ll) ot ar EtV S 0.

Then P[¢ = oo] = 1.

Proof. Since V' > 0, V(t,X,) = MY + [/ (%2 + L,V) (s, X,) ds, and Condition (ii) holds,
optional stopping implies that for any ¢ > O and k£ € N,

V(0,z0) > E[V(t ATy, Xear,)] > P[Ti <t]- inf inf V(s, z).

s€l0,t] z€BY,
Therefore, by (i),
PT,<t] -0 ask— oo
for any ¢ > 0, and hence P[{ < oo = tlim P[¢ <t]=0. O
—00

In applications, the following simple criterion is used frequently:

Corollary 1.14. Suppose that Assumption (A) is satisfied, and there exist a non-negative function
U € C(S) and a constant o € R such that V (t, z) = exp(—at)U(z) is contained in A, and

(i) infepe U(x) — 00 as k — oo, and

Then P[( = oo] = 1.

Proof. Theorem can be applied with the function V. O

1.4.3 Hitting times and positive recurrence

From now on we assume that the process is non-explosive. We now apply Lyapunov functions to

prove upper bounds for moments of hitting times. Let

Ty = inf{t >0: X, € A},
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where A is a closed subset of S. By right-continuity of (X}), T4 is a stopping time.

Theorem 1.15 (Lyapunov bound for hitting times). Suppose that Assumption (A) holds, and the
process (X, P) is non-explosive. Furthermore, assume that there exist a non-negative function

V € A and a measurable function « : Ry — Ry such that
(i) B(t) = fotoz(s) ds — 00 as t — oo, and
(ii) (97 +LV) (t,x) < —a(t) foranyt>0andx € S\ A,

Then P[Ty < oo] =1, and
E[B(T4)] < V(0,z0). (14.3)

Proof. By applying Theorem [LI2]with D = S\ A, ¢(s,z) = a(s), w = 0 and f = 0, we obtain

Ty
E [/ a(s) ds} < V(0, zo).
0
Hence by (i), T'4 is almost surely finite and (I.4.3)) holds. O

Example (Moments of hitting times). If «(t) = ct?~! for constants ¢, p € (0, 00) then 5(t) =
ct? /p. In this case, the inequality is a bound for the p-th moment of the hitting time:

E[TH] < pV(0,z0)/c.

Similarly, if «(t) = ce®! for constants ¢, e € (0, 00) then 3(t) = (et — 1)/e. In this case, (L43)

is an exponential moment bound:
Elexp(cTa)] < 1+ 2V(0,20).

For Ito diffusions on R?, we can apply the theorem with the Lyapunov function V (¢, z) = |z|2.
In this case, (£:V)(t,z) = tra(t, ) + 2x - b(¢, ). If this expression is bounded from above by
a negative constant for large |z| then sufficiently large balls are positive recurrent. For example,

the minimal diffusion process solving the SDE
t
Xy = x0 + By + / b(X;) ds, (B;) ~ BM(RY),
0

is positive recurrent if there exist constants R, ¢ € (0, co) such that for |x| > R,

T < _d+5.
T 2z
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1.4.4 Occupation times and existence of stationary distributions

Similarly to the discrete time case, Lyapunov conditions can also be used in continuous time to

show the existence of stationary distributions. The following exercise covers the case of diffu-
sions in R™:

Exercise (Explosion, occupation times and stationary distributions for diffusions on R").
Consider a diffusion process (X, P,) on R" solving the local martingale problem for the gener-

ator

_ 1,2 n
Lf = Zamt:ca ax]+2b . fECV(Ry xR").

,j=1 i=1
We assume that the coefficients are continuous functions and P,[ X, = z] = 1.

a) Prove that the process is non-explosive if there exist finite constants ¢y, co, 7 such that

tra(t,z) < ci|zf* and x-b(t,2) < colz)? for |z| > r.

b) Now suppose that ( = oo almost surely, and that there exist V' € C*?(R, x R") and
g,c € R, such that V' > 0 and

5%
E+£tv < 6+ClB OHR+XR”,

where B is a ball in R™. Prove that

1 t
E {—/ 15(X,) ds} > £ V0m)
tJo c ct

b) Conclude that if (X}, P,) is a time-homogeneous Markov process and the conditions above

hold then there exists a stationary distribution.

Again the results carry over with similar proofs to general Markov processes. Let

A(B) = %/0 15(X,) ds

denote the relative amount of time spent by the process in the set B during the time interval [0, ¢].

Lemma 1.16 (Lyapunov bound for occupation times). Suppose that Assumption (A) holds, the
process is almost surely non-explosive, and there exist constants €, ¢ € R and a non-negative

function V' € A such that

oV
E+£tv S —€+013 OFZR+XS.
Then V(0. 20)
£ , Lo
E[A(B)] > - — —2—=.
) > S - T
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Now assume that (X, P) is a time-homogeneous Markov process with transition semigroup

(pt)t>0, and, correspondingly, £; does not depend on ¢. Then by Fubini’s Theorem,

FAB) = - / pa(o, B)ds =: By(x0, B).

The theorems of Krylov-Bogoliubov and Foguel have counterparts in continuous time:

Theorem 1.17 (Krylov-Bogoliubov, Foguel). Suppose that p, is Feller for every t > 0. Then
there exists an invariant probability measure (i of (p:)i>o if one of the following conditions is

satisfied for some probability measure v on S:

(i) Forany e > 0, there exists a compact set K C S such that

liminf (vp,)(K) > 1 —¢, or

t—o00

(ii) S is o-compact, and there exists a compact set K C S such that

lim sup (vp,)(K) > 0.

t—o0

The proof is similar to the discrete time case and left as an exercise.

Corollary 1.18 (Existence of stationary distributions). Suppose that Assumption (A) holds, and
the process is almost surely non-explosive. Moreover, assume that p, is Feller for every t > 0,
S is o-compact, V (t,x) = U(x) for some continuous function U : S — [0, 00), and there exist

constants €, c € Ry and a compact set K C S such that
LU S —e + ClK.

Then there exists a stationary distribution . of (p;)i>o.

Proof. By LemmalL.16, the assumptions imply

lim inf p, (o, K) > 0.

t—o0

O
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1.5 Stability of diffusion processes and Euler approximations

The goal of this problem section is to apply Lyapunov functions to study diffusion processes on
R? and Markov chains corresponding to Euler approximations of the corresponding stochastic

differential equations.

Letb : RY — R?and o : RY — R%? be locally Lipschitz continuous functions. We con-
sider a diffusion process (X, P,) with possibly finite life-time ¢ solving a stochastic differential
equation

dX; = o(Xy)dB; + b(Xy)dt fort < ¢, Xo =1z, (1.5.1)

where (B;) is a d-dimensional Brownian motion. Let a(z) = o(x)o(z)?. For the exercises

below, it will only be important to know that (X, P,) solves the local martingale problem for the

generator
d d
1 92 f of

Lf =3 Zl %45(0) g, Z bi(@) 7, (15.2)

in the sense that for any z € R? and f € CV*(R, x R"),
i L(of
M= fX) — [ (B LS (5, X ds (1.5.3)
0

is a local martingale w.r.t. P,. More precisely, let 7;, = inf{t > 0 : | X;| > k}. Then ¢ = sup T,

and for any k£ € N, the stopped process (M;xr, )1>0 is @ martingale under P,.

For a fixed time step A > 0, the Euler-Maruyama approximation of the diffusion process above

is the time-homogeneous Markov chain (X, P,) with transition step
z— x+ Vho(z)Z + hb(z),  Z~ N(0,1I,).

We denote the corresponding transition kernel and generator by 7, and £y, respectively.

1.5.1 Problems

Exercise (Explosions).  a) Prove that the diffusion process is non-explosive if

t 2 - b
lim sup ra@)/ +2x (z) < 00

b) Implement the Euler scheme on a computer, e.g. for d = 1. Do some experiments. Can
you observe a different behavior in cases where the condition above is satisfied or violated,

respectively ?
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¢) As discrete time Markov chains, the Euler approximations always have infinite life-time.
Which properties can you prove for the Euler approximations if the condition in a) is satis-
fied ?

Exercise (Stationary distributions I). Suppose that ( = oo almost surely, and that there exist
Ve O (R, xRY), e,c€R,,and aball B C R such that V > 0 and

1%
E+£V§ —€+013 OHR+XRd.

a) Prove that

1 t
E{—/ 1B<Xs>d5:| > e _ V(0,20)
tJo c ct

b) Conclude, assuming that (X;, P,) is a time-homogeneous Markov process with Feller tran-
sition semigroup (p;):>o, that there exists an invariant probability measure p. Hint: Try to

carry over the corresponding proof in discrete time to the continuous time case.

Exercise (Stationary distributions II). Suppose that the conditions in the last exercise hold, and

let ;4 be an invariant probability measure.
a) Show that [ Lf du = 0 for any f € C5°(R?).

b) Use this to compute p explicitly in the case d = 1. Here, assume that b and o are twice
continuously differentiable, and o(x) > 0 for all z. You may also assume without proof

that 1 has a twice continuously differentiable density o(x) which is strictly positive.

Exercise (Stationary distributions III).  a) Show that an invariant probability measure for
the diffusion process on R? exists if
limsup (tra(x)/2 + x-b(x)) <O. (1.5.4)
|x|—00

b) Give conditions ensuring the existence of an invariant probability measure for the Euler

approximations. Why is not enough to assume (I.3.4)) ?

c) Study different cases experimentally using an implementation of the Euler scheme. Can
you see the difference between cases where an invariant probability measure exists or does

not exist ?
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Chapter 2
Ergodic averages

Suppose that (X, P,) is a canonical time-homogeneous Markov chain with transition kernel 7.

Recall that the process (X, P,) with initial distribution . is stationary, i.e.,
Xnioo ~ Xo.oo foranyn > 0,

if and only if © = 7. A probability measure ;o with this property is called a stationary (initial)
distribution or an invariant probability measure for the transition kernel 7. In this chapter

we will prove law of large number type theorems for ergodic averages of the form

n—1

1
—Zf(XZ-) —>/fd,u as n — 0o,
n
=0
and, more generally,
1 n—1
_ZF(XZ7XZ+17>—>/FdP/J as n — o0
n
i=0

where o is a stationary distribution for the transition kernel. At first these limit theorems are de-
rived almost surely or in L? w.r.t. the law P, of the Markov chain in stationarity. Indeed, they turn
out to be special cases of more general ergodic theorems for stationary (not necessarily Marko-
vian) stochastic processes. After the derivation of the basic results we will consider extensions
to continuous time. Moreover, we will study the fluctuations of ergodic averages around their
limit. The validity of ergodic theorems for Markov chains that are not started in stationarity is
considered in Section [3.2.4

As usual, S will denote a Polish space endowed with its Borel o-algebra B.
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2.1 Ergodic theorems

Supplementary references for this section are the probability theory textbooks by Breiman [ X X X],
Durrett [ X X X] and Varadhan [ X X X].We first introduce the more general setup of ergodic the-

ory that includes stationary Markov chains as a special case:

Let (2,2, P) be a probability space, and let
0:0—-0Q
be a measure-preserving measurable map on (2,2, P), i.e.,
PoO'=P
The main example is the following: Let
Q=5% X,(w)=w, A=0(X,:nc€Z),

be the canonical model for a stochastic process with state space .S. Then the shift transformation

O = Xj., given by
O(wo, w1, ..) = (wy,ws,...) foranyw € Q

is measure-preserving on (2, 2(, P) if and only if (X,,, P) is a stationary process.

2.1.1 Ergodicity
We denote by J the sub-o-algebra of 2 consisting of all ©-invariant events, i.e.,
J = {Ae%:@‘l(A):A}.

It is easy to verify that 7 is indeed a o-algebra, and that a function F' : {2 — R is [J-measurable
if and only if
F=Fo06.

Definition (Ergodic probability measure). The probability measure P on (€2,2l) is called er-
godic (w.r.t. ©) if and only if any event A € J has probability zero or one.

Exercise (Characterization of ergodicity). 1) Show that P is not ergodic if and only if there
exists a non-trivial decomposition 2 = A U A° of 2 into disjoint sets A and A° with
P[A] > 0 and P[A°] > 0 such that

O(A) CA and O(A°) C A°.

Markov processes Andreas Eberle



2.1. ERGODIC THEOREMS 59

2) Prove that P is ergodic if and only if any measurable function F' : {2 — R satisfying

F = F 0 © is P-almost surely constant.
Before considering general stationary Markov chains we look at two elementary examples:

Example (Deterministic rotations of the unit circle).

Let 2 = R/Z or, equivalently, 2 = [0, 1]/ ~ where “~” is the equivalence relation that identifies
the boundary points 0 and 1. We endow (2 with the Borel o-algebra 20 = B(£2) and the uniform
distribution (Lebesgue measure) P = Unif(2). Then for any fixed a € R, the rotation

O(w) =w+a (modulo 1)

is a measure preserving transformation of (€2, 2(, P). Moreover, P is ergodic w.r.t. © if and only

if @ 1s irrational:

a € Q: If a = p/q with p, ¢ € Z relatively prime then

k
@"(w)e{w—l——:k:O,l,...,q—l} for any n € Z.
q

This shows that for instance the union

-y ()

is ©-invariant with P[A] ¢ {0, 1}, i.e., P is not ergodic.

a ¢ Q: Suppose a is irrational and F' is a bounded measurable function on 2 with F' = F o ©.

Then F' has a Fourier representation

F(w) = Z c,€?™™  for P-almost every w € €,

n=—oo

and O invariance of F' implies

o0 o0
Z cpemiwta) — Z cn€™™  for P-almost every w € €,
n=—oo n=—oo
i.e., c,e?™® = ¢, for any n € Z. Since a is irrational this implies that all Fourier coeffi-
cients ¢, except ¢y vanish, i.e., F'is P-almost surely a constant function. Thus P is ergodic

in this case.
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Example (IID Sequences). Let 1 be a probability measure on (S, ). The canonical process

X,(w) = w, is an i.i.d. sequence w.r.t. the product measure P = &) p on Q = SZ+. In par-
n=0
ticular, (X,,, P) is a stationary process, i.e., the shift O(wp, w1, ...) = (w1, ws,...) is measure-

preserving. To see that P is ergodic w.r.t. © we consider an arbitrary event A € 7. Then
A=0"A) ={(X,, Xos1,...) € A}  forany n > 0.

This shows that A is a tail event, and hence P[A] € {0, 1} by Kolmogorov’s zero-one law.

2.1.2 Ergodicity of stationary Markov chains

Now suppose that (X,,, P,) is a general stationary Markov chain with initial distribution y and
transition kernel 7 satisfying . = pm. Note that by stationarity, the map f — 7 f is a contraction

on £?(u). Indeed, by the Cauchy-Schwarz inequality,

[@prans [araus [ Pam = [ e vr e )

In particular,
cf=nf—f

is an element in £?(p) for any f € L£L2(u).

Theorem 2.1 (Characterizations of ergodicity for stationary Markov chains). The following

statements are equivalent:
1) The measure P, is shift-ergodic.
2) Any function h € L?(u) satisfying Lh = 0 p-almost surely is ji-almost surely constant.

3) Any Borel set B € B satisfying mlg = 1p p-almost surely has measure pu(B) € {0,1}.

Proof. 1) = 2). Suppose that P, is ergodic and let h € £?(u) with Lh = 0 p-a.e. Then the
process M, = h(X,) is a square-integrable martingale w.r.t. P,. Moreover, the martingale

is bounded in L*(P,) since by stationarity,

E,h(X,)% = / h*du  foranyn € Z, .
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Hence by the L? martingale convergence theorem, the limit M., = lim M, exists in
n—o0
L*(P,). We fix a version of M, by defining
My (w) = limsup h(X,(w)) forevery w € (.

n—oo

Note that M, is a J-measurable random variable, since

My, 0 © = limsup h(X,4+1) = limsup h(X,) = M.

n—oo n—oo

Therefore, by ergodicity of P,, M., is P,-almost surely constant. Furthermore, by the
martingale property,
h(Xo) = My = E,[My|Fy] P,.-as.

Hence h(X)) is P,-almost surely constant, and thus A is p-almost surely constant.

2) = 3). If B is a Borel set with 715 = 15 p-almost surely then the function h = 15 satisfies

Lh = 0 p-almost surely. If 2) holds then A is p-almost surely constant, i.e., (B) is equal

to zero or one.

3) = 1). For proving that 3) implies ergodicity of P, let A € J. Then 14, = 14 0 ©. We will

show that this property implies that

satisfies mh = h, and h is pu-almost surely equal to an indicator function 13. Hence by 3),
either h = 0 or h = 1 holds p-almost surely, and thus P,[A] = [ hdu equals zero or one.
The fact that & is harmonic follows from the Markov property and the invariance of A: For
any x € S,

(mh)(x) = E, [Ex, [14]] = Ex[l4 0 O] = E.[14] = h(z).

To see that h is pu-almost surely an indicator function observe that by the Markov property

invariance of A and the martingale convergence theorem,
h(Xn) = Ex,[1a] = Eu[la 0 ©"|F] = E,[LalFY] = 14
P,-almost surely as n — oco. Hence
poh™t=P,o(h(X,) " = P,ol1}"
Since the left-hand side does not depend on n,
poh™t =P, 01,

and so h takes p-almost surely values in {0, 1}.
U
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The third condition in Theorem is reminiscent of the definition of irreducibility. However,

there is an important difference as the following example shows:

Example (Ergodicity and irreducibility). Consider the constant Markov chain on S = {0,1}
with transition probabilities 7(0,0) = mw(1,1) = 1. Obviously, any probability measure on S
is a stationary distribution for 7. The matrix 7 is not irreducible, for instance 7wl = 1gy.

Nevertheless, condition 3) is satisfied and P, is ergodic if (and only if)  is a Dirac measure.
One way to verify ergodicity in practice is the strong Feller property:

Definition (Strong Feller property). A transition kernel m on (S, B) is called strong Feller iff

7 f is continuous for any bounded measurable function f : S — R.

Corollary 2.2 (Sufficient conditions for ergodicity). 1) If the transition kernel m is -

irreducible then P, is ergodic.

2) Suppose that the transition kernel 7 is strong Feller. Then P, is stationary and ergodic for

any invariant probability measure | of 7 that has connected support.

Proof. 1) Let B be a Borel subset of S such that
mlp =1 p-almost surely. (2.1.1)

Then for every n € N, 715 = 15 u-almost surely, and hence 7" (z, B) = 0 for y-almost z € B°.
If 7 is p-irreducible, this is only possible if either p(B) = 0 or u(B%)=0. Hence by Theorem
2.1 P, is ergodic.

2) Again consider B € B such that (2.1.1)) holds If 7 is strong Feller then 715 is a continuous
function. Therefore, by and since the support of ;v is connected, either 71z = 0 or
mlp = 1 on supp(x). Hence

u(B) = u(lp) = p(rlp) € {0,1}.
U

Exercise (Invariant and almost invariant events). An event A € 2l is called almost invariant
iff
P,JAA 0 H(A)] =0.

Prove that the following statements are equivalent for A € 2A:
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(i) A is almost invariant.
(ii) A is contained in the completion J* of the o-algebra J w.r.t. the measure P,,.

(iii) There exist a set B € B satisfying w1z = 15 p-almost surely such that

P,JAA{X, € B eventually}| = 0.

2.1.3 Birkhoff’s ergodic theorem

We return to the general setup where © is a measure-preserving transformation on a probability

space (€2,2(, P), and J denotes the o-algebra of ©-invariant events in 2.

Theorem 2.3 (Birkhoff). Suppose that P = P o ©~ ! and let p € [1,00). Then as n — oo,

n—1

1 .
E Fo®' — E[F|J] P-almost surely and in L”(Q, 2, P) (2.1.2)
=0

n 4
for any random variable F' € LP(Q, 2, P). In particular, if P is ergodic then

n—1
1 .
— E Fo®' — E[F] P-almost surely and in LP (€, 2, P). (2.1.3)
n

1=0

Example (Law of large numbers for stationary processes). Suppose that (X,,, P) is a station-
ary stochastic process in the canonical model, i.e., @ = S%+ and X,,(w) = w,. Then the shift
© = Xj.» is measure-preserving. By applying Birkhoff’s theorem to a function of the form

F(w) = f(wo), we see that as n — oo,

LN (X = S o6 = Bl(X0)|J] @.14)
i=0 1=0

P-almost surely and in LP(Q, 2, P) for any f : S — R such that f(X,) € LP and p € [1, 00). If
ergodicity holds then E[f(X()|J] = E[f(Xo)] P-almost surely, where (2.1.4) is a law of large
numbers. In particular, we recover the classical law of large numbers for i.i.d. sequences. More

generally, Birkhoff’s ergodic can be applied to arbitrary £? functions F' : SZ+ — R. In this case,

n—1 n—1

1 1 A

- F(X;, Xiq,...)=— Fo®" — E|F 2.1.5
2 2 P X ) = 23 Fo6 o BIF|) @.15)

P-almost surely and in L? as n — oo. Even in the classical i.i.d. case where E[F|J| = E[F]

almost surely, this result is an important extension of the law of large numbers.

University of Bonn Winter semester 2016/17



64 CHAPTER 2. ERGODIC AVERAGES

Before proving Birkhoff’s Theorem, we give a functional analytic interpretation for the L”

convergence.

Remark (Functional analytic interpretation). If © is measure preserving on (2,2, P) then the
map U defined by
UF =Fo0

is a linear isometry on £7(Q2,2(, P) for any p € [1, cc]. Indeed, if p is finite then
/\UFV’dP - / |F o ©FdP = / |F|PdP  forany F € £P(Q, 2, P).

Similarly, it can be verified that U is isometric on £L>(2, 2, P). For p = 2, U induces a unitary
transformation on the Hilbert space L*(Q, 2, P), i.e.,

(UF,UG)p2p) = /(F 00) (Go®)dP = (F,G)r2py forany F,G € L*(Q, 2, P).

The LP ergodic theorem states that for any F' € LP(, 2, P),

n—1

1 .
E U'F —7nF inLP(Q,2, P)asn — oo, where nF := E[F|J]. (2.1.6)
1=0

n 4
In the Hilbert space case p = 2, mF' is the orthogonal projection of £’ onto the closed subspace
Hosz(Q,j,P):{FeLz(Q,Ql,P) :UF:F} (2.1.7)

of L*(2,2A, P). Note that H is the kernel of the linear operator U — I. Since U is unitary, H,

coincides with the orthogonal complement of the range of U — I, i.e.,

LA, P) = Hy® (U — I)(L2). (2.1.8)
Indeed, every function F' € H is orthogonal to the range of U — I, since
(UG—-G,F)2 = (UG, F)p2— (G, F)p2 = (UG, F)2— (UG,UF)12 = (UG, F—UF)2 =0

for any G € L%*(Q,2l, P). Conversely, every function F' € Range(U — I)* is contained in H,

since
|UF — F|j32 = (UF,UF) 2 —2(F,UF) 2+ (F, F)2 = 2(F, F —UF) 2 = 0.

The L? convergence in (2.1.6) therefore reduces to a simple functional analytic statement that

will be the starting point for the proof in the general case given below.
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Exercise (L2 ergodic theorem). Prove that (2.1.6)) holds for p = 2 and any F' € L3(Q, %, P).

Notation (Averaging operator). From now on we will use the notation

1 n—1 ' 1 n—1
AnF:g;Fo@Z:E;UZF

for ergodic averages of LP random variables. Note that A,, defines a linear operator. Moreover,

A,, induces a contraction on L?(Q, 21, P) for any p € [1,00] and n € N since

n—1

1 .
1A F e < — Y NU'Fll» = |Flli»  forany F € LP(Q,2, P).
=0

Proof of Theorem The proof of the ergodic theorem will be given in several steps. At first we
will show in Step 1 below that for a broad class of functions the convergence in follows

in an elementary way. As in the remark above we denote by
Hy={F € L*(Q,A,P): UF = F}
the kernel of the linear operator U — I on the Hilbert space L*(€2,2(, P). Moreover, let
H ={UG-G:G e L>®Q,A P)} =(U—-1I)(L>),
and let 7F = E[F|J].
M We show that for any F' € Hy + Hy,
A F —7mF — 0  in L™(Q,2, P). (2.1.9)

Indeed, suppose that F' = F, + UG — G with I, € Hy and G € L*°. By the remark
above, m I is the orthogonal projection of F onto Hy in the Hilbert space L*(£2, 2, P), and
UG — G is orthogonal to Hy. Hence nF' = Fj and

n—1 n—1

1Z ; 121.
<Anfj—-WF1::;z‘_0l]l% —-Fb%—;{'_OC[(U(;—-Cn
1 n
= -(U"G - Q).

Since G € L>*(£,2, P) and U is an L*-isometry, the right hand side converges to 0 in

L*>® as n — oo.

University of Bonn Winter semester 2016/17



66 CHAPTER 2. ERGODIC AVERAGES

Step 2: L2-convergence: By Step 1,
A F = 7F  in L*(Q,2, P) (2.1.10)

forany F' € Hy+ H;. As the linear operators A,, and 7 are all contractions on L?(Q, 2, P),
the convergence extends to all random variables F in the L? closure of Hy + H; by an /3
argument. Therefore, in order to extend 2.1.10) to all ' € L? it only remains to verify
that Hy + H, is dense in L*(Q, 2, P). But indeed, since L is dense in L? and U — [ is a
bounded linear operator on L?, H, is dense in the L?-range of U — I, and hence by (2.1.8)),

LQ(Q,Q[,P) :H0+<U—[)(L2) :HO_'_E:HO_'_HI

Step 3: LP-convergence: For F' € L>(Q,2, P), the sequence (A, F'),cy is bounded in L.
Hence for any p € [1, 00),

A F = rF  in LP(Q,9, P) 2.1.11)

by (2.1.10) and the dominated convergence theorem. Since A,, and 7 are contractions on
each L? space, the convergence in (2.1.11) extends to all F' € LP(Q2,2(, P) by an ¢/3

argument.
Step 4: Almost sure convergence: By Step 1,
A, F — nF P-almost surely (2.1.12)

for any F' € Hy + H,. Furthermore, we have already shown that H, + H; is dense in
L*(Q,2, P) and hence also in L'(€2,2l, P). Now fix an arbitrary F' € L'(2,2l, P), and
let (F})ren be a sequence in Hy + H; such that F, — F in L'. We want to show that
A, F converges almost surely as n — oo, then the limit can be identified as 7 by the L*
convergence shown in Step 3. We already know that P-almost surely,
limsup A, F), = linl) inf A, F), foranyk € N,
300 n—00

and therefore, for k € Nand e > 0,
Pllimsup A, F — liminf A, F > €] < P[sup |A, F — A, Fy| > ¢/2]
= P[sup |An(F — Fy)| > ¢/2]. (2.1.13)

Hence we are done if we can show for any ¢ > 0 that the right hand side in
converges to 0 as k — oco. Since E[|F — Fi|] — 0, the proof is now completed by Lemma
2.4 below.
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O

Lemma 2.4 (Maximal ergodic theorem). Suppose that P = P o ©7'. Then the following
statements hold for any F € L' (Q, 2, P):

1) E[F; max A;F>01>0 foranyn €N,

2) Plsup|A,F| > c] <LE[|F|] foranyc € (0,00).

neN
Note the similarity to the maximal inequality for martingales. The proof is not very intuitive but

not difficult either:
Proof.

1) Let M,, = 11£1a<X(F+Fo@+- <4+ Fo®"!) andlet B={M, > 0} = {11285( A;F > 0}.
Then M, — F+ M | 0 ©, and hence o

F:M;—Mi_lo@ZM;—MJo@ on B.

Taking expectations we obtain

E[F; B] > E[M,}; B] — E[M,} 0 ©;07'(0(B))]
> E[M[] — E[(M; 1o5)) © ©]
= E[M,[] — E[M,[;©(B)] >0

since B C ©71(0O(B)).

2) We may assume that /' is non-negative - otherwise we can apply the corresponding estimate
for |F|. For F' > 0 and ¢ € (0, 00),

E{F—c;maXAZ-FZC} >0

1<i<n
by 1). Therefore,

c-P [m<aXAZ-F > c} <F {F; m<aXAZ-F > c} < E[F]
for any n € N. As n — oo we can conclude that

c-P {supAZ-F > c] < E[F].
ieN

The assertion now follows by replacing c by ¢ — ¢ and letting ¢ tend to zero.

O
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2.1.4 Ergodic theorems for Markov chains

Suppose that O is the shift on 2 = 5%+, and (X,,, P,,) is a canonical time-homogeneous Markov
chain with state space S, initial distribution p and transition kernel 7. Then © is measure-
preserving w.r.t. P, if and only if x is an invariant probability measure for 7. Furthermore,
by Theorem 2.1} the measure P, is ergodic if and only if any function h € L£*(u) satisfying
Lh = 0 p-almost surely is p-almost surely constant. Other necessary and sufficient conditions

for ergodicity are summarized in the following exercise:

Exercise (Ergodicity of stationary Markov chains). Suppose that ;. is an invariant probability
measure for the transition kernel 7 of a canonical Markov chain (X, P,) with state space (.5, B3).

Prove that the following statements are equivalent:
(i) P, isergodic.

(ii) Forany F' € LY(P,),

n—1

1 .
— g Fo®' — E,F]| P,-almostsurely.
n

=0

(iii) Forany f € L'(u),

n—1

Zf(Xz) - /fd,u P,-almost surely.

=0

1
n
(iv) For any B € B,

n—1
1 )
— E w'(x,B) — u(B) for p-ae. x € S.
n

i=0

(v) For any B € B such that u(B) > 0,

P.[Tp < <] >0 for p-ae. z € S.

(vi) Any B € B such that 71z = 15 u-a.s. has measure u(B) € {0,1}.

In particular, we point out the following consequences of Birkhoff’s ergodic theorem for ergodic

stationary Markov chains:

a) Law of large numbers: For any function f € £(S, i),

n—1

Z f(X;) — /fd,u P,-almost surely as n — oo. (2.1.14)

=0

1
n
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The law of large numbers for Markov chains is exploited in Markov chain Monte Carlo
(MCMC) methods for the numerical estimation of integrals w.r.t. a given probability mea-

sure /L.

b) Estimation of the transition kernel: For any Borel sets A, B € B,

n—1

1

i Z Laxp(Xi, Xit1) = Ellaxp(Xo, X1)] = / p(dz)p(z, B) (2.1.15)
=0 A

P,-a.s. as n — oo. This is applied in statistics of Markov chains for estimating both the

invariant measure and the transition kernel of a Markov chain from observed values.
Both applications lead to new questions:
e How can the deviation of the ergodic average from its limit be quantified?

e What can be said if the initial distribution of the Markov chain is not a stationary distribu-

tion?

We return to the first question later - in particular in Sections 2.4l and Let us now consider

the second question. The next remark contains some preliminary observations:
Remark (Non-stationary initial distributions).

1) If v is a probability measure on S that is absolutely continuous w.r.t. a stationary distri-
bution p then the law P, of the Markov chain with initial distribution v is absolutely con-
tinuous w.r.t. P,. Therefore, in this case P, -almost sure convergence holds in Birkhoff’s
Theorem. More generally, P,-almost sure convergence holds whenever v7* is absolutely
continuous w.r.t. x4 for some k € N, since the limits of the ergodic averages coincide for

the original Markov chain (X,,),>o and the chain (X,,11),>o with initial distribution v7*.

2) Since P, = [ P, p(dx), P,-almost sure convergence also implies P,-almost sure conver-

gence of the ergodic averages for p-almost every .

3) Nevertheless, P,-almost sure convergence does not hold in general. In particular, there
are many Markov chains that have several stationary distributions. If v and y are different
stationary distributions for the transition kernel 7 then the limits E, [F'|7] and E,[F|J] of

the ergodic averages A, F w.r.t. P, and P, respectively do not coincide.

We conclude this section with two necessary and sufficient conditions guaranteeing that the er-

godic averages converge for every initial distribution:
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Corollary 2.5 (Liouville Theorem and ergodicity for arbitrary initial distributions). Suppose
that yu is an invariant probability measure for the transition kernel m of a canonical Markov chain

(X, Py). Then the following statements are all equivalent:

(i) Forany x € S and B € B with (B) > 0,

P, [X,, € B infinitely often] = 1. (2.1.16)

(ii) The constants are the only bounded harmonic functions for the generator L = 7w — 1.

(iii) For any bounded measurable function I’ : Q) — R and any x € S,

n—1

1 .
= E Fo®' — E,F]| P,-almost surely.
n

=0

Proof. We first note that by the exercise above, each of the conditions (i), (ii) and (iii) implies

ergodicity of P,. We now show that “(1)=-(i1)=-(ii))=-(1)"".

(i)=(ii). Suppose that h : S — R is a bounded harmonic function, and let x € S. Then h(X,,)
is a bounded martingale w.r.t. P,. By the L' martingale convergence theorem, 1(X,,) converges
P,-almost surely, and

h(z) = E.[h(Xo)] = E;[limh(X,)]. (2.1.17)

Now fix ¢ € R such that both p(h > ¢) and p(h < c) are strictly positive. For example, we may

choose ¢ as a median of ;1 o h~. Then by (i), for any = € S,
P,[h(X,) > cinfinitely often] = 1 = P,[h(X,) < c infinitely often].

Hence by 2.1.17), h(x) = cforany = € S.

(ii)=>(iii). Consider the event A := {1 S Fo® — E,[F]}. Observe that by ergodicity,
P,[A] = 1. Moreover, A is shift-invariant, and hence h(z) := P,[A] is a bounded harmonic

function. Therefore, by (ii), A is constant, and thus
h(z) = /hdu = P,JA4] =1 for any x € S.

(iii)=(i). Let B € B with u(B) > 0. Then applying (iii) with F' = 15(X,) shows that (Z.1.16))
holds. L]
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Remark. The assumption (2.1.16)) is satisfied if the Markov chain is “globally Harris recurrent”,
see Meyn and Tweedie [25, Theorem 9.1.4]. Necessary and sufficient conditions for Harris re-

currence are given in Theorem [L.71

2.2 Ergodic theory in continuous time

We now extend the results in Section to the continuous time case. Indeed we will see that the

main results in continuous time can be deduced from those in discrete time.

2.2.1 Ergodic theorem

Let (£2,2, P) be a probability space. Furthermore, suppose that we are given a product-measurable

map
©:[0,00) x Q2 —Q
(t, w)— Oyw)
satisfying the semigroup property
©p=1idy, and ©O;00,=0,, foranyt,s>0. (2.2.1)

The analogue in discrete time are the maps O, (w) = O"(w). As in the discrete time case,
the main example for the maps O, are the time-shifts on the canonical probability space of a

stochastic process:

Example (Stationary processes in continuous time). Suppose 2 = C([0, 00),.S) or

Q = D([0,00), .5) is the space of continuous, right-continuous or cadlag functions from [0, co)
to S, X;(w) = w(t) is the evolution of a function at time ¢, and 2 = o(X, : ¢ € [0,00)). Then,
by right continuity of t — X, (w), the time-shift © : [0, c0) x  —  defined by

Oiw) =w(t+-) forte[0,00),w e,

is product-measurable and satisfies the semigroup property (2.2.1). Suppose moreover that P is
a probability measure on (£2,2(). Then the continuous-time stochastic process ((X):c[,c), P) is

stationary, i.e.,
(Xstt)tefo,00) ~ (Xi)te[o,00) under P for any s € [0, 00),

if and only if P is shift-invariant, i.e., iff P o ©;! = P for any s € [0, c0).
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The o-algebra of shift-invariant events is defined by
J={AcA: A=0,"(A)forany s € [0,00)}.

Verify for yourself that the definition is consistent with the one in discrete time, and that [ is

indeed a o-algebra.

Theorem 2.6 (Ergodic theorem in continuous time). Suppose that P is a probability measure
on (0, 2A) satisfying P o ©;' = P for any s € [0,00). Then for any p € [1, 00| and any random
variable F' € LP(Q, 2, P),

t

1
lim — | Fo®©yds=E[F|J| P-almostsurelyandin LP(Q,2, P). (2.2.2)

t—o00 0

Similarly to the discrete time case, we use the notation
1 t
AtF = ; / Fo C"‘)S ds
0

for the ergodic averages. It is straightforward to verify that A; is a contraction on £P(€, 2, P)

for any p € [1, oo| provided the maps O are measure-preserving.
Proof.

Step 1: Time discretization. Suppose that F' is uniformly bounded, and let
R 1
F = / FoB,ds.
0

Since (s,w) — O,(w) is product-measurable, I is a well-defined uniformly bounded ran-

dom variable. Furthermore, by the semigroup property ,

—_

n—

A ~ A

A, F=A,F foranyn € N, where A F = Fo®,

S|

I
=)

7

denotes the discrete time ergodic average of F. If t € [0, 00) is not an integer then we can

1 1 /M
+ | —==" Fo0O,ds
(1) |

estimate

L 1 /[t
|AF — Al F = |[AF = A F| < ';/ FoB;ds
2]
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The right-hand side is independent of w and converges to 0 as ¢ — oco. Hence by the

ergodic theorem in discrete time,

lim A F = lim A,F = E[F|J] P-as.andin L? foranyp € [1,00),  (2.2.3)
—00

n—oo

where J = {A € % : ©7'(A) = A} is the collection of ©,-invariant events.

Step 2: Identification of the limit. Next we show that the limit in (2.2.3) coincides with the
conditional expectation E[F|J] P-almost surely. To this end note that the limit superior

of A;F ast — oo is J-measurable, since

1 t 1 t 1 s+t
(AtF)O@s:Z Fo@uo®sdu:¥ Fo®u+sdu:¥ Fo0O,du
0 0 s

has the same limit superior as A;F for any s € [0, c0). Since L' convergence holds,
1 t
lim A,F = Ellim A,F|J] = lim E[A,F|J] = lim —/ E[F 0©,|7]ds
t—o00 t—oo t 0

P-almost surely. Since O, is measure-preserving, it can be easily verified that E[F 00| ]

= E[F|J] P-almost surely for any s € [0, c0). Hence

tlim AF = E[F|J] P-almost surely.
—00

Step 3: Extension to general F € LP. Since F(£2) is a dense subset of £7(€2,2(, P) and A; is
a contraction w.r.t. the LP-norm, the L? convergence in (2.2.2)) holds for any ' € LP by
an ¢/3-argument. In order to show that almost sure convergence holds for any F' € £! we

apply once more the maximal ergodic theorem 2.4l For ¢t > 1,

1l tj+1 2 : ;
|AF| < 2/ [F o ©,|ds = Ht A1 |F| < 24| F).
0
Hence for any ¢ € (0, c0),
- 9 . 9
p {sup\AtF\ > c} <P {supAn|F\ > c/Q] < —E[|F|] < -E||F]].
t>1 neN C C

Thus we have deduced a maximal inequality in continuous time from the discrete time
maximal ergodic theorem. The proof of almost sure convergence of the ergodic averages
can now be completed similarly to the discrete time case by approximating /' by uniformly

bounded functions, cf. the proof of Theorem 2.3]above.
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The ergodic theorem implies the following alternative characterizations of ergodicity:

Corollary 2.7 (Ergodicity and decay of correlations). Suppose that P o ©;1 = P for any

s € [0,00). Then the following statements are equivalent:
(i) P is ergodic w.rt. (O;)s>0.

(ii) Forany F € L?(Q, %, P),

1 t
Var(;/ Fo@sds) —0 ast— oo.
0
(iii) Forany F € L?(Q,%, P),
1 t
?/ Cov(Fo®O4 F)ds—0 ast— .
0
(iv) Forany A, B € 2,

%/OtP[Aﬂ@sl(B)] ds — P[A] P[B] ast— oc.

The proof is left as an exercise.

2.2.2 Applications

a) Flows of ordinary differential equations
Letb : R? — R? be a smooth (C*°) vector field. The flow (O;)cr of b is a dynamical system on
Q) = R? defined by

%@t(w) = b(0(w)), Op(w) =w forany w € R? (2.2.4)

For a smooth function F': R — Rand t € R let

(U F)(w) = F(O1(w)).
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Then the flow equation implies the forward equation

d .
ﬁUtF =0, (VF)oO;=(b-VF)o 0O, ie.,
(F %UtF =ULF where LF =0b-VF

is the infinitesimal generator of the time-evolution. There is also a corresponding backward
equation that follows from the identity U, U, _, ' = U, F'. By differentiating w.r.t. h at h = 0 we
obtain LU F — 4U,F = 0, and thus

The backward equation can be used to identify invariant measures for the flow (©,);cr. Suppose
that P is a positive measure on R? with a smooth density o w.r.t. Lebesgue measure )\, and let
F € C°(R?). Then

%/UthP:/b-V(Fo@t)gd)\:/Fo@tdiv(gb)dA.

Hence we can conclude that if

div(ob) = 0

then [ Fo©,dP = [U,FdP = [ FdP forany F € C3°(R%) and ¢ > 0, i.e.,
PoO;'=P foranyt € R.

Example (Hamiltonian systems). In Hamiltonian mechanics, the state space of a system is
Q) = R? where a vector w = (q,p) € 2 consists of the position variable ¢ € R and the
momentum variable p € RY. If we choose units such that the mass is equal to one then the total

energy is given by the Hamiltonian

H(q,p) = %|p|2 +V(q)

where 1 |p|? is the kinetic energy and V' (g) is the potential energy. Here we assume V' € C*°(R?).

The dynamics is given by the equations of motion

i _om,
dt - ap Q7p _p7
dp  OH B
%__a_q@’p)_ VVi(q).
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A simple example is the harmonic oscillator (pendulum) where d = 1 and V' (q) = %qz. Let

(©¢)¢cr be the corresponding flow of the vector field

91 (g, p) p
bg,p) = | 2 - .
(-7 (—%—Z(qm)) (—VV(Q)>

The first important observation is that the system does not explore the whole state space, since

the energy is conserved:

d OH dg OH dp

@H(q,p) = 8—q(q,p) i a—p(q’p) i (b-VH)(q,p) =0 (2.2.5)

where the dot stands both for the Euclidean inner product in R? and in R??. Thus H o O, is

constant, i.e., t — ©;(w) remains on a fixed energy shell.

p

T
NP

Figure 2.1: Trajectories of harmonic oscillator

As a consequence, there are infinitely many invariant measures. Indeed, suppose that

0(q,p) = g(H(q,p)) for a smooth non-negative function g on R. Then the measure
P(dw) = g(H(w)) \**(dw)

is invariant w.r.t. (©,) because

’H H
div(gb):b-Vg+Qdiv(b):(g’oH)(b-VH)+Q<8 0 ):0

dgdp  dpdg

by . What about ergodicity? For any Borel set B C R, the event { H € B} is invariant
w.rt. (©;) by conservation of the energy. Therefore, ergodicity can not hold if ¢ is a smooth
function. However, the example of the harmonic oscillator shows that ergodicity may hold if we

replace g by a Dirac measure, i.e., if we restrict to a fixed energy shell.
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Remark (Deterministic vs. stochastic dynamics). The flow of an ordinary differential equation
can be seen as a very special Markov process - with a deterministic dynamics. More generally,
the ordinary differential equation can be replaced by a stochastic differential equation to obtain
Itd type diffusion processes, cf. below. In this case it is not possible any more to choose € as
the state space of the system as we did above - instead {2 has to be replaced by the space of all

trajectories with appropriate regularity properties.

b) Gaussian processes

Simple examples of non-Markovian stochastic processes can be found in the class of Gaussian
processes. We consider the canonical model with 2 = D([0, 00), R), X;(w) = w(t),
A=0(X;:t€R,),and O;(w) = w(t + -). In particular,

X;00,=X,,, foranyt,s>0.

Let P be a probability measure on (2, 21). The stochastic process (X;, P) is called a Gaussian
process if and only if (X, ,..., X}, ) has a multivariate normal distribution for any n € N and
t1,...,t, € Ry (Recall that it is not enough to assume that X, is normally distributed for any ¢!).

The law P of a Gaussian process is uniquely determined by the averages and covariances
m(t) = E[Xy], ¢(s,t) = Cov(X,, Xy), s,t>0.

It can be shown (Exercise) that a Gaussian process is stationary if and only if m(¢) is constant,

and
c(s,t) = r(|s =)
for some function r : R, — R (auto-correlation function). To obtain a necessary condition for

ergodicity note that if (X, P) is stationary and ergodic then % fot X, ds converges to the constant

1 t
Var(;/ Xsds) —0 ast— oc.
0

On the other hand, by Fubini’s theorem,

t
Va(i/de) Cov(/det/Xdu)
0
//Cov X, Xy) duds = — // s — u) duds

average m, and hence

1
2t2 i (t —v)r(v)dv = % /. (1 - ;) r(v) dv
1 t
~ o r(v)dv asymptotically as t — oo.
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Hence ergodicity can only hold if

1 t
lim — [ r(v)dv=0.

t—oo 0

It can be shown by Spectral analysis/Fourier transform techniques that this condition is also suf-

ficient for ergodicity, cf. e.g. Lindgren, “Lectures on Stationary Stochastic Processes” [22]].

¢) Random Fields

We have stated the ergodic theorem for temporal, i.e., one-dimensional averages. There are
corresponding results in the multi-dimensional case, i.e., t € Z% or t € R?, cf. e.g. Stroock,
“Probability Theory: An Analytic View” [34]. These apply for instance to ergodic averages of
the form |

AF = W /(M)d FoOgds, teR,,

where (O;),cra is a group of measure-preserving transformations on a probability space (€2, 2, P).
Multi-dimensional ergodic theorems are important for the study of stationary random fields. Here

we just mention briefly two typical examples:

Example (Massless Gaussian free field on Z9). Let Q) = RZ where d > 3, and let X, (w) = wy
for w = (ws) € Q. The massless Gaussian free field is the probability measure P on €2 given
informally by

1 1
“P(dw) = — €XP (— ) Z |ws — w5|2> H dws™. (2.2.6)

s,tezd s€Zd
[s—t|=1

The expression is not rigorous since the Gaussian free field on RZ" does not have a density
w.r.t. a product measure. Indeed, the density in (2.2.6) would be infinite for almost every w.
Nevertheless, P can be defined rigorously as the law of a centered Gaussian process (or random

field) (X),eze With covariances
Cov(X,, X;) = G(s,t) forany s, t € Z°,

where G(s,t) = > p"(s,t) is the Green’s function of the Random Walk on Z?. The connection
n=0

to the informal expression in (2.2.6]) is made by observing that the generator of the random walk

is the discrete Laplacian Ayq, and the informal density in (2.2.6) takes the form

_ 1

For d > 3, the random walk on Z¢ is transient. Hence the Green’s function is finite, and one

can show that there is a unique centered Gaussian measure P on ) with covariance function
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G(s,t). Since G(s,t) depends only on s — ¢, the measure P is stationary w.r.t. the shift

O,(w) = w(s + ), s € Z%. Furthermore, decay of correlations holds for d > 3 since
G(s,t) ~ |s—t]*™¢ as|s—t| = oco.

It can be shown that this implies ergodicity of P, i.e., the P-almost sure limits of spatial ergodic
averages are constant. In dimensions d = 1,2 the Green’s function is infinite and the massless
Gaussian free field does not exist. However, in any dimension d € N it is possible to define
in a similar way the Gaussian free field with mass m > 0, where G is replaced by the Green’s

function of the operator m? — Aga.

Example (Markov chains in random environment). Suppose that (©,),cz. is stationary and
ergodic on a probability space (2,2, P), and let ¢ :  x Z¢ — [0, 1] be a stochastic kernel from

Q) to Z*. Then random transition probabilities on Z? can be defined by setting
m(w,z,y) = q¢(Oy(w),y —x) foranyw € Qand z,y € Z%.

For any fixed w € €, 7(w, ) is the transition matrix of a Markov chain on Z?. The variable
w 1is called the random environment - it determines which transition matrix is applied. One is
now considering a two-stage model where at first an environment w is chosen at random, and
then (given w) a Markov chain is run in this environment. Typical questions that arise are the

following:

¢ Quenched asymptotics. How does the Markov chain with transition kernel 7(w, -, -) be-

have asymptotically for a typical w (i.e., for P-almost every w € €2)?

e Annealed asymptotics. What can be said about the asymptotics if one is averaging over w
wr.t. P?

For an introduction to these and other questions see e.g. Sznitman, “Ten lectures on Random
media” [3].

2.2.3 Ergodic theory for Markov processes

We now return to our main interest in these notes: The application of ergodic theorems to
Markov processes in continuous time. Suppose that (p;);c[0,c) iS a transition function of a time-
homogeneous Markov process (X¢, P,) on (£2,2(). We assume that (X;);c[0,c) is the canonical
process on €2 = D([0,00),5), A = o(X; : t € [0,00)), and p is the law of X, w.r.t. P,. The

measure 4 is a stationary distribution for (p;) iff up, = p for any ¢ € [0, 00). The existence of
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stationary distributions can be shown by the theorems of Krylov-Bogoliubov and Foguel. The

proof of the next theorem is left as an exercise.

Theorem 2.8 (Characterizations of ergodicity in continuous time). /) The shift semi-
group O4(w) = w(t+-), t > 0, preserves the measure P, if and only if 1 is a stationary
distribution for (pt)>o.

2) In this case, the following statements are all equivalent

(i) P, is ergodic.
(ii) Forany f € L*(S, u),

1

t
;/ f(XS)ds—>/fd,u P,-as. ast — oo.
0

(iii) Forany f € L*(S, ),

1 t
Varp, <¥/ f(Xs) ds) —0 ast— oo.
0

(iv) Forany f,g € L*(S, j1),

1 t
;/ Covp, (9(Xo), f(Xs)) ds =0 ast — oo.
0

(v) Forany A, B € B,

1 t
;/ P,[Xo€ A X, € Blds = u(A)u(B) ast— oo.
0

(vi) Forany B € B,

t

ps(z, B)ds — p(B) p-a.e. ast — oc.
0

(vii) Forany B € B with u(B) > 0,

~ | =

P.[Tg < ] >0 forp-ae x € S.
(viii) For any B € B such that py1g = 15 p-a.e. for any t > 0,
u(B) € {0,1}.

(ix) Any function h € Fy,(S) satisfying psh = h u-a.e. for any t > 0 is constant up to a

set of p-measure zero.
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Again, ergodicity can be verified by the strong Feller property:

Corollary 2.9. Suppose that one of the transition kernels p;, t > 0, is strong Feller. Then P, is

stationary and ergodic for any stationary distribution i of (p:)+>o that has connected support.

The proof is similar to that of the corresponding result in discrete time, cf. Corollary

Example (Brownian motion on R/Z). A Brownian motion (X;) on the circle R/Z can be

obtained by considering a Brownian motion (B;) on R modulo the integers, i.e.,
X, =B,— |B;] €1[0,1) CR/Z.
Since Brownian motion on R has the smooth transition density
pi(z.y) = @mt) "2 exp(—|zr — y[*/(2t)),

the transition density of Brownian motion on R/Z w.r.t. the uniform distribution is given by

Zpt T,y +n)= \/2_2 eyl forany ¢t > 0and x,y € [0,1).
it

nez ne”L

Since p; is a smooth function with bounded derivatives of all orders, the transition kernels are
strong Feller for any ¢ > 0. The uniform distribution on R /Z is stationary for (p;);>o. Therefore,
by Corollary 2.9] Brownian motion on R/Z with uniform initial distribution is a stationary and

ergodic Markov process.

A similar reasoning as in the last example can be carried out for general non-degenerate diffusion
processes on R?. These are Markov processes generated by a second order differential operator

of the form

1 <& 52 d 0
= - b; .
2 Z: 8:6@83:] + Z Z(x)ﬁxi

By PDE theory it can be shown that if the coefficients are locally Holder continuous, the matrix
(a;j(x)) is non-degenerate for any =, and appropriate growth conditions hold at infinity then there
is a unique transition semigroup (p;):;>o With a smooth transition density corresponding to L, cf.
e.g. [XXX]. Therefore, Corollary can be applied to prove that the law of a corresponding

Markov process with stationary initial distribution is stationary and ergodic.
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2.3 Structure of invariant measures

In this section we apply the ergodic theorem to study the structure of the set of all invariant
measures w.r.t. a given one-parameter family of transformations (©;);>¢, as well as the structure

of the set of all stationary distributions of a given transition semigroup (p;):>o.

2.3.1 The convex set of ®-invariant probability measures

Let O : Ry xQ — , (t,w) — O;(w) be product-measurable on (2, 2) satisfying the semigroup

property
Oy =1idg, ©;,00,=0,, foranyt,s>0,

andlet 7 = {A €A:0;'(A) = Aforanyt > 0}. Alternatively, the results will also hold in

the discrete time case, i.e., R, may be replaced by Z,. We denote by
SO)={PeP(Q): PoO;" =Pforanyt >0}
the set of all (O;)-invariant (stationary) probability measures on (2, 2).

Lemma 2.10 (Singularity of ergodic probability measures). Suppose P, () € S(0©) are distinct
ergodic probability measures. Then P and () are singular on the o-algebra J, i.e., there exists
an event A € J such that P[A] = 1 and Q[A] = 0.

Proof. This is a direct consequence of the ergodic theorem. If P # () then there is a random
variable F' € F,(2) such that [ F dP # [ F dQ. The event

A= {limsupAtF = /FdP}
t—o0

is contained in 7, and by the ergodic theorem, P[A] = 1 and Q[A] = 0. O

Recall that an element x in a convex set (' is called an extreme point of C' if x can not be
represented in a non-trivial way as a convex combination of elements in C. The set C, of all

extreme points in C' is hence given by

Co={xeC :Axy,xy € C\{z},a € (0,1): 2 =ax;+ (1 — a)xy}.

Theorem 2.11 (Structure and extremals of S(©)). 1) The set S(O) is convex.
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2) A (©,)-invariant probability measure P is extremal in S(O) if and only if P is ergodic.

3)

Proof.

2)

3)

If Q is a polish space and 2 is the Borel c-algebra then any (©,)-invariant probability
measure P on (Q,20) can be represented as a convex combination of extremal (ergodic)

elements in S(O), i.e., there exists a probability measure p on S(©). such that

= dQ).
/5(6)6 2D

1) If P, and P, are (O,)-invariant probability measures then any convex combination
aP; + (1 — a)Ps, a € ]0,1], is (O;)-invariant, too.

Suppose first that P € S(O©) is ergodic and P = aP; + (1 — «) P, for some a € (0,1)
and Py, P, € §(©). Then P, and P, are both absolutely continuous w.r.t. P. Hence P; and
P, are ergodic, i.e., they only take the values 0 and 1 on sets in J. Since distinct ergodic
measures are singular by Lemma .10l we can conclude that P, = P = P, i.e., the convex
combination is trivial. This shows P € S(O)..

Conversely, suppose that P € S§(0) is not ergodic, and let A € 7 such that P[A] € (0, 1).

Then P can be represented as a non-trivial combination by conditioning on o (A):
P = P[-|A] P[A] + P[-|A] P[A“].

As A is in J, the conditional distributions P[-|A] and P[-|A¢] are both (©;)-invariant
again. Hence P ¢ S(O)..

This part is a bit tricky, and we only sketch the main idea. For more details see e.g. Varad-
han, “Probability Theory” [36]. Since (€2, 2l) is a polish space with Borel o-algebra, there
is a regular version p7(w, -) of the conditional distributions P[- | 7](w) given the o-algebra
J. Furthermore, it can be shown that ps(w,-) is stationary and ergodic for P-almost
every w € {2 (The idea in the background is that we “divide out” the non-trivial invariant
events by conditioning on 7). Assuming the ergodicity of p7(w, -) for P-a.e. w, we obtain

the representation
Pd) = [ ps(e.) Plde)

_ / Q 0ldQ)
S(O)e
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where g is the law of w +— ps(w,-) under P. Here we have used the definition of a
regular version of the conditional distribution and the transformation theorem for Lebesgue
integrals.
To prove ergodicity of p7(w, -) for almost every w one can use that a measure is ergodic if
and only if all limits of ergodic averages of indicator functions are almost surely constant.
For a fixed event A € 2,

t

1
lim — [ 1400,ds= P[A|J] P-almost surely, and thus

t—o00 0
t

1
tlim — | 14004ds=ps(w,A) ps(w,-)-almost surely for P-a.e. w.
—00 0

The problem is that the exceptional set in “P-almost every” depends on A, and there are
uncountably many events A € 2l in general. To resolve this issue, one can use that the Borel
o-algebra on a Polish space is generated by countably many sets A,,. The convergence
above then holds simultaneously with the same exceptional set for all A,,. This is enough
to prove ergodicity of ps(w, -) for P-almost every w.

O

2.3.2 The set of stationary distributions of a transition semigroup

We now specialize again to Markov processes. Let p = (p;):>o be a transition semigroup on
(S, B), and let (X, P,) be a corresponding canonical Markov process on 2 = D(R,,S). We

now denote by S(p) the collection of all stationary distributions for (p;);>o, i.e.,

S(p) ={n € P(S): p = pp; forany t > 0}.

As usually in this setup, J is the o-algebra of events in 2 = o(X; : ¢ > 0) that are invariant

under time-shifts O,(w) = w(t + ).

Exercise (Shift-invariants events for Markov processes). Show that for any A € 7 there exists

a Borel set B € B such that p;,15 = 1 p-almost surely for any ¢ > 0, and
A= ﬂ U {X,, € B} ={Xy, € B} P-almostsurely.
neNm>n

The next result is an analogue to Theorem 2.11] for Markov processes. It can be either deduced

from Theorem 2.11] or proven independently.
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Theorem 2.12 (Structure and extremals of S(p)). 1) The set S(p) is convex.

2) A stationary distribution p of (p;) is extremal in S(p) if and only if any set B € B such that
pilp = 1p p-a.s. for any t > 0 has measure ;(B) € {0,1}.

3) Any stationary distribution i of (p;) can be represented as a convex combination of ex-

tremal elements in S(p).

Remark (Phase transitions). The existence of several stationary distributions can correspond to
the occurrence of a phase transition. For instance we will see in Section [4.3] below that for the
heat bath dynamics of the Ising model on Z? there is only one stationary distribution above the
critical temperature but there are several stationary distributions in the phase transition regime

below the critical temperature.

2.4 Central limit theorem for ergodic averages

Let (p:)¢>0 be the transition semigroup of a Markov process ((X;):cz, , ) in discrete time or a
right-continuous Markov process ((X;)cr, , P») in continuous time with state space (.5, B). In
discrete time, p; = 7' where 7 is the one-step transition kernel. Suppose that p is a stationary
distribution of (p;)¢>o. If ergodicity holds then by the ergodic theorem, for any f € L£'(u), the

averages
= 1t
Af =~ Zf(XZ-), Af = —/ f(Xs)ds respectively,
t — tJo

converge to u(f) = [ fdu P,-almost surely and in L*(P,). In this section, we study the asymp-
totics of the fluctuations of A; f around u(f) as t — oo for f € L*(u).

2.4.1 Bias and variance of stationary ergodic averages

Theorem 2.13 (Bias, variance and asymptotic variance of ergodic averages). Let f € L£>(u)

and let fo = f — p(f). The following statements hold:

1) Foranyt >0, A.f is an unbiased estimator for j(f) w.rt. P, i.e.,

Ep, [Acf] = u(f)-
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2) The variance of A, f in stationarity is given by
1 2 o k ke o .
Varp, [A:f] = n Var,(f) + - Z 1-— n Cov,(f,m"f) indiscrete time,

t
k=1

2

t
Varp, [A:f] = ?/ <1 — %) Cov,(f,prf)dr in continuous time, respectively.
0

3) Suppose that the series G fo = Y oo, 7 fo or the integral G fo = fooo psfods (in discrete/
continuous time respectively) converges in L*(u). Then the asymptotic variance of VEAf
is given by

lim t-Varp,[Af] = 0}, where

0% = Var,(f +2ZCOVH = 2(fo, Gfo)r2(w) — (fo, fo) 2w

in the discrete time case, and

o :/0 Covu(f, psf)ds = 2(fo, G fo)r2()

in the continuous time case, respectively.

Remark. 1) The asymptotic variance equals

o} = Varp,[f(Xo)] +2)  Covp,[f(Xo), f(Xi)],

k=1
o; = / Covp,[f(Xo), f(X,)]ds, respectively.
0
If G fy exists then the variance of the ergodic averages behaves asymptotically as O'ch /t.

2) The statements hold under the assumption that the Markov process is started in stationarity.
Bounds for ergodic averages of Markov processes with non-stationary initial distribution

are given in Section 3.2.4] below.

Proof of Theorem[2.13] 'We prove the results in the continuous time case. The analogue discrete
time case is left as an exercise. Note first that by right-continuity of (X):>0, the process (s,w) —

f(X(w)) is product measurable and square integrable on [0,¢] x Q w.r.t. A® P, forany t € R..

1) By Fubini’s theorem and stationarity,

Ep, E/o f(Xs) ds] = %/0 Ep,[f(X,)]ds = p(f) foranyt > 0.

Markov processes Andreas Eberle



2.4. CENTRAL LIMIT THEOREM FOR ERGODIC AVERAGES 87

2) Similarly, by Fubini’s theorem, stationarity and the Markov property,
I 1/t
Varp, [Af] = Covp, {;/ f(XS)ds,g/ f(Xy) du}
0 0

-2 t | Covn, 110X, ) ds du

9 t u
:t_2/0 /0 Cov,(f, pu—sf)dsdu
9 t

(t —r)Cov,(f,p.f)dr.

= t—2 ;
3) Note that by stationarity, x(p,.f) = (), and hence

Cov,(f.prf) = /foprfo dp forany r > 0.

Therefore, by 2) and Fubini’s theorem,

t- Varp, [Atf]:2/t (1—£>/f0prfod,udr

0

=2 ([ (1=5) 0l dr)m

—>2(f0,/ prfodr) ast — oo
0 L2(p)

provided the integral fooo py fo dr converges in L?(11). Here the last conclusion holds since

L?(p)-convergence of fot pyfodr ast — oo implies that

t 1 t r 1 t t
/ iprfodr:—/ / prfodsdr:—//prfodrdS%OinLQ(u)ast%oo.
ot tJo Jo tJo Js

O

Remark (Potential operator, existence of asymptotic variance). The theorem states that the
asymptotic variance of v/t A, f exists if the series/integral G f, converges in L?(11). Notice that G¢
is a linear operator that is defined in the same way as the Green’s function. However, the Markov
process is recurrent due to stationarity, and therefore Gl = oo p-a.s. on B for any Borel
set B C S. Nevertheless, G f; often exists because fy has mean u(fy) = 0. Some sufficient
conditions for the existence of G f, (and hence of the asymptotic variance) are given below. If

G f, exists for any f € £2(u) then G induces a linear operator on the Hilbert space

Li(p) = {f € L*(n) - p(f) = 0},
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i.e., on the orthogonal complement of the constant functions in L?*(y). This linear operator is
called the potential operator. It is the inverse of the negative generator restricted to the orthog-

onal complement of the constant functions. Indeed, in discrete time,
o0
—LGfy = (I=m)>_7"fo = fo
n=0

whenever G f, converges. Similarly, in continuous time, if G f; exists then

~260 = ~ti” =L [ =t ([Codode— [Tpego)

h

o1
= 1}%1% ; pefodt = fo.

The last conclusion holds by strong continuity of ¢ — p; fo, cf. Theorem [5.2] below.

Exercise (Sufficient conditions for existence of the asymptotic variance). Prove that in the
continuous time case, G'fy = fooo pefo dt converges in L?(p) if one of the following conditions is

satisfied:
(i) Decay of correlations: [,° |Covp, [f(Xo), f(Xy)]| dt < oc.
(i) L? bound: [} ||pfollr2(mdt < oo.

Deduce non-asymptotic (¢ finite) and asymptotic ({ — oo) bounds for the variances of ergodic
averages under the assumption that either the correlations | Covp, [f(Xo), f(X¢)]| or the L* (1)

norms ||p fo||£2(.) are bounded by an integrable function 7(t).

We now restrict ourselves to the discrete time case. To apply Theorem [2.13]in practice, quantita-
tive bounds for the asymptotic variances are required. One possibility for deriving such bounds

is to estimate the contraction coefficients of the transition kernels on the orthogonal complement

Li(p) = {f € L* () : u(f) = 0}

of the constants in the Hilbert space L*(y). Indeed, let
17122
(1) = Iz sy = sup o)
FoU= B 1 2

denote the operator norm of 7 on L2 (). If

c = Zv(ﬂ”) < 00 (24.1)
n=0

Markov processes Andreas Eberle



2.4. CENTRAL LIMIT THEOREM FOR ERGODIC AVERAGES 89

then G fo = > 7, 7" fo converges for any f € L£?(y), i.e., the asymptotic variances O'ch exist, and
O-J% = 2(f07 GfO)Lz(u) - (an fO)Lz(u) (242)
< (2c=Dllfoll7zy = (2c—1) Varu(f).

A sufficient condition for (2.4.1)) to hold is y(7) < 1; in that case

= 1
< )t = T < (2.4.3)

n=0

by multiplicativity of the operator norm.
Remark (Relation to spectral gap). By definition,

) — (mfom )iy N “Tf) ot
R AT I G TS

i.e., y(m) is the spectral radius of the linear operator 7*r restricted to LZ(1). Now suppose that

= 9(77'*71'|L(2)(u))1/27

7 satisfies the detailed balance condition w.r.t. p, i.e.,

pldx) n(z,dy) = u(dy) w(y,dz).
Then 7 is a self-adjoint linear operator on the Hilbert space L3(u). Therefore,

* (f7 Trf)L2
y(m) = ol 7T|L(2)(u))1/2 = o(mlr2) = Supi(“), and

fl1 (fvf)Lz(u)
) = i (fif =7f)e2q
1 —y(m) = fol T Gap(L).

Here Gap(L) denotes the spectral gap of the generator £ = 7 — I, which is defined by

_ L Dew
Gap(L) = Wl =

Gap(L) is the gap in the spectrum of —L between the eigenvalue 0 corresponding to the constant

= inf spec(—L]Lz(,))-

functions, and the infimum of the spectrum on the complement of the constants. If detailed bal-
ance holds, then by (Z.4.1) and (2.4.2)), 2 Gap(£)~! — 1 provides upper bounds for the asymptotic

variances.

2.4.2 Central limit theorem for Markov chains

We again restrict ourselves to the discrete time case. Corresponding results in continuous time

will be given in Section[Z.2l Let f € £?(11), and suppose that the asymptotic variance

o7 = lim nVarp,[4, f]

n—oo
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exists and is finite. Without loss of generality we assume u(f) = 0, otherwise we may consider

fo instead of f. Our goal is to prove a central limit theorem of the form
1 n—1 > )
NG > f(X) — N(0,09) (2.4.4)
i=0

D e e .
where “—” stands for convergence in distribution. The key idea is to use the martingale problem
in order to reduce (2.4.4) to a central limit theorem for martingales. If g is a function in £2(u)

then g(X,,) € L*(P,) for any n > 0, and hence

n—1

9(X,) = 9(Xo) = M, +> (Lg)(Xy) (2.4.5)

where (M,,) is a square-integrable (F.X) martingale with M, = 0 w.r.t. P,, and Lg = 7g — g.
Now suppose that there exists a function g € £2(u1) such that Lg = —f p-a.e. Note that this is
always the case with g = Gf if Gf = "7 @ f converges in L?(p1). Then by (Z.4.3),

1 - M, | g(Xo) — g(X,)
\/ﬁ; f(Xp) = \/ﬁ+ NG . (2.4.6)

As n — oo, the second summand converges to 0 in L?(P,). Therefore, (Z.4.4) is equivalent to a

central limit theorem for the martingale (), ). Explicitly,

n
M, = ZYi for any n > 0,
i=1
where the martingale increments Y; are given by

Yi = M; — M, = Q(Xz‘) - g(Xi—l) - (59)(){@—1) = Q(Xi) - (Wg)(Xi—ﬂ-

These increments form a stationary sequence w.r.t. P,. Thus we can apply the following theorem:

Theorem 2.14 (CLT for martingales with stationary increments). Let (F,,) be a filtration on
a probability space (2,2, P). Suppose that M,, = > Y; is an (F,,) martingale on (2,2, P) with
=1

stationary increments Y; € L?(P), and let 0 € R+._If

1 n
— E Y2 — o inL'(P) asn — o0 (2.4.7)
n
i=1
then
1 D

%Mn — N(0,0%) wrt P. (2.4.8)
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The proof of Theorem will be given below. Note that by the ergodic theorem, the condition
@.47) is satisfied with 0> = E[Y}?] if the process (Y;, P) is ergodic. As a consequence of

7

Theorem 2.14] and the considerations above, we obtain:

Corollary 2.15 (CLT for stationary Markov chains). Let (X,,, P,,) be a stationary and ergodic
Markov chain with initial distribution ;i and one-step transition kernel m, and let f € L*(p).

Suppose that there exists a function g € L*(1) solving the Poisson equation

—Lg = f—u(f). (2.4.9)

Let 0} :=2Cov,(f,g) — Var,(f). Then as n — o,

~
—

S — ulf)) 2> N(0,0%).

S -
i

Remark. Recall that (2.4.9)) is satisfied with g = G(f — u(f)) if it exists.

Proof. LetY; = g(X;) — (mg)(Xi—1). Then under P,, (Y;) is a stationary sequence of square-

integrable martingale increments. By the ergodic theorem for the process (X,,, P,),
1 Qe 21 o7l
— E Y?— E,[YY] inL(P,) asn — oo.
n
i=1

The limiting expectation can be identified as the asymptotic variance UJ% by an explicit computa-

tion:
EL[Y?] = E,[(9(X1) — (79)(X0))?]
_ / () B, [g(X1)? — 29(X)) () (Xo) + (mg)(Xo)?]
= / (rg” — 2(mwg)? + (7g)?)dp = / 9> du — / (wg)*dp
=(g—7g,9+ 7T9)L2(u) = Q(ang)LQ(u) — (fo, fO)LQ(u) = va-

Here fy := f — pu(f) = —Lg = g — mg by assumption. The martingale CLT 2.14] now implies
that

1 — D
—ZYE%N(O,U;),
Vi
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and hence
n—1 n
1 1 9(Xo) —9(X) 1 2
= X;) — = Y, N (0,
as well, because g(X,) — g(X,,) is bounded in L*(P,). O

We conclude this section with a proof of the CLT for martingales with stationary increments:

2.4.3 Central limit theorem for martingales

Let M,, = Y., Y; where (Y;) is a stationary sequence of square-integrable random variables on

a probability space (2,2, P) satisfying
E[Y;|Fi.1])=0 P-as.foranyi € N (2.4.10)

w.r.t. a filtration (F,,). We now prove the central limit theorem 2.14] i.e.,

1 & 1
N V2o o?inLN(P) = —
net o (P) = =

Proof of Theorem Since the characteristic function p(p) = exp (—o?p?/2) of N(0,0?) is

M, 3 N(0,0?). (2.4.11)

continuous, it suffices to show that for any fixed p € R,
E [ ez‘pMn/x/ﬁ] — o(p) asn — oo, or, equivalently,
E [eipM”/\/m"QpQ/Q — 1} —0 asn — oo. (2.4.12)

Let

22]{3
L) = €Xp <i\/iﬁMk+02p ﬁ)’ E=0,1,...,n.

Then the left-hand side in (2.4.12)) is given by

E[Zpn — ZE nk = Zn k1]

n 2,.2
S E|Zoe B e Py T S F | (2.4.13)
’ Vn 2n
k=1

The random variables Z,, ,_; are uniformly bounded independently of n and £, and by a Taylor
approximation and (2.4.10),

o
FE |:6Xp <\/_Yk + 2£ ) — 1|-/—'.k—1} = |: Yk — 0 ) |fk_1:| +Rn,k
p
2

E[Yk —02|]:k 1] + Ry g
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with a remainder R, ;, of order o(1/n). Hence by ,

2 n
ZMn 110'222 o p 2 2
E | ePMn/vrnta®p?/ —1]——%3_1E[Zn,k1'(Yk_0)}+rn

where 7, = > E[Z, k-1 R, ). It can be verified that r,, — 0 as n — oo, so we are only left
k=1

with the first term. To control this term, we divide the positive integers into blocks of size [ where
| — oo below, and we apply (2.4.7) after replacing Z,, ;1 by Z, j; on the j-th block. We first

estimate

1 n
L 07 - )
k=1

[n/1)
1
<= VIE|Zs >, =0+ suw EllZygr—Zugl- Y7 =]
n “— ) - JI<kZ(G+1)1
7=0 ]l<k§<(il+l)l k<n
1 l
<o E||5Y (W=0")|| + csup E[|Zosor — 1] |7 = 0] (2.4.14)
l o1 1<k<I

with finite constants c;, c;. Here we have used that the random variables Z,, ;, are uniformly
bounded,

|Zn,k—1 - Zn,jl| S |Zn,jl| :

2,2 .
. P op*k—jl
exXp (Z%(Mk—l_M])+T " )—1',

and, by stationarity of the sequence (Y}),

!
Y (=0 ~> (Y2 —0%), and (My_y — My, Ye) ~ (My_1_j1, Yij1).
Jl<k<(j+1)1 k=1
By the assumption (2.4.7), the first term on the right-hand side of (2.4.14]) can be made arbitrarily
small by choosing [ sufficiently large. Moreover, for any fixed [ € N, the second summand
converges to 0 as n — oo by dominated convergence. Hence the left-hand side in (2.4.14)) also
converges to 0 as n — oo, and thus holds. O
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Chapter 3

Couplings and mixing times

3.1 Couplings and transportation metrics

Additional reference: Villani: Optional transport — old and new [37]].

Let S be a Polish space endowed with its Borel o-algebra 5. An invariant probability measure
of a Markov kernel 7 on (5, B) is a fixed point of the map p + 7 acting on an appropriate
subspace of P(.S). Therefore, one approach for studying convergence to equilibrium of Markov
chains is to apply the Banach fixed point theorem and variants thereof. To obtain useful results

in this way we need adequate metrics on probability measures.

3.1.1 Wasserstein distances

We fix a metric d : S x S — [0,00) on the state space S. For p € [1,00), the space of all

probability measures on S with finite p-th moment is defined by

P(5) = {ue P(s): [t pyutay) <o},

where z( is an arbitrary given point in S. Note that by the triangle inequality, the definition is

indeed independent of x. A natural distance on PP(S) can be defined via couplings:

Definition (Coupling of probability measures). A coupling of measures p,v € PP(S) is a
probability measure v € P(S x S) with marginals p and v. The coupling ~ is realized by
random variables X,Y : Q — S defined on a common probability space (), A, P) such that
(X,Y) ~ .

We denote the set of all couplings of given probability measures p and v by II(u, v).

94
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Definition (Wasserstein distance, Kantorovich distance). For p € [1,00), the LP Wasserstein
distance of probability measures j1,v € P(S) is defined by

Wi(piv) = inf )( / d(x,y)py(dxdy))p = inf E[d(X,Y)]r, 3.1.1)
yel(p,v Xrop
Y~v

where the second infimum is over all random variables X,Y defined on a common probability

space with laws 1 and v. The Kantorovich distance of | and v is the L' Wasserstein distance
W, v).

Remark (Optimal transport). The minimization in (3.1.1) is a particular case of an optimal
transport problem. Given a cost function ¢ : S x S — [0, 00|, one is either looking for a map

T : S — S minimizing the average cost

[ e 7@ i)

under the constraint v = ;o T~! (Monge problem), or, less restrictively, for a coupling v €
I1( 1, v) minimizing
/ c(x,y)y(dzdy)

(Kantorovich problem).

Note that the definition of the V? distance depends in an essential way on the distance d consid-
ered on S. In particular, we can create different distances on probability measures by modifying
the underlying metric. For example, if f : [0,00) — [0,00) is increasing and concave with
f(0) = 0 and f(r) > O for any r > 0 then f o d is again a metric, and we can consider the
corresponding Kantorovich distance

Wi(u.v) = inf E[f(d(X,Y))].

Xeop
Y~v

The distances W, obtained in this way are in some sense converse to VP distances for p > 1

which are obtained by applying the convex function r — 7% to d(x, y).

Example (Couplings and Wasserstein distances for probability measures on R').
Let u, v € P(R) with distribution functions F}, and F},, and let

F '(u)=inf{ceR: F,(c) > u}, ue(0,1),

denote the left-continuous generalized inverse of the distribution function. If U ~ Unif(0, 1)
then £ L(U) is a random variable with law . This can be used to determine optimal couplings

of u and v for Wasserstein distances based on the Euclidean metric d(z,y) = |z — y| explicitly:
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96 CHAPTER 3. COUPLINGS AND MIXING TIMES

(i) Coupling by monotone rearrangement
A straightforward coupling of i and v is given by

X=F'(U)andY = F,*(U), where U ~ Unif(0, 1).

I

This coupling is a monotone rearrangement, i.e., it couples the lower lying parts of the mass
of u with the lower lying parts of the mass of v. If F), and F, are both one-to-one then it
maps u-quantiles of p to u-quantiles of v. It can be shown that the coupling is optimal

w.r.t. the VWP distance for any p > 1, i.e.,
WP (p,v) = E[|X =YPlr = |FN = F v,

cf. e.g. Rachev&Rueschendorf [27]. On the other hand, the coupling by monotone rear-
rangement is not optimal w.r.t. W, if f is strictly concave. Indeed, consider for example
p = (6 + &) and v = (6o + 0_1). Then the coupling above satisfies X ~ y and
Y = X — 1, hence

E[f(1X =Y = f(1).

On the other hand, we may couple by antimonotone rearrangement choosing X ~ p and

Y = —X. In this case the average distance is smaller since by Jensen’s inequality,

E[f(1X = Y])] = E[f(2X)] < f(E[2X]) = f(1).

(ii) Maximal coupling with antimonotone rearrangement
We now give a coupling that is optimal w.r.t. YW, for any concave f provided an additional
condition is satisfied. The idea is to keep the common mass of p and v in place and to

apply an antimonotone rearrangement to the remaining mass:

i

Suppose that S = STUS™ and u—v = (u—v)* —(u—v)~ is a Hahn-Jordan decomposition
of the finite signed measure ;. — v into a difference of positive measures such that
(u—v)"(ANS7)=0and (u—v) (ANST) =0forany A € B, cf. also Section[3.3] Let

pAv=p—(p—v)T=v—(n—v)".
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If p = (uAv)(S) is the total shared mass of the measures ¢ and v then we can write p and

v as mixtures

p=uAv)+ (p—v)" =pa+(1-p)s,
v=(uAv)+(p—v)" =pa+(1-p)

of probability measures «, 5 and 7. Hence a coupling (X, Y') of i and v as described above
is given by setting
FYU), F;Y (U if B=1,
(ij):{ (E@), )
(FB (U), F; (1—U)) if B=0,

with independent random variables B ~Bernoulli(p) and U ~Unif(0, 1). It can be shown
thatif S* and S~ are intervals then (X, Y) is an optimal coupling w.r.t. W; for any concave
f, cf. McCann [24]].

In contrast to the one-dimensional case it is not easy to describe optimal couplings on R for
d > 1 explicitly. On the other hand, the existence of optimal couplings holds on an arbitrary

polish space S by Prokhorov’s Theorem:

Theorem 3.1 (Existence of optimal couplings). For any p,v € P(S) and any p € [1,00) there
exists a coupling v € I1(u, v) such that

WP (1, )P = / d(z, y)Py(dedy).

Proof: Let I(y) = [d(x,y)Py(dzdy). By definition of WP (u,v) there exists a minimizing
sequence (7,) in II(x, ) such that

I(vn) = WP(u,v)? asn — oo.

Moreover, such a sequence is automatically tight in P(.S x S). Indeed, let ¢ > 0 be given. Then,

since S is a polish space, there exists a compact set X' C .S such that

WS\EK) <<, v(S\K)<

3
27

N ™M

and hence for any n € N,

T ((@,y) ¢ K x K) <z ¢ K) + 7y ¢ K)
=u(S\K)+v(S\K) <e.
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Prokhorov’s Theorem now implies that there is a subsequence (v, ) that converges weakly to a
limit v € P(S x §). It is straightforward to verify that  is again a coupling of x and v, and,

since d(z, y)? is (lower semi-)continuous,

I(y) = / d(z, y)’(drdy) < lim inf / d(z, y)Fyn, (dedy) = WP (p, v)?
by the Portemanteau Theorem. L
Lemma 3.2 (Triangle inequality). W? is a metric on P?(S).
Proof: Let u, v, 0 € PP(S). We prove the triangle inequality
WP (11, 0) < WP(p,v) + WP(v, o). (3.1.2)

The other properties of a metric can be verified easily. To prove (3.1.2) let v and 7 be couplings

of ;4 and v, v and o respectively. We show

Wi < ([ d(x,y)pv(dxdy)f w([aweriaan) e

The claim then follows by taking the infimum over all v € II(u, v) and ¥ € II(v, o). Since S'is a

polish space we can disintegrate
Y(dady) = p(de)p(z, dy) and Y(dydz) = v(dy)ply, dz)

where p and p are regular versions of conditional distributions of the first component w.r.t. 7,y
given the second component. The disintegration enables us to “glue” the couplings v and 7 to a
joint coupling

Y(dwdydz) == p(dz)p(x, dy)ply, dz)
of the measures 1, v and p such that under 7,

(r,y) ~~ and (y,z2)~7.

Therefore, by the triangle inequality for the L” norm, we obtain

We(s, ) < ( [ it z)%(dmdydz)) p

< ( / d(z,y)y(dzdydz) ) + ( / d(y dxdydz));
:(/d( y)Py dxdy) </d dydz))%.
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Exercise (Couplings on RY). Let W : QO — R? be a random variable on (2, A, P) , and let i,
denote the law of a + W.

a) (Synchronous coupling) Let X = a + W and Y = b+ W for a,b € R?. Show that
Wz(:uanub) = |CL - b| = E(‘X o Y‘2)1/27
i.e., (X,Y) is an optimal coupling w.r.t. W2,

b) (Reflection coupling) Assume that the law of W is a rotationally symmetric probability

measure on R%, Let Y = W + b where W = W — 2¢ - W e with e = ‘Z:Z‘. Prove that

(X,Y) is a coupling of 11, and ju, and if [W| < ‘“—;b‘ a.s., then

E(f1X=Y1) < fla=bl) = B(f(IX=Y])

for any concave, increasing function f : R, — R, such that f(0) = 0.

3.1.2 Kantorovich-Rubinstein duality
The Lipschitz semi-norm of a function g : S — R is defined by
19]lLip = sup
T#Y

Bounds in Wasserstein distances can be used to bound differences of integrals of Lipschitz con-

tinuous functions w.r.t. different probability measures. Indeed, one even has:

Theorem 3.3 (Kantorovich-Rubinstein duality). For any p, v € P(S),

Wh(u,v) = sup (/gdu—/gdv). (3.1.4)
llgllrip<1

Remark. There is a corresponding dual description of W? for p > 1 but it takes a more compli-
cated form, cf. Villani [37].

Proof: We only prove the easy “>" part. For different proofs of the converse inequality see
Rachev and Rueschendorf [27], Villani [38,37], or M.-E. Chen [4]. For instance one can approx-

imate p and v by finite convex combinations of Dirac measures for which (3.1.4) is a consequence
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of the standard duality principle of linear programming, cf. Chen [4].
To prove “>"let u,v € P(S) and g € C(5). If 7y is a coupling of 1 and v then

/ gdp — / gdv = / )y (dzdy)
< ||g||up/d(x,y)7(dxdy)-

Hence, by taking the infimum over v € II(u, ), we obtain

/ gy — / gdv < gl (1. ).

As a consequence of the “>" part of (3.1.4), we see that if (i, ),en is a sequence of probability

O

measures such that W' (u,,, u) — 0 then [ gdu,, — [ gdp for any Lipschitz continuous func-
tion g : S — R, and hence p,, — p weakly. The following more general statement connects

convergence in Wasserstein distances and weak convergence:

Theorem 3.4 VP convergence and weak convergence). Let p € [1,00).
1) The metric space (PP(S),WP) is complete and separable.

2) A sequence (p.,,) in PP(S) converges to a limit i w.r.t. the WP distance if and only if

/gd/,cn — /gdu forany g € C(S) satisfying g(x) < C - (1 + d(z, x,)?)

for a finite constant C' and some xy € S.

Among other things, the proof relies on Prokhorov’s Theorem - we refer to [37].

3.1.3 Contraction coefficients

Let 7(z, dy) be a Markov kernel on (S, B), and fix p € [1,00). We will be mainly interested in
the case p = 1.

Definition (Wasserstein contraction coefficient of a transition kernel). The global contraction
coefficient of ™ w.r.t. the distance WP is defined as

ay(m) = sup {m |

Welv) w,v € PP(S) s.t.u;él/}.
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In other words, o, (7) is the Lipschitz norm of the map p — pm w.rt. the WP distance. By

applying the Banach fixed point theorem, we obtain:

Theorem 3.5 (Geometric ergodicity for Wasserstein contractions). If a,(7) < 1 then there ex-
ists a unique invariant probability measure 1 of ™ in PP(S). Moreover, for any initial distribution

v € PP(S), vn™ converges to j with a geometric rate:

WP (wr™, ) < o (m)" WP (v, ).

Proof: The Banach fixed point theorem can be applied by Theorem 3.4 U

The assumption «,(7) < 1 seems restrictive. However, one should bear in mind that the under-
lying metric on S can be chosen adequately. In particular, in applications it is often possible to
find a concave function f such that y — 7 is a contraction w.r.t. the W! distance based on the

modified metric f o d.

The next theorem is crucial for bounding o, (7) in applications:

Theorem 3.6 (Bounds for contraction coefficients, Path coupling). /) Suppose that the

transition kernel 7(x, dy) is Feller. Then

(3.1.5)

— su Wwr (W(.T, ')7 W(yv ))
M=y

2) Moreover, suppose that S is a geodesic graph with edge set E in the sense that for any

x,y € S there exists a path vy = T,%1,Ta,...,Tn_1,L, = Y from x to y such that
{zis1,x;} € Efori=1,....,nand d(x,y) = > d(z;_1, ;). Then

ap<7T): sup Wp(ﬂ'(l‘,-),ﬂ'(y,-)).

(3.1.6)
{z,y}eFE d(ZL‘, y)

The application of the second assertion of the lemma to prove upper bounds for () is known

as the path coupling method of Bubley and Dyer.

Proof: 1) Let 3 := Sip % We have to show that
a£y

WP (um, vr) < BWP(p, v) (3.1.7)
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holds for arbitrary probability measures u, v € P(.S). By definition of /5 and since
WP(6,,0,) = d(z,y), B.L7) is satisfied if ;¢ and v are Dirac measures.
Next suppose that

= Z,u(:c)éx and v = Z v(z)o,

zeC zeC

are convex combinations of Dirac measures, where C' C S is a countable subset. Then for

any z,y € C, we can choose a coupling ,, of d,7 and 6,7 such that

1/p
</ d(x',y')p%y(dx'dy')) = WP(,m, d,m) < Bd(x,y). (3.1.8)

Let £(dzdy) be an arbitrary coupling of 1 and v. Then a coupling (dz'dy’) of um and v
is given by

y = / ey E(ddy),

and therefore, by (3.1.8)),

e < (fagpoan)”
- (/ / d(l“',y’)”%y(dx’dy’)f(da:dy))Up <8 ( / d(x’y)pg(dmy))l/p'

By taking the infimum over all couplings & € II(u, v), we see that p and v satisfy (3.1.7).

Finally, in order to show that holds for arbitrary p, v € P(S), note that since S
is separable, there is a countable dense subset C, and the convex combinations of Dirac
measures based in C' are dense in YWP. Hence p and v are VWP limits of corresponding
convex combinations i, and v, (n € N). By the Feller property, the sequences i, and

v, converge weakly to um, v respectively. Hence

WP (um, vr) < liminf WP(u, 7, v,)
< Bliminf WP (pun, vn) = BWP(p, v).

2) Let § = sup W We show that
(z,y)EE

WP (x(x,-), 7y, ) < Pd(x,y)
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holds for arbitrary x,y € S. Indeed, let zo = x,x1, 25, ..., 2, = y be a geodesic from x

to y such that (x;_1,x;) € F fori = 1,... n. Then by the triangle inequality,

W (), 7(y,)) < ZW” m(@it, ) (i)

< Bzd(xzel,%) = gd(xay)a
i=1

where we have used for the last equality that zy, . . ., x,, is a geodesic.
O

Exercise. Let 7 be a transition kernel on S x S such that 7((z,y),dz'dy’) is a coupling of
7(x,dz’) and 7(y, dy’) forany z, y € S. Prove that if there exists a distance functiond : S xS —
[0,00) and a constant & € (0, 1) such that 7d < ad, then there is a unique invariant probability

measure p of 7, and

Wilvr", 1) < o"Wi(v,u) forany v € PH(S).

3.2 Markov Chain Monte Carlo

Let 1 be a probability measure on (.5, B). In Markov chain Monte Carlo methods one is approx-

imating integrals u(f) = [ f du by ergodic averages of the form

b+n 1

Ab,nf— . Z f(x

where (X,,, P) is a time-homogeneous Markov chain with a transition kernel 7 satisfying y =
pum, and b,n € N are sufficiently large integers. The constant b is called the burn-in time - it
should be chosen in such a way that the law of the Markov chain after b steps is sufficiently close

to the stationary distribution .

How can we construct transition kernels 7 such that p is invariant for 7 ? A sufficient condition

for invariance that is easy to fulfil is the detailed balance condition
(DB) u(dr) m(zx,dy) = p(dy) m(y,dx).

The detailed balance condition says that the measure ¢ ® 7 is invariant under the (time) reversal
map R(x,y) = (y,z). Clearly, if (DB) holds, then by Fubini’s Theorem,

Wn)B) = [ o) n(e.B) = [ [ utde) o) 1o(e) = (B
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for any measurable set B C S.

There are several possibilities to construct Markov kernels for which a given probability measure
( satisfies the detailed balance condition. These lead to different types of Markov Chain Monte
Carlo methods. An important example of a Markov chain used in MCMC methods is the Gibbs
sampler that is introduced in Section below. The second important class of Markov chains
applied in MCMC are Metropolis-Hastings chains.

3.2.1 Metropolis-Hastings methods

Example (Metropolis-Hastings method). Let \ be a positive reference measure on (.5, B), e.g.
Lebesgue measure on R? or the counting measure on a countable space. Suppose that /i is ab-
solutely continuous w.r.t. A, and denote the density by p(x) as well. Then a Markov transition
kernel 7 with stationary distribution ;2 can be constructed by proposing moves according to an

absolutely continuous proposal kernel

p(z, dy) = p(x, y) Mdy)
with strictly positive density p(x, y), and accepting a proposed move from x to y with probability

1(y)p(y, x)) .

o, y) = min (1’ pu(2)p(z, y)

If a proposed move is not accepted then the Markov chain stays at its current position x. The

transition kernel is hence given by

m(z,dy) = a(z,y)p(z,dy) + r(z)d,(dy)

where r(x) = 1— [ a(x,y)p(x, dy) is the rejection probability for the next move from z. Typical
examples of Metropolis-Hastings methods are Random Walk Metropolis algorithms where p is
the transition kernel of a random walk. Note that if p is symmetric then the acceptance probability

simplifies to
a(r,y) = min (1, u(y)/p(z)) .

Lemma 3.7 (Detailed balance). The transition kernel m of a Metropolis-Hastings chain satisfies

the detailed balance condition

p(dx)m(z, dy) = p(dy)m(y, dx). (3.2.1)

In particular, 1 is an invariant probability measure for .
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Proof. On {(z,y) € S x S : x # y}, the measure u(dx)n(z, dy) is absolutely continuous w.r.t.
A ® A with density
p(dz)a(z, y)p(e,y) = min (u(z)p(e, y), w(y)p(y, ©)).

The detailed balance condition (3.2.1)) follows, since this expression is a symmetric function of x
and y. U

3.2.2 Glauber dynamics, Gibbs sampler
Let 14 be a probability measure on a product space
S=T"={n:V =T}

We assume that V is a finite set (for example a finite graph) and 7T is a polish space (e.g. T = R%).
Depending on the model considered the elements in 7" are called types, states, spins, colours etc.,
whereas we call the elements of S configurations. There is a natural transition mechanism on .S
that leads to a Markov chain which is reversible w.r.t. x. The transition step from a configuration

¢ € S to the next configuration &’ is given in the following way:
e Choose an element x € V uniformly at random

e Set {'(y) = &(y) for any y # z, and sample &’'(x) from the conditional distribution w.r.t.
1(dy) of n(x) given that n(y) = {(y) for any y # =.

To make this precise, we fix a regular version p(dn|n = £ on V' \ {z}) of the conditional proba-

bility given (7(y))yev\ (=}, and we define the transition kernel 7 by

1
™= m Zﬂ'x, where

eV
T (&, d€') = p(dg'|¢" = Eon V \ {z}).

Definition. A time-homogeneous Markov chain with transition kernel 7 is called a random scan

Gibbs sampler with stationary distribution .
That x4 is indeed invariant w.r.t. 7 is shown in the next lemma:
Lemma 3.8. The transition kernels 7, (x € V') and 7 satisfy the detailed balance conditions

p(d§)me(8, d') = p(dg ), (€', d),
p(d&)m (&, d¢’) = p(dg)m (¢, d).

In particular, p is a stationary distribution for .
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Proof: Let x € V, and let f)(z) := (1(y)),- denote the configuration restricted to V' \ {x}.

Disintegration of the measure y into the law (i, of 7j(z) and the conditional law . (-|7(x)) of

n(z) given () yields
p(d€) 7 (€, d€) = i (A () o (€ \g( >) o (4€/2)) e (€' () é(x) )
fia (4€(@)) o (E(@)IE'(@)) Oy (@) pa (€ (@)IE'())
o (d€) (€1, dE).

Hence the detailed balance condition is satisfied w.r.t. 7, for any z € V, and, by averaging over

x, also w.r.t. 7. [l

Examples. In the following examples we assume that V' is the vertex set of a finite graph with

edge set F.

1) Random colourings. Here 7' is a finite set (the set of possible colours of a vertex), and
1 1s the uniform distribution on all admissible colourings of the vertices in V' such that no

two neighbouring vertices have the same colour:

p=Unif ({n € T" :n(x) #n(y) V(z,y) € E}) .

The Gibbs sampler selects in each step a vertex at random and changes its colour randomly

to one of the colours that are different from all colours of neighbouring vertices.

2) Hard core model. Here 7' = {0, 1} where 7(x) = 1 stands for the presence of a particle
at the vertex x. The hard core model with fugacity A € R, is the probability measure )
on {0, 1}V satisfying

() = Z- A if n(2)n(y) = 0 for any (z,y) € E,

and 115 (n) = 0 otherwise, where Z), is a finite normalization constant. The Gibbs sampler

updates in each step £(x) for a randomly chosen vertex z according to
¢(x) =0if &(y) = 1 for some y ~ x,

A
&' (x) ~ Bernoulli (H—A) otherwise.

3) Ising model. Here T = {—1,+1} where —1 and +1 stand for Spin directions. The

ferromagnetic Ising model at inverse temperature 3 > 0 is given by

pp(n) = zze MW forany n € {~1,+1}",
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where Z3 is again a normalizing constant, and the Ising Hamiltonian H is given by

Hip)=5 > In@—-n@PP=-= > n@mny)+E.
{z,y}el {z,y}€E
Thus ps favours configurations where neighbouring spins coincide, and this preference

gets stronger as the temperature % decreases. The heat bath dynamics updates a randomly

chosen spin £(z) to &'(x) with probability proportional to exp (677(3:) > n(y)) The

y~zx

meanfield Ising model is the Ising model on the complete graph with n vertices, i.e.,
every spin is interacting with every other spin. In this case the update probability only

depends on 7)(z) and the “meanfield” 1 " n(y).

yeVv

4) Continuous spin systems. Here 7' = R, and

1 1
paldy) = ——exp | == > [n(x) =)+ 8 _U()) | [] dn).
g (z,y)eE zeV z€V
The function U : R — [0, 00) is a given potential, and Z3 is a normalizing constant. For
U = 0, the measure is called the massles Gaussian free field over V. If U is a double-well

potential then 1 is a continuous version of the Ising model.

U

5) Bayesian posterior distributions. Gibbs samplers are applied frequently to sample from
posterior distributions in Bayesian statistical models. For instance in a typical hierarchi-
cal Bayes model one assumes that the data are realizations of conditionally independent

random variables Y;; (i = 1,...,k,j = 1,..., m;) with conditional laws

Yigl (01, -, 0, 2e) ~ N (03, A1).

€

The parameters 61, . .., 0, and )\, are again assumed to be conditionally independent ran-

dom variables with

0l (11, Xo) ~ N (11, A5 ") and N[ (11, Ag) ~ T'(az, bo).
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Finally, ¢« and )y are independent with
p~ N(m,v)and \g ~ T'(ay, b;)

where aq, b1, a2,be,v € R, and m € R are given constants, cf. Jones [15]. The posterior
distribution y of (01, ..., 0%, i1, A, Ag) on R*3 given observations Y;; = y;; is then given
by Bayes’ formula. Although the density is explicitly up to a normalizing constant involv-
ing a possibly high-dimensional integral, it is not clear how to generate exact samples from
1 and how to compute expectation values w.r.t. u.

On the other hand, it is not difficult to see that all the conditional distributions w.r.t. p of
one of the parameters 61, ..., 0k, i1, Ac, \g given all the other parameters are either normal
or Gamma distributions with parameters depending on the observed data. Therefore, it is
easy to run a Gibbs sampler w.r.t. 1 on a computer. If this Markov chain converges suffi-
ciently rapidly to its stationary distribution then its values after a sufficiently large number
of steps can be used as approximate samples from y, and longtime averages of the values of
a function applied to the Markov chain provide estimators for the integral of this function.
It is then an obvious question for how many steps the Gibbs sampler has to be run to obtain

sufficiently good approximations, cf. Roberts&Rosenthal [30].

Returning to the general setup on the product space T, we fix a metric o on T, and we denote

by d the corresponding /! metric on the configuration space T, i.e.,

d&,n) = Y o)), &nel”.

zeV

A frequent choice is (s, t) = 15 In this case,

d(&,n) = {x €V : &(x) # n(x)}|

is called the Hamming distance of ¢ and 7).

Lemma 3.9. Let n = |V|. Then for the Gibbs sampler,

Wi (6, om(n) < (1= 1) e+ & 3 W3 (19, )
forany &,m e TV,

Proof: Let v, for z € V be optimal couplings w.r.t. W, of the conditional measures ., (-|£) and
iz (+|n). Then we can construct a coupling of 7(§, d¢’) and 7(n, dn’) in the following way:
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e Draw U ~ Unif(V).

e Given U, choose (¢'(U),n'(U)) ~ 7y, and set &'(x) = &(x) and 7/(x) = n(x) for any
x # U.

For this coupling we obtain:

E[d(&,n)] =) Elo(€(),7/(x))]

zeV

— () + E [0l )./ (U)) — &), n(V)
= e+ 3 ([ olstralasin) - oeta).nte))

zeV

_ (1 _ %) AE )+ W (elCJE), )

zeV

Here we have used in the last step the optimality of the coupling 7,. The claim follows since
Wé(ﬂ'([[’,'),ﬂ'(y, )) < E[d(glvn/)] O

The lemma shows that we obtain contractivity w.r.t. W} if the conditional distributions at z € V/

do not depend too strongly on the values of the configuration at other vertices:

Theorem 3.10 (Geometric ergodicity of the Gibbs sampler for weak interactions).

1) Suppose that there exists a constant ¢ € (0, 1) such that

D W, (1 (-1€), pa(-m)) < cd(é,m)  forany&me TV, (32.2)
zeV
Then
Wivrt, p) < a(m)Wj(v, 1) foranyv € P(TV) andt € 7., (3.2.3)

where o(r) < exp (—19).

2) If T is a graph and o is geodesic then it is sufficient to verify (3.2.2) for neighbouring
configurations £,m € TV such that ¢ = nonV \ {z} for some x € V and £(x) ~ n(x).

Proof: 1) If (3.2.2) holds then by Lemma[3.9]

1—c¢

Wi ((&, )7, ) < (1 - ) d(e,n) forany € ne TV,

University of Bonn Winter semester 2016/17



110 CHAPTER 3. COUPLINGS AND MIXING TIMES

Hence (3.2.3) holds with a () = 1 — £=¢ < exp (—1¢).

2) If (T, o) is a geodesic graph and d is the [! distance based on o then (T, d) is again a
geodesic graph. Indeed, a geodesic path between two configurations ¢ and 1 w.r.t. the !
distance is given by changing one component after the other along a geodesic path on 7.

Therefore, the claim follows from the path coupling lemma
O

3.2.3 Random colourings and Ising model

The results in Theorem [3.10/ can be applied to many basic models including random colourings,

hard core models and Ising models at low temperature.

Example (Random colourings). Suppose that V' is a regular graph of degree A. Then TV is
geodesic w.r.t. the Hamming distance d. Suppose that £ and 7 are admissible random colourings
such that d(&,n) = 1, and let y € V' be the unique vertex such that £(y) # n(y). Then

pz("|€) = pz(+|n)  for x =y and for any x o y.

Moreover, for z ~ y and (s, t) = 1, we have

W; (12 (-8), pa(-m)) < IT| — A

since there are at least |7'| — A possible colours available, and the possible colours at x given

respectively n on V' \ {z} differ only in one colour. Hence

S W (s CIE) o) < =€)

zeV

and therefore, (3.2.3)) holds with

A 1
< — (1= Lz
a(r) < exp ( <1 = A) n)’ and hence

) T|—2A ¢
Oz(ﬂ') S €xXp —m . ﬁ .

Thus for |T'| > 2A we have an exponential decay of the W} distance to equilibrium with a rate
of order O(n™!). On the other hand, it is obvious that mixing can break down completely if there

are too few colours - consider for example two colours on a linear graph:

o0—60—0O—18 O8O0
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Exercise (Ising model). Consider a finite graph (V, E') with n vertices of maximal degree A.
The Ising model with inverse temperature 3 > 0 is the probability measure 5 on {—1,1}" with

mass function

ps(n) = %em B> n@n) |,

{z,y}€FE

where Z(/3) is a normalization constant.

a) Show that given n(y) for y # x, n(z) = =£1 with probability (1 £ tanh(Sm(z,n))/2,
where m(z,n) :=>_,_, n(y) is the local magnetization in the neighbourhood of z. Hence

determine the transition kernel 7 for the Gibbs sampler with equilibrium 4.

b) Prove that for any ¢ € N,

t

WHwn', ug) < a(n, B, A WH(v, ug) < eXP( n(l—AtaHh(ﬁ))) W (v, ps),

where a(n, 3, A) = 1 — (1 — Atanh(f3))/n, and W' is the transportation metric based on
the Hamming distance on {—1,1}". Conclude that for A tanh 3 < 1, the Gibbs sampler

is geometrically ergodic with a rate of order §2(1/n). Hint: You may use the inequality

| tanh(y + 5) — tanh(y — 8)] < 2 tanh(p) forany f > 0Oand y € R.

c) The mean-field Ising model with parameter o > 0 is the Ising model on the complete graph
over V = {1,...,n} with inverse temperature 5 = a/n. Show that for o < 1, the e-
mixing time for the Gibbs sampler on the mean field Ising model is of order O(n logn) for
any € € (0,1).

3.2.4 Quantitative bounds for ergodic averages

Suppose that (X, P,) is a Markov chain with transition kernel 7. A central problem in the
mathematical study of MCMC methods for the estimation of integrals w.r.t. x is the derivation
of bounds for the approximation errors A;,, f — p(f). Typically, the initial distribution of the
chain is not the stationary distribution, and the number n of steps is large but finite. Thus one is
interested in non-asymptotic error bounds for ergodic averages of non-stationary Markov chains.
In order to derive such bounds we assume contractivity in an appropriate Kantorovich distance.

Suppose that there exists a distance d on .S, and constants « € (0,1) and @ € R such that

(AD) Wi(vm,vm) < aWi(v,v) foranyv,v € P(S),  and
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(A2) Varg,.)(f) < 52||f||fip(d) for any = € S and any Lipschitz continuous f : S — R.

Lemma 3.11 (Decay of correlations). If (Al) and (A2) hold, then the following non-asymptotic
bounds hold for any n, k € N and any Lipschitz continuous function f : S — R:

n—1
Varp, [f(X,)] <Y o™ fl7pw, and (3.2.4)
k=0
k
a”
[Cove, [f(Xn), f(Xnii)ll < 775 1/ Lip(a- (3.2.5)

Proof. The inequality (3.2.4)) follows by induction on n. It holds true for n = 0, and if (3.2.4)

holds for some n > 0 then

Varp, [f(Xn41)] = Ex[ Varp, [f (Xo)|F ] + Varp, [Ex[f(Xn) | F ]
E, [VarW(Xn,-)(f)] + Varp, [(ﬂ'f)(Xn)}

n—1
< EQHf”%ip(d) + Z ‘1%52”7#”%@(@
k=0

n
< Za2k52|’f”iip(d)
k=0

by the Markov property and the assumptions (A1) and (A2). Noting that

3
—_

1

a2k <
l—«

0

5 foranyn € N,

i

the bound (3.2.3)) for the correlations follows from (3.2.4)) since

| Covp, [f(Xn), f(Xusr)] | = | Covp, [f(Xa), (7" F)(Xu)] |

< Varp, [f(X,)]"? Varp, [(7*£)(X,)]
I _

< 1— agasz”Lip(d)Hﬂ'kaLip(d)
ak

<

1_7&252’” H%ip(d)
by Assumption (Al). L

As a consequence of Lemmal[3.11] we obtain non-asymptotic upper bounds for mean square errors

of ergodic averages.
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Theorem 3.12 (Quantitative bounds for bias and variance of ergodic averages of non sta-
tionary Markov chains). Suppose that (Al) and (A2) hold. Then the following upper bounds
hold for any b,n € N, any initial distribution v € P(S), and any Lipschitz continuous function
f:S—=R:

1
By [ f] = wlH)] < = == Wi )11 i (3.26)
Varp, [A . L (49 327
otn, i) < 21 i 1= 3 (7 + S Vn() (327)

where i is a stationary distribution for the transition kernel m, and

Var(v) := // z,y)?v(dz)v(dy).

Proof. 1) By definition of the averaging operator,

b+n—1
E, A == i h
1/[ b,nf] n ; (Vﬂ' )(f), and thus
1 b+n—1 _
B [Apnf] = () = — |(vm*)(f) = n(f)]
i=b

1 b+n—1 ' 1 b+n—1

<= Walvr' 1) [ i) < — a' Wy (v, 1) || fllLip
i=b i=b

2) By the correlation bound in Lemma[3.11]

b+n—1 1 b+n—1 li—3]
1,j=b 1,j=b

1 9 1 1] 9
S (1 * 22@ ) 1o = 3 = 1/ o

Therefore, for an arbitrary initial distribution v € P(S),

Varp, [Ayn f] = E, [Varp, [Apnf|Xo]] + Varp, [E, [Apn f]Xo]]

1 b+n—1 '
w2 ”’f]

i=b

1 !
- - 2 i 1/2
< n (1 — Oé)2 Hf”Lip(d) + < Z va’rl/ f >

= /Varpz [Apnf]v(dx) + Var,
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The assertion now follows since

Var, () < 57 g [] dlow)Pv(da)viay)

< o™ || f|Eipa) Var(v).

3.3 Geometric ergodicity

In this section, we derive different bounds for convergence to equilibrium w.r.t. the total variation
distance. In particular, we prove a version of Harris’ theorem which states that geometric ergod-
icity follows from a local minorization combined with a global Lyapunov condition. Moreover,

bounds on the rate of convergence to equilibrium are derived by coupling methods.

3.3.1 Total variation norms

The variation |n|(B) of an additive set-function 7 : B — R on a set B € B is defined by

In|(B) := sup {Z In(A;)| :n €N, Ay, ..., A, € Bdisjoint with UAZ' C B} .
i=1

i=1

Definition (Total variation norms). The total variation norm of ) is

1
Illzv = 3Inl(S).

More generally, let V : S — (0,00) be a measurable non-negative function. Then the weighted

total variation norm of n w.r.t. V' is defined by

nwvz/vwn

Note that the definition of the unweighted total variation norm differs from the usual convention

in analysis by a factor % The reason for introducing the factor % will become clear by Lemma

B.13I below.
Now let us assume that 7 is a finite signed measure on S, and suppose that 7 is absolutely contin-
uous with density o with respect to some positive reference measure A. Then there is an explicit

Hahn-Jordan decomposition of the state space S and the measure 7 given by

S = STUS™ with ST = {0 > 0},5™ = {0 < 0},
n=n"—n" withdn™ = o"d\ dn~ = o d\.
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The measures 7™ and 7~ are finite positive measures with
nt(BNS™)=0 and 7 (BNS")=0 forany B € B.
Hence the variation of 7 is the measure || given by
il =n"+n", e, dnl=g-dx
In particular, the total variation norm of 7 is the L' norm of o:

Il = / loldz = lloll 1. (33.1)

Lemma 3.13 (Equivalent descriptions of the total variation norm). Ler p,v € P(S) and
A € M, (S) such that i and v are both absolutely continuous w.r.t. . Then the following
identities hold:

e =vlirv = (n=v)"(S) = (n=v)"(5) =1= (pAV)(S)

~ 1jldp  dv
a1 oy P
1
= gsup{|u(f) —v(N)l: f € Fo(S) s.t. [ fllsup < 1} (3.32)
= sup{|u(B) —v(B)|: B € B} (3.3.3)
— inf{PX#Y]: X ~uY ~ v} (3.3.4)
In particular, ||pn — v||7v € [0, 1].

Remarks. 1) The last identity shows that the total variation distance of ;o and v is the Kan-

torovich distance Wj (i, v) based on the trivial metric d(z,y) = 1,., on S.

2) The assumption p, v < A can always be satisfied by choosing A appropriately. For exam-

ple, we may choose A\ = p + v.
Proof: Since . and v are both probability measures,
(b= v)(5) = u(S) —v(S) = 0.
Hence (u — v)*(S) = (u—v)~(S), and

I = vllrv = %Iu —v|(8) = (= v)"(9) = u(S) = (LAV)(S) = (n—v)"(S).
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The identity ||u — vty = holds by (3.3.1). Moreover, for f € F,(S) with

[ Fllsup < 1,

31— &l

1(f) = v(DE < (=) (D + (=)~ ()]
< (=) () + (=v)7(S) =2|n— v

with equality for f = 1g+ — 1g-. This proves the representation (3.3.2) of || — v||tv. Further-

more, for B € Band f := 15 — 15, we have

1(B) — v(B)] = 51~ )(B) ~ (u ~ (B = g lu(f) ~ (/)] < lu = vl

with equality for B = S™. Thus the representation (3.3.3) holds.
Finally, to prove (3.3.4) note that if (X, Y") is a coupling of 1 and v, then

() = v(H)l = [ELf(X) = FY)]| <2P[X #Y]
holds for any bounded measurable f with || f||s., < 1. Hence by (3.3.2),

o~ vliry < inf PIX £ V],
Y~v

To show the converse inequality we choose a coupling (X, Y') that maximizes the probability that

X and Y agree. The maximal coupling can be constructed by noting that

+(p—v)" =pa+(1-p)p, (33.5)
v=(pAv)+(p—v) =pa+(l-p)y (3.3.6)

~—

p=(uAv

with p = (u A v)(S) and probability measures «, 3,y € P(.S). We choose independent random
variables U ~ o,V ~ 3, W ~ ~ and Z ~ Bernoulli(p), and we define

(X.Y) = {(U, U) on{Z=1},
(V,W) on{Z =0}.
Then by (3.3.3) and (3.3.6), (X,Y") € (i, v) and
PIX £ Y] < PIZ=01=1—p=1—(uA0)(S) = I~ vl
L

Most of the representations of total variation norms in Lemma [3.13] have analogues for weighted

total variation norms:
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Exercise (Equivalent descriptions for weighted total variation norms). Let V' : S — (0, c0)
be a measurable function, and let dy (z,y) = (V(z) + V(y))1,.,. Show that the following
identities hold for probability measures y, v on (S, B):

dp  dv
dx  dA LY(V-))

= sup{|u(f) —v(N)l: f e FS)st[f| <V}

= sup{|u(f) —v(f): feFS)st[f(z) = fy)l < dviz,y)Vay}

= inf{Eldy(X,Y)]: X ~p,Y ~v}

I =vlv =

The last equation is a Kantorovich-Rubinstein duality w.r.t. the underlying metric dy . The exer-

cise shows that this duality holds although the metric space (.5, dy/) is not necessarily separable.

Exercise (Total variation distance of product measures). Let v = ®§l:1 v; and p = ®§l:1 L
be two product probability measures on S¢. Show in at least two different ways that ||v— |7y <

Zle |vi — wil| v Does a similar statement hold when the total variation distance is replaced by

a general transportation metric WW! ?

3.3.2 TV contraction coefficients

Let p be a transition kernel on (S, ). We define the local contraction coefficient o (p, K') of p

on a set K C S w.r.t. the total variation distance by

1020 — dyplltv
alp, K) = sup ||p(z,-) —p(y, )|lrv = sup ——F——. (3.3.7)
z,yeK z,ye K ||5$ - 5y||TV
TH#Y
Corollary 3.14.
o K) = sup 2= Pl
wvero 8= vllzv

pFEV

Proof. Let u,v € P(K). We want to show that ||up — vp||rv < a(p, K)||p — v||rv. To this end,
we fix a maximal coupling ~y of x and v, i.e., || — v||tv = 7(z # y). Then by Lemma[3.13] for

any measurable function f : S — [ — 1,1],

/fd(up)—/fd(vp) = /Kpfdu—/Kpfdv
- /K 0F() = A W) dy) < 200 K) 2o £ ) = 200, K) v,

By Lemma[3.13] the assertion follows by taking the supremum over all functions f as above. []
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An important consequence of the corollary is that for a Markov semigroup (p; ), the total variation

distance ||vp; — pupq||Tv is a non-increasing function of .

Exercise (Monotonicity of TV distance to invariant measure). Show that the total variation
distance of the law of a Markov process to an invariant probability measure is a non-increasing
function of time. Does a similar statement hold when the total variation distance is replaced by a

general transportation metric YW* ?

Note that in contrast to more general Wasserstein contraction coefficients, we always have
alp, K) < 1.

Moreover, for e > 0, we have a(p, K) < 1 — ¢ if p satisfies the following condition:

Local minorization condition. There exists a probability measure v on S such that

p(z,B) > ev(B) foranyz € K and B € B. (3.3.8)

Now suppose that (p;):>o is a Markov semigroup. Doeblin’s classical theorem states that if

a(pg, S) < 1 for some t € (0, 00), then uniform ergodicity holds in the following sense:

Exercise (Doeblin’s Theorem). Suppose that o (p;, S) < 1 for some ¢ € (0, c0). Prove that there

exists a unique invariant probability measure y of (p,;), and
sup [|ps(@,-) — plly = 0 ass — oo. (3.3.9)
z€S

If the state space is infinite, a global contraction condition w.r.t. the total variation norm as as-

sumed in Doeblin’s Theorem can not be expected to hold in general:
Example (Autoregressive process AR(1)). Suppose that X, = = and
Xn+1 = aXn + Wn-l—la

with « € (—=1,1),z € R, and independent random variables W,, ~ N(0, 1). By induction, one

easily verifies that
n—1
] 1 — 2n
X, = od"r + Zo/Wn_i ~ N <oz"x,7a) ,
i=0

1—a?2n
1—a?

converges in total variation to the unique invariant probability measure y1 = N (0,1/(1 — a?)).

i.e., the n-step transition kernel is given by p,(z,-) = N (a”x, ) Asn — oo, pu(z,-)

However, the convergence is not uniform in x, since

sup ||pn(x,:) — pllrv = 1 foranyn € N.
x€ER
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3.3.3 Harris’ Theorem

The example above demonstrates the need of a weaker notion of convergence to equilibrium than

uniform ergodicity, and of a weaker assumption than the global minorization condition.

Definition (Geometric ergodicity). A time-homogeneous Markov process (X, P,.) with transi-
tion function (p,) is called geometrically ergodic with invariant probability measure 1 iff there

exist a constant ¢ > 0 and a non-negative function M : S — R such that
lpe(z, ) — pl|l7v < M(z) exp(—ct)  for p-almost every x € S.

Harris’ Theorem states that geometric ergodicity is a consequence of a local minorization con-

dition combined with a global Lyapunov condition of the following form:

(LG) There exist a function V' € F () and constants A > 0 and C' < oo such that

LV(x) <C—=AV(x) foranyzx € S. (3.3.10)

We consider the time-discrete case. Let 7 be the one step transition kernel of a time-homogeneous
Markov chain. Then condition (LG) states that

mV(z) < C+~V(z), wherey =1—- )\ < 1. (3.3.11)

Below, we follow the approach of M. Hairer and J. Mattingly [14] to give a simple proof of a
quantitative version of the Harris Theorem, cf. e.g. [13]. The key idea is to replace the total

variation distance by the Kantorovich distance

Wﬁ(ﬂ? v) = inf E[dﬂ(ua V)]

X~op
Y ~v

based on a distance function on S of the form

dg(z,y) = (1 + BV (2) + BV (y)) Lazy

with 5 > 0. Note that ||y — v||rv < Ws(u, v) with equality for 5 = 0.

Theorem 3.15 (Quantitative Harris Theorem). Suppose that there exists a function V- € F(5)
such that the condition in (LG) is satisfied with constants C, X € (0, c0), and

a(m,{V <r}) <1 forsomer >2C/\. (3.3.12)
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Then there exists a constant § € R, such that ag(m) < 1. In particular, there is a unique

stationary distribution . of 7 satisfying [ Vdu < oo, and geometric ergodicity holds:

7@, = v < Wa (0,00 < (14 8V(0) +8 [ Vi) astny

foranyn € Nand x € S.

There are explicit expressions for the constants § and az(7), see the proof below.

Proof: Fix z,y € S with x # y, and let (X,Y’) be a maximal coupling of 7(x,-) and 7(y, -)

w.r.t. the total variation distance, i.e.,
PIX #Y]=|n(z,:) = 7(y,)lrv-
Then for 5 > 0,

Wa(r(z,-),m(y,-)) < Elds(X,Y)]

< PIX # Y]+ BEV(X) + BE[V(Y)]
— lne,) = w(y, iy + BEV)() + BV (y)
< ln(e,) — 7y, Yy + 208+ (1 — NV () + V(y)). (3.3.13)

where we have used (3.3.11)) in the last step. We now fix r as in (3.3.12)), and distinguish cases:

(i) IfV(z)+V (y) > r, then the Lyapunov condition ensures contractivity. Indeed, by (3.3.13)),
War(e, )79, )) < dolw,y) +2C8 — - (V(z) + V(1) (33.14)

Since dg(z,y) = 1 + SV (z) + 5V (y), the expression on the right hand side in (3.3.14)

is bounded from above by (1 — §)dg(x, y) for some constant § > 0 provided 2C'5 + § <

(A — &)pr. This condition is satisfied if we choose
_ABr=208 A —=2C

1+p6r 1+67’5’

which is positive since r > 2C'/\.

(i) If V() + V(y) < r then contractivity follows from (3.3.12). Indeed, (3.3.13) implies that
for € := min (M, )\> and 3 < %{C‘/ST}),

We(m(z, ), m(y,-)) < a(m{V <r})+205+ (1= X)B(V(z)+V(y))
< (1 —e)ds(z,y)
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Choosing 6, ¢, 5 > 0 as in (i) and (ii), we obtain
Wg(ﬂ'(ﬂf, ')7 ﬂ-(y7 )) < (1 - min(57 8)) dﬁ(ﬂf, y) forany x,y € S,

i.e., the global contraction coefficient ag(7) w.r.t. Wj is strictly smaller than one. Hence there

exists a unique stationary distribution y € Pé(S )= { peP(S): [Vdu< oo}, and
Wﬁ(ﬂ-n(xv ')7 /J) = Wﬁ (5171,11’ /“”Tn) < O‘ﬁ(w)n Wﬁ(5:v7 M)
= ag(m)" <1 + pV(z) —l—ﬁ/Vdu) :
O

Remark (Doeblin’s Theorem). If a(7, S) < 1 then by choosing V' = 0, we recover Doeblin’s
Theorem:

|7 (z,-) — pl|rv < a(m,S)" — 0 uniformly inz € S.
Example (Euler scheme). Consider the Markov chain with state space R and transition step
z x4+ hbz)+ Vho(zx)W,

where b : R? — R? and o : RY — R are continuous functions, W ~ N(0, I,), and h is a

positive constant (the step size of the discretization). Choosing V (x) = |z|?, we obtain
LV (x) = 2hx-b(z) + h2|b(x)]* + htr(clo)(z) < C— AV (z)

for some C, A € (0, o) provided

lim sup 22 - b(z) + tr(oTo)(x) + h|b(x)|?

|z|—o00 ‘SL’|2

Noting that for any r € (0, c0),

a(m, {V <r})= sup sup HN (:U + hb(z), h(aaT)(:c)) - N (y + hb(y), h(aaT)(y))
[z| <V [yl <v/r

v <1,

we see that the conditions in Harris’ Theorem are satisfied in this case.

Example (Gibbs Sampler in Bayesian Statistics). For several concrete Bayesian posterior dis-
tributions on moderately high dimensional spaces, Theorem can be applied to show that the
total variation distance between the law of the Gibbs sampler after n steps and the stationary

target distribution is small after a feasible number of iterations, cf. Roberts&Rosenthal [30]].
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3.4 Couplings of Markov processes and convergence rates

On infinite state spaces, convergence to equilibrium may hold only at a subgeometric (i.e.,
slower than exponential) rate. Roughly, subgeometric convergence occurs if the drift is not strong
enough to push the Markov chain rapidly back towards the center of the state space. There are

two possible approaches for proving convergence to equilibrium at subgeometric rates:

a) The Harris’ Theorem can be extended to the subgeometric case provided a Lyapunov con-

dition of the form
LV < C—poV

holds with a concave increasing function ¢ : R, — R, satisfying ¢(0) = 0, cf. e.g. Hairer
[13]] and Meyn&Tweedie [25]].

b) Alternatively, couplings of Markov processes can be applied directly to prove both geo-

metric and subgeometric convergence bounds.

Both approaches eventually lead to similar conditions. We focus now on the second approach.

3.4.1 Couplings of Markov processes

So far, we have only considered couplings of the transition probabilities of a Markov process.
One can often prove stronger results and gain flexibility by considering couplings of the complete

laws of two Markov processes on the path space.
Definition (Couplings of stochastic processes).

1) A coupling of two stochastic processes ((X,), P) and ((Y;), Q) with state spaces S and T
is given by a process (()?t, 572), ﬁ) with state space S x T such that

(Xt)tzo ~ (Xt)tZO and (i)tzo ~ (Yt)tzo-

2) The coupling is called Markovian iff the process ()?t, TQ)QO is a strong Markov process on

the product space S x T.

We recall that in discrete time, every Markov process has the strong Markov property, and every
solution of the martingale problem for the generator is a Markov process. In continuous time,
these statements are not always true. However, the strong Markov property holds if the process is
right-continuous and the transition semigroup is Feller, or if uniqueness in an appropriate sense

holds for the corresponding martingale problem, see Sections and[5.31
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Example (Construction of Markovian couplings for Markov chains). A Markovian coupling
of two time homogeneous Markov chains can be constructed from a coupling of the one step
transition kernels. Suppose that p and ¢ are Markov kernels on measurable spaces (.S, 3) and
(T,C), and p is a Markov kernel on (S x T, B ® C) such that p ((z,y),dx'dy’) is a coupling
of the measures p(z,dz’) and ¢(y,dy’) for any z € S and y € T. Then for any x € S and
y € T, the canonical Markov chain ((X,,,Y},), P,,) with one step transition kernel p and initial
distribution 4, is a Markovian coupling of Markov chains with transition kernels p and ¢ and
initial distributions ¢, and d,. More generally, if -y is a coupling of x and v, then ((X,,, Y},), ;)

is a coupling of Markov chains with transition kernels p, ¢ and initial distributions x and v.

In a similar way as in the example above, couplings of Markov processes in continuous time can
be constructed from couplings of the generators, cf. e.g. [4]. However, it is often more convenient

to construct the couplings in a direct way, see the examples further below.

The following simple but fundamental result is the basis for many convergence bounds in total

variation distance:

Theorem 3.16 (Coupling lemma). Suppose that (( Xy, Y;)i>0, P) is a Markovian coupling of two
time-homogeneous Markov processes with common transition function (p;) and initial distribu-

tions | and v. Then
lupe = vpiellry < [[Law[(Xs)szi] = Law[(Ye)szillrv < PIT > 1],
where T is the coupling time defined by

T = inf{t >0: X; =Y}

In particular, the theorem shows that if 7" < oo almost surely, then
lim [Law(X,..) — Law(Yie) [y = 0.

Proof. 1) We first show that without loss of generality, we may assume that X; = Y; for any
t > T. Indeed, if this is not the case then we can define a modified coupling (X, ?t) with the

same coupling time by setting

~ Y; fort < T,
Y, =
X fort > 1T.
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The fact that (X, }Z) is again a coupling of the same Markov processes follows from the strong
Markov property: T is a stopping time w.r.t. the filtration (F;) generated by the process (X;, Y;),
and hence on {7T" < oo} and under the conditional law given Fr, both Yr,. and ?TJF_ = Xp,. are
Markov processes with transition function (p;) and initial value Y. Therefore, both processes
have the same law. Since Y; = }Z for t < T, we can conclude that (Y})i> ~ (i)tzo, whence
(Xi, i)tzo is indeed another coupling. Moreover, by construction, the coupling time is the same
as before, and X; = }7; fort > T.

2) Now suppose that X; = Y; fort > 7. Then also X;;. = Y;,. for¢t > T', and thus we obtain
|Law (X¢y.) — Law (Yo ) ||pv < P Xew # Yiy] < P[T > ).
O

The following example shows that in some cases, the coupling lemma yields sharp bounds if the

coupling is chosen adequately.

Example (Brownian motion on RY). Let 2, y € R? such that x # y. The reflection coupling of
two Brownian motions with initial values Xy = x and Y; = y is the Markovian coupling given
by

Xt = + Bt7
Y: = y + R(v,y)B,

where (B;) is a Brownian motion with By = 0, and

is the reflection at the hyperplane between x and y. Since R(x, y) is an orthogonal transformation,

Y} is indeed a Brownian motion starting at y. Moreover,

X, -V, =o—y+2—4 27V g TTY
[z —y| |z -yl |z —y|

(|l —y|+2W), (3.4.1)

where W, = =% - B, is a one-dimensional Brownian motion starting at 0. By @B.4.1), the

coupling time is the hitting time of —|z — y|/2 for (). Therefore, by the reflection principle

and the coupling lemma,
PIT<t] = 2PWi < —Je—yl/2] = 2 (1-0(o-yl/@VD)), and

Ipede,) = pely, Ylav < PIT >t = 2 (@(|z = y)/(2vE) = 1/2),
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where ® is the distribution function of the standard normal distribution.

On the other hand, in this simple example we can compute the total variation distance explicitly

in order to verify that the bound is sharp. Indeed, by an elementary computation,

IpeCe,) = pely, Mirv = IN (e, tha) = Ny, th)llry = 2 (@(z = yl/(2vD) = 1/2).

It should be stressed, however, that it is not always possible to find a Markovian coupling such

that the bound in the coupling lemma is sharp [?, ?].

3.4.2 Convergence rates

Let [ = Z, or I = R,. If u is a stationary distribution for a transition function (p;).c; then
ppr = pand Law(X,,.) = P, for any ¢t > 0. Hence the coupling lemma provides upper bounds

for the total variation distance to stationarity. As an immediate consequence we note:

Corollary 3.17 (Convergence rates by coupling). Let T" be the coupling time for a Markovian
coupling of time-homogeneous Markov processes with transition function (p;) and initial distri-
butions |, and v. Suppose that

EY(T)] < o0

for some non-decreasing, right-continuous function 1) : I — R with tlgglo W (t) = oo. Then

1
lpwpe — vpellzy = O <W) , and even (3.4.2)

/ |pe — vpel|rv dip(t) < oo, in continuous time, (3.4.3)
0

(W(n+1) =) [|up" —vp||l;v < oo in discrete time, respectively. (3.4.4)
—0

n

Proof: By the coupling lemma and by Markov’s inequality,

|ppe — vpellov < P[T > 1] < E[W(T)] foranyt > 0.

1
Y(t)
Furthermore, by Fubini’s Theorem,

/OOO e — vpel|v dup(t) < /OOOP[T > t] dip(t)
_ E[ / °°1T2td¢<t>] — B[(T) — $(0)].
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The assertion in discrete time follows similarly. L

The corollary shows that convergence to equilibrium happens with a polynomial rate of order
O(n~F) if there is a coupling with the stationary Markov chain such that the coupling time has a

finite k-th moment. If an exponential moment exists then the convergence is geometric.
Example (Markov chains on Z,).
T
@ () o
] ] ]

|
0 -1 T z+1

We consider a Markov chain on Z, with transition probabilities 7(x, z+1) = p,, m(z,z—1) = q,
and 7(z,x) = r,. We assume that p, + ¢, +r, = 1,90 = 0, and p,,q, > 0 for z > 1. For
simplicity we also assume 7, = 1/2 for any x (i.e., the Markov chain is “lazy”). For f € F,(Z,),

the generator is given by

(LNH() = pe(flx+1) = f(2) + @ (fx = 1) = f(2)),  x€Zy.
By solving the system of equations ul = p — pum = 0 explicitly, one shows that there is a
two-parameter family of invariant measures given by

PoP1 Pa-1

a,beR).
q14q2 - - " 4z ( )

In particular, an invariant probability measure exists if and only if

7 . PoP1 * * - Pz—1 < oo

— 124

For example, this is the case if there exists an € > 0 such that

1
P < <1 — +€) qr+1 for large x.
T

Now suppose that an invariant probability measure p exists. To obtain an upper bound on the
rate of convergence to y, we consider the straightforward Markovian coupling ((X,,,Y,), Py.,)

of two chains with transition kernel 7 determined by the transition step

(x+1,y) with probability p.,

(2.7) > (r —1,y)  with probability ¢,
’ (z,y+1)  with probability p,,
(z,y—1)  with probability g,.
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Since at each transition step only one of the chains (X,,) and (Y,) is moving one unit, the pro-
cesses (X,,) and (Y;,) meet before the trajectories cross each other. In particular, if X > Yj then

the coupling time 7" is bounded from above by the first hitting time

;¥ = min{n >0: X,, = 0}.

Pyl

o
Ty
Since an invariant probability measure exists and the chain is irreducible, all states are positive

recurrent. Hence
E[T] < E[T}] < oo.

Therefore by Corollary the total variation distance from equilibrium is always decaying at
least of order O(n™!):

7™ (2, ) = plley = O™, Y7, ) — pllav < oo
n=0

To prove a stronger decay, one can construct appropriate Lyapunov functions for bounding higher

moments of 7. For instance suppose that there exist a > 0 and v € (—1, 0] such that
Pe — @z ~ —ax’ as T — 0.
(i) If v € (—1,0) then as © — oo, the function V(x) = 2" (n € N) satisfies

LV(z) = po((2+1)"—2") 4+ ¢ ((z = 1)" —2") ~ n(p, — gz)a""

~ —naz" " < —paV(z)

It can now be shown in a similar way as in the proofs of Theorem [L. 1l or Theorem [L.4] that
E[T"] < E[(T{)*] < oo forany k < 1L
-7
Since n can be chosen arbitrarily large, we see that the convergence rate is faster than any
polynomial rate:
|7 (z,-) — plltv = O(n™) forany k € N,
Indeed, by choosing faster growing Lyapunov functions one can show that the convergence

rate is O(exp (—n/3)) for some 5 € (0, 1) depending on ~.
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(i1) If v = O then even geometric convergence holds. Indeed, in this case, for large z, the

function V (z) = ¢’ satisfies
LV(z) = (po (e —1)+q (e —1))V(z) < —c-V(z)
for some constant ¢ > 0 provided A > 0 is chosen sufficiently small. Hence geometric
ergodicity follows either by Harris’ Theorem, or, alternatively, by applying Corollary [3.17]
with ¢(n) = e
3.4.3 A CLT for non-stationary Markov chains

Suppose that (X,,, P) is a time-homogeneous Markov chain with transition kernel 7, invariant
probability measure y, and initial distribution v. As in Section 3.2] we consider the ergodic

averages
b+n—1

1
A n = — Xz s
onf = ;b f(X3)
The approximation error in the ergodic theorem is

Apnf = p(f) = Apnto,

where fo = f — u(f). By a coupling argument, both the ergodic theorem and the central limit

theorem can easily be extended from the stationary to the non-stationary case.

Theorem 3.18 (Ergodic theorem and CLT for non-stationary Markov chains). Let b,n € N.

1) The bias of the estimator Ay, f is bounded by
|E[Abnf] = (£ < vn’ = pllovll follsup-
2) If |lvr™ — pllrv — 0 as n — oo then for any f € L(u),
Apnf — p(f) P-as.,
and, for any f € L*(u) s.t. Gfo = > o0 7" fo converges in L* (1),
Vi (Ao f = u(f)) = N(0,07),

where JJ% = 2(fo, G fo)r2(u) — (fo, fo)L2(u) is the asymptotic variance for the ergodic aver-

ages from the stationary case.
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Proof. 1) Since E[A . f] = Zb+” "(vm®)(f), the bias is bounded by

|ElApnf]1 = n(f)] = [ElAbnfo] = p(fo)]

b+n 1 b+n 1

Z |(vr")(fo) = Z o = pllav - || follsup-

The assertion follows since the total variation distance ||vm® — ||ty from the stationary distribu-

tion p is a decreasing function of ¢.

2) If ||p7™ — ullrv — O then one can show that there is a coupling (X ,,, Y,,) of the Markov chains

with transition kernel 7 and initial distributions v and 4 such that the coupling time
T = inf{t>0:X, =Y, forn >t}

is almost surely finite, see the exercise below. We can then approximate A, f by ergodic aver-
ages for the stationary Markov chain (Y,,):

b+n 1 b+n—1

A f = Z PO+ 37 (X = FV) Ly,

i=b
The second sum is constant for b +n > T, so ﬁ times the sum converges almost surely to zero,
whereas the ergodic theorem and the central limit theorem apply to the first term on the right

hand side. This proves the assertion. U

Exercise (Successful couplings and TV-convergence to equilibrium). Consider a time homo-
geneous Markov process with transition function (p;) and invariant probability measure . A
coupling (X3, Y;) of versions of the process with initial distributions v and p, respectively, is

called successful if the coupling time
T = inf{t >0 : X, =Y, forany s >t}

is almost surely finite. Show that a successful coupling exists if and only if ||vp; — |7 — 0 as

t — oo.

3.5 Mixing times

Let (p;) be a Markov semigroup on (.5, 13) with invariant probability measure . Foraset K € B
and ¢t > 0 let

dTV(t7 K) = sup Hpt(x7 ) - MHTV
reK
denote the maximal total variation distance from equilibrium at time ¢ for a corresponding Markov

process with initial distribution concentrated on K.
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Definition (Mixing time). For c > 0, the e-mixing time of the process with initial value in K is
defined by
twin(e, K) = inf{t > 0:d(t,K) < e}

Moreover, we denote by t,,,(¢) the global mixing time t,,;.(e, S).

Since for any initial distribution v € P(S), the total variation distance ||vp’ — pl|rv is a non-

increasing function in ¢,
dTv(t,K> <e¢ foranytZtmix(a,K).

An important problem is the dependence of mixing times on parameters such as the dimension of
the underlying state space. In particular, the distinction between “slow” and “rapid” mixing, i.e.,
exponential vs. polynomial increase of the mixing time as a parameter goes to infinity, is often

related to phase transitions.

3.5.1 Upper bounds in terms of contraction coefficients

To quantify mixing times note that by the triangle inequality for the TV-distances,
drv(t, ) < a(p') < 2drv(t, ),
where « denotes the global T'V-contraction coefficient.

Example (Random colourings). For the random colouring chain with state space 7"V, we have
shown in the example below Theorem[3.10]that for | 7’| > 2A, the contraction coefficient g w.r.t.
the Hamming distance d(&,n) = [{z € V : £(z) # n(z)}| satisfies

T| —2A
aq(p') < aq(p)' < exp <—‘|T||7_A : %) (3.5.1)

Here A denotes the degree of the regular graph V' and n = |V/|. Since
lezy <d(&,m) <n-ley, forany& neTV,
we also have
lv = pllrv < Wiy, p) < nllv — pllry - forany v € P(S).
Therefore, by (3.3.1)), we obtain

IT|—2A ¢

P&, ) — pllrv < nag(p') < nexp <_m 5)
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for any ¢ € TV and t > 0. The right-hand side is smaller than ¢ for ¢ > g":zAAn log(n/e). Thus

we have shown that
tmix(e) = O (n logn 4+ nlog 5’1) for |T'| > 2A.

This is a typical example of rapid mixing with a total variation cut-off: After a time of order
n log n, the total variation distance to equilibrium decays to an arbitrary small value ¢ > 0 in a

time window of order O(n).

Exercise (Hard core model). Consider a finite graph (V, E') with n vertices of maximal degree
A. The corresponding hard core model with fugacity A > 0 is the probability measure 1) on

{0, 1} with mass function
pa(n) = Z(A\) " AXeev 1@ if p(z) - n(y) = 0 forany (z,y) € E, pux(n) = 0 otherwise,
where Z(\) is a normalization constant.

a) Describe the transition rule for the Gibbs sampler with equilibrium g, and determine the

transition kernel 7.

b) Prove that for A < (A —1)"tandt € N,

t

Wit < a8 W) < e (-5 (EREED) ) Wi

where a(n,A) = 1 — % (1*?%\*1)) and W! is the transportation metric based on the

Hamming distance on {0, 1}V.
c¢) Show that in this case, the e-mixing time is of order O(n logn) for any € € (0, 1).

Exercise (Gibbs sampler for the Ising model). Consider a finite graph (V, E') with n vertices of
maximal degree A. The Ising model with inverse temperature 8 > 0 is the probability measure

s on {—1,1}" with mass function

ps(n) = Z(lﬁ) exp |8 Y n@)n(y) | .

{z,y}eFE

where Z(/3) is a normalization constant.

a) Show that given 7n(y) for y # x, n(z) = =£1 with probability (1 £ tanh(Sm(z,n))/2,
where m(z,n) :=3_,_, n(y) is the local magnetization in the neighbourhood of z. Hence

determine the transition kernel 7 for the Gibbs sampler with equilibrium 4.
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b) Prove that for any ¢t € N,

WA ) < a5 8 WHos) < exp (1 (1= Atanb(3)) ) W)

n
where a(n, 3, A) =1 — (1 — Atanh(3))/n, and W' is the transportation metric based on
the Hamming distance on {—1,1}". Conclude that for A tanh 8 < 1, the Gibbs sampler

is geometrically ergodic with a rate of order 2(1/n). Hint: You may use the inequality

| tanh(y + ) — tanh(y — 5)| < 2 tanh(p) forany 5 > 0Oand y € R.

¢) The mean-field Ising model with parameter o > 0 is the Ising model on the complete graph
over V. = {1,...,n} with inverse temperature 5 = «/n. Show that for a« < 1, the &-
mixing time for the Gibbs sampler on the mean field Ising model is of order O(n logn) for

any € € (0,1).

Example (Harris Theorem). In the situation of Theorem the global distance dry(t,.S) to

equilibrium does not go to 0 in general. However, on the level sets of the Lyapunov function V/,

(V< 1)) < (1 wors [ Vdu) as(p)

for any ¢,7 > 0 where 3 is chosen as in the theorem, and o is the contraction coefficient w.r.t.

the corresponding distance dg. Hence

log (1+ Br+ 6 [ Vdu) +log(e™?)

tmix (e, {V <71}) < log(as(p)~1)

3.5.2 Upper bounds by coupling

We can also apply the coupling lemma to derive upper bounds for mixing times:

Corollary 3.19 (Coupling times and mixing times). Suppose that for every x,y € S,
(X4, Y1), Pyy) is a Markovian coupling of the Markov processes with initial values x,y € S
and transition function (p;), and let T' = inf{t > 0 : X; = Y;}. Then

tmiz(€) < inf{t>0: P, [T >t <eVa,ye S}

Proof. The assertion is a direct consequence of the coupling lemma (Theorem [3.16) combined
with Corollary 3.141 O
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Example (Lazy Random Walks). A lazy random walk on a graph is a random walk that stays
in its current position during each step with probability 1/2. Lazy random walks are considered
to exclude periodicity effects that may occur due to the time discretization. By a simple coupling

argument we obtain bounds for total variation distances and mixing times on different graphs:

1) S =7/(mZ): The transition probabilities of the lazy simple random walk on a discrete circle
with m points are 7(x,z + 1) = w(x,z — 1) = 1/4,w(z,z) = 1/2, and 7(x, y) = 0 otherwise.
A Markovian coupling (X,,, Y,) is given by moving from (z,y) to (x + 1,y), (x — 1,y), (z,y +
1), (x,y — 1) with probability 1/4 each. Hence only one of the two copies is moving during each
step, and thus the two random walks X,, and Y,, can not cross each other without meeting at the
same position. The difference process X,, — Y/, is a simple random walk on .S, and 7" is the hitting
time of 0. Hence by the Poisson equation,

Eny[T) = BN Mo monye] = |z —yl-(m— e —y|) < m*/4

lz—y|

Corollary and Markov’s inequality now imply that ¢, (1/4) < m?, which is a rather sharp
upper bound.

2) S = {0,1}%: The lazy random walk on the hypercube {0, 1}¢ coincides with the Gibbs sam-
pler for the uniform distribution. A bound for the mixing time can be derived from Theorem
Alternatively, we can construct a coupling of two lazy random walks on the hypercube by
updating the same coordinate to the same value for both copies in each step. Then the coupling
time 7' is bounded from above by the first time where each coordinate has been updated once,
i.e., by the number of draws required to collect each of d coupons by sampling with replacement.
Therefore, for ¢ > 0,

dlogd + cd) < o

d
P[T > dlogd + cd] < Z — 1/d)leedtedl < g ex p( -
k=1

and hence

tmix(€) < dlogd +log(e™h)d.

Conversely, the coupon collecting problem also shows that this upper bound is again almost

sharp.
Example (Brownian motion on a flat torus).

Example (Diffusions on R%).
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3.5.3 Conductance lower bounds

A simple and powerful way to derive lower bounds for mixing times due to constraints by bottle-
necks is the conductance. Let 7 be a Markov kernel on (S, B) with invariant probability measure
p. For sets A, B € B with 1(A) > 0, the equilibrium flow (A, B) from a set A to a set B is
defined by

QUA.B) = (1@ p)(Ax B) = / u(dz) =z, B),

and the conductance of A is given by

Q(A, A%)
D(A) = — :
W= u(A), 5(A9)
Notice that in particular,
(I)(A) < M(amtA)

— min(u(A), p(A%)
where 0,y A = {z € A: w(x, A°) > 0} is the interior boundary of the set A.

Example (Graph with a bottleneck). Consider the uniform distribution on a graph that has two
large components A and A°, consisting each of at least n vertices, which are only connected
by a single edge. Then for any Markov chain that only moves along edges of the graph, the

conductance of A is bounded from above by 1/n.

Definition (Isoperimetric constant). The bottleneck ratio or isoperimetric constant O, for a

transition kernel m with invariant probability measure 1 is defined as the worst-case conductance:

O, = inf ¢(A).
AeB

The inverse of ®*, i.e., the maximal inverse conductance, provides a lower bound on mixing

times:

Exercise (Conductance and lower bounds for mixing times). Prove the lower bound

1 1
T . S.
tmiz <4) = 10, (3.5.2)

You may proceed in the following way: Let p4(B) = pu(B|A) denote the conditioned measure

given A.

a) Show that for any A € B with p(A) > 0,

liam = pallzy = (nam)(A%) = @(A).

Hint: Prove first that
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(i) (pam)(B) — ua(B) <0 for any measurable B C A, and
(ii) (pam)(B) — pa(B) = (uam)(B) > 0 for any measurable B C A°,

b) Conclude that

la =l < t9(A) + lpar — pllry foranyt € Zy.

¢) Hence prove (3.5.2).

In the example above, the conductance lower bound shows that the mixing time is of order Q2(n).
By a similar argument, we can show that for the mean-field Ising model with parameter o > 1,

the mixing time is exponential in the number of spins:

Example (Mean-field Ising model). The mean field Ising model with parameters n € N and

a € (0, 00) is the probability measure i, , on {—1, +1}" with mass function

fa.n(n) o< exp <% ;n(x) % ;n(y)> = exp (% m(n)2> :

where m(n) = >_."_ n(z) is the total magnetization of the configuration 7. In the exercise
in Section 3.5.1] above it is shown that for o < 1, the Gibbs sampler for the mean field Ising
model has a mixing time of order O(nlogn). Conversely, we will now show by applying the
conductance lower bound that for & > 1, the mixing time grows exponentially in . Thus there
is a dynamic phase transition from rapid mixing to slow mixing at the critical value o = 1.

To apply the conductance bound, we consider the sets
A, = {ne{-1,+1}" : m(n) > 0}.

Notice that during each step of the Gibbs sampler, the total magnetization changes at most by 2.
Therefore, the interior boundary of A,, consists of configurations with m(n) € {1,2}. Since by

symmetry, fin.,(A,) < 1/2, we obtain for any ¢ > 0,

1 S fon(An)  pap(m >0) S f{mzm} exp(am?®/(2n)) djon
P(A,) — ,ua,n(aintAn> ,ua,n(m €{1,2}) — f{me{l,Z}} exp(am?/(2n)) do,n
> exp (—2an~' + ac’n/2) po.(m > cn) (3.5.3)

Noting that under /i ,,, the components of 7 are independent random variables with yu ,,(1(z) =
+1) = 1/2, we can apply the classical large deviation lower bound (Cramér’s Theorem) to
conclude that

1 1 1—
lim inf —log pgn(m > cn) > I(c) = ;—C log (1+4¢) + ¢

n—oo M

log (1 —c¢).
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Here the exponential rate /(c) is the relative entropy of the Bernoulli distribution with parameter

(1 + ¢)/2 w.r.t. the uniform distribution. We obtain

L o e/2-1(@)n+o(m)
o(A,) —

A Taylor expansion shows that ac? /2 —I(c) = (a—1)c?/2+O(c*) as ¢ | 0. Hence if o > 1 then
we see by choosing ¢ > 0 sufficiently small that 1/®(A,,) is growing exponentially as n — 0.
Therefore, by (3.5.2), there exists A(«) > 0 such that

tmiz(1/4) > 1/(4D(A,)) > eM@mrom),
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Chapter 4

Constructions of Markov processes in

continuous time

In this chapter, we give constructions for solutions of several important classes of martingale
problems. Section is devoted to an explicit construction of jump processes with finite jump
intensities from their jump rates (i.e. from their generators), and the derivation of forward and
backward equations and the martingale problem in this more concrete context. A very important
way to obtain solutions of martingale problems is by approximation. In Section 4.4 the necessary
tools for weak convergence of stochastic processes are developed and applied to obtain Brownian
motion as a universal scaling limit of random walks. In Section 4.3 the techniques are general-
ized and applied to prove an existence result for diffusion processes in R¢. Finally, Section [[.4]

briefly discusses the application of Lyapunov function techniques in continuous time.

4.1 Jump processes with finite intensity

We will now construct a time-continuous Markov process with infinitesimal generator at time ¢

given by
(Lof) () = / (F(y) — F(2)) . dy). @11

Here we assume that for any ¢t > 0, ¢, : S x B — [0, 00) is a kernel of finite positive measures
such that (¢, z) — ¢/(x, B) is a measurable function for any B € B. The process jumps from
the current state = to a new state contained in the set B with transition rate ¢;(z, B), i.e., the

transition probabilities satisfy

pt,t+h(x7 B) = Qt(x7 B)h + 0<h)
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138CHAPTER 4. CONSTRUCTIONS OF MARKOV PROCESSES IN CONTINUOUS TIME

for any B € B such that z ¢ B.

Examples. 1) Non-homogeneous Poisson process with intensities \;. This is the process

with state space Z. and transition rates

Qt(x7 ) = A - Opp1

-9
-9
-9
<
1
q

high intensity low intensity

2) Birth-death process. This is a process on Z, with transition rates given by

@ (z,-) = be(2)0p41 + di(7)0p 1

for functions (¢, z) — b;(z),d;(x) on [0,00) X Z,.

3) Time-dependent branching process. Suppose the particles in a population are indepen-
dently giving birth to a child with rate b; and dying with rate d;. Then the total population

size at time ¢ can be described by a Markov process on Z, with transition rates

qt(xa ) = btx5m+1 + dtxax—l-
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4.1.1 Construction

We now give an explicit construction of a process (X;):c[0,0c) With generator £, given by (.1.1)

and initial distribution at time ¢, given by X;, ~ v. To this end we assume that
q(x, B) = M(x)my(x, B) foranyz € Sand B € B, (4.1.2)

where 7, is a stochastic kernel on (.S, B) and \; : S — [0, 00) is a measurable function. Note that
the values ¢;(x, {z}) are not relevant in (. L.1)), so we may indeed assume that even holds

for sets B containing x. A\;(x) is an upper bound for the jump intensity from x at time ¢ since

@z, S\ {z}) < @z, S) = M(2).

The subsequent jump times 7, and positions Y,, of a Markov process with jump intensities ¢; and

initial law v at time ¢, can be obtained by the following algorithm.
Algorithm (Construction of minimal jump process). 1) Set J; := t; and sample Y ~ v.
2) Forn:=1,2,... do

(i) Sample E,, ~ Exp(1) independently of Yy, ..., Y, 1, Eo,..., Fp_1.
(i) Set T, =inf {¢>0: [} A (Vai)ds > B, }.
(iii) Sample Y, |(Yo, ..., Y, 1, Eo, ..., En) ~ 77, (Yo 1,").

Here we set inf @ = oo. It may happen (for instance when \;(Y;,_1) = 0 for any ¢) that .7,, = oo
with positive probability, and in that case we use the convention 7, (x, -) = J,.. Note that actually
the value of 7., is not relevant since the process gets stuck at Y,, anyway. It may also happen
that the process “explodes”, i.e., there are infinitely many jumps in finite time. We define the

explosion time ( as

¢ = sup Jy.
The Markov process (X;):>, is then given by

X;=Y, on [Ty Juy1) foranyn € Z,,
Xi=A on [(,00).

The process is minimal in the sense that we assign the distinct value A after the explosion time
(. There may exist other Markov processes with the same transition rates that start again in a

different state at the explosion time, see the exercises.
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Let P4, denote the underlying probability measure for the random variables defined by the
algorithm with initial law v = 0, at time ¢y. Hence under Py, ), Jo = to and Y = x( almost
surely, the conditional law of 7, given (Jo, Yo, - . ., Jn—1, Yn_1) is

dr

Ae(Yipy)e Janoy Ar(¥nmndry (570 _ydt, (4.1.3)

and the conditional law of Y,, given (Jo, Yo, . - ., Tn-1, Yn—1, Jn) is 77, (Yn_1, -). The probability
measure on R, defined by is called a survival distribution with time-dependent hazard
rate \s(Y,,_1). Notice that an exponential distribution is a special survival distribution with time-
independent hazard rate \. Furthermore, the survival distribution has a property generalizing the

memoryless property of the exponential distribution, which in our case says that
P(to,:vo) [jn >t+h |x7n—17 Y1, In > t] =e ftt+h AS(Ynfl)dS.

In particular, the conditional probability that there is no jump in the time interval (¢,¢ + h| given
the next jump occurs after time ¢ is 1 — hA(Y,,—1) + o(h) as h | 0.

Example (Time-homogeneous case). Suppose that the jump intensities ¢;(x, B) do not depend
on t. Then we may assume that also 7; and \; do not depend on ¢. In particular, in this case the
transition probabilities do not depend on the jump times, i.e., the sequence (Y},),cz, of positions
of the process is a Markov chain with transition kernel 7. Given o(Y,, : n € Z, ), the waiting
times for the next jumps are independent with
TIn — Tn-1 = ) ~ Exp(A(Y,-1)).
)‘(Ynfl)

Example (Time-homogeneous case with bounded jump intensities). Things simplify further

if we assume that the intensities are time-independent with sup ¢(z, S \ {z}) < A for a finite
zeS
constant A. In this case we assume

q(z, dy) = A (z,dy)

where 7 is a transition kernel. The process constructed correspondingly according to the algo-

rithm above has i.i.d. waiting times
jn - jn—l ~ EXp(A)

between jumps. Hence the number of jumps up to time ¢ is a Poisson process with parameter .
The process (Y,,) of positions is an independent Markov chain with transition kernel 7, and the
continuous-time process is given by

X =Yy,. 4.1.4)
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The process (X;) is called the continuization of the Markov chain (Y,). For example if (Y,,) is
a Random Walk then (X}) is a compound Poisson process. By (@.1.4), it is easy to compute the

transition functions of the process in continuous time. Indeed, by independence of (Y;,) and (NV;),

(Pif)(@) = oo [f(X)] = Eou [f(Yi); Ny = K]

— (eAth) (x)ef)\t — (etllf) (SC)

forany ¢ > 0,z € S and f € F,(S) where e'“ = 377 | L(t£)* denotes the exponential of the

bounded linear operator

(L)) = A = D) f)(z) = /Q(w,dy)(f(y) — f(=)).

Standard properties of the operator exponential now show that p, f satisfies the Kolmogorov for-

ward and backward equation
d
Eptf =pLf=Lpf

where the derivative can be taken w.r.t. the supremum norm. For unbounded jump intensities, the

derivation of Kolmogorov’s equations will be technically much more demanding.

4.1.2 Markov property

We now want to show that the process constructed above is indeed a Markov process with the right
generator. We first remark that in the general case, the sequence (Y,,) of positions is not a Markov
chain since the transition kernels depend on the (random) jump times. Similarly, the sequence
(J,.) of jump times is not a Markov chain in general. However, the processes (Y,,_1, J)nen and

(Jns Yn)nez, are both Markov chains w.r.t. the filtrations
gn = J(}/E]u"'vynflvEla"wEn)a én = a(%7"'7Yn7E17"'7En)7
respectively. The corresponding transition kernels are given by
t
plCe.9),dyt) = mu(odn)esp (= [ Mty )1 )

p((s,x),dt dy) = M\(x) exp (—/ )\r(x)dr) L(s,00) ()T (2, dy)dt.

University of Bonn Winter semester 2016/17



142CHAPTER 4. CONSTRUCTIONS OF MARKOV PROCESSES IN CONTINUOUS TIME

The continuous-time process (X;);>s, is obtained as a deterministic function from the Markov

chains:

Xt = q)t(jo,}/oyjhi/h .. )

where we set

4.1.5)

X, fort € [t,,1,41) for somen € Z,,
O, (to, o, t1, 1, ... ) 1= { [ +1) -

A fort > supt,

Let X = o(X, : s € [0,1]).

Theorem 4.1 (Markov property). The process ((X;)ist, (Pi.zo)) is an (F;¥) Markov process,

ie.,
Eto00) [F(Xsioo) Lis<ct| Fi] = Es.xo) [F(Xsioo)]  Plto,wo)-a-5-

forany 0 <ty < s,z € S, and any bounded measurable function F' : D(R,, S U {A}) — R.

For proving the theorem we will apply the Markov property of the chain (Y, 1, ,). Here the
problem is that the relevant filtration is (G, ),cn but we are interested in the conditional expecta-

tion given FX for some s € R . To overcome this difficulty let
Ky=min{n € Z; : J, > s}

denote the index of the first jump after time s.
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Note that K is a stopping time w.r.t. (G, ), and
{K; < o0} ={s<(}.

Besides the Markov property of the chain (Y,,_1, 7,), the following fact will be crucial for the
proof of Theorem 4.1k

Lemma 4.2 (Memoryless property). Let s > ty. Then forany t > s,
Piowo) [{Jx, >t} n{s <} | FS] = e~ i MX)dr P g on {s < (}, ie,

Pliowo) {Jr, >t} N {s <3N A] = Eg ) [e* JoanXydr A fg < g}] VAEF,

Note that the assertion is already a restricted form of the Markov property in continuous time: The
conditional distribution with respect to Py, ) of J, given F.* coincides with the distribution

of J; with respect to P, x,).

Proof. Let A € FX. Then it can be verified that for any n € N,
A N {Ks = 77,} co <J07 Ybu ceey Jnflu Ynfl) = gnfl-

Since

t t

P[J, > t]| §n_1] =exp | — / M (Yo_1)dr | =exp —/)\T(Yn_l) dr | - P[J, > s| §n_1],
——

Jn—1 S =As

we obtain

Pl{Je. >tyNAN{K, =n}] = E|

Pl >t| Gl AN{K, = n}}

— E e firxodr s AN{Ks=n}n{J, > s}]

— e ArXa)dre AN (K, = n}] .
Summing over n gives the assertion since {s < (} = |J,cn {15 = n}. O
Proof of Theorem Let s > to. Then for any ¢ > 0,

Xert = (I)t(sust*lu stamestJrl’ . ) on {KS < OO} = {8 < C}
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where @, is defined by @.1.5). In other words, the process Xs.oo = (Xgit)i>0 from time s
onwards is constructed in the same way from s, Yk, 1, Jk., ... as the original process is con-
structed from tg, Yy, Ji,.... Let ' : D(R,, S U{A}) — R be bounded and measurable. Then
the strong Markov property for the chain (Y,,_1, J,,),

E(to,xo) [F(Xs:oo) : 1{5<C} | gKS]
= Eloz0) [F o ®(s, Y, 1, i - - ) - Lii <o) | QKS]

= E?&;t{vlfgjj:) [Fo®(s,(Yy, J1), (Y1, J5),...)] as.on{K,<oo}={s<(},

where @ = (®,);50. Since F* C G, we obtain by the projectivity of the conditional expecta-

tion,
Eltgan) [F(Xooe) Lpsccy | FY] = Bty | BRI [F 0 @5, (Yo, 1) )] - Ly | FE]

where we haven taken into account that the conditional expectation given Gy, is 0 on {s > (}
and that Y, 1 = X,. By the lemma above, the conditional distribution of Jg_ given ]—"SX is
k(Xs, ) where

k(z,dt) = M(z) - e oA @ g () dt.

Hence we obtain
Eto00) [F(Xaso) - Lisey | F&] = B0 [F o ®(s, (Yo, 1), ...)]  as.on{s <},
Since k(Xj, -) is also the distribution of .J; with respect to P; x,, we conclude that

E(to,mo) [F<Xsoo> . 1{s<§} ‘ ‘FL;X] = E(s,XS) [F(CI)(S, }/E]u J17 .- ))] = E(S,Xs) [F<Xsoo)] .

4.1.3 Generator and backward equation

Theorem@.TIshows that the process ((X;)¢>¢,, Peo,20)) cOnstructed as above is a time-inhomogeneous
Markov process w.r.t. the filtration (F;*);>¢, with transition function given by
Psi(x,B) = Py [Xe € Bl forany0<s<txecSand B € B.

We will now link the process to the generator that is given by

Lt(x7 dy) = Qt<x7 dy) - )\t(x>5:v(dy>7 i.e.,
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(Cof) (@) = (@) (@) = M) f(2) = / w(. dy) (f(9) — f(2))

for any bounded and measurable function f: S — R. The connection between the process and its

generator is most easily established through a weak form of the Kolmogorov backward equation.
Theorem 4.3 (Integrated backward equation).

(1). The transition probabilities satisfy the Chapman-Kolmogorov equations

Ps,tPtu = Psu fOl" any 0<s<t<u.

(2). The integrated backward equation

t
pst(z, B) = e’f;)‘“(z)duéz(B) + /ef:’\“(z)d“(qrpr,t)(x, B)dr (4.1.6)

S

holds forany 0 < s <t , x € S and B € S. Equivalently, for any f € F,(S),
t
ps,tf — I 2 duf + / o I )\dUdUQTpr,tf i (417)

(3). If t — \(x) is continuous for any x € S, then

(Ps,srnf)(x) = (1 = hAs(2)) f(2) + h (gsf)(2) + o(h) (4.1.8)

holds forany s > 0, x € S and functions f € F,(S) such thatt — (q.f)(x) is continuous.

In particular, Equation (4.1.8) shows that (X;) has jump intensities A;(z) and transition rates
q(z, dy).

Remark (Explosions and non-uniqueness of backward equation). It can be shown that for
f > 0,ps.f is the minimal non-negative solution of (4.1.7). If { = sup J, is finite with strictly
positive probability, then there are other possible continuations of X; after the explosion time (.

These correspond to other non-negative solutions of the integrated backward equation.

It is more standard (and more intuitive) to write the backward equation in the differential form

0

- %ps,tf = Csps,tf for s € [Oat]a pt,tf - f (419)
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Under additional regularity conditions, it can be shown that is indeed equivalent to :
The details are left as an exercise. By (4.1.9) we see more clearly that the backward equa-
tion does indeed describe the backward in time evolution of the expected values p,,f(z) =

Es2)[f(X¢)], considered as a function of the initial time s.

Proof of Theorem (1). By the Markov property,
Py [Xi € BIF] = P x.,) [ Xt € Bl = ps4(Xs, B)  as.
Since this holds for any initial condition, the Chapman-Kolmogorov equations

(ps,tpt,uf)(l’) = (ps,uf) (:U)
are satisfied foranyz € S, 0 < s <t <wand f: S — R.

(2). First step analysis: The idea for deriving the integrated backward equation is to condition
on time and position of the first jump, i.e., on the o-algebra G; = o(Jo, Yo, J1,Y1). Since
X = &4(Jo, Yo, Ji1, Y1, Jo, Yo, . . .), the Markov property of (J,,, Y,,) implies

P ) |:Xt € B| 51] (W) = Py [@e(s, z, Jo, Yo, J1,Y1,...) € Bj
for almost every w. Furthermore,

x ift < Ji(w),
q)t(S,l’, J07}/07 J17}/17 . ) =
(bt(‘]()aYbaJl)}/l)"') if ¢ Z Jl(w)7

and hence
Pls.) [Xt € B 51] (W) = 02(B) - Liresy(w) + Pls)viw)[Xe € B - Lz (w)
Ps z)-almost surely. We conclude

p57t($, B) = P(&m) [Xt c B]
- 5J:(B)P(s,m)[Jl > t] + E(S,Z‘)[le,t()/laB);t Z Jl]

t

= 6,(B) - e e Ar@dr | / M ()™ S Ae@du 0y (e, B) dr

s
t

= 6(B) e 0 [ g, )0, By dr

S
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(3). This is a direct consequence of (4.1.6). Fix a function f € F(.5), and note that

0 < (gpref)(@) = A\e(@)(mpre f)(z) < Ar(x) sup | f]

forany 0 < r < tand x € S. Hence if r — \,.(z) is continuous then

(prif)(x) — f(2) (4.1.10)

asr,t | sforany z € S. Thus, by dominated convergence,

(@ F) (@) — (0:F)(2)
- / 40 (2, dy) (P f () — F@)) + (1) (@) — (g f) (&) —> 0

asr,t ] s provided r — (¢, f)(x) is continuous. The assertion now follows from .
U

Exercise (A non-explosion criterion). 1) Show that if A := supsup \,(z) < oo, then { =
t>0 zeS
00 P, 2)-almost surely for any ¢y > 0 and zy € S.

2) In the time-homogeneous case, given o(Yy : k € Z.),

n

Ej,
Jp =
25w

is a sum of conditionally independent exponentially distributed random variables. Con-

clude that the events

{¢ < oo}and {Z )\é/k) < oo}

coincide almost surely (apply Kolmogorov’s 3-series Theorem).

Other non-explosion criteria can be established via stochastic Lyapunov functions, see Section
1.4.2

4.1.4 Forward equation and martingale problem

Next, we are going to derive a forward equation from the integrated backward equation. As
a consequence, we will see that the jump process solves a time-dependent martingale problem
w.r.t. the generator £,. Establishing the connection between (integrated) backward and forward
equation requires the introduction of an appropriate norm on functions f : S — R w.r.t. which

the transition functions depend continuously on time. We will assume that the jump intensities are
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uniformly bounded on finite time-intervals since in this case, we can use the supremum norm. The
case of only locally bounded jump intensities can then be handled afterwards by a localization
procedure. We denote by C, ([0, 00) x S) the linear space of functions f € C([0,c0), S) such
that (t,z) — f(t,x)is C'" in the t-variable for any x, and both f and %—{ are bounded on [0, t] X S
for any finite t € R,..

Theorem 4.4 (Kolmogorov’s forward equation and martingale problem). Suppose that

At = sup sup \,(z) < oo foranyt € R, and (4.1.11)
s€[0,t] z€S
t — quf is continuous w.r.t. the supremum norm for any f € Cy(S). (4.1.12)

Then the following assertions hold:

1) Strong continuity: For any f € F,(S), the function (s,t) — ps.f is continuous w.r.t. the

supremum norm on J(S).

2) Forward equation: For any f € C,°([0,00) x S) and r € Ry,

d of

%pr,sf(s, ) = Drs (% + Esf) (s,:) fors>r (4.1.13)

where derivative is a limit of difference quotients w.r.t. the supremum norm on F,(5).

3) Time-dependent martingale problem: For any f € C’; ’0([0, o0) X S) andr € Ry, the
process

Ml = s %)~ [ (Estar) (s Xpas 02

is an (F;*) martingale under P, ) for any x € S.

Remark. Assumption (4.1.3) guarantees that the process is non-explosive. Moreover, by (4.1.3))
and @II1), the function ¢ — (L, f)(t, x) is continuous for any x € S and f € C,°(]0, 00) x S).

Proof of Theoremd.4l  (1). Strong continuity: Let f € F,(S). Note that for any » > 0,
G- fllsup < Al fllsup- Hence by the assumption and the integrated backward equation

@17,

ps.ef = Fllsup < (6 = $)Mell fllsup + (¢ = $)|gupuefllsup < 20 = )Ml fllsup,
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Q).

and thus

”pr,tf - pr,sstup = ”pr,S(ps,tf - f)HSUP < ”psn&f - f”sup <2t - S)XtHfHSUP

and, similarly,

||pr,tf - ps,tfHSup = ||pr,sps,tf _ps,tstup S 2(3 - T)Xths,tstup S 2(3 - T)XtHstup
forany 0 <r < s <t

Forward equation: We first assume f € Cy(S). By 1.) and the assumption,

(r,u, 2) = (¢rpruf) (@)

is uniformly bounded for 0 < r < u < tpand x € S, and

GPruf = G(ruf = ) tarf — af
—_———
—0 uniformly
uniformly as r, u | t. Hence by the integrated backward equation (4.1.7)) and the continuity
of t — )\t,

pt,t+hf<3;3 — f(z) Lot —M(2) f(z) + quf (v) = Lo f ()

uniformly, and thus

Psin — Psif _ p&tpt,tJrhf —/ s poaLof
h h
pointwise as A | 0. A similar argument shows that also
ps,f_ps, —hf p—h,f_f
% = Ps,t—h% — Psilef

pointwise. Now consider f € C,°([0,00) x S). Then for r < s < t,

pntf(tv ) - pr,sf(sa ) o f(ta ) - f(57 ) psif(sa ) - f(57 )
t—s _pr,t t—s _'_pr,s t— s

0
— pr,s (% + Ls) f(S, )

uniformly as ¢ | s. Again, the convergence for ¢ 1 s can be shown in a similarly way.

3) Martingale problem. The forward equation states in integrated form that

t
0
ps,tft = fs + /ps,r (8_ _'_Lr) fr dr
T

S
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for any 0 < s < t. Hence by the Markov property, for ¢y < s <,

E(to xo)[ (t Xt) f(S X ) |‘FX]
=B x)[f(t: Xe) — (5, X)] = (ps,p f(£,))(Xs) — f(s,Xo)

J o (G )

S

0
=FE(4,20) / (— + Er) flr, X,)dr| FX |,
or
because all the integrands are uniformly bounded.
O

The forward equation is equivalent to the Fokker-Planck equation for the time evolution of the
probability mass. Indeed, fix an initial time s > 0, and let 4 := vp,; denote the law at time ¢ if

v is the initial law at time s. Then under the assumptions in the theorem,

d

EVt(f) = v(Lif)

for any ¢ > s and any bounded function f: S — R such that ¢t — ¢, f and t — )\, are pointwise
continuous. Hence in compact notation, z; solves the evolution equation

—uy = L.
dt'ut t Mt

In particular, if  is an invariant probability measure, i.e., up,s; = p for 0 < s < ¢, then

d

plLd) = S

uw(f) =0 for any s > 0 and f as above, (4.1.14)

or, in compact form, £%p = 0. A probability measure satisfying (4.1.14) is called infinitesimally
invariant. The Fokker-Planck equation shows that infinitesimal invariance is a necessary condi-
tion for invariance. However, without further assumptions it is not sufficient for invariance. This

is demonstrated by the next exercise.

Exercise (Infinitesimal characterization of invariant measures - A counterexample). Con-
sider the minimal time-homogeneous Markov jump process (X;, P,) with state space Z and gen-
erator L = \ (7 — I), where

Mz) = 14 22 and m(x,") = Op11 for any = € Z.
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a) Show that the probability measure p with weights p(z) o< 1/(1 + x?) is infinitesimally
invariant, i.e.,

(ul)(y) = 0 for any y € Z.

b) Show that nevertheless, p is not an invariant measure for the transition semigroup (p;) of

the process.

4.1.5 Localization

We consider again the minimal jump process (X, P,,,)) constructed above. Our next goal is to

drop the uniform boundedness condition for the jump intensities. We call a function
f:[0,00) x S — R, (t,x) — fi(x)

locally bounded if and only if there exists an increasing sequence of open subsets B,, C S such

that S = |J B,,, and sup,cp Supg<,<; |fs(z)] < oo forallz >0andn € N.

Definition. A Markov process (X, P, @ s € [0,t],x € S) is called non-explosive (or

conservative) if and only if ( = oo P, »)-almost surely for any s, x.

Theorem 4.5 (Time-dependent martingale problem). Suppose that t — \;(z) is continuous
for all x. Then:

(1). The process
t

M = f,(X) —/(% +£r) (X)) dr, t>t

to
is a local (F;%)-martingale up to ¢ with respect to Py for any locally bounded function
f:RY xS — R such that t — fy(x) is C* for all z, (t,x) — 2 fi(x) is locally bounded,

and v (g1 fi)(x) is continuous at r =t for all t, x.

(2). More generally, if the process is non-explosive then M/ is a global martingale provided

sup (\fs(x)l n ’%fs(x) ' |(£sfs)(fc)\) < @.115)

zES
to<s<t

Sforallt > t,.
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Proof. 1) For k € N let

¢ (z, B) == (M(2) A k) - (2, B)

)

denote the jump rates for the process Xt(/LC with the same transition probabilities as X; and

jump rates cut off at k. By the construction above, the process Xt(k), k € N, and X, can be

realized on the same probability space in such a way that
xH =X, as on {t < T}
t T At . k

where

Tk ;= inf {t Z 0 : )\t(Xt) Z k?, Xt é Bk;}

for an increasing sequence Bj, of open subsets of S such that f and % f are bounded on
[0,t] x By, for all t, k and S = |J By. Since t — A\ (X}) is piecewise continuous and the

jump rates do not accumulate before ¢, the function is locally bounded on [0, ¢). Hence
T, ~C as.ask — oo
By the theorem above,

t
9
M = f(x) - / (E + ci’“)) fo(X)dr, t >t

to

is a martingale with respect to P, ..,), which coincides a.s. with Mtf for t < T}. Hence

Mtf is a local martingale up to ¢ = sup 7.

2) If { = sup T}, = oo a.s. and [ satisfies (4.1.13)), then (Mtf)tzo is a bounded local martin-
gale, and hence, by dominated convergence, a martingale.
O
Corollary 4.6. If the process is non-explosive then the forward equation
t
pushi= 1.+ [ e (g " zr) frdr, to<s<t (4.1.16)

S

holds for functions | satisfying (4_113)).
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Proof of corollary. M/ being a martingale, we have

t

(1aef)5) = B X0 = By | 10X + [ (5 +22) X ar

forallz € S. O

Remark. If the process is not conservative then the forward equation is usually not satisfied for

the constant function f = 1.

Example (Time-dependent branching). Suppose a population consists initially (¢ = 0) of one
particle, and particles die with time-dependent rates d; > 0 and divide into two with rates b; > 0
where d,b: RT — R™ are continuous functions, and b is bounded. Then the total number X, of

particles at time ¢ is a birth-death process with rates

n-b, if m=n+1,
qt(n7m) - n‘dt lf m:n—l, )\t(n) :n(bt+dt)

0 else,

The generator is

0 0 0 0 0 O
dy —(dy + by) by 0 0 0
L= 2,  —2d,+b) 2 0 0
0 0 3d,  —3(di+b) 3b 0O

Since the rates are unbounded, we have to test for explosion. To this end we consider the Lya-

punov function ¢)(n) = n. We have

(L) (n) = n-by-(n+1=n)+n-d-(n—1—n) = n-(by—d;) < nsupb
>0

Since the individual birth rates b;, ¢ > 0, are bounded, we can conclude that the process is non-

explosive. To study long-time survival of the population, we consider the generating functions

Gi(s) = E [s*] = Zs”P[Xt =n|, 0<s<l,

n=0
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of the population size. For fs(n) = s we have
(Lifs) (n) = nbs™™ — n(by + dy)s"™ + ndys"
0
= (bys?® — (by + dy)s + dy) - 5o d+()

Since the process is non-explosive and f; and L, f, are bounded on finite time-intervals, the

forward equation holds. We obtain

d )

2:Gu(s) = 2 BA(X0)] = B[(Luf.) (X0)
= (bys* — (b, +dy)s +d,) - E {%st]
=(bys —dy)(s—1)- %Gt(s),

Go(s) =E [s*] =

The solution of this first order partial differential equation for s < 1 is
. -1

G N
(s)=1-— 1_8+/ue u

0

where o; 1= fot (dy — by) du is the accumulated rate of decay. In particular, we obtain an explicit

formula for the extinction probability: Since b = d — ¢/,
t -1 t -1
P[X; =0] = imGy(s) = | e + /bneQ“ du =1—11+ /du69“ du

sJ0
0 0

Thus we have shown:
P[X; = 0 eventually] =1 <= /duegu du = 0.

0

4.2 Interacting particle systems

In this section we consider an explicit construction for a class of continuous-time Markov pro-
cesses with unbounded jump intensities. Since these processes may have infinitely many jumps
in a finite time interval, the construction can not be carried out as easily as for processes with

finite jump intensity.
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4.2.1 Interacting particle systems - a first look

Let G = (V, F) be an (undirected) graph with V' the set of vertices and E the set of edges. We
write z ~ y if and only if {z,y} € F. We call

S=T"={n:V =T}

the configuration space. 7' can be the space of types, states, spins etc.

E.g.
1 particle at z
T= {07 1}7 77(95) = )
0 no particle at z
no particle
particle

Markovian dynamics: n(z) changes to state ¢ with rate

ci(z,m) = gi (n(x), M(Y))y~e)

i.e.
ci(z,m) if&=n""'
q(n,€) = .
0 otherwise
where
i n(y) fory#x
n"'(y) =

1 fory ==z
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Example. (1). Contact process: (Spread of plant species, infection,...) 7" = {0,1}. Each
particle dies with rate d > 0, produces descendent at any neighbor site with rate b > 0 (if
not occupied)

CO(:C7 77) =d
ciz,n) =b- Ni(z,n); Ni(z,n) =y ~=z : n(y) =1}

Spatial branching process with exclusion rule (only one particle per site).
(2). Voter model: 7)(x) opinion of voter at x,
ci(z,n) = Ni(x,n) = {y~x : nly) =i}
changes opinion to 7 with rate equal to number of neighbors with opinion <.

(3). Ising model with Glauber (spin flip) dynamics: 7 = {—1,1}, 5 > 0 inverse tempera-

ture.
(a) Metropolis dynamics:

A(x,n) = Zn(y) = Ny(z,n) — N_q(x,n) total magnetization

y~zx

ci(z,m) == min (625'“%”)7 1) ) c_1(z,n) := min (6725'““7) 1) i

Y

(b) Heath bath dynamics:

eﬁA($7n) e_ﬁA(xJ])
Cl(x7 77) = eBA(,) + e—BA(z,n) Cil(x’ n) - eBA(z,n) + e—BA(mn)

B = 0 (infinite temperature): c¢; =c_; = % Random walk on hypercube {0, 1}V

8 — oo (zero temperature):

1 if A(z,n) >0 1 if A(z,n) <0
Cl(l’,’l']) = % if A(I‘,T}) =0, CO($>77) = % 1fA($C7?7> =0
0 ifA(xz,n) <0 0 ifA(z,n)>0

Voter model with majority vote.

We now assume at first that the vertex set V' is finite. In this case, the configuration space S = T
is finite-dimensional. If, moreover, the type space 7' is also finite then S itself is a finite graph

with respect to the Hamming distance

d(n, &) = {z e V; n(x) # &(2)}]
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Hence a continuous time Markov chain (7, P,.) on the configuration space can be constructed as
above from the jump rates ¢;(£, 7). The process is non-explosive, and the asymptotic results for
Markov chains with finite state space apply. In particular, if irreducibility holds then there exists

a unique invariant probability measure, and the ergodic theorem applies.

Example. (1). Ising Model: The Boltzmann distribution
pp(n) = Z5t e P, Zy = Y e,
n

with Hamiltonian

Hp) = 5 Y (@) —n)* = > n@ny)+E|
{z,y}eFE

{z,y}eE

N | —

is invariant, since it satisfies the detailed balance condition

pa(ma(n, &) = ps(€)q(&m) vEneS.

Moreover, irreducibility holds - so the invariant probability measure is unique, and the

ergodic theorem applies.

(2). Voter model: The constant configurations i(x) = i, i € T, are absorbing states, i.e.

¢;j(z,i) = 0forall x € V and j # i. Any other state is transient, so
P U{nt = ieventually}| = 1.
i€T

Moreover, the integer valued process

Ni(me) = Hz eV @ n(x) = i}

is a martingale (Exercise), so

t—o00

Ni(§) = E¢[Ni(n)] — Ee[Ni(noo)] = |V| - Pe[n: = i eventually], i.e.,
Py, = i eventually] = Ni(n)/|V].

The invariant probability measures are the Dirac measures d;, ¢ € 7', and their convex

combinations.

(3). Contact process: The configuration 0 is absorbing, all other states are transient. Hence

d is the unique invariant measure and ergodicity holds.
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We see that on finite graphs the situation is rather simple as long as we are only interested in exis-
tence and uniqueness of invariant measures, and ergodicity. Below, we will show that on infinite
graphs the situation is completely different, and phase transitions occur. On finite subgraphs of an
infinite graph these phase transitions effect the rate of convergence to the stationary distribution

and the variances of ergodic averages but not the ergodicity properties themselves.

4.2.2 Mean field models

Suppose that GG is the complete graph with n vertices, i.e.

V={1,....n} and E={{z,y}: z,yeV}

Let
1 n
r=1
denote the empirical distribution of a configuration n: {1,...,n} — T, the mean field. In a

mean-field model the rates

are independent of =, and depend on 1 only through the mean field L, (7).

Example. Multinomial resampling (e.g. population genetics), mean field voter model.

With rate 1 replace each type n(x), = € V, by a type that is randomly selected from L,,(n):

i) = La(n)(i) = - [ €V n(a) = i}

As a special case we now consider mean-field models with type space T = {0,1} or T =
{—1, 1}. In this case the empirical distribution is completely determined by the frequence of type

1 in a configuration:
Ln(n) <= Ni(n) = [{z : n(z) = 1}
ci(z,y) = fi(Ni(n))

If (n, P,) is the corresponding mean field particle system, then (Exercise) X; = Ni(n) is a
birth-death process on {0, 1, ..., n} with birth/death rates

b(k) = (n— k) - fi(k), d(k) =k - fo(k)

where (n — k) is the number of particles with state 0 and f (k) is the birth rate per particle.

~+ Explicit computation of hitting times, stationary distributions etc.!
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Example. (1). Binomial resampling: For multinomial resampling with 7" = {0, 1} we ob-

tain
k-(n—k)

n
(2). Mean-field Ising model: For the Ising model on the complete graph with inverse tem-

perature (3 and interaction strength % the stationary distribution is

p(n) o< ¢t Lau (@) =1W)? o oo Lo @)Xy 1) — o zym(n)?

where

m(n) =Y _n(z) = Ni(n) — N_1(n) = 2Ny (n) — n

is the total magnetization. Note that each 7)(z) is interacting with the mean field £ >~ 7(y),
which explains the choice of interacting strength of order 2. The birth-death chain Ny (1)

corresponding to the heat bath dynamics has birth and death rates

k —k
P P

b(k) = (n — k) d(k) = k

66% —|—65L;k’ 65%4—@5”7%

and stationary distribution

s = Y w(n)oc(;’)z—“e%’%)i 0<k<n

1 Ni(n)=k

The binomial distribution Bin(n, 1) has a maximum at its mean value 2, and standard

deviation @ Hence for large n, the measure /i has one sharp mode of standard deviation
O(y/n) if 8 is small, and two modes if 3 is large:

5
PR g>1
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The transition from uni- to multimodality occurs at an inverse temperature /3, with
lim 5, =1 (Exercise)
n—o0

The asymptotics of the stationary distribution as n — oo can be described more accurately

using large deviation results, cf. below.

Now consider the heat bath dynamics with an initial configuration 7y with N1(n) < %, n even,

and let

T := inf{tZO : Ni(my) > g}

By the formula for mean hitting times for a birth-and-death process,

({01, 8)) 3
Lm0 Che e

since

_ /n n\ s o _bn
Mﬂ(§>=<)'€ 2 fp(0) < 2% 7.

n
2

Hence the average time needed to go from configurations with negative magnetization to states
with positive magnetization is increasing exponentially in n for § > 2log2. Thus although
ergodicity holds, for large n the process gets stuck for a very large time in configurations with
negative resp. positive magnetization.

~+ Metastable behaviour.

More precisely, one can show using large deviation techniques that metastability occurs for any

inverse temperature 3 > 1, cf. below.

4.2.3 Particle systems on Z*

Reference:
e Durett [[7]]

o Liggett [20]

vV =74 T finite
E={(x,y) : |[x—y|p =1} S = T with product topology, compact
e —n < m(r) = () Ve e Z?
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Assumptions:

(1) A:=supsup ¢(x,n) < oo
n €T
zeZ?

(i1) ci(x,n) =g (n(x), (n(y))y~s) translation invariant and nearest neighbor

N®"  independent Poisson process with rate \ (alarm clock for transition at z to 7)
T n-th. arrival time of N}’

U*"  independent random variables uniformly distributed on [0, 1]

Recipe: At time 7%, change 7(z) to i provided

Uz < Gl i.c. with probability (%2
A A

Problem: Infinitely many Poisson processes, hence transitions in arbitrary small time, no first

transition.

How can we consistently define a process from the jump times? For a finite subset A C Z? and

¢ € S, the restricted configuration space
Sea={neS|n=¢EonA}

is finite. Hence for all s > 0 there exists a unique Markov jump process <'r;t(s’£’A)> on Sg A
t>s

with initial condition n{"**) = ¢ and transitions ¢ > s, n — 7™ at times T whenever U™ <

%)\’y), x € A. The idea is now to define a Markov process 77,?5’5) on S for ¢t — s small by

3, s,6,A
ne = e
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162CHAPTER 4. CONSTRUCTIONS OF MARKOV PROCESSES IN CONTINUOUS TIME

where A is an appropriately chosen finite neighborhood of z. The neighborhood should be cho-
sen in such a way that during the considered time interval, 77,58’5) (x) has only been effected by
previous values on A of the configuration restricted to A. That this is possible is guaranteed by
the following observation:

For 0 < s < t we define a random subgraph (Z%, E, ;(w)) of (V, E) by:
By = {{z,y} : TP € (s,t]or TY" € (s,t] forsomen € Nandi € T}
If x effects y in the time interval (s, ¢] or vice versa then {z,y} € E .

Lemma 4.7. If

t < 1 )
— < — =
—8-d?-|T|- A
then

P [all connected components of (2, E, ) are ﬁnite} =1.

Consequence: For small time intervals [s, ¢] we can construct the configuration at time ¢ form
the configuration at time s independently for each component by the standard construction for

jump processes with finite state space.
Proof. By translation invariance it suffices to show
PHC()‘ < OO] =1

where C is the component of (Z%, E, ;) containing 0. If z is in C; then there exists a self-avoiding
path in (Z%, E, ) starting at 0 with length > d;: (z,0). Hence

PEx e Cy : dp(x,0) >2n — 1]

< P[3 self-avoiding path z; = 0, 29, . .., 2051 S.t. (24, 2i41) € Eg V1]

n—1

< (2d)>" - H Pl(2z2;, 29i+1) € Eq 4

=0
where (2d)?"~! is a bound for the number of self-avoiding paths starting at 0 and independent
events { (22, 22i11) € Fst}.

Hence
PRz e Cy : dp(x,0) >2n—1] < <4d2 ) (1 _ 6—2\T|?\(t_s)>>n
< (8d*-|T|A- (t—s))" — 0

2T |A(t—s)

asn — 0o, where e~ is the probability for no arrival in [s, ¢] in a 2|T'| Poisson(\) process

and 1 — e 2ATE=5) < 2T |\ - (t — s). O
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By the lemma, P-almost sure for all s > 0 and £ € TZ, there is an unique function ¢ +—>

nfg’g), t > s, such that

) i =¢

(i) For s < t, h < §, and each connected component C' of (Z¢, E;;.1), nii’fl)

from n,gs’g) by subsequently taking into account the finite number of transitions in C
c

during [¢,t + h].

is obtained
c

We set
0,
=yt

By construction,
(3
0t =" Vo< s <t 4.2.1)

Corollary 4.8. (i) Time-homogeneity:

(s@)) - ( 6)
<775+t =3 N =4

(ii) (nf , P) is a Markov process with transition semigroup
(pef)(€) = ELf ()]
(iii) Feller property:
feC(S) = pf € Cy(S)Vt >0

Or, equivalently, p,f is continuous whenever f is continuous with respect to the product

topology. Since S is compact, any continuous function is automatically bounded.

(iv) Translation invariance: Let &: Q2 — S be a random variable, independent of all N &
and translation invariant, i.e. £(x + o) ~ & for all v € 7. Then 'r]f is translation invariant
forallt > 0 P-a.s.

Sketch of proof: (i) by the time homogeneity of the Poisson arrivals.
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(i1)
Br () 17) @ e |1 (o) 17] @

taking into account the F,-measurability of 75 and 77153’0 being independent of F; for fixed

&, we conclude with (7)

511 () 17) =1 (1]
sl
= (pi—sf) (N (w))
(iif)
bn =€ = &i(2) = () Ve e Z?

Hence &, = ¢ eventually on each finite set C' C Z?, and hence on each component of

(Zd, Eo,a)- By the componentwise construction,
nt = Vt<6
eventually on each component. Hence
7 =t (pointwise) Vit < &
and for f € Cy(9),

f (nf") - f (?7?)

for all £ < §. With Lebesgue we conclude

pf() =B |f ()| — pf(©ve <o

Hence OK for ¢ < §. General case by semigroup property:
D= (215057 ColS) = Cy(S)

(iv) The ¢;(x,n) are translation invariant by assumption,

(), (W,.)

are identically distributed. This gives the claim.
O
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Theorem 4.9 (Forward equation). For any cylinder function

fm)=em(®),...,n(xn)), neNE:T" >R

the forward equation
d

o (pef) (§) = (p:LS) (£)

holds for all & € S where

(L) = 3 ail@,€) - (JE) = £(9))

z€Z4
=

Remark. Since f is a cylinder function, the sum in the formula for the generator has only finitely

many non-zero summands.

Proof.

Z NPEE > 1] < const. - t?

where { N/*" > 1} means that there is more than one transition in the time interval [0, {] among

{z1,...,x,} and const. is a global constant.
PN/ =1] =Xt +O()
and hence

(p/)(€) = Blf ()]
=f(&)-P[N*"=0 V1<k<n,ieT|

Y s p [ =1 o < A2

i,k

+ O(?)

= () + Y- 2 (g - (6)) + 08

= (&) +t- (L)) +O(t)
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where the constants O(#?) do not depend on £. Hence

Pernf = pionf :ptf+hpt£f+0(h2)

4.3 Attractive particle systems and phase transitions

We will consider attractive interacting particle systems over Z%. Here ergodicity is closely related

to the absence of phase transitions. An additional reference for this section is Liggett [20].

4.3.1 Attractive particle systems

From now on we assume 7" = {0, 1}. We define a partial order on configurations n,17 € S =
{0, 1} by
n<7 = nx) <) Ve ezl

A function f: S — R is called increasing if and only if

f(n) < f(n) whenever n < 17.

Definition (Stochastic dominance). For probability measures i, v € M;(S) we set

uwv & /f dp < /fdl/for any increasing bounded function f: S — R

Example. For p, v € M;(R),

psv e F(c)=p((—oo,c) > F,(c) VeceR

Now consider again the stochastic dynamics constructed above.

c1(z,m) birth rates

co(z,m) death rates
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Definition. The Markov process (nf , P) is called attractive if and only if for all x € 7,

~ 01(37777) < Cl(xaﬁ) and
co(w,n) = co(x, 1)

Example. Contact process, voter model, as well as the Metropolis and heat-bath dynamics for

the (ferromagnetic) Ising model are attractive

Theorem 4.10. [f the dynamics is attractive then:
(1). If¢ < gthen nf < ntgforallt >0 P-a.s.
(2). If f: S — Ris increasing then p, f is increasing for all t > 0.

(3). If u <X v then up, < vp for allt > 0 (Monotonicity).

Proof. (1). The dynamics is attractive and £ < E, hence every single transition preserves order.

Hence
e < i) VO<s<t AC Z" finite
= 9 < oo Vs3>0, t€[s,s+ 0]
and by induction
R <O Vizs>0
() _  (=+0lld)

sincen, > =,

(If, for example, before a possible transition at time 7', < 77 and n(z) = 7(z) = 0,
then after the transition, n(z) = 1 if U»! < Lf\’”), but in this case also 7j(z) = 1 since
c1(z,n) < c1(x, ) by attractiveness. The other cases are checked similarly.)

(2). Since f is increasing and § < E,

)€ = B [105)] < B [16H)] = 0@
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(3). If f is increasing, p; f is increasing as well and hence by Fubini

[ = s [msav= [ gawp)

O

Let 0,1 € S denote the constant configurations and dy, J; the minimal respectively maximal
element in M; (S).

Theorem 4.11. For an attractive particle system on {0, 1}Zd we have

(1). The functions t +— Odop; and t +— O1p; are increasing respectively decreasing

with respect to <.

(2). The limits p := limy_, dope and i = limy_, o, 01p; exist with respect to weak convergence

(3). p and ji are stationary distributions for p;

(4). Any stationary distribution 7 satisfies

=
A
=
N
=i

Proof. (1).

and hence by monotonicity
dops =< OopPt—sPs = Oopt

(2). By monotonicity and compactness: Since S = {0, 1}Zd is compact with respect to the
product topology, M (S) is compact with respect to weak convergence. Thus it suffices to

show that any two subsequential limits y; and ps of dgp; coincide. Now by 1),

[+
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is increasing in ¢, and hence
[ Fdw=tim [ gaim = [ 1
for any continuous increasing function f: S — R, which implies p; = po.
(3). Since p; is Feller,
[t = [ dn= i [ s i) = im [ fdt.p
~ tin [ fdtop) = [ 7
forall f € Cy(9).
(4). Since 7 is stationary,
dopt X TPy =T < 01y
for all ¢ > 0 and hence for ¢t — oo,
BT
O

Corollary 4.12. For an attractive particle system, the following statements are equivalent:

(1) p=p.
(2). There is an unique stationary distribution.

(3). Ergodicity holds:

Jpue M(S): vpr—rpu YveM(S).

Proof. 1. < 2.: by the theorem.
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1. = 3.: Since g <X v < 4y,
dopr < VPt < 01y
and since dop; — p and d1p; — fi for t — oo,
Vpy = p= [

3. = 1.: obvious.

4.3.2 Contact process on Z4

For the contact process, c¢o(z,n) = § and ¢1(x,n) = b - Ny(z,n) where the birth rate b and the
death rate § are positive constants. Since the 0 configuration is an absorbing state, y = dy is the
minimal stationary distribution. The question now is if there is another (non-trivial) stationary

distribution, i.e. if fi # p.

Theorem 4.13. If 2db < 6 then O is the only stationary distribution, and ergodicity holds.

Proof. By the forward equation and translation invariance,

Pl =1 =P =1+ Y b Pli)=0 1) =1]
y o lz—yl=1

< (=64 2db) - P [ (z) = 1]
for all x € Z?. Hence if 2db < § then
p{n () =13) = lim (Gip)({n : n(z) = 1})
= lim P [n;(z) = 1]
=0

for all z € Z¢ and thus i = &. O

Markov processes Andreas Eberle



4.3. ATTRACTIVE PARTICLE SYSTEMS AND PHASE TRANSITIONS 171

Conversely, one can show that for b sufficiently small (or ¢ sufficiently large), there is nontrivial
stationary distribution. The proof is more involved, cf. Liggett [20]. Thus a phase transition from

ergodicity to non-ergodicity occurs as b increases.

4.3.3 Ising model on Z4

We consider the heat bath or Metropolis dynamics with inverse temperature 5 > 0 on S =
{—1,+1}%

a) Finite volume: Let A C Z? be finite,
Sia={neS|n=+1on A%} (finite!)
S_a={neS|n=—1onA%}.

For £ € Sy sresp. & € S_ 4, nf’A = n,go’g’A), the dynamics taking into account only
transitions in A.

(nf’A, P) is a Markov chain on S, 4 resp. S_ 4 with generator

LHm = > alzn)- (f0") - fn)

T€EA
e{-1,+1}
Let
1
H(n) =7 Y (1) =)’
x,yeZd
lz—y|=1

denote the Ising Hamiltonian. Note that for n € S, 4 orn € S_ 4 only finitely many

summands do not vanish, so H (7) is finite. The probability measure

1
eiﬁH(n)a ne S+,A

where
Z;’A: Z e~ BH ()

€Sy, A

on S 4 and ug’A on S_ 4 defined correspondingly satisfy the detailed balance conditions

s MOLE n) = pi (ML, &) VEn€E Sia
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respectively

15 L&) = g ()L, &) VYEmeES_ a.

Since Sy 4 and S_ 4 are finite and irreducible this implies that ,u;“A respectively ug’A is the
unique stationary distribution of (,uf’A, P) for £ € S 4, 5_ 4 respectively. Thus in finite
volume there are several processes corresponding to different boundary conditions (which
effect the Hamiltonian) but each of them has a unique stationary distribution. Conversely,

in infinite volume there is only one process, but it may have several stationary distributions:

b) Infinite volume: To identify the stationary distributions for the process on Z¢, we use an

approximation by the dynamics in finite volume. For n € N let

A, = [-n,n]* N7

n

The sequences /i “An and ug’A , n € N, are decreasing respectively increasing

with respect to stochastic dominance. Hence my compactness of {—1, +1}Zd there exist

+ .1 +,An - .— i1 _7An
pg = }LITIOTé 0 and gy = lim pg

ntoo

Remark (Gibbs measures). A probability measure 1 on .S is called Gibbs measure for the Ising
Hamiltonian on Z? and inverse temperature 3 > 0 if and only if for all finite A C Z? and £ € S,
1
= e
¢,A
Zﬁ

ps () - “BHO)  pe S i={ne€S|n=¢on A%},

is a version of the conditional distribution of 14 given 7)(z) = {(x) for all x € A°. One can show
that ,ug and p; are the extremal Gibbs measures for the Ising model with respect to stochastic
dominance, cf. e.g. [Minlos] XXX.

Definition. We say that a phase transition occurs for > 0 if and only if ME # U

For ¢ € S define §,, € S, 4, by

&(x) forxz e A,

Enl(T) =
+1  forz € Z4\ A,
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Lemma 4.14. For all x € 7,
P [nf(x) £ A (z)  for some € € S and some t € [0, 5]} —0 4.3.1)

asn — oQ.

Proof. Let C,, denote the component containing x in the random graph (Z%, Ey,). If C,, C A,
then the modifications in the initial condition and the transition mechanism outside A,, do not
effect the value at x before time 0. Hence the probability in can be estimated by

PC,NAS # &

which goes to 0 as n — oo by Lemma 4.7 above. O

Let p; denote the transition semigroup on {—1, 1}Zd. Since the dynamics is attractive,
fig = lim 041p, and . = lim 6_1p,
t—o0 =B t—o0

are extremal stationary distributions with respect to stochastic dominance. The following theo-

rem identifies jig and p 538 the extremal Gibbs measures for the Ising Hamiltonian on Z:

Theorem 4.15. The upper and lower invariant measures are
Mg = g R [ = (g

In particular, ergodicity holds if and only if there is no phase transition (i.e. iff ,u}' = fig)-

Proof. We show:

(D). fig < 41

(2). ME is a stationary distribution with respect to p;.

This implies fi3 = 113, since by 2. and the corollary above, 1 < fig, and thus y; = fiz by 1.
P = p 5 follows similarly.
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(1). It can be shown similarly as above that, the attractiveness of the dynamics implies

1 1,An
ny <y

P-as. foralln € Nandt > 0. Ast — oo,
2 AAn

19 - LA, ;
ne = pg and T = g,

hence

for all n € N. The assertion follows as n — oo.

(2). Itis enough to show
pspe = pg  fort <94, 4.3.2)

then the assertion follows by the semigroup property of (p;):>o. Let
CRIGEANCES]

denote the transition semigroup on S, 4,. We know:

ey = 1" (4.3.3)

To pass to the limit n — oo let f(n) = ¢ (n(x1),...,n(zx)) be a cylinder function on S.
Then

/ pef dug™ = / P g™ + / (0} f = puf) dug™ (4.3.4)
and by @.3.3) this is equal to
/ fdpg™ + / (P f = pef) dpy™

But by the lemma above, for ¢ < 4,
ENE) = w1 < B[ () - £ ()]
<2-sup|f|-P [nf”’A" (2;) # nf (x;) for some i| — 0
uniformly in &.

Since u;’” to MZ;L, and f and p, f are continuous by the Feller property, taking the limit in
@.3.4) as n — oo yields

/fd(ugpt) Z/Ptfd%:/fd“;

for all cylinder functions f, which implies (4.3.2)).
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The question now is: when does a phase transition occur?

For 8 = 0, there is no interaction between 7(z) and 7(y) for x # y. Hence ng’" and 7, are the

uniform distributions on S 4, and S_ 4,, and
,u+:u_:®y Wherez/(ﬂ):1
B B ) - 2

On the other hand, phase transition occur for d > 2 and large values of 3:

Theorem 4.16 (PEIERL). For d = 2 there exists 3. € (0, 00) such that for 8 > 0.,

(s (0) = =13) < 5 < 155 ({n + 0(0) ==1}).

and thus (i # .

Proof. Let Cy(n) denote the connected component of 0 in {x € Z¢ | n(x) = —1}, and set
Co(n) = @ if n(0) = +1. Let A C Z? be finite and non-empty. For n € S with Cy = A let

denote the configuration obtained by reversing all spins in A. Then
H{(n) = H(n) —2|04],
and hence

pit(Co=A) = > pui"(n)

n: Co(n)=A

S 6725\&4\ Z M;m(ﬁ) S 6725‘8‘4‘
n: Co(m)=A

v~

<1

J
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Thus

pi™ ({n s m(0) = —1}) = > pui™(

Aczé
Ao

<> e¥{Aczt : |9A| = L}|

L=1
SZ o~ 26L 4. gL—1 ]2
L=4

1
< - forp > f,

\)

where 0A is a self-avoiding path in Z? by length L, starting in (—%, %)2 Hence for n — oo,

i ({n = n(0) = —1}) <

1
2
and by symmetry
g ({n 2 n(0) = —1}) = pi ({n : n(0) =1}) >

for 5 > B.. O

N | —

4.4 From Random Walks to Brownian motion

Limits of martingale problems occur frequently in theoretical and applied probability. Exam-
ples include the approximation of Brownian motion by random walks and, more generally, the
convergence of Markov chains to diffusion limits, the approximation of Feller processes by jump
processes, the approximation of solutions of stochastic differential equations by solutions to more
elementary SDEs or by processes in discrete time, the construction of processes on infinite-
dimensional or singular state spaces as limits of processes on finite-dimensional or more regular
state spaces etc. A general and frequently applied approach to this type of problems can be

summarized in the following scheme:

1. Write down generators L,, of the approximating processes and identify a limit generator £

(on an appropriate collection of test functions) such that £,, — £ in an appropriate sense.

2. Prove tightness for the sequence (P,) of laws of the solutions to the approximating martin-

gale problems. Then extract a weakly convergent subsequence.

3. Prove that the limit solves the martingale problem for the limit generator.
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4. Identify the limit process.

The technically most demanding steps are usually 2 and 4. Notice that Step 4 involves a unique-
ness statement. Since uniqueness for solutions of martingale problems is often difficult to estab-
lish (and may not hold!), the last step can not always be carried out. In this case, there may be

different subsequential limits of the sequence (F,,).

In this section, we introduce the necessary tools from weak convergence that are required to make
the program outlined above rigorous. We then apply the techniques in a simple but important

case: The approximation of Brownian motion by random walks.

4.4.1 Weak convergence of stochastic processes

An excellent reference on this subject is the book by Billingsley [2]]. Let S be a polish space. We
fix a metric d on S such that (S, d) is complete and separable. We consider the laws of stochastic
processes either on the space C = C([0,0), S) of continuous functions z : [0,00) — S or on
the space D = D([0, 00), S) consisting of all cadlag functions z : [0,00) — S. The space C is

again a polish space w.r.t. the topology of uniform convergence on compact time intervals:
TS e VT € R, : x, — = uniformly on [0, 7).

On cadlag functions, uniform convergence is too restrictive for our purposes. For example, the
indicator functions 1 ;4,-1y do not converge uniformly to 1j9 ;) as n — oo. Instead, we endow

the space D with the Skorokhod topology:

Definition (Skorokhod topology). A sequence of functions x,, € D is said to converge to a
limit x € D in the Skorokhod topology if and only if for any T' € R there exist continuous and
strictly increasing maps \,, : [0,T] — [0,T] (n € N) such that

Tn(An(t)) = x(t) and N, (t) =t wuniformly on [0,T].

It can be shown that the Skorokhod space D is again a polish space, cf. [2]. Furthermore, the
Borel o-algebras on both C and D are generated by the projections X, (z) = z(t), t € R,.

Let (P,)nen be a sequence of probability measures (laws of stochastic processes) on C, D re-
spectively. By Prokhorov’s Theorem, every subsequence of (P,) has a weakly convergent subse-
quence provided (P,) is tight. Here tightness means that for every ¢ > 0, there exists a relatively
compact subset X' C C, K C D respectively, such that

sup P,[K¢] < e.
neN

University of Bonn Winter semester 2016/17



178CHAPTER 4. CONSTRUCTIONS OF MARKOV PROCESSES IN CONTINUOUS TIME

To verify tightness we need a characterization of the relatively compact subsets of the function
spaces C and D. In the case of C such a characterization is the content of the classical Arzela-
Ascoli Theorem. This result has been extended to the space D by Skorokhod. To state both

results we define the modulus of continuity of a function « € C on the interval [0, T'] by

wsr(z) = sup d(x(s),z(t)).

s,t€[0,T]
[st/<s

For z € D we define

wsp(z) = inf max sup d(z(s),z(t)).
’ 0=tg<ty <<ty _1<T<tn 1 s,te[ti—1,t:)
[ti—ti—1|>d

For any z € C and T' € R, the modulus of continuity ws(x) converges to 0 as ¢ | 0. For a
discontinuous function = € D, wsr(z) does not converge to 0. However, the modified quantity
wj. () again converges to 0, since the partition in the infimum can be chosen in such a way that
jumps of size greater than some constant € occur only at partition points and are not taken into

account in the inner maximum.
Exercise (Modulus of continuity and Skorokhod modulus). Let x € D.

1) Show that lggl wsr(z) = 0 forany T' € R, if and only if x is continuous.

2) Prove that lgﬁ)l wsp(r) =0forany T € R,.

Theorem 4.17 (Arzela-Ascoli, Skorokhod). 1) A subset K C C is relatively compact if and
only if
(i) {z(0) : x € K} is relatively compact in S, and

(ii) supwsr(z) = 0asd | 0 forany T > 0.
zeK

2) A subset K C D is relatively compact if and only if

(i) {z(t) : © € K} is relatively compact for any t € Q.. and

(ii) sup wsp(r) = 0asd | 0 forany T > 0.
zeK

The proofs can be found in Billingsley [2] or Ethier/Kurtz [12]. By combining Theorem 4.17]

with Prokhorov’s Theorem, one obtains:
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Corollary 4.18 (Tightness of probability measures on function spaces).
1) A subset {P, : n € N} of P(C) is relatively compact w.r.t. weak convergence if and only if

(i) For any e > 0, there exists a compact set K C S such that

sup P,[Xo ¢ K| <e, and

neN

(ii) ForanyT € R,

sup P,lwsr >¢] =0 asd 0.
neN

2) A subset {P, : n € N} of P(D) is relatively compact w.r.t. weak convergence if and only if

(i) Foranye > 0andt € R there exists a compact set K C S such that

sup P,[X; ¢ K| <e, and

neN

(ii) Foranye > 0andT € R,

sup P w5 >¢l =0 asd 0.
neN

In the sequel we restrict ourselves to convergence of stochastic processes with continuous paths.
We point out, however, that many of the arguments can be carried out (with additional difficulties)
for processes with jumps if the space of continuous functions is replaced by the Skorokhod space.
A detailed study of convergence of martingale problems for discontinuous Markov processes can
be found in Ethier/Kurtz [12].

To apply the tightness criterion we need upper bounds for the probabilities P, [wsr > ¢]. To

this end we observe that wsr < € if

sup d(Xpsre, Xis) <
t€[0,0]

forany k € Z, suchthat ko < T.

Wl ™M™

Therefore, we can estimate

\7/4]
P lwsr > €] < E P, {sup d(Xrs1t, Xrs) > €/3]| . 4.4.1)
k=0 =
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180CHAPTER 4. CONSTRUCTIONS OF MARKOV PROCESSES IN CONTINUOUS TIME

Furthermore, on R"™ we can bound the distances d(Xys.¢, Xis) by the sum of the differences
| Xise — Xis| of the components X*, ¢ = 1,...,n. The suprema can then be controlled by ap-

plying a semimartingale decomposition and the maximal inequality to the component processes.

4.4.2 Donsker’s invariance principle

As a first application of the tightness criterion we prove Donsker’s invariance principle stating
that rescaled random walks with square integrable increments converge in law to a Brownian
motion. In particular, this is a way (although not the easiest one) to prove that Brownian motion
exists. Let (Y;);en be a sequence of i.i.d. square-integrable random variables on a probability

space (€2,2(, P) with E[Y;] = 0 and Var[Y;] = 1, and consider the random walk

n

Sp=>Y, (neN)

=1
We rescale diffusively, i.e., by a factor n in time and a factor /7 in space, and define

. 1
X" o= — fort € R, such that nt € Z.

\/ﬁ nt

In between the partition points t = k/n, k € 7., the process (Xt(")) is defined by linear interpo-

lation so that X (™) has continuous paths.

Figure 4.1: Rescaling of a Random Walk.

The diffusive rescaling guarantees that the variances of Xt(") converge to a finite limit as n — oo
for any fixed ¢ € R,. Indeed, the central limit theorem even shows that for any £ € N and
0§t0<t1<t2<"'<tn,

(Xt(?) _ X(") Xt(gn) _ X(”)

to

X —x ) 2 RN, — tiy). (4.42)

ty 2 tk tk,1
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This implies that the marginals of the processes X (™ converge weakly to the marginals of a
Brownian motion. Using tightness of the laws of the rescaled random walks on C, we can prove

that not only the marginals but the whole processes converge in distribution to a Brownian motion:

Theorem 4.19 (Invariance principle, functional central limit theorem). Ler P, denote the
law of the rescaled random walk X™ on C = C([0,00), R). Then (P,),cn converges weakly to

Wiener measure, i.e., to the law of a Brownian motion starting at Q.

Proof. Since by (4.4.2)), the marginals converge to the right limit, it suffices to prove tightness
of the sequence (P, ),en of probability measures on C. Then by Prokhorov’s Theorem, every
subsequence has a weakly convergent subsequence, and all subsequential limits are equal to
Wiener measure because the marginals coincide. Thus (F,) also converges weakly to Wiener
measure.

For proving tightness note that by (4.4.1)) and time-homogeneity,

T
Pwst > €] < Q—J + 1) P [Sup xM - x>
) <5

=
|
([5)+2)-[asisi =57

forany €,0 > 0,7 € R, and n € N. By Corollary 4.18] tightness holds if the probability on the

IN

right hand side is of order o(J) uniformly in n, i.e., if

hnr?_)solipP {max|5k| > g\/\/j} 0(9). (4.4.3)

For the simple random walk, this follows from the reflection principle and the central limit theo-

rem as

P lrglsagSk > g\/—g} [|s | > “g} ™% N(0,1) l|g;| > 3%/(_5}

cf. e.g. [8]. For general random walks one can show with some additional arguments that (4.4.3))

also holds, see e.g. Billingsley [2]. U

In the proof of Donsker’s Theorem, convergence of the marginals was a direct consequence of the
central limit theorem. In more general situations, other methods are required to identify the limit

process. Therefore, we observe that instead of the central limit theorem, we could have also used
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the martingale problem to identify the limit as a Brownian motion. Indeed, the rescaled random

walk (X li%) is a Markov chain (in discrete time) with generator
kJEZ+

€)= [ (1 (o4 55) - 1) viaa

where v is the distribution of the increments Y; = S; — S;_;. It follows that w.r.t. P,, the process

nt—1

FX) = (L™ f)(Xim)

=0

1

k
.2, t=-withk € Z,,
n n

is a martingale for any function f € Cp°(R). As n — oo,

2

P+ 52) -~ 10 =) [ Sevta + 50w [ v+ o)
= /(@) +o(n™)

by Taylor, and
1
(nL™ f)(z) — af”(x) uniformly.

Therefore, one can conclude that the process
‘1
fx) — [ s
0

is a martingale under P,, for any weak limit point of the sequence (FP,). Uniqueness of the

martingale problem then implies that P, is the law of a Brownian motion.

Exercise (Martingale problem proof of Donsker’s Theorem). Carry out carefully the argu-
ments sketched above and give an alternative proof of Donsker’s Theorem that avoids application

of the central limit theorem.

4.5 Limits of martingale problems

A broad class of diffusion processes on R" can be constructed by stochastic analysis meth-
ods. Suppose that ((B;):>0, P) is a Brownian motion with values in R" for some n € N, and

((X¢)t<c, P) is a solution to an Itd stochastic differential equation of the form

dXt = b(t, Xt)dt + O'(t, Xt)dBt, X(] = Ty, (451)
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up to the explosion time ( = sup 7T} where T} is the first exit time of (X;) from the unit ball of

radius k, cf. [10]. We assume that the coefficients are continuous functions b : R, x R” — R",

o : Ry x R" — R™% Then ((X;);<¢, P) solves the local martingale problem for the operator
L b(tx)V+lzn:a(tx) > a T

= : T a g\ by a. a9 ‘=00,

' ’ 2 P a0

ig=1
in the following sense: For any function f € CY2(R, x R"),

Lo
M = ft, X)) —/0 (a—f +£sf) (s, X,)ds

is a local martingale up to (. Indeed, by the [t6-Doeblin formula, Mtf is a stochastic integral w.r.t.

Brownian motion: .

M = £(0, Xo) +/ (7Y f) (s, Xs) - dB,.

0
If the explosion time ¢ is almost surely infinite then M/ is even a global martingale provided
the function o7 V f is bounded.

In general, a solution of (4.3.1) is not necessarily a Markov process. If, however, the coefficients
are Lipschitz continuous then by It6’s existence and uniqueness result there is a unique strong
solution for any given initial value, and it can be shown that the strong Markov property holds,
cf. [11].

By extending the methods developed in[4.4] we are now going to sketch another construction of
diffusion processes in R" that avoids stochastic analysis techniques to some extent. The raeson
for our interest in this method is that the basic approach is very generally applicable — not only

for diffusions in R™.

4.5.1 Regularity and tightness for solutions of martingale problems

We will extend the martingale argument for proving Donsker’s Theorem that has been sketched
above to limits of general martingale problems on the space C = C([0, c0), S) where S is a pol-
ish space. We first introduce a more general framework that allows to include non-Markovian
processes. The reason is that it is sometimes convenient to approximate Markov processes by

processes with a delay, see the proof of Theorem [4.23] below.

Suppose that A is a linear subspace of F(.5), and

[ = (Lif)e=o
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is a linear map defined on A such that
(t,x) = (L. f)(x) isafunctionin £*([0,T] x C,A ® P)

forany " € R, and f € A. The main example is still the one of time-homogeneous Markov

processes with generator £ where we set

Lif = (Lf)(Xy).

We say that the canonical process X;(w) = w(t) solves the martingale problem MP (L, A)

w.r.t. a probability measure P on C iff

M = F(X)) — F(Xo) - / C.fdr
0

is a martingale under P for any f € A. Note that for 0 < s <,
t
F(X0) — f(Xy) = M — Mf +/ L, fdr. (4.5.2)

Therefore, martingale inequalities can be used to control the regularity of the process f(X;). As a
first step in this direction we compute the angle-bracket process (M7), i.e., the martingale part in
the Doob-Meyer decomposition of (M /)2, Since we are considering processes with continuous
paths, the angle-bracket process coincides with the quadratic variation [M/]. The next theorem,

however, is also valid for processes with jumps where (M/) # [M/]:

Theorem 4.20 (Angle-bracket process for solutions of martingale problems). Ler f,g € A
such that f - g € A. Then

t
MZ-MEZNZ’H/ T.(f.g)dr foranyt >0,
0

where N9 is a martingale, and

Li(f,9) = Lo(f - 9) — F(Xe)Lrg — g(Xi) Lo f.

Thus .
(M, M9, = / T.(f,g) dr.
0
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Example (Time-homogeneous Markov processes, Carré du champ operator).
Here L;f = (Lf)(X%), and therefore

Ft(fa g) = F(f7 g)(Xt)7

where I' : A x A — F(95) is the Carré du champ operator defined by

U(f,g9)=L(f-g9)— fLg—gL[

If S = R%, Ais a subset of C*°(R%), and

2 d

—li )—i—Zb(l’)af(:C) VfeA
—2 = 8x8xj 0w

with measurable coefficients a;;, b; then

d 8g
Z: 8:61 ax] —L(x) VYf,geA

In particular, for a;; = &;;, U'(f, f) = |V f|* which explains the name “carré du champ” (= square
field) operator. For general symmetric coefficients a;; with det(a;;) > 0, the carré du champ is

the square of the gradient w.r.t. the intrinsic metric (g;;) = (a;;) ™"

L(f, f) = Il grad, fIl5.

Proof of Theorem4.20. We may assume f = g, the general case follows by polarization. We
write “X ~, Y7 if E[X|F,| = E[Y|F,] almost surely. To prove the claim we have to show that
for0 < s<tand f € A,

t
(M = Otf)? ~. [ Tl ) ar
Since M7 is a square-integrable martingale, we have
t 2
(M])? = (MI)? ~ (M — M)? = (f(Xt) — (X)) - / L.f dr)

= (100 = 106 205000 500 [ orar+ ([ dT)Q

=1+ 1T+ 11T+1V
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where

I:= f(Xt)2 - f(Xs)2 ~s /t ‘Cer dTa

1= =206 (1060 = X0 = [ opar) e,

I11 = —2f(X,) /t L,fdr =—2 /tf(Xt)Erfdr, and

IV = (/:erdr)Z :2/:/:£Tf£ufdudr.

Noting that (X)L, f ~, (f(Xr) + f: L.f du) L, f, we see that for s < r < ¢ also the condi-

tional expectations given F of these terms agree, and therefore

t t t
II] ~, —2/ f(Xr)erd'r’—Q/ / L.f L, [ dudr.

Hence in total we obtain

(M) — (MT)? ~, /tcrﬁdr—Q/tf(Xr)crfdr:/trrfdr.

We can now derive a bound for the modulus of continuity of f(X}) for a function f € A. Let

wlip = wsr(foX),  Vii=suwp [f(X,) - f(X,)].

r€ls,t]

Lemma 4.21 (Modulus of continuity of solutions to martingale problems). For p € [2,00)
there exist universal constants C, 5p € (0,00) such that the following bounds hold for any
solution (X, P) of a martingale problem as above and for any function f € A such that the

process [(X;) has continuous paths:

1) Forany 0 < s <,

1/2
IVEline) < Colt = )2 sup [Ty £ oy + (= 8) sup [1£0f|lior)

re[s,t] r€(s,t]

2) Forany d,¢,T € (0, 00),

~ T
Platpze] <G (1| 5] ) (#2104 50 L)

r<T
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Proof. 1) By @32, t
Vi< s (Mf =01+ [ 125 du

N rée(s,t]
Since f(X;) is continuous, M/ is a continuous martingale. Therefore, by Burkholder’s

inequality,

< Gl[{M7)e = ()|

sup ‘Mf —

re(s,t]

L»(P)
t 1/2
/ T,(f, f) dr
s LP/Q( )

< Cylt = )2 sup [To(f, )l ooy

r€(s,t]

=C,

For p = 2, Burkholder’s inequality reduces to the usual maximal inequality for martingales

- a proof for p > 2 can be found in many stochastic analysis textbooks, cf. e.g. [11]].

2) We have already remarked above that the modulus of continuity w({ o can be controlled by

bounds for VS{t on intervals [s, t] of length 6. Here we obtain

|T/4]
P [%{T 25] < Z P |:V;c];(k+1 25/3]
k=0
[7/4] p
3 p
< =) v .
> (2) Maonal

The estimate in 2) now follows from 1).
O

Remark. 1) The right-hand side in 2) converges to 0 as ¢ | 0 if the suprema are finite and
p > 2.

2) If f(X;) is not continuous then the assertion still holds for p = 2 but not for p > 2.
The reason is that Burkholder’s inequality for discontinuous martingales M, is a bound in
terms of the quadratic variation [M]; and not in terms of the angle bracket process (M ),.

For continuous martingales, (M), = [M];.

Example (Stationary Markov process).
If (X;, P) is a stationary Markov process with generator extending (£, .A) and stationary distri-
bution X; ~ pthen L, f = (Lf)(Xy), Te(f, f) =T(f, f)(X;), and therefore

e leey = LS o WS Pllgorzpy = 1T P)llorzgey - forany £ = 0.
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4.5.2 Construction of diffusion processes

The results above can be applied to prove the existence of diffusion processes generated by second
order differential operators with continuous coefficients on R?. The idea is to obtain the law of the
process as a weak limit of laws of processes with piecewise constant coefficients. The latter can
be constructed from Brownian motion in an elementary way. The key step is again to establish

tightness of the approximating laws.

Theorem 4.22 (Existence of diffusions in RY). For 1 <i,j < dlet a;;,b; € Cy(R; x R?) such
that a;; = aj;. Then for any x € RY there exists a probability measure P, on C([0, 00), R?) such
that the canonical process (X, P,) solves the martingale problem for the operator
d d
1 0 f aof

1,j=1 =1

with domain
of
&ri

AZ{fGCOO(Rd): GC’EO(Rd)forizl,...,d}

and initial condition P,[X, = z] = 1.

Remark (Connections to SDE results). 1) If the coefficients are locally Lipschitz continu-
ous then the existence of a diffusion process follows more easily from the It6 existence and
uniqueness result for stochastic differential equations. The point is, however, that variants

of the general approach presented here can be applied in many other situations as well.

2) The approximations used in the proof below correspond to Euler discretizations of the
associated SDE.

Proof. 1) We first define the approximating generators and construct processes solving the

corresponding martingale problems. For n € N let
0 (6.X) = ag([th, Xpp), B (8 X) = bil([t]n X1,

where [t], ;== max {s € 1Z:s < t}, ie, fort € [£ %) we freeze the coefficients at

n

their value at time % Then the martingale problem for

L f =

DO | =

d d
o’ f of
Ej@tX X Eb(’”tX X
az] (7 )axlaxj( t)+ — [3 (7 )axl( t)

1,j=1
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can be solved explicitly. Indeed let (B;) be a Brownian motion on R¢ defined on a prob-

ability space (2,2, P), and let o : R, x R? — R%*4 be measurable such that oo’ = a.

n)

Then the process Xt( defined recursively by

XM=z, X" = X,i/w( X;/;)(B Bk/n)+b( X,i/’)— forte{O,ﬁ},

solves the martingale problem for (E,g”), A) with initial condition ¢,. Hence the canonical
process (X;) on C([0, co0), R?) solves the same martingale problem w.r.t.

P™ = po(xm)™

2) Next we prove tightness of the sequence {P™ : n € N}. Fori = 1,...,dlet fi(z) := x;.
Since |z — y| < 27, |fi(x) — fi(y)| for any z,y € RY, we have

ws < Zw({iT forany 6,7 € (0, c0).

Furthermore, the functions
L% =™, X) and T(f, f) =a™(t, X)
are uniformly bounded since the coefficients a;; and b; are bounded functions. Therefore,

forany e, T € (0, 00),

P™ [wsr > €] < [w5T>5/d} —0

HM&

uniformly in n as § | 0 by Lemma[.211
Hence by Theorem the sequence {P™ : n € N} is relatively compact, i.e., there

exists a subsequential limit P* w.r.t. weak convergence.

3) It only remains to show that (X, P*) solves the limiting martingale problem. We know that
(X, P(™) solves the martingale problem for (Lg"), A) with initial law ¢,.. In particular,

E™ Kf(Xt) — f(X,) — /St £§">fdr) g(Xsl,...,Xsk)} =0

forany 0 < s; < 89 < -+- < 8 < s < tand g € Cy(R*?). The assumptions imply that
£ f — L, f pointwise as n — oo, and i f is uniformly bounded. This can be used
to show that (X, P*) solves the martingale problem for (L;, f) - the details are left as an
exercise.

U
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Remark (Uniqueness). The assumptions in Theorem4.22] are too weak to guarantee uniqueness
of the solution. For example, the ordinary differential equation dx = b(z)dt does not have a
unique solution with zo = 0 when b(z) = /x. As a consequence, one can show that the trivial
solution to the martingale problem for the operator b(:c)% on R! is not the only solution with
initial law dy. A uniqueness theorem of Stroock and Varadhan states that the martingale problem
has a unique solution for every initial law if the matrix a(z) is strictly positive definite for each
z, and the growth of the coefficients as |z| — oo is at most of order a;;(z) = O(|z|*) and
bi(xz) = O(]z|), cf. (24.1) in Roger&Williams II [31]] for a sketch of the proof.

4.5.3 The general case

We finally state a general result on limits of martingale problems for processes with continuous
paths. Let (P(™), <y be a sequence of probability measures on C([0, 00), S) where S is a polish
space. Suppose that the canonical process (X;, P(™) solves the martingale problem for (El(gn), A)
where A is a dense subspace of Cy,(S) such that f? € A whenever f € A.

Theorem 4.23. Suppose that the following conditions hold:

(i) Compact containment: For any T' € R, and ~ > 0 there exists a compact set K C S such
that
P [3te[0,T): X, ¢ K| <~y foranyn € N.

(ii) Uniform LP bound: There exists p > 2 such that for any T' € R,

< 0
LP(P(n)))

(iii) Convergence of initial law: There exists . € P(S) such that

T (f, f)

ul

£,

sup sup ()

neN t<T Lr/2(Pm)

Then {P™ : n € N} is relatively compact. Furthermore, if

P™o X' %y asn — oo, and

(iv) Convergence of generators:

£§"’f — L.f uniformly for any f € A,

then any subsequential limit of (P™),,cy is a solution of the martingale problem for (L, A) with

initial distribution fi.
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The proof, including extensions to processes with discontinuous paths, can be found in Ethier
and Kurtz [12].
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Chapter 5
Generators on function spaces

This chapter focuses on the connection between continuous-time Markov processes and their
generators. Throughout we assume that the state space S is a Polish space with Borel o-algebra
B. Recall that a right-continuous stochastic process ((X;):cr, , P) that is adapted to a filtration
(Fi)icr, is called a solution of the martingale problem for a family (L, A), ¢t € R, of linear
operators with domain A C F(S) if and only if

t

M = (X)) - / (Lof)(Xs) ds (5.0.1)

0
is an (F;) martingale for any function f € .A. Here functions f : S — R are extended trivially
to S U {A} by setting f(A) := 0.

If ((X;), P) solves the martingale problem for ((£;),.A) and the function (¢, z) — (L.f)(x) is,
for example, continuous and bounded for f € A, then

f(Xern) — f(X3)
h

(Lef)(Xy) = I}g{)l b

]—}} (5.0.2)

is the expected rate of change of f(X;) in the next instant of time given the previous information.

In general, solutions of a martingale problem are not necessarily Markov processes, but it can
be shown under appropriate assumptions, that the strong Markov property follows from unique-
ness of solutions of the martingale problem with a given initial law, cf. Theorem Now
suppose that for any t > 0 and x € S, ((X,)s>t, Pue)) is an (F;) Markov process with initial
value X; = = P )-almost surely and transition function (ps.t)o<s<t that solves the martingale
problem above. Then forany ¢ > O and z € S,

f(Xeqn) = f(Xy) — lim (peosnf)(w) — f(2)
h R10 h

(£f)(@) = lim E,
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provided (¢, x) — (L:f)(x) is continuous and bounded. This indicates that the infinitesimal gen-
erator of the Markov process at time ¢ is an extension of the operator (L£;,.A) - this fact will be

made precise in Section

In this chapter we will mostly restrict ourselves to the time-homogeneous case. The time-
inhomogeneous case is nevertheless included implicitly since we may apply most results to the
time space process X, = (to + t, Xyy4¢) that is always a time-homogeneous Markov process if
X is a Markov process w.r.t. some probability measure. In Section [3.1] we show how to realize
transition functions of time-homogeneous Markov processes as strongly continuous contraction
semigroups on appropriate Banach space of functions, and we establish the relation between
such semigroups and their generators. The connection to martingale problems is made in Section
[5.2 and Section[3.3lindicates in a special situation how solutions of martingale problems can be
constructed from their generators by exploiting stability of the martingale problem under weak

convergence.

5.1 Semigroups, generators and resolvents

In the discrete time case, there is a one-to-one correspondence between generators £L = p — I,
transition semigroups p; = p’, and time-homogeneous canonical Markov chains (X, )nez, , (Py)zes)
solving the martingale problem for £ on bounded measurable functions. Our goal in this section
is to establish a counterpart to the correspondence between generators and transition semigroups
in continuous time. Since the generator will usually be an unbounded operator, this requires the
realization of the transition semigroup and the generator on an appropriate Banach space con-
sisting of measurable functions (or equivalence classes of functions) on the state space (S, B).
Unfortunately, there is no Banach space that is adequate for all purposes - so the realization on
a Banach space also leads to a partially more restrictive setting. Supplementary references for
this section are Yosida: Functional Analysis [39], Pazy: Semigroups of Linear Operators [26]],

Davies: One-parameter semigroups [ and Ethier/Kurtz [12].
We assume that we are given a time-homogeneous transition function (p;):>o on (5, B), i.e.,
(i) pi(z,dy) is a sub-probability kernel on (.S, BB) for any ¢ > 0, and

(i1) po(x,-) = 0, and pyps = pyys forany t, s > 0and x € S.
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194 CHAPTER 5. GENERATORS ON FUNCTION SPACES

Remark (Inclusion of time-inhomogeneous case). Although we restrict ourselves to the time-
homogeneous case, the time-inhomogeneous case is included implicitly. Indeed, if ((X)¢>s, Pls.2))
is a time-inhomogeneous Markov process with transition function p,(z, B) = Ps4)[X; € B]
then the time-space process X, = (t + s, Xyys) is a time-homogeneous Markov process w.r.t.

P ) withs state space R x S and transition function

A

Pt ((57 l‘), dUdy) = 5t+s(du)ps,t+s(xa dy)

5.1.1 Sub-Markovian semigroups and resolvents

The transition kernels p; act as linear operators f — p; f on bounded measurable functions on S.

They also act on L spaces w.r.t. a measure  if x is sub-invariant for the transition kernels:

Definition. A positive measure n € M (S) is called sub-invariant w.r.t. the transition semigroup

(pe) iff upe < pfor anyt > 0 in the sense that

/ptfd,LLS /fdu forany f € F.(S)andt > 0.

For processes with finite life-time, non-trivial invariant measures often do not exist, but in many

cases non-trivial sub-invariant measures do exist.

Lemma 5.1 (Sub-Markov semigroup and contraction properties). /) Any transition func-
tion (pt)>o induces a sub-Markovian semigroup on F,(S) or F(S) respectively, i.e., for

any s,t >0

(i) Semigroup property: psp; = ps.+,
(ii) Positivity preserving: f > 0 = p,f > 0,
(i) pl < 1.

2) The semigroup is contractive w.r.t. the supremum norm:

pefllswp < N[ fllsup ~ forany t = 0 and f € Fi(S).

3) If p € M(S) is a sub-invariant measure then (p;) is also contractive w.r.t. the LP ()

norm for every p € [1,00]:

/|ptf|pd,u§/|f|pd,u forany f € LP(S, ).

In particular, the map f — p; f respects ji-classes.
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Proof. Most of the statements are straightforward to prove and left as an exercise. We only prove
the last statement for p € [1, 00):
For ¢t > 0, the sub-Markov property implies p,f < p;|f| and —p; f < p;|f| for any f € LP(S, ).

Hence

P f1P < (pel £1)P < pel fIP

by Jensen’s inequality. Integration w.r.t. 1 yields

[ nsraus [oirpan< [ 15

by the sub-invariance of u. Hence p; is a contraction on £P(S, 1). In particular, p; respects

p-classes since f = g p-ae. = f—g = 0 p-ae. = p(f —g) = 0 p-ae = pf = pyg
[-a.e. U

The theorem shows that (p;) induces contraction semigroups of linear operators P; on the follow-

ing Banach spaces:
e F,(.S) endowed with the supremum norm,
o Cy(S) if p; is Feller for any t > 0,

e C(S) ={f €C(S): Ve > 03K C Scompact: |f| < ¢onS\K} if p, maps C(S) to
C'(S) (classical Feller property),

o [P(S,pu),p € [1,00], if u is sub-invariant.

We will see below that for obtaining a densely defined generator, an additional property called
strong continuity is required for the semigroups. This will exclude some of the Banach spaces
above. Before discussing strong continuity, we introduce another fundamental object that will

enable us to establish the connection between a semigroup and its generator: the resolvent.

Definition (Resolvent kernels). The resolvent kernels associated to the transition function (p;):>o
are defined by

ga (2, dy) :/ e pi(z,dy)dt  for a € (0,00),
0

Le, for f € F.(S)or e F(S),

(6o f) () = / " ety ) (@)t
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Remark. For any o € (0, 00), ¢, is a kernel of positive measures on (S, B). Analytically, g, is
the Laplace transform of the transition semigroup (p;). Probabilistically, if (X;, P,) is a Markov

process with transition function (p;) then by Fubini’s Theorem,

(9af)(2) = E; l /0 "t f(Xt)dt} :

In particular, g, (x, B) is the average occupation time of a set B for the absorbed Markov process

with start in 2 and constant absorption rate «.

Lemma 5.2 (Sub-Markovian resolvent and contraction properties). 1) The family (g, )a>0

is a sub-Markovian resolvent acting on F,(S) or F,(S) respectively, i.e., for any o, 5 > 0,

(i) Resolvent equation: g, — g3 = (0 — a)gagp
(ii) Positivity preserving: f > 0= g,f >0

(iii) ag,l <1
2) Contractivity w.r.t. the supremum norm: For any o > 0,

||O‘gocf||sup < ||f||sup forany f € .7:1)(5).

3) Contractivity w.r.t. L? norms: If 1 € M_((S) is sub-invariant w.r.t. (p;) then
lga ey < 1 fllvs forany a > 0,p € [1,00], and f € LP(S, p).

Proof. 1) By Fubini’s Theorem and the semigroup property,

G0gsf = / / eotePep, . fdsdt
0 0

= / / Pt qy e_B“puf du
o Jo
1

= m(gaf - gﬁf)

for any o, 8 > 0 and f € Fu(S). This proves (i). (ii) and (iii) follow easily from the

corresponding properties for the semigroup (p;).

2),3) Let || - || be either the supremum norm or an L” norm. Then contractivity of (p;):>o W.r.t.

|| - || implies that also (ag,) is contractive w.r.t. || - ||:

lagaf|l < / aep.fdt < / acdt|f|l = |f| foranya > 0.
0 0

O
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The lemma shows that (g, ).~0 induces contraction resolvents of linear operators (G, ).~ on the
Banach spaces F;(5), Cy(S) if the semigroup (p;) is Feller, C(S) if (p;) is Feller in the classical
sense, and LP(S, ) if pu is sub-invariant for (p; ). Furthermore, the resolvent equation implies that

the range of the operators G, is independent of «:
(R) Range(G,,) = Range(Gp) for any o, 8 € (0, 00).

This property will be important below.

5.1.2 Strong continuity and generator

We now assume that (P;);>o is a semigroup of linear contractions on a Banach space E. Our
goal is to define the infinitesimal generator L of (P,) by Lf = lgg)l F(P.f — f) for a class D of
elements f € E that forms a dense linear subspace of . Obviously, this can only be possible if
ltiﬁ)l |P.f — f|| = 0 forany f € D, and hence, by contractivity of the operators P,, for any f € FE.

A semigroup with this property is called strongly continuous:

Definition (C° semigroup, Generator). /) The semigroup (P,);> on the Banach space E is

called strongly continuous (C°) iff Py = I and

\P.f — fll =0 ast]Oforany f € E.

2) The generator of (P;);> is the linear operator (L, Dom(L)) given by

Lf =tim 2 =1
10 t

Pf—
,  Dom(L) = {f ek ltifg tft f exists} .

Here the limits are taken w.r.t. the norm on the Banach space L.

Remark (Strong continuity and domain of the generator). A contraction semigroup (F;) is
always strongly continuous on the closure of the domain of its generator. Indeed, P;f — f as
t 1 0 for any f € Dom(L), and hence for any f € Dom(L) by an /3 - argument. If the domain
of the generator is dense in F then (F;) is strongly continuous on £. Conversely, Theorem [5.4]

below shows that the generator of a C” contraction semigroup is densely defined.

Exercise (Strong continuity of transition semigroups of Markov processes on L” spaces).
Suppose that (p;):>o is the transition function of a right-continuous time homogeneous Markov

process ((X¢)i>0, (Pr)zes), and g € M (S) is a sub-invariant measure.

a) Show that
(pef)(x) = f(x)ast ] O forany f € Cp(S) and x € S.
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b) Now let f € Cy(S) N LY(S, i) and p € [1,00). Show thatas ¢ | 0,

[ s = sl > 0,
and hence p,f — fin LP(S, u).

c¢) Conclude that (p;) induces a strongly continuous contraction semigroup of linear operators

on LP(S, i) for every p € [1, 00).

Theorem 5.3 (Forward and backward equation).
Suppose that (P;);>o is a C° contraction semigroup with generator L. Then t — P, f is continu-
ous for any f € E. Moreover, if f € Dom(L) then P,f € Dom(L) for anyt > 0, and

d
giif = BLf = LA,

where the derivative is a limit of difference quotients on the Banach space E.

The first statement explains why right continuity of ¢ — P, f att = 0 for any f € FE is called
strong continuity: For contraction semigroups, this property is indeed equivalent to continuity of

t — P,f fort € [0,00) w.r.t. the norm on F.

Proof. 1) Continuity of ¢t — P, f follows from the semigroup property, strong continuity and

contractivity: For any ¢ > 0,

[Pernf = Pofll = 1 B(Pof = DI < [|1Pof = fI =0 ash {0,

and, similarly, for any ¢ > 0,
| Pionf = Pofll = |1Pn(f = Puf)| < |If = Pufl] =0 ashlO.

2) Similarly, the forward equation %Pt f = P.Lf follows from the semigroup property, con-
tractivity, strong continuity and the definition of the generator: For any f € Dom(L) and
t >0,

P _
Pt% S PLf ashl0,

1
E(Pt—l—hf - Ptf) =
and, fort > 0,

_ih<Pthf - Ptf) = Pth%

by strong continuity.

S PLf ashlO0
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3) Finally, the backward equation %Pt f = LP,f is a consequence of the forward equation:
For f € Dom(L) and ¢t > 0,

PRS2 BL (Pans — P RS ashLo

Hence P, f is in the domain of the generator, and LP,f = P,Lf = %Pt f.

5.1.3 One-to-one correspondences

Our next goal is to establish a 1-1 correspondence between C° contraction semigroups, generators
and resolvents. Suppose that (P;):> is a strongly continuous contraction semigroup on a Banach
space £ with generator (L, Dom(L)). Since t — P, f is a continuous function by Theorem[5.3] a

corresponding resolvent can be defined as an F-valued Riemann integral:
Gaf:/ e P, fdt foranya >0and f € E. (5.1.1)
0

Exercise (Strongly continuous contraction resolvent).
Prove that the linear operators G, « € (0, 00), defined by (5.1.1) form a strongly continuous

contraction resolvent, i.c.,
(i) Gof —Gaf =(8—a)G,Gpf forany f € Fand o, >0,
(i) [[aGof|| < ||f]] forany f € E and a > 0,

(i) ||aGof — f|l =0 asa — ooforany f € E.

Theorem 5.4 (Connection between resolvent and generator). For any a« > 0, G, =
(al — L)fl. In particular, the domain of the generator coincides with the range of G,, and

itis dense in E.

Proof. Let f € E and a € (0,00). We first show that G, f is contained in the domain of L.

Indeed, as t | 0,
P _ 1 o0 o0
—tGO‘f Gof = - </ e Psfds —/ e P, f ds)
t t 0 0
et — 1

[e%e) 1 t
= / e *P,fds — e~ / e “Pyfds
t 0 tJo

—aGuf — f
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by strong continuity of (P;):>o. Hence G, f € Dom(L) and
LG.f =aG.f — f,

or, equivalently

(al = L)Gof = f.
In a similar way it can be shown that for f € Dom(L),
Golal —L)f = f.
The details are left as an exercise. Hence G, = (al — L)_l, and, in particular,
Dom(L) = Dom(al — L) = Range(G,) forany o > 0.
By strong continuity of the resolvent,
aGof = f asa— oo forany f € F,

so the domain of L is dense in F. [l

The theorem above establishes a 1-1 correspondence between generators and resolvents. We now
want to include the semigroup: We know how to obtain the generator from the semigroup but to
be able to go back we have to show that a C° contraction semigroup is uniquely determined by

its generator. This is one of the consequences of the following theorem:

Theorem 5.5 (Duhamel’s perturbation formula). Suppose that (P;);>¢ and (ﬁt)tzo are C°
contraction semigroups on E with generators L and L, and assume that Dom(L) C Dom(L).
Then

t
Pf—Pf= / P,(L — L)P,_,fds foranyt>0and f € Dom(L). (5.1.2)
0

In particular, (P,)i>o is the only C° contraction semigroup with a generator that extends
(L, Dom(L)).

Proof. For0 < s < tand f € Dom(L) we have

P,_sf € Dom(L) C Dom(L)

Markov processes Andreas Eberle



5.1. SEMIGROUPS, GENERATORS AND RESOLVENTS 201

by Theorem[3.3l By combining the forward and backward equation in Theorem [5.3] we can then

show that
d

%ﬁsptfsf = ﬁszptfsf - ﬁsLPtfsf = ]Ss(z - L)Ptfsf

where the derivative is as usual taken in the Banach space E. The identity (3.1.2]) now follows by
the fundamental theorem of calculus for Banach-space valued functions, cf. e.g. Lang: Analysis
1 [19].

In particular, if the generator of P, is an extension of L then (5.1.2) implies that P, f = P, f for
any t > 0 and f € Dom(L). Since P, and P, are contractions and the domain of L is dense in E

by Theorem [5.4] this implies that the semigroups (F;) and (P,) coincide. O

The last theorem shows that a C° contraction semigroup is uniquely determined if the generator
and the full domain of the generator are known. The semigroup can then be reconstructed from
the generator by solving the Kolmogorov equations. We summarize the correspondences in a

picture:

Laplace

transformation

Example (Bounded generators). Suppose that L is a bounded linear operator on E. In partic-
ular, this is the case if L is the generator of a jump process with bounded jump intensities. For

bounded linear operators the semigroup can be obtained directly as an operator exponential

= (tL)" tL\"
et =Y B (142

n! n—soo n
n=0

where the series and the limit converge w.r.t. the operator norm. Alternatively,

P, = lim (1 _ g)n — lim (%G_>n

n—00 n n—00

The last expression makes sense for unbounded generators as well and tells us how to recover the

semigroup from the resolvent.
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5.1.4 Hille-Yosida-Theorem

We conclude this section with an important theoretical result showing which linear operators are
generators of C contraction semigroups. The proof will be sketched, cf. e.g. Ethier & Kurtz [12]

for a detailed proof.

Theorem 5.6 (Hille-Yosida). A linear operator (L, Dom(L)) on the Banach space E is the gen-

erator of a strongly continuous contraction semigroup if and only if the following conditions
hold:

(i) Dom(L) is dense in E,
(ii) Range(al — L) = E for some o > 0 (or, equivalently, for any o > 0),
(iii) L is dissipative, i.e.,

laf — Lf|| > a||f|| foranya >0, f € Dom(L).

Proof. “=": If L generates a C° contraction semigroup then by Theorem[3.4, (ol — L)™' = G,
where (G,,) is the corresponding C° contraction resolvent. In particular, the domain of L is the
range of G, and the range of ool — L is the domain of GG,,. This shows that properties (i) and (ii)
hold. Furthermore, any f € Dom(L) can be represented as f = G, g for some g € E. Hence

allfl = llaGagll < llgll = llef = Lf|

by contractivity of aG,,.
“«<": We only sketch this part of the proof. The key idea is to “regularize” the possibly un-
bounded linear operator L via the resolvent. By properties (ii) and (iii), the operator o/ — L is
invertible for any o > 0, and the inverse G, := (oI — L)™' is one-to-one from F onto the domain
of L. Furthermore, it can be shown that (G, )a>0 is a C° contraction resolvent. Therefore, for
any f € Dom(L),

Lf = lim aG,Lf = lim L@y

a—0o0

where L@ is the bounded linear operator defined by

L@ = aLG, = a*Gy —al  fora € (0,00).
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Here we have used that L and GG, commute and (a/ — L)G, = I. The approximation by the
bounded linear operators L(® is called the Yosida approximation of L. One verifies now that

the operator exponentials

P = e = S0 (D) e [0,00),
n=0

form a C” contraction semigroup with generator L for every o > 0. Moreover, since (L(® f)
is a Cauchy sequence for any f € Dom(L), Duhamel’s formula (5.1.2)) shows that also (Pt(a) f
is a Cauchy sequence for any ¢ > 0 and f € Dom(L). We can hence define

aeN

aeN

Pf=lim Pf foranyt>0and f € Dom(L). (5.1.3)
a—r00

Since Pt(a) is a contraction for every ¢t and «, P, is a contraction, too. Since the domain of L is
dense in E by Assumption (i), each P; can be extended to a linear contraction on F, and (5.1.3))
extends to f € E. Now it can be verified that the limiting operators P, form a C° contraction

semigroup with generator L. U

Exercise (Semigroups generated by self-adjoint operators on Hilbert spaces). Show that if £
is a Hilbert space (for example an L? space) with norm || f|| = (f, f)'/2, and L is a self-adjoint
linear operator, i.e.,
(L,Dom(L)) = (L*,Dom(L")),
then L is the generator of a C° contraction semigroup on £ if and only if L is negative definite,
i.e.,
(f,Lf) <0 forany f € Dom(L).

In this case, the C° semigroup generated by L is given by
P, =¢e*  foranyt >0,

where the exponential is defined by spectral theory, cf. e.g. Reed & Simon [29, 28].

5.2 Martingale problems for Markov processes

In the last section we have seen that there is a one-to-one correspondence between strongly
continuous contraction semigroups on Banach spaces and their generators. The connection to
Markov processes can be made via the martingale problem. We assume at first that we are given
a right-continuous time-homogeneous Markov process ((Xi)ic[o,00), (Pr)zes)) With state space
(S, B) and transition semigroup (p;)i>0. Suppose moreover that £ is either a closed linear sub-

space of F;(S) endowed with the supremum norm such that
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(A1) po(E) C E  foranyt >0, and
(A2) p,v e P(S)with [ fdu= [ fdvVfeE = u=v,

or £ = LP(S, ) for some p € [1,00) and a (p;)-sub-invariant measure u € M (.5).

5.2.1 From martingale problem to generator

In many situations it is known that for any « € S, the process ((X;):>0, P.) solves the martingale
problem for some linear operator defined on “nice” functions on S. Hence let A C F be a dense

linear subspace of the Banach space £, and let
L:ACE—FE

be a linear operator.

Theorem 5.7 (From the martingale problem to C, semigroups and generators). Suppose
that for any x € S and f € A, the random variables f(X,;) and (Lf)(X;) are integrable w.r:t.
P, for anyt > 0, and the process
t
M = 1) = [ (e s
is an (F;X) martingale w.r.t. P,. Then the transition function (p;);>o induces a strongly contin-

uous contraction semigroup (P;);>o of linear operators on E, and the generator (L, Dom(L)) of

(P;)i>0 is an extension of (L, A).

Remark. In the case of Markov processes with finite life-time the statement is still valid if func-
tions f : S — R are extended trivially to S U {A} by setting f(A) := 0. This convention is

always tacitly assumed below.

Proof. The martingale property for M/ w.r.t. P, implies that the transition function (p;) satisfies

the forward equation

() (@) — F() = Blf (X)) — F(X0)] = E. [ / <cf><xs>ds}

_ /O B (Lf)(Xo)]ds /O (L) (x)ds (5.2.1)
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forany ¢t > 0,2 € S and f € A. By the assumptions and Lemma 3.1l p; is contractive w.r.t. the
norm on E for any ¢ > 0. Therefore, by (5.2.1)),

t
lpef = flle < / IpsLfllpds < t|Lf|lg —0 ast |0
0

for any f € A. Since A is a dense linear subspace of E, an /3 argument shows that the

contraction semigroup (F;) induced by (p;) on E is strongly continuous. Furthermore, (3.2.1)

for any f € A. Here we have used that ligl psLf = Lf by the strong continuity. By (3.2.2)),

implies that

pf = f

— L
" f

1 t
< ;/ IpsLf — Lf||gds — 0 ast |0 (5.2.2)
E 0

the functions in A are contained in the domain of the generator L of (P,), and Lf = Lf for any

feA O

5.2.2 Identification of the generator

We now assume that L is the generator of a strongly continuous contraction semigroup (F;):>o
on E, and that (L, Dom(L)) is an extension of (£, .4). We have seen above that this is what can
usually be deduced from knowing that the Markov process solves the martingale problem for any
initial value x € S. The next important question is whether the generator L and (hence) the C°
semigroup (P,) are already uniquely determined by the fact that L extends (£, .4). In general the

answer is negative - even though A is a dense subspace of £'!

Exercise (Brownian motion with reflection and Brownian motion with absorption). Suppose
that S = [0,00) or S = (0,00), and let E = L*(S,dx). We consider the linear operator £ =
%% with dense domain A = C§°(0,00) C L?(S,dx). Let ((Bi)i>0, (Ps)zer) be a canonical
Brownian motion on R. Then we can construct several Markov processes on S which induce C°

contraction semigroups on F with generators that extends (£, .A). In particular:
e Brownian motion on R with reflection at 0 is defined on S = [0, o) by

X] = |B for any t > 0. (5.2.3)
e Brownian motion on R with absorption at 0 is defined on Sn = (0, 00) U {A} by

Xt = TP = inf{t >0: B, = 0}. (5.2.4)

B,  fort<Tp,
A fort>TPE,
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Prove that both (X7, P,) and (X, P,) are right-continuous Markov processes that induce C°

contraction semigroups on £ = L?*(R,, dz). Moreover, show that both generators extend the

1 d?

operator (57—, C§5°(0, 00)). In which sense do the generators differ from each other?

The exercise shows that it is not always enough to know the generator on a dense subspace of the
corresponding Banach space F. Instead, what is really required for identifying the generator L,

is to know its values on a subspace that is dense in the domain of L w.r.t. the graph norm

Iz = 1f e + I Lf e

Definition (Closability and closure of linear operators, operator cores). /) A linear oper-

ator (L, A) is called closable iff it has a closed extension.

2) In this case, the smallest closed extension (L, Dom(L)) is called the closure of (L, A). It
is given explicitly by

Dom(L) = completion of A w.r.t. the graph norm || - ||z,
Lf = lim Lf, forany sequence (f,)nen in A suchthat f,, — fin E (5.2.5)
n—oo

and (L f,)nen is a Cauchy sequence.

3) Suppose that L is a linear operator on E with A C Dom(L). Then A is called a core for
L iff A is dense in Dom(L) w.r.t. the graph norm || - || .

It is easy to verify that if an operator is closable then the extension defined by (5.2.3) is indeed
the smallest closed extension. Since the graph norm is stronger than the norm on £, the domain
of the closure is a linear subspace of £. The graph of the closure is exactly the closure of the
graph of the original operator in £/ x E. There are operators that are not closable, but in the
setup considered above we already know that there is a closed extension of (£, .A) given by the
generator (L, Dom(L)). The subspace A C Dom(L) is a core for L if and only if (L, Dom(L))
is the closure of (£, A).

Theorem 5.8 (Strong uniqueness). Suppose that A is a dense subspace of the domain of the

generator L w.r.t. to the norm || - ||g. Then the following statements are equivalent:
(i) Ais a core for L.

(ii) P,f is contained in the completion of A w.r.t. the graph norm || - ||1, for any f € Dom(L)
and t € (0, 00).
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If (1) or (it) hold then

(iii) (Py)t>o is the only strongly continuous contraction semigroup on E with a generator that

extends (L, A).

Proof. (i) = (ii) holds since by Theorem[3.3] P, f is contained in the domain of L for any ¢ > 0
and f € Dom(L).

(ii) = (i): Let f € Dom(L). We have to prove that f can be approximated by functions in the
closure A~ of A w.rt. the graph norm of L. If (ii) holds this can be done by regularizing f via
the semigroup: For any ¢ > 0, P, f is contained in the closure of A w.r.t. the graph norm by (ii).

Moreover, P, f converges to f as ¢ | 0 by strong continuity, and
LPf=PLf—Lf astl]O0
by strong continuity and Theorem[3.3] So
|Pef = fll =0 ast]0,

and thus f is also contained in the closure of A w.r.t. the graph norm.

(i) = (ii): If (i) holds and (ﬁ)tzo is a C° contraction semigroup with a generator L extending
(L, A) then L is also an extension of L, because it is a closed operator by Theorem 5.4l Hence
the semigroups (F,) and (P,) agree by Theorem 5.3 O

We now apply Theorem [5.8] to identify exactly the domain of the generator of Brownian motion

on R". The transition semigroup of Brownian motion is the heat semigroup given by

(pef)(x) = (f i) () = . f)e(x —y)dy foranyt >0,

where ¢, (1) = (27t) /2 exp (—|z|?/(2t)).

Corollary 5.9 (Generator of Brownian motion). The transition function (p;);>o of Brownian
motion induces strongly continuous contraction semigroups on C(R™) and on LP(R", dx) for

every p € [1,00). The generators of these semigroups are given by

L= %A, Dom(L) = C°(R"),
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— A
where C§°(R™)  stands for the completion of C§°(R™) w.r.t. the graph norm of the Laplacian
on the underlying Banach space C (R™), LP(R™, dx) respectively. In particular, the domain of L

contains all C? functions with derivatives up to second order in C (R™), LP(R"™, dx) respectively.

Proof. By 1td’s formula, Brownian motion (B;, P,) solves the martingale problem for the oper-
ator 3A with domain C§°(R"™). Moreover, p(C(8)) € C(S) holds for any ¢ > 0, and Lebesgue

measure is invariant for the transition kernels p;, since by Fubini’s theorem,
[ mite= [ [ ata-nf@iys= [ )y torany £ e £z,
R?’L n n ]Rn

Hence by Theorem 5.7, (p;);>0 induces C° contraction semigroups on C'(.S) and on L?(R", dzx)
for p € [1,00), and the generators are extensions of (A, Cg°(R™)). A standard approximation
argument shows that the completions WA w.r.t. the graph norms contain all functions
in C2(R™) with derivatives up to second order in C'(R"), L?(R", dx) respectively. Therefore,
pif = f * ¢y is contained in WA forany f € Cg°(R™) and ¢t > 0. Hence, by Theorem [5.8]
the generators on C'(S) and LP(R", dz) coincide with the closures of (34, C5°(R™)). O

Example (Generator of Brownian motion on R). In the one-dimensional case, the generators

on LP(R™, dx) and on C'(R") are given explicitly by

Lf= %f”, Dom(L) = {f € L’(R,dz) N C'(R) : f’ absolutely continuous, f” € L”(R,dz)},
(5.2.6)
Lf= %f”, Dom(L) = {f e C(R)NC2(R) : f" € C(R)} , (5.2.7)

Remark (Domain in multi-dimensional case, Sobolev spaces). In dimensions n > 2, the do-
mains of the generators contain functions that are not twice differentiable in the classical sense.
The domain of the L? generator is the Sobolev space H*P(R", dx) consisting of weakly twice

differentiable functions with derivatives up to second order in L?(R", dx), cf. e.g.[?].

Example (Generators of Brownian motions with reflection and absorption at 0.).

5.2.3 Uniqueness of martingale problems

From now on we assume that F is a closed linear subspace of F;,(S) satisfying (A2). Let L be

the generator of a strongly continuous contraction semigroup (P;);>o on F, and let A be a linear
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subspace of the domain of L. The next theorem shows that a solution to the martingale problem

for (L, A) with given initial distribution is unique if A is a core for L.

Theorem 5.10 (Markov property and uniqueness for solutions of martingale problem). Sup-
pose that A is a core for L. Then any solution ((X})i>o, P) of the martingale problem for (L, A)

is a Markov process with transition function determined uniquely by
pef =P f foranyt>0and f € E. (5.2.8)

In particular, all right-continuous solutions of the martingale problem for (L, A) with given

initial distribution . € P(S) coincide in law.

Proof. We only sketch the main steps in the proof. For a detailed proof see Ethier/Kurtz, Chapter
4, Theorem 4.1 [12]].

Step 1 If the process (X;, P) solves the martingale problem for (L, .4) then an approximation
based on the assumption that A is dense in Dom(L) w.r.t. the graph norm shows that
(Xi, P) also solves the martingale problem for (L, Dom(L)). Therefore, we may assume
w.l.o.g. that A = Dom(L).

Step 2 (Extended martingale problem). The fact that (X;, P) solves the martingale problem
for (L, .A) implies that the process

M= et p(X,) + / t e (af — Lf)(X,)ds
0

is a martingale for any @ > 0 and f € A. The proof can be carried out directly by Fubini’s

Theorem or via the product rule from Stieltjes calculus. The latter shows that
t t
e f(X;) — f(Xo) = / e (Lf — af)(X,)ds + / e **d M/
0 0

where fg e=sd MY is an Itd integral w.r.t. the martingale M = f(X,) - fg(Lf)(Xs)ds,

and hence a martingale, cf. [[11].

Step 3 (Markov property in resolvent form). Applying the martingale property to the martin-
gales MU/2l shows that forany s > 0and g € E,

E [ /0 ) e g(Xste)
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Indeed, let f = (G,g. Then f is contained in the domain of L, and g = of — L f. Therefore,
for s,t > 0,

0= B | MLy — ppe

st]

t
= e B [f(Xo)| FY] — e f(X) + B [/ e (X )dr

7]
holds almost surely. The identity (5.2.9) follows as ¢ — oo.
Step 4 (Markov property in semigroup form). One can now conclude that
Elg(Xero)|FX] = (Pog)(X,) P-as. (5.2.10)
holds for any s,¢ > 0 and g € E. The proof is based on the approximation

P,g = lim (ﬁGn)ng

n—oo \ S S

of the semigroup by the resolvent, see the exercise below.

Step 5 (Conclusion). By Step 4 and Assumption (A2), the process ((X;), P) is a Markov pro-
cess with transition semigroup (p;):>o satisfying (5.2.8). In particular, the transition semi-
group and (hence) the law of the process with given initial distribution are uniquely deter-

mined.
O

Exercise (Approximation of semigroups by resolvents). Suppose that (P;);> is a Feller semi-

group with resolvent (G, ),~0. Prove that forany ¢t > 0,n € Nand = € S,

(ﬁG%>ng(x) =F |:PE1+-;+Entg(l’)i|

where (Ej)ren is a sequence of independent exponentially distributed random variables with

parameter 1. Hence conclude that
(%Gg) g — P,g uniformly as n — oo. (5.2.11)
How could you derive (3.2.11) more directly when the state space is finite?

Remark (Other uniqueness results for martingale problems). It is often not easy to verify
the assumption that A is a core for L in Theorem Further uniqueness results for mar-
tingale problems with assumptions that may be easier to verify in applications can be found in
Stroock/Varadhan [35]] and Ethier/Kurtz [[12].
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5.2.4 Strong Markov property

In Theorem [3.10| we have used the Markov property to establish uniqueness. The next theorem
shows conversely that under modest additional conditions, the strong Markov property for solu-

tions is a consequence of uniqueness of martingale problems.

Let D(R,,S) denote the space of all cadlag (right continuous with left limits) functions
w: [0,00) — S. If S'is a polish space then D(R, , S) is again a polish space w.r.t. the Skorokhod
topology, see e.g. Billingsley [2]. Furthermore, the Borel o-algebra on D(R,, S) is generated
by the evaluation maps X;(w) = w(t), t € [0, 00).

Theorem 5.11 (Uniqueness of martingale problem = Strong Markov property). Suppose

that the following conditions are satisfied:

(i) A is a linear subspace of Cy(S), and L : A — Fu(S) is a linear operator such that A is

separable w.rt. || - || .

(ii) For every x € S there is a unique probability measure P, on D(R,,S) such that the
canonical process ((X¢t)>0, Py) solves the martingale problem for (L, A) with initial value
Xo =z P,-a.s.

(iii) The map x — P,|A] is measurable for any Borel set A C D(R,, 5).
Then ((Xt)i>0, (Pr)zes) is a strong Markov process, i.e.,
E, [F(X7y.)|FZ]| = Ex;[F] Psas.

foranyx € S, F € F,(D(R_, S)), and any finite (F;*) stopping time T.

Remark (Non-uniqueness). If uniqueness does not hold then one can not expect that any solu-
tion of a martingale problem is a Markov process, because different solutions can be combined in

a non-Markovian way (e.g. by switching from one to the other when a certain state is reached).

Sketch of proof of Theorem[5.11l Fix x € S. Since D(R,,S) is again a polish space there is a
regular version (w, A) — @, (A) of the conditional distribution P,[ - |Fr]. Suppose we can prove
the following statement:

Claim: For P,-almost every w, the process (X ., (Q),,) solves the martingale problem for (£, .A)
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w.r.t. the filtration (F7',,)i>o.

Then we are done, because of the martingale problem with initial condition X7 (w) now implies
(X714, Qu) ~ (X, Pxpw)) for Pp-ae. w,

which is the strong Markov property.

The reason why we can expect the claim to be true is that for any given 0 < s < ¢, f € A
and A € 7}, ,,

Eq., {f(XT-i-t) — f(X14s) — / TH(c N(X,)dr A}

T4+s
= B, (M, - MY,) 14 7] (@)

f f
[ [0, -2,

Fi) 1| 7| @) = 0

holds for P,-a.e. w by the optional sampling theorem and the tower property of conditional
expectations. However, this is not yet a proof since the exceptional set depends on s, t, f and
A. To turn the sketch into a proof one has to use the separability assumptions to show that the
exceptional set can be chosen independently of these objects, cf. Stroock and Varadhan [35],
Rogers and Williams [31}32], or Ethier and Kurtz [12]. L]

5.3 Feller processes and their generators

In this section we restrict ourselves to Feller processes. These are cadlag Markov processes with
a locally compact separable state space S whose transition semigroup preserves C (S). We will
establish a one-to-one correspondence between sub-Markovian C° semigroups on C (S), their
generators, and Feller processes. Moreover, we will show that the generator L of a Feller process
with continuous paths on R™ acts as a second order differential operator on functions in C§°(R™)

if this is a subspace of the domain of L.

5.3.1 Feller semigroups

We start with a definition:

Definition (Feller semigroup). A Feller semigroup is a sub-Markovian C° semigroup (P,)i>¢ of
linear operators on C (S), i.e., a Feller semigroup has the following properties that hold for any

fecs):
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(i) Strong continuity: |P,f — f|lsup — 0 ast |0,
(ii) Sub-Markov: f > 0= P,f >0, f<1= Pf <],
(iii) Semigroup: Pyf = f, P,Psf = P sf foranys,t > 0.
Remark. Property (ii) implies that P, is a contraction w.r.t. the supremum norm for any ¢ > 0.

Let us now assume again that (p;);>o is the transition function of a right-continuous time homo-
geneous Markov process ((X¢):>0, (Py)zcs) defined for any initial value x € S. We have shown
above that (p;) induces contraction semigroups on different Banach spaces consisting of func-
tions (or equivalence classes of functions) from S to R. The following example shows, however,

that these semigroups are not necessarily strongly continuous:

Example (Strong continuity of the heat semigroup). Let S = R'. The heat semigroup (p;) is

the transition semigroup of Brownian motion on S. It is given explicitly by

(0ef)(x) = (f * p)(z) = / F)ed — y) dy,

where ¢;(2) = (2rt)"Y/2exp (—22/(2t)) is the density of the normal distribution N(0,#). The
heat semigroup induces contraction semigroups on the Banach spaces F,(R), C,(R), C'(R) and
LP(R,dx) for p € [1,00]. However, the semigroups on J(R), Cy(R) and L*(R, dz) are not

strongly continuous. Indeed, since p; f is a continuous function for any f € F(R),
1
”ptl(o,l) — 1(071)”00 Z 5 for anyt > 0.

This shows that strong continuity fails on F,(R) and on L*°(R,dz). To see that (p;) is not
strongly continuous on Cy(R) either, we may consider the function f(z) = >_ exp (—2"(z — n)?).
n=1
It can be verified that limsup f(z) = 1 whereas for any ¢ > 0, lim (p,f)(z) = 0. Hence
T—00 T—00

\pef — fllsop = 1 for any ¢ > 0. Theorem [5.12] below shows that the semigroup induced by (p;)

on the Banach space C'(R) is strongly continuous.

The example explains why we consider the transition semigroup of a Feller process on the Banach
space C (S) and not, for instance, on the space of all bounded continuous functions. The next

theorem shows that the transition semigroup of a Feller process on S is always a Feller semigroup:
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Theorem 5.12 (Strong continuity of transition functions of Feller processes). Suppose that

(pt)t>0 is the transition function of a right-continuous time-homogeneous Markov process
((Xt)t>0, (Pr)zes) such that pt(é(S)) C C(S) for any t > 0. Then (p)e=o induces a Feller
semigroup (P,)=0 on C(S). If L denotes the generator then the process ((X,), P,) solves the

martingale problem for (L, Dom(L)) for any x € S.

Proof. We prove strong continuity. Filling in the other missing details is left as an exercise. To

prove strong continuity, we proceed in several steps:

1y

2)

3)

For f € C(S), the function ¢ — f(X,) is almost surely right continuous and bounded.

Therefore, by dominated convergence, for any = € S,
wef)(2) = E.[f(X))] = E.[f(Xo)] = f(z)  astl]O. (5.3.1)

Now suppose that f = g,h = [~ e **p;hds for some o > 0 and a function % in C(S).
Then for ¢ > 0,

0o 0o t
nf = / e “psihds = eat/ e p,hdu = e f — eat/ e “puhdu,
0 t 0

and hence .
100f — Flloup < (€% = D)l Fllaup + € / T

Since ||puh|sup < ||h]|sup, the right-hand side converges to 0 as ¢ | 0. Hence strong

continuity holds for functions f in the range of g,.

To complete the proof we show by contradiction that g, (C’ (S )) is dense in C'(.S) for any
fixed & > 0. The claim then follows once more by an ¢/3-argument. Hence suppose that
the closure of g, (@ (S)) does not agree with C'(S). Then there exists a non-trivial finite
signed measure y on (S, B) such that

(goah) =0 forany h € C(S),

A

cf. e.g. [?]. By the resolvent equation, g, (C’(S)) = g3 (C’(S)) for any S € (0,00).

Hence we even have

1 (gsh) =0 forany 5> 0and h € C(S).
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Moreover, (5.3.1) implies that Sgzsh — h pointwise as 5 — oo. Therefore, by dominated

convergence,

pu(h) = p (ma ﬁggh) = ma Bu(gsh) = 0 forany h € C(S).
— 00 —00

This contradicts the fact that x is a non-trivial measure.

5.3.2 Existence of Feller processes

In the framework of Feller semigroups, the one-to-one correspondence between generators and
semigroups can be extended to a correspondence between generators, semigroups and canonical
Markov processes. Let 2 = D(R,,SU{A}), Xi(w) =w(t), and A =o0(X;:t>0).

Theorem 5.13 (Existence and uniqueness of canonical Feller processes). Suppose that (P;):>o
is a Feller semigroup on C (S) with generator L. Then there exist unique probability measures P,
(x € S) on () such that the canonical process ((X;)i>0, Pr) is a Markov process satisfying
P,[Xo=x] =1and

Ef(X)|FX] = (P_of)(X,) Py-almost surely (5.3.2)

foranyx € S,0 < s <tand f € C(S) where we set f(A) := 0. Moreover, ((X)i>0, Pr) is a
solution of the martingale problem for (L, Dom(L)) for any x € S.

Below, we outline two different proofs for the theorem. Additionally, it can also be shown that

((X¢)t>0, (Pr)zes) is a strong Markov process:

Exercise (Strong Markov property for Feller processes). Let ((X¢):>0, (P;)zcs) be a canon-
ical right-continuous time-homogeneous Markov process on .S, and suppose that the transition
semigroup satisfies p,(C(S)) C C(S) for any ¢ > 0. Show that the strong Markov property
holds. Hint: Try to mimic the proof of the strong Markov property for Brownian motion.

Sketch of proof of Theorem[5.131 We only mention the main steps in the proof, details can be

found for instance in Rogers and Williams [32].
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1y

2)

3)

4)

One can show that the sub-Markov property implies that for any ¢ > 0 there exists a sub-
probability kernel p;(x, dy) on (S, B) such that

(PA)@) = [ plodi)f(w) forany £ € () andz € 5.

By the semigroup property of (P;):>o, the kernels (p;);>¢ form a transition function on

(S, B).

Now the Kolmogorov extension theorem shows that for any = € S there is a unique

probability measure P° on the product space Sg)’oo) with marginals

PI © (Xt1 ) Xt27 s 7th)71 =Py ('Tu dyl)th*tl (yh dy?) <Pty —tna (yn*h dyn)

foranyn € Nand 0 < t; <ty < --- < t,. Note that consistency of the given marginal

laws follows from the semigroup property.

Path regularisation: To obtain a modification of the process with cadlag sample paths,
martingale theory can be applied. Suppose that f = (¢ for some non-negative function
g € C(S). Then

f=Lf =920,

and hence the process e ! f(X}) is a supermartingale w.r.t. PY for any . The supermartin-
gale convergence theorems now imply that PC-almost surely, the limits
lime™* f(X5)

slt
s€Q

exist and define a cadlag function in ¢. Applying this simultaneously for all functions ¢
in a countable dense subset of the non-negative functions in C' (S), one can prove that the
process
X, = lim X, (t€Ry)
s€Q
exists PY-almost surely and defines a cadlag modification of ((X;), P?) for any z € S. We

can then choose P, as the law of (X,) under P°.

Uniqueness: Finally, the measures P, (x € S) are uniquely determined since the finite-

dimensional marginals are determined by (3.3.2) and the initial condition.

O
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We remark that alternatively, it is possible to construct a Feller process as a limit of jump pro-
cesses, cf. Ethier and Kurtz [12, Chapter 4, Theorem 5.4]. Indeed, the Yosida approximation

Lf = lim aGoLf = lim L@Wf, L9Wf .= a(aGaf — f),

a—0o0

Bif = lim 2 f,

a—00

is an approximation of the generator by bounded linear operators L(® that can be represented in

the form

1O = a / (f(4) — F(x)) agalz, dy)

with sub-Markov kernels ag,. For any o € (0,00), L™ is the generator of a canonical jump

process ((Xt):>o0, (ngo‘))xE s) with bounded jump intensities. By using that for any f € Dom(L),
L@ f — Lf uniformly as o — o0,

one can prove by similar techniques as in Section [4.3] that the family {nga) : a € N} of proba-
bility measures on D(R,, S U {A}) is tight, i.e., there exists a weakly convergent subsequence.
Denoting the limit by P,, the canonical process ((X;), P,) is a Markov process that solves the

martingale problem for the generator (L, Dom(L)).

5.3.3 Generators of Feller semigroups

It is possible to classify all generators of Feller processes in R? that contain C5°(R?) in the
domain of their generator. The key observation is that the sub-Markov property of the semigroup
implies a maximum principle for the generator. Indeed, the following variant of the Hille-Yosida

theorem holds:

Theorem 5.14 (Characterization of Feller generators). A linear operator (L,Dom(L)) on

C(S) is the generator of a Feller semigroup (P,)y>q if and only if the following conditions hold:
(i) Dom(L) is a dense subspace ofC'(S).
(ii) Range(al — L) = C’(S)for some o > (.

(iii) L satisfies the positive maximum principle: If [ is a function in the domain of L and
f(zo) = max f for some xy € S then (Lf)(xy) < 0.
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Proof. “="1If L is the generator of a Feller semigroup then (i) and (ii) hold by the Hille-Yosida
Theorem [5.12] Furthermore, suppose that f < f(z) for some f € Dom(L) and xy € S. Then
0< #;0) < 1, and hence by the sub-Markov property, 0 < Pt% < 1 for any ¢ > 0. Thus
Pf < Pft < f(xp),and

(Lf)(ay) = lim LD @) =S m0)

t10 t
“&” Conversely, if (iii) holds then L is dissipative. Indeed, for any function f € C(S) there
exists zop € S such that || f||sup = |f(20)|. Assuming w.l.o.g. f(zo) > 0, we conclude by (iii)
that

aflfllsw < af(wo) = (Lf)(20) < |lof = Lfllsup ~ forany o> 0.
The Hille-Yosida Theorem [5.12] now shows that L generates a C° contraction semigroup (F;)>o
onC (S) provided (i),(ii) and (iii) are satisfied. It only remains to verify the sub-Markov property.

This is done in two steps:

a) a(G, is sub-Markov forany o > 0: 0 < f < 1 = 0 < aG,f < 1. This follows
from the maximum principle by contradiction. Suppose for instance that g := oG, f < 1,

and let zp € S such that g(zy) = maxg > 1. Then by (iii), (Lg)(zo) < 0, and hence
f(wo) = 3(ag(wo) — (Lg)(xo)) > 1.

b) P, is sub-Markov forany t > 0 : 0 < f <1 = 0 < F,f < 1. This follows from a)
by Yosida approximation: Let L(® := LaG, = o?G, — ad. If 0 < f < 1 then the
sub-Markov property for oG, implies

o = (at)”
6tL( )f — e—at Z @ (aGa)n f c [0’ 1] for any t>0.
n:

n=0

Hence also P,f = lim e2 f € [0, 1] for any ¢ > 0.
a—r00
L

Example (Sticky Brownian motions). Let S = [0,00) and fix A € [0,1]. We verify that the

linear operator L f = f”/2 with domain

Dom(L) = {f e C(8) : [ € C(S), 1=Nf(0) = Af"(O)}

generates a Feller semigroup. Condition (i) in Theorem [3.14]is satisfied. To check (ii), we have

to show that for o > 0, the boundary value problem

of = 31" =g (1=NF0)=A0), lim fx) =0, (533)

T—00
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has a solution f € Dom(L) for any ¢ € C(S). The general solution of the corresponding
homogeneous o.d.e. (i.e., for g = 0) is f(z) = ¢;e¥2 + c,e¥V=2 For A € [0, 1], only the
trivial solution satisfies the boundary conditions. Therefore, the inhomogeneous boundary value
problem has a unique solution that can be computed explicitly by variation of constants. The
positive maximum principle (iii) is satisfied as well. Indeed, suppose that f is a function in
Dom(L) that has a maximum at zq € [0,00). If zp > 0 then (Lf)(z9) = f"(x0)/2 < O.
Furthermore, if 2y = 0 then f’(0) < 0. For A € (0, 1], this implies (Lf)(zo) = f”(0)/2 < 0 by
the boundary condition in (5.3.3). Moreover, for A = 0 we have f'(0) = 0 by (5.3.3)), and hence

again (Lf)(zo) = f"(0)/2 < 0, because zy = 0 is a maximum.

Notice that the condition A € [0, 1] is essential to ensure that L satisfies the positive maximum
principle and hence generates a Feller semigroup (P;). For each such A\, Theorems [5.14]and [5.13]

show that there is a Feller process with generator L.

For A = 0 and A = 1 these processes can be identified as a Brownian motion with reflection at 0

and a Brownian motion trapped at 0, respectively. Indeed, let
Xy = |B| and X/ := B,

where (B, (P,).er) is a Brownian motion on R. Then both (X, (P,).e[0,00)) and (X, (Py)ze[0,00))
are Feller processes, and, by a similar argument as in Section [5.2.2] their generators extend the

operator (L, Dom(L)) with boundary condition f'(0) = 0, f”(0) = 0, respectively.

The corresponding Feller process for A € (0, 1) is called a Brownian motion with a sticky bound-
ary at 0. To obtain some information on the surprising properties of this process, we consider
a sequence (g,) of functions in C'(S) such that g, > 0 for all n and g, \ Loy as n — oo.
An explicit computation of the resolvents G, g,, (by solving the boundary value problem (5.3.3)))
shows that the canonical Feller process ((X;), (P,)) generated by L satisfies

B V2a A
N V2ad+1— X\

for any o > (. Hence the process starting at 0 spends in total a positive amount of time at 0, i.e.,

—at — 1
Ey |:/0 ae” “lix,—oydt| = « nlgrolo (Gagn)(0)

Leb({t>0:X,=0}) >0 Py-almost surely.

Nevertheless, by the strong Markov property, almost surely, the process leaves the state ) imme-
diately, and there is no non-empty time interval (a,b) C R, such that X; = 0 for all ¢ € (a,b).
In other words: with probability one, {t > 0 : X; = 0} is a set with positive Lebesgue measure

that does contain any non-empty open interval !

XXX Include picture
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Exercise (Sticky boundaries). Fill in the missing details in the arguments in the example above.

You may consult Liggett [21, Example 3.59 and Exercise 3.61] for further hints.

For diffusion processes on R, the maximum principle combined with a Taylor expansion shows
that the generator L is a second order differential operator provided C§°(R?) is contained in the
domain of L. Recall that a Markov process ((X;), (P,)) is called conservative iff for any = € S,

the life-time is P, almost surely infinite.

Theorem 5.15 (Dynkin). Suppose that (P,)>o is a Feller semigroup on R? such that C$°(R?)
is a subspace of the domain of the generator L. If (P;)i>o is the transition semigroup of a
conservative Markov process ((Xt)i>o, (Pr)zcre) With continuous paths then there exist functions
aij, b € C(RY) (i,5 = 1,...,d) such that for any z, a;;(x) is non-negative definite, and
. 0 f o Of a
(L) =Y ay(x) Fron, (@) + > bi(x) oy (z) Y feCPRY. (5.3.4)

1,j=1 =1

Proof. 1) Lis alocal operator: We show that
f,g € Dom(L), f = g in a neighbourhood of z = (Lf)(z) = (Lg)(x).

For the proof we apply optional stopping to the martingale M, = f(X,) — f(f (Lf)(Xs)ds.

For an arbitrary bounded stopping time 7" and = € R¢, we obtain Dynkin’s formula

T
Bl = f0)+ B | [ (whxs|.
0
By applying the formula to the stopping times
T. =min{t >0: X, ¢ B(z,e)} N1, >0,

we can conclude that

B, | [F(Lf)(X,)ds = f(x
(Lf)(x) = lim [ :limEJC[f(XE)] J(x). (5.3.5)

el0 E,[T.] el0 E.[T.]
Here we have used that Lf is bounded and lsifg(L )(Xs) = (Lf)(x) P,-almost surely by
right-continuity. The expression on the right-hand side of (3.3.3) is known as “Dynkin’s
characteristic operator”. Assuming continuity of the paths, we obtain X7, € B(z,¢).
Hence if f,g € Dom(L) coincide in a neighbourhood of = then f(X1.) = ¢g(Xr.) for
e > 0 sufficiently small, and thus (Lf)(x) = (Lg)(x) by (5.3.9).
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2)

3)

Local maximum principle: Locality of L implies the following extension of the positive
maximum principle: If f is a function in C§°(R?) that has a local maximum at z and
f(z) >0, then (Lf)(z) < 0. Indeed, if f(z) > 0 then we can find a function f € C5°(R%)
that has a global maximum at x such that f = f in a neighbourhood of z. Since L is a

local operator by Step 1, we can conclude that

(Lf)(@) = (Lf)(z) <0

If f(z) = 0 then we can apply the same argument to f + g where ¢ is a positive constant,

and g is a function in C§°(R?) such that g = 1 in a neighbourhood of . In this case,

(LA)(x) = (L(f +eg9))(x) +e(Lg)(x) < e(Lg)(x)  foranye >0,
and hence we can conclude again that (Lf)(x) < 0.

Taylor expansion: For proving that L is a differential operator of the form (5.3.4) we fix
x € R? and functions ¢, vy, ..., 1y € C°(R?) such that p(y) = 1, ¥;(y) = y; —x; ina
neighbourhood U of . Let f € C$°(R?). Then by Taylor’s formula there exists a function
R € C5°(R?) such that R(y) = o(]y — x|?) and

fy) = f(@)p(y) + Z gf Z %axj {()W;(y) + R(y)  (5.3.6)
in a neighbourhood of x. Since L is a local linear operator, we obtain
(Lf)(z) = c(z)f(x) + i bi() il i 82f (z) + (LR)(x) (5.3.7)
pa 8:132 2 = 8:618:6]

with ¢(z) == (Ly)(x), bi(x) = (L;)(x), and a;(x) := L(y;1;)(x). Since ¢ has a local
maximum at z, ¢(x) < 0. Similarly, for any £ € R?, the function

Z &ily

equals | - (y — x)|? in a neighbourhood of z, so it has a local minimum at . Hence

Z fzgjam (Z f&ﬂbﬂ/@) > 0

i,7=1

2

Z €0 () (y

i,7=1

i.e., the matrix (a;;(z)) is non-negative definite. By (5.3.7), it only remains to show
(LR)(x) = 0. To this end consider

R.(y) = R(y) —¢ Z ei(y)?
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Since R(y) = o]y — x|?), the function R, has a local maximum at z for ¢ > 0. Hence
d
0> (LR.)(z) = (LR)(z) — ¢ Y au(z) Ve >0.
i=1

Letting ¢ tend to 0, we obtain (LR)(z) < 0. On the other hand, R. has a local minimum at

x for € < 0, and in this case the local maximum principle implies
d
0 < (LR:)(x) = (LR)(x) — Y au(r) Ve <0,
i=1

and hence (LR)(xz) > 0. Thus (LR)(x) = 0.

4) Vanishing of c: If the process is conservative then p;1 = 1 for any ¢ > 0. Informally this
should imply ¢ = L1 = %ptlhzo . = 0. However, the constant function 1 is not contained
in the Banach space C (R%). To make the argument rigorous, one can approximate 1 by
Cg° functions that are equal to 1 on balls of increasing radius. The details are left as an
exercise.

0

Theorem [5.15 has an extension to generators of general Feller semigroups including those corre-

sponding to processes with discontinuous paths. We state the result without proof:

Theorem 5.16 (Courrege).
Suppose that L is the generator of a Feller semigroup on R%, and C*(RY) C Dom(L). Then

there exist functions a;j, b;, c € C(R?) and a kernel v of positive Radon measures such that

d d

(L@ = Y a5(@)550(@) + S bl@) 5 (o) + o) o)

3,j=1

[ () = F@) ~ Wy ly = 2) - V@) oo, )
RA\{z}

holds for any © € R¢ and f € C5°(R?). The associated Markov process has continuous paths if
and only if v = 0.

For transition semigroups of Lévy processes (i.e., processes with independent and stationary
increments), the coefficients a;j, b;, ¢, and the measure v do not depend on z. In this case, the

theorem is a consequence of the Lévy-Khinchin representation, cf. e.g. [11].

Markov processes Andreas Eberle



Chapter 6
Invariant measures and reversibility

Let S be a Polish space endowed with its Borel g-algebra 5. By F(S) and F,(S) we de-
note the linear spaces of all measurable, bounded measurable functions f: S — R, respec-
tively. We assume that we are given a right continuous time-homogeneous Markov process
((Xt)t>05 (Ft)t>0, (Pr)zes) with transition semigroup (p;):>o such that for any z € S, (X})i>0
is under P, a solution of the martingale problem for (£, A) with P, [X, = ] = 1. Here A is a
linear subspace of F,(S), and £ : A — F(S) is a linear operator. Let A denote the closure of A

with respect to the supremum norm. We impose the following assumptions on .4 and L:

(A0) If 1 is a signed measure on S with finite variation such that [ f dy = 0 for any f € A,
then p = 0.

(A1) L(A) C A.
Assumption (AO) means that the subspace A is separating. Assumption (A1) will be replaced
later by a slightly less restrictive condition.

By Theorem [5.7] Assumptions (A0O) and (A1) imply that the transition semigroup (p;) induces
a Oy contraction semigroup (F;) of linear operators on the Banach space £ = A such that the

generator is an extension of the operator (£,.4). In particular, this implies that the forward

equation

d

%ptf = pLf (6.0.1)
holds for any function f € A, and the backward equation

d

%ptf = Lpf (6.0.2)

is satisfied for any function f € A such that p,f € A for any ¢ > 0. Here the derivatives are

taken on the Banach space F, i.e., w.r.t. the supremum norm.
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224 CHAPTER 6. INVARIANT MEASURES AND REVERSIBILITY

Notice that the backward equation is valid only on a restricted class of functions. This will
cause technical difficulties in the proofs below. A common way to avoid these difficulties is to
assume that p;(LA) C A for any ¢ > 0. However, this assumption is too restrictive for many
applications. We will replace it by slightly less restrictive conditions, see Assumptions (A2) and
(A2’) below. Often these conditions are still too restrictive. In this case, one common strategy
is to approximate the Markov process and its transition semigroup by more regular processes
(e.g., by non-degenerate diffusions on R%), and to apply the methods below to the approximating
regularized processes. Unfortunately, there is no universal way how to implement this strategy.
In the end, one has to decide on a case by case basis how to apply the techniques to a specific

model.

6.1 Characterizations of invariant probability measures

The main tool for the characterization and computation of invariant probability measures are
the forward and backward equation, which imply necessity and sufficiency of an infinitesimal
condition for invariance, respectively. Throughout this section, we assume (A0O) and (Al). For

the proof of sufficiency, the following additional assumption will be required:

(A2) There exists a linear subspace Ay C A that is dense w.r.t. the supremum norm, such that
pi(Ag) C A forany t > 0.

6.1.1 Infinitesimal invariance and stationarity

The next theorem gives a necessary and sometimes sufficient condition for invariance that can

often be verified in concrete models:

Theorem 6.1 (Infinitesimal characterization of stationary distributions). For a probability

measure |1 on S, the following assertions are equivalent:
(i) The process (X, P,) is stationary, i.e., for any s > 0, (Xsyt)i>0 ~ (Xit)i=0 w.rt. P, .
(ii)  is an invariant probability measure for (p:)¢>o.

Moreover, (i) and (ii) imply
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6.1. CHARACTERIZATIONS OF INVARIANT PROBABILITY MEASURES 225

(iii) v is infinitesimally invariant, i.e.,
/Efd,u =0  forany f € A.

Conversely, if Assumption (A2) is satisfied then (iii) implies (i) and (ii).

Proof. (1)=(ii) If (i) holds then for any s > 0,

pps = P,o X' = P,o X' = p.

(ii)=-(i) By the Markov property, for any measurable subset B C D(R*,S),
P.[(Xsit)i>0 € B| Fs] = Px,[(Xi)i>0 € B] P,-almost surely.
Thus if (ii) holds then

PM[(XS-I—t)tZO € B] = EM[PXS[(Xt)tZO € BH = Pups[(Xt)tZO € B] = PM[X € B]

(ii)=-(iii) By Theorem[3.7, for any f € A,

pef — f s

" Lf uniformly as ¢ | 0.

Thus if x4 is invariant for (p;):>o then

/CfdM g LS = Ddp [ ) — [ fdp
[

0 t t}0

(iii)=-(i1) Suppose that (A2) holds, and let f € Ag. Then p;f € A for any ¢ > 0. Hence, by the

backward equation and (iii),

d
7 pefdp = /Eptfdu = 0, and thus
[tdew) = [wfdn = [sdu foranyezo 6.1

Since A, is dense in .4 with respect to the supremum norm, (6.1.1) extends to all f € A.
Hence by (AO), up; = p for any ¢t > 0.

O
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226 CHAPTER 6. INVARIANT MEASURES AND REVERSIBILITY

Example (Brownian motion with trap at boundary). A Brownian motion on the interval [0, 1]
that is trapped when reaching the boundary is defined by X; = Byr where (B, P,) is a Brownian

motion on R starting at x € [0, 1], and
T = inf{t >0: B, € {0,1}}.

The process (X;, P,) is a Markov process with continuous paths that solves the martingale prob-

lem for the operator £ = 1 % with domain A = C§°((0,1)). The uniform distribution z on

[0, 1] is infinitesimally invariant, since

1 1
/Cfdu = 5/0 f"(x)dz =0 forany f € C3°((0,1)).

Nevertheless, 1 is not invariant for the corresponding transition semigroup (p;) as P,-almost

surely, X; € {0, 1} eventually.

The example shows that infinitesimal invariance does not imply invariance in general. Similar

phenomena can arise by boundaries at infinity, singularities, and in other ways.

Next, we apply Theorem to diffusion processes on R%. Suppose that we are given non-

explosive weak solutions (X;, P,), z € RY, of a stochastic differential equation
dX, = o(X,)dB, + b(X,)dt, Xo=1z P,-as.,

where (B;);>0 is a Brownian motion on R¢, and the functions o: R" — R"*¢ and b: R" — R"
are locally Lipschitz continuous. We assume that the diffusion coefficients a(z) = o(z)o(z)T
and b(z) are growing at most polynomially as || — co. Then by Itd’s formula, (X3, P,) solves
the martingale problem for the operator (L, .4) where
L = 1 Z": aij(x)aiz +b(x) - V, and
2 = 0z;0x;

A=8R")={f e C®R"): | llim |z|¥(0* f)(x) = 0 for any k > 0 and any multi-index o'}

Moreover, the local Lipschitz condition implies uniqueness of strong solutions, and hence, by
the Theorem of Yamade-Watanabe, uniqueness in distribution of weak solutions and uniqueness
of the martingale problem for (£, .A), cf. e.g. Rogers and Williams [32]]. Therefore by Theorem
B.11l (X, P,) is a Markov process.
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Corollary 6.2 (Infinitesimal characterization of stationary distributions for diffusions on
R™). Suppose that 1 is an absolutely continuous probability measure on R"™ with density o =
dp/dx. If p is invariant for (X, P,) then

1 2
L0 = 5 igl %@:Ej(aij 0) — div(bo) = 0 in the distributional sense. (6.1.2)

Conversely, if (6.1.2) holds and p,(C§°(R™)) C S(R™) for any t > 0, then p is invariant.

Proof. If i is an invariant probability measure, then by Theorem [6.1]

0 = /Efd,u:/ﬁfgda: VfeSRY, (6.1.3)

Rn
i.e., L*0 = 0 holds in the distributional sense. Similarly, the converse implication follows by
applying Theorem [6. 1l with Ay = C{°(R™) and A = S(R™). O

Remark. Even if y is an invariant probability measure that is not absolutely continuous, it satis-

fies £*1 = 0 in the distributional sense. This is precisely the statement of Theorem [6.1] (iii).

By Corollary [6.2] in order to show that a given measure is invariant for a diffusion process on
R™, it is sufficient to verify that it is infinitesimally invariant and that p;(C3°(R™)) C S(R™). The
second condition has two parts: For a given test function f € C5°(R™) and¢ > 0, one has to check
that p, f is smooth and that its derivatives are decaying faster than any polynomial as |z| — oc.
This can be achieved by considering derivative flows if the coefficients are smooth, see the Master
course on “Stochastic Analysis”. Alternatively, even for non-smooth coefficients, smoothness of
p.f follows by the regularity theory for partial differential equations if, for example, the operator

L is strictly elliptic.

Example (Deterministic diffusions).

dX, = b(X,) dt, bc C*(R™)
Lf=0b-Vf
L*0 = —div(gb) = —odivb —b- Vo, oeC!
Lemma 6.3.
L0=0 & div(ob) =0
& (L, C°(R™)) anti-symmetric on L* (1)
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Proof. First equivalence: cf. above

Second equivalence:
/fﬁgd,u:/fb-Vggdx: —/div(fbg)gd:c
—— [ rgdn~ [ datansgds Vfge

Hence £ is anti-symmetric if and only if div(gb) = 0

6.1.2 Detailed balance and reversibility

Theorem 6.4. Suppose (Al) and (A2) hold. Then for pn € M,(S) the following assertions are

equivalent:
(i) The process (X, P,) is invariant with respect to time reversal, i.e.,
(Xs)o<s<t ~ (Xi—s)o<s<t  with respect to P, ¥t >0
(ii)
p(dx)pi(z, dy) = p(dy)pe(y, de) Vi =0

(iii) p is p-symmetric, i.e.,
/fptg dp = /ptfg dp V' f, g € Fy(S)
(iv) (L,A) is u-symmetric, i.e.,

/fﬁgduz/ﬁfgdu VfgeA

Remark. (1). A reversible process (X, P,) is stationary, since for all s, u > 0,
(XS-H)OSITSU ~ (Xu—t)OStgu ~ (Xt)OStgu with respect to PN

(2). Similarly (ii) implies that x is a stationary distribution:

/mwm@@w:/mmmwwwzmw>
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Proof of the Theorem. (1)=-(i1):

p(de)p,(z,dy) = P, o (Xo, Xi) ™ = By o (Xe, Xo)™' = u(dy)pi(y, dw)
(i1)=>(1): By induction, (ii) implies

M(dﬂio)ptrto (370, dxl)])tgftl (2171, d372) Pty —tn (ﬂfnfl, dﬂ?n)
:M(dxn)ptl—to (xru df['n_l) o Pta—tna (xla de)
forne Nand 0=ty <t¢; <---<t, =t,and thus

Eu[f(Xm tha Xt27 cee 7th717Xt)] = Eu[f(Xta s 7Xt17 XO)]

for all measurable functions f > 0. Hence the time-reversed distribution coincides with

the original one on cylinder sets, and thus everywhere.

(i1)<(ii1): By Fubini,
/ Forg dy = // F(@)g(y)u(d)pr(z, dy)

is symmetric for all f, g € F(.S) if and only if u ® p, is a symmetric measure on S x S.

(iii))<(iv): Exercise.

6.1.3 Invariant measures of one-dimensional diffusions

In the one-dimensional case,
Lf=5f"+bf
and

1 i /
Lo = 5(@@) — (bo)

where a(z) = o(x)?. Assume a(z) > 0 forall z € R.

a) Harmonic functions and recurrence:

[ 20
Lf:gf”—i-bf/:o & f’ZCleXp—/;d:c, CreR
0

& f=04C-s, (1,05 €eR
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where

_ y2b(z)d
s::/e 0 a@ Y dy

0

is a strictly increasing harmonic function that is called the scale function or natural scale of the

diffusion. In particular, s(X}) is a martingale with respect to P,. The stopping theorem implies

PT, < T) = YVa<xz<b

As a consequence,

(i) If s(00) < oo or s(—o0) > —oo then P,[|X;| — oo] = 1forall x € R, i.e., (X, P,) is

transient.

(i) If s(R) = R then P,[T, < oo] = 1 forall z,a € R, i.e., (X¢, P,) is irreducible and

recurrent.
b) Stationary distributions:

(i) s(R) # R: In this case, by the transience of (X, P,), a stationary distribution does not

exist. In fact, if p is a finite stationary measure, then for all ¢, > 0,
nfe el <} = (up)(fe : Je < r}) = BulIX] < 7).
Since X is transient, the right hand side converges to 0 as ¢ T co. Hence
p{e o |z <rp) =0
for all » > 0, i.e., u = 0.

(ii)) s(R) =R: We can solve the ordinary differential equation L£*p = 0 explicitly:

* 1 /
Lo = (5(%)’ - b@) =0
1 , b .
& é(ag) — —ap=CY4 with C; € R
a
P % (ei f(). %dxag)/ — Cl e f(). %dw
& sap=Cy+2C, - s with C;,Cy € R
02 02 j’/ 2b g .
& oly) = = elo o & with Cy > 0
V=)  al)
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Here the last equivalence holds since s'ap > 0 and s(R) = R imply Cy = 0. Hence a

stationary distribution p can only exist if the measure

is finite, and in this case u = %. The measure m is called the speed measure of the

diffusion.
Concrete examples:

(1). Brownian motion: a =1,b =0, s(y) = y. There is no stationary distribution. Lebesgue

measure is an infinite stationary measure.

(2). Ornstein-Uhlenbeck process:

dXt = dBt — ’}/Xt dt, Y > 0,
1 d _1
“2dz2 ar “=5
Yy Y
b(x) = —yx, s(y) = /efoy adr g, — /ew2 dy recurrent,
0 0
2 m 2 . . . . . .
m(dy) = e V" dy, p=——=N <0, —) is the unique stationary distribution
m(R) gl
(3).
1
dX, = dB, + b(X,) dt, be C? b(z) = — for |x| > 1
x

transient, two independent non-negative solutions of £*p = 0 with [ ¢odz = .

(Exercise: stationary distributions for d.X; = dB; — dt)

v
1+ X¢|

6.2 Dirichlet forms and reversible Markov processes

Definition (Dirichlet form).

Example (Finite state space).

6.2.1 Overdamped Langevin dynamics
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Theorem 6.5 (Existence and reversibility).

Remark. Probabilistic proof of reversibility for b := —%VH , HeCh:

t
1
X,=xz+ B, + /b(XS) ds, non-explosive, b= —§Vh

0
Hence P, o X7 < PPM with density

T

exp —%H(BO)——H Br) — /( |VH|2——AH)( s) ds

0

which shows that (X, P,) is reversible.

6.2.2 Non-constant diffusion coefficients and intrinsic metric

6.2.3 General Dirichlet forms and Dirichlet operators

Definition (Adjoint operator, Self-adjoint operator).
Example (Dirichlet and Neumann boundary conditions).
Definition (Dirichlet form, Dirichlet operator).

Example (Strictly elliptic diffusions on a bounded domain).

Lemma 6.6 (Regularization of Dirichlet forms).

6.2.4 One-to-one correspondences

Theorem 6.7 (Closed symmetric forms, self-adjoint operators and symmetric contraction

semigroups).
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Theorem 6.8 (Dirichlet forms, Dirichlet operators and symmetric sub-Markov semigroups).

Lemma 6.9 (Verifying the contraction property).

Lemma 6.10 (Closability and Friedrichs extension).

6.3 Diffusion processes with a given invariant measure

1 — 0?
- — .. - . — O°(R"
L 2ij§:1azj(x)axi8xj +b-V, A = C5°(R")

1+ probability measure on R" (more generally locally finite positive measure)

Question: For which process is p stationary?

Theorem 6.11. Suppose . = o dx with g;a;; € C',b € C, 0 > 0. Then

(1). We have
Lg=Lsg+ Lag

forall g € C°(R™) where

(2). The operator (L, C§°) is symmetric with respect to pu.
(3). The following assertions are equivalent:
(i) L'u=0 (ie. [Lfdu=0jforall feC).
(it) Lop =0
(iii) div(oB) = 0

(iv) (La, C§°) is anti-symmetric with respect to [
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Proof. Let
- [ regan (rgecp)
denote the bilinear form of the operator (£, C°(R™)) on the Hilbert space L*(R", 11). We decom-

pose £ into a symmetric part and a remainder. An explicit computation based on the integration
by parts formula in R” shows that for g € C{°(R") and f € C*(R"):

2

5(f,g)=-/f<lz waaéq +b- Vg) odt
/ Z@ Z]f g dx—/fb Vgodx
:/QZ ”gfgg da —/fB-Vdefc Vfgely

and set

Ef.9): /Z%af o= [ fLagdu

eulfg) = [ 19-Vgeds =~ [ fLagd

This proves 1) and, since & is a symmetric bilinear form, also 2). Moreover, the assertions (i)

and (ii) of 3) are equivalent, since

—/nguzc‘?(l,g)=5(1 9)+&(1,9) /Eagdu

for all ¢ € C3°(R™) since £(1,g) = 0. Finally, the equivalence of (ii),(iii) and (iv) has been

shown in the example above. L
Example. £=1A+0b-V, be CR"R"),
(L,C5°) pu-symmetric < [=0b— Q—IQVQ =
1
& b= 2—5 = §Vlogg

where log o = —H if p = e H da.

L symmetrizable < bis a gradient

L'u=0 < bz%Vlogngﬁ

when div(pf) = 0.

Example (Langevin dynamics).
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Chapter 7

Functional inequalities and convergence to

equilibrium

Our goal in the following sections is to relate the long time asymptotics (¢ T oo) of a time-
homogeneous Markov process and its transition semigroup to its infinitesimal characteristics

which describe the short-time behavior (¢ | 0):

Asymptotic properties Infinitesimal behavior, generator

t1 oo tlo0

Although this is usually limited to the time-homogeneous case, some of the results can be applied
to time-inhomogeneous Markov processes by considering the space-time process (¢, X;), which
is always time-homogeneous. Useful additional references for this chapter are the books by
Royer [33] and Bakry, Gentil, Ledoux [[1], and the lecture notes by Malrieu [23]].

Let S again be a Polish space endowed with its Borel o-algebra B. As before, we assume that
we are given a right continuous time-homogeneous Markov process ((X;)i>0, (Ft)i>0, (Pr)zes)
with transition semigroup (p;):>o such that for any = € S, (X});>0 is under P, a solution of the
martingale problem for (£, A) with P, [ X, = ] = 1. Here A is a linear subspace of F;(S), and
L: A— F(S)is alinear operator. Furthermore, we assume from now on that y is an invariant

probability measure for (p;);>o. Then p; is a contraction on L?(.S, 11) for all p € [1, 00| since

[mtrans [irran= [1fran s e 5l

by Jensen’s inequality and invariance of ;. The assumptions on .4, and .4 imposed above can be

relaxed in the following way:
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(A0) If 4 is a signed measure on S with finite variation such that [ fdu = 0 for any f € A,
then p = 0.

(AY) f, Lf € LP(S,u) forall 1 < p < o0

(A2%) A, is dense in A with respect to the LP(.S, i) norms, 1 < p < oo, and p,f € A for all
feA

In addition, we assume for simplicity
A3) 1A

Remark. Condition (AQ) implies that A, and hence Ay, is dense in L?(S, u) for all p € [1, 00).
In fact, if g € L9(S, u), % + 113 =1, with [ fgdu = 0forall f € A, then gdu = 0 by (A0) and
hence g = 0 p-a.e. Similarly as above, the conditions (A0), (A1) and (A2’) imply that (p;)¢>0
induces a Cyy semigroup on LP(S, ) for all p € [1,00), and the generator (L), Dom(L®)))
extends (£, A), i.e.,

ACDom(L®) and LW f=Lf p-ae. forall fe A
In particular, the Kolmogorov forward equation
d
%ptf:ptcf VieA

and the backward equation
d
%ptf =Lpef V[feA

hold with the derivative taken in the Banach space LP(S, ).

7.1 Poincaré inequalities and convergence to equilibrium

We first restrict ourselves to the case p = 2. For f, g € £2(S, ) let

(f,g)u:/fgdu

denote the L? inner product.

Definition. The bilinear form

d
5(f7.g) = _(fa'cg)u = _E(fvptg)u 0’
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f,9 € A, is called the Dirichlet form associated to (L, A) on L*(u).

£.(f,9) = 5 (E(1.0) + £(9. )

is the symmetrized Dirichlet form.

Remark. More generally, £(f, g) is defined for all f € L?(S, ) and g € Dom(L®)) by

d
= — @) = 2
E(f.9)=~(f,L%9)u = = (f:peg)u|
7.1.1 Decay of variances and correlations
Theorem 7.1. Forall f € Agandt > 0
d d
dt Varu(ptf) = it /(ptf)2 dp = =2E(pef,pef) = —2E(pof, P f)

Remark. (1). In particular,

E.0) =5 [Pl = 5 5 Vanu (o)

t=0

infinitesimal change of variance

(2). The assertion extends to all f € Dom(L®) if the Dirichlet form is defined with respect to

the L? generator. In the symmetric case the assertion even holds for all f € L*(S, p).

Proof. By the backward equation,

d

dt (ptf)2 dp =2 /ptfptf dp = =2E(pof,pif) = —2E(pef, 0o f)

/mﬂMz/fﬂwﬁz/f@

d d
at Var,(p.f) = at /(ptf)2 dp

Moreover, since

is constant,

O
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Remark. (1). In particular,

d d
£ ) =~y [ du| =35 Var, )
E.(J.9) = T ET +0.F +9) +ET — 9. —9)) = 3 o Cov,(pf, pug)

Dirichlet form = infinitesimal change of (co)variance.

(2). Since p; is a contraction on £%(11), the operator (£, A) is negative-definite, and the bilinear

form (€, A) is positive definite:

(=, L) = E(f, f) = 2 lim ( Jopran- [ du) >0

2 tlo

Corollary 7.2 (Decay of variance). For \ > 0 the following assertions are equivalent:

(i) Poincaré inequality:

Van,(f) < 3E(f ) VS eA

(ii) Exponential decay of variance:

Var,(pif) < e 2 Var,(f) Vf e L*(S,u) (7.1.1)

span{1}+ )

Remark. Optimizing over ), the corollary says that (Z.1.1)) holds with

T }IelA Var,(f) }EA (f, N

fLllin L2(p)

(iii) Spectral gap:
Rea >\ Va € spec (—L(z)

Proof. (i) = (i1)
E, 1)z A-Var,(f) VfeA

By the theorem above,

%Varu(ptf) = =2E(puf,pef) < —2X\ Var,(pef)

forallt > 0, f € Ay. Hence

Var,(p:f) < e M Var,(pof) = e M Var,(f)
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for all f € Ay. Since the right hand side is continuous with respect to the L?(;) norm, and
Ay is dense in L?(11) by (A0) and (A2), the inequality extends to all f € L*(u).

(i) = (i7i) For f € Dom(L®),
d
o Vanof)| _ = 267, 1).
Hence if holds then
Var,(p.f) < e 2 Var,(f) Vt>0
which is equivalent to
Var,(f) —2tE(f, f) + o(t) < Var,(f) — 2At Var,(f) +o(t) Vt>0
Hence
E(f, f) = AVar,(f)
and thus
—(LDf, 1), > A / frdu  for f11
which is equivalent to (iii).

(7ii) = (i) Follows by the equivalence above.
U

Remark. Since (£, A) is negative definite, A > 0. In order to obtain exponential decay, however,

we need A > 0, which is not always the case.

Example. (1). Finite state space: Suppose u(z) > 0 forall x € S.

Generator:

Adjoint:
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Proof.
(LS, 9)u Zu (y)g()
_ 0 D 22l
=> uy)f () S 0)a(@)
= (fa L )u
]
Symmetric part:
! ” _1 1y)
£uov) = 5 (o) + £¥(o0) = 5 (L) + 20 0l0.0))
p(a)alary) = 5 () LG, ) + nly) £y, )

Dirichlet form:

E(f 9) = —(Lsf.9) Zu fy) = f(@)) g()

Hence

where
Q(r,v) = W) Lalr,y) = 3 (W)L, ) + () £y, 7))

(2). Diffusions in R™: Let

L—EZ LA
B Y oz,00; ;0 ’

2%

and A = C§°, u = pdx, g,a;; € C', be Cp>0,
/Z of o
Y B, (’lxj

E(f,9) = Ef9) — (.5 Vg), B=b— }Qdiv (0asy)
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7.1.2 Divergences

Definition (''Distances' of probability measures). p, v probability measures on S, u — v

signed measure.

(i) Total variation distance:
v = pllrv = sup [v(A) — p(A)]
AeS

(ii) x>2-divergence:

2
f(fl—*:—l)QdM:f(g_ﬁ du—1 ifrv<<pu

+00 else

X (plv) =

(iii) Relative entropy (Kullback-Leibler divergence):

dv dv . dv )
H(vlp) = J G log g dp = [log Grdv ifv < p

+00 else
(where 0log 0 := 0).
Remark. By Jensen’s inequality,
dv dv
H > | —dul —dpu =0
(V|/~L)_/dﬂ uog/du u

Lemma 7.3 (Variational characterizations).

(i) '
b=ull =y sw ([rar= [ ran)
feF(S)
|fI<1
(ii)
2
X*(vlp) = sup (/fdv—/fdu)
feFy(S)
[ f3du<t

and by replacing f by f — [ f dp,

con o (f19)

[ 2 du<i
[ fdp=0
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(iii)

H(v|p) = sup /fdl/— sup /fdl/—log/efd,u
feF(S feFu(S)

[ef d,u<1

Remark. [ e/ du <1, hence [ fdu < 0 by Jensen and we also have

i, (f 0o f o) <o

W(A) — p(A) = ((A) — plA) + p(A) — (A%)) = © (/fdv - /fdu)

and setting f := I4 — I4c leads to

I = ullre = sup (4(4) = (4)) < 3 sup (/fdv - /fdu>

2f1<1

Proof. ()7 <7

7 >7 If | f| < 1then

[raw-w=[raw-p+ [ saw-p
Sy S_

< (v = pw)(S4) = (v —p)(S5-)
=2(v —p)(S4)  (since (v —p)(Sy) + (v — p)(5-) = (v — p)(9)
<2|lv = pllry

where S = S, US_, v—pu >0onSy, v—pu < 0on S_ is the Hahn-Jordan

decomposition of the measure v — p.

(i1) If v < p with density g then

= lle = ey = sup /f(@— 1)dp=sup (/fdv—/fdu)
feL?(u) feFp(S)

||f||L2(;L)S1 ”f”LQ(N)Sl

=

X (V)

by the Cauchy-Schwarz inequality and a density argument.

If v & p then there exists A € S with u(A) = 0 and v(A) # 0. Choosing f = A - [ 4 with

A T oo we see that
2
sup (/fdv - /fdu) =00 = x*(v|w).
FEFH(S)

”f”LQ(,’L)Sl

This proves the first equation. The second equation follows by replacing f by f — [ f dp.
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(ii1) First equation:

7 >7 By Young’s inequality,

uv < ulogu —u + "

for all w > 0 and v € R, and hence for v < p with density p,

[ rav= | todn
S/gloggdu—/gdu+/efdu

:H(y\,u)—l—i—/efd,u vV fe Fu(S)

<H@) it [
7 <7 v < p with density p:

a) e<p< % for some £ > 0: Choosing f = log p we have

H(ym):/loggdy:/fdy
/efdu:/gduzl

b) General case by an approximation argument.

and

Second equation: cf. Deuschel, Stroock [6]].

Remark. If v < p with density o then

1
HV—M”TV—§SUP fle—1)d :§|’Q_1HL1(M)
lf]<1

However, ||v — ul|ty is finite even when v &< p.

7.1.3 Decay of \° divergence

Corollary 7.4. The assertions (i) — (iii) in the corollary above are also equivalent to

(iv) Exponential decay of x? divergence w.r.t. equilibrium measure:

X (vpelp) < e3P (vln) Vv € Mi(S)
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Proof. We show (i1) < (iv).
7 =7 Let f € L*(u) with [ fdpu = 0. Then

[ dwm - [ rau= [ ) = [ s

1

< Ipefllzg - X2 (vp)?
_ 1
< e M| fllrzg - X2 (v|p)?

where we have used that [ p,f du = [ fdp = 0. By taking the supremum over all f with
[ f?dp < 1 we obtain
PO 1
XCloplp)? < e M (vlp)?

? <7 For f € L2(n) with [ fdp = 0, (iv) implies

/ pofgdu =" / Fdwp) < £l wpili)?

_ 1
< e M fllzx’ (Vw2

= e*’\tHfHLQ(u)HgHLQ(u)

forall g € L?(uu),g > 0. Hence

1pef 1200 < €M f Nl 2

Example: d = 1!
Example (Gradient type diffusions in R™).
dX; = dB; + b(Xy) dt, be C(R",R")
Generator:
Lf= %Af +bVf, feCFR")

symmetric with respectto t = odz, o0€ C' & b= %V log p.
Corresponding Dirichlet form on L?(go dx):

&(.9) =~ [ trgeds =5 [ ViVgods
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Poincaré inequality:

1
< . 2
Var, . (f) < o /|Vf| odx

The one-dimensional case: n =1,b = $(log 0)’ and hence
o(x) = const. efo 26W) &y
e.g. b(z) = —aw, o(x) = const. e~ ;i = Gauss measure.

Bounds on the variation norm:

Lemma 7.5. (i)
1
v = nlld < 2E00)

(ii) Pinsker’s inequality:
1
v~ nlly < SH(A) ¥ € Mi(S)

Proof. If v & pu, then H(v|p) = x*(v|pn) = oo.
Now let v < pu:

@)
I =l = 3lle = o < 3lle = s = 3P010)*
(i1)) We have the inequality
3(r—1)2< (4+2r)(zlogr —x+1) Va>0

and hence

N

V3lz — 1| < (4+2x)%(xlogx—x+1)

and with the Cauchy Schwarz inequality

\/§/|@—1\du§ (/(4+2@)du)é (/(Qlog9—9+1)du)2

= V6 H(v|p)?

O
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Remark. If S is finite and p(x) > 0 for all z € S then conversely

2 v(z) . 2
ﬁwmzzxﬂﬁ_gu@g(imu@ 1)

zeS mianS M(.T)

Al — iy

min p
Corollary 7.6. (i) If the Poincaré inequality
1
Var,(f) < 3E(F. ) V€A
holds then
_ < 1 —Xt. 2 1 1.2
lvpe — pllzv < 5¢ "X (v|p)> (7.1.2)

(ii) In particular, if S is finite then
1

) e Mv — pllv
mingeg p(x)

lvpe — pllrv <

1
2

where ||v — ullrv < 1. This leads to a bound for the Dobrushin coefficient (contraction

coefficient with respect to || - ||1v)-
Proof.
1 11 12 1 _
lvpe = pllry < §X2(th|/~t)2 < g€ P IERS o 1¢ Ml — plly
min y2
if S is finite. O

Consequence: Total variation mixing time: € € (0, 1),

Toix(e) =inf{t >0 : |jup; — p|lrv < eforallv € M;(5)}
1 1 1 1

)\logng—log

< -
- 22X\ " min p(x)

where the first summand is the L? relaxation time and the second is an upper bound for the

burn-in time, i.e. the time needed to make up for a bad initial distribution.

Remark. On high or infinite-dimensional state spaces the bound (Z.1.2)) is often problematic

since x?(v|u) can be very large (whereas || — u|ltv < 1). For example for product measures,
dvm\? dv\? !
2
= [ () @ -1 = PN oau) -1
Xl / (du”) . </ (du) M)
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where f (%)2 dp > 1 grows exponentially in n.
Are there improved estimates?

[otav= [ ran= [ nraw-mw < sl v -l
Analysis: The Sobolev inequality implies

pefllsup < - (1 F 1o

However, Sobolev constants are dimension dependent! This motivates a replacement by the log

Sobolev inequality, see Section [Z.3] below.

7.2 Central Limit Theorem for Markov processes

When are stationary Markov processes in continuous time ergodic?

Let (L, Dom(L)) denote the generator of (p;);>o on L?(11).

Theorem 7.7. The following assertions are equivalent:
(i) P, is ergodic
(ii) ker L = span{1}, i.e.

h € L?(u)harmonic =  h = const. ji-a.s.

(iii) p; is p-irreducible, i.e.

B € Ssuchthatplp =1 p-as.¥t>0 = pu(B)e{0,1}

If reversibility holds then (i)-(iii) are also equivalent to:

(iv) py is L*(p)-ergodic, i.e.

0 VfelL(n)

pi = [ £

L2 (p)
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7.2.1 CLT for continuous-time martingales

Let (M;):>o be a continuous square-integrable (F;) martingale where (F;) is a filtration satis-
fying the usual conditions. Then M? is a submartingale and there exists a unique natural (e.g.

continuous) increasing process (M), such that
M} = martingale + (M),
(Doob-Meyer decomposition, cf. e.g. Karatzas, Shreve [16]).

Example. If NV, is a Poisson process then
Mt - Nt - )\t

is a martingale and

almost sure.

Note: For discontinuous martingales, (M), is not the quadratic variation of the paths!

(X,, P,) stationary Markov process, L\”, L) generator on L2(y1), L'(), f € Dom(L®M) D

Dom(L®)). Hence
t

f(Xy) = M+ /(L(l)f)(Xs) ds P,-as.
0
and M/ is a martingale. For f € Dom(L®) with f? € Dom(LW),

t

(Mf)t:/F(f, f)(X,)ds P,as.

0

where

L(f,9) = LY(f-g) — fLPg— gL®) f € L} ()
is the Carré du champ (square field) operator.

Example. Diffusion in R",

1 0?

27.]
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Hence
C(0)w) = (@) 5 @) 32 0) = [o" @)V @),

0,
forall f, g € C3°(R™). Results for gradient diffusions on R" (e.g. criteria for log Sobolev) extend

to general state spaces if |V f|? is replaced by I'(f, g)!

Connection to Dirichlet form:

e ) == [ 119 dus (5 [192a) =5 1060

'

=0

Theorem 7.8 (Central limit theorem for martingales). ();) square-integrable martingale on
(Q, F, P) with stationary increments (i.e. My, — My ~ M; — M,), 0 > 0. If

1
;(M)t —o? in L'(P)

then

7.2.2 CLT for Markov processes

Corollary 7.9 (Central limit theorem for Markov processes (elementary version)). Let

(Xt, P,) be a stationary ergodic Markov process. Then for f € Range(L), f = Lg:

/ ds—>N(0 af)

Sl=

where
ot = 2/9(—L)g dp = 2&(g, 9)

Remark. (1). If p is stationary then

/fd,u /Lgd,u—()

i.e. the random variables f(X) are centered.
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(2). ker(L) = span{1} by ergodicity

terty = {re 2o+ [ fau=of = L

If L: L(n) — L?(p) is bijective with G = (—L)~! then the Central limit theorem holds

forall f € L?(u) with

O'J2c = Q(Gf, (_L>Gf>L2(,u) = 2(f7 Gf)LQ(H)

(H~! norm if symmetric).
Example. (X, P,) reversible, spectral gap A, i.e.,
spec(—L) C {0} U [\, 00)

hence thereisa G = (—L )~1, spec(G) C [0, +] and hence

L (1)
2
< SIS 3,
is a bound for asymptotic variance.
Proof of corollary.
_/ 9(Xi) — 9(Xo) _'_%iq
vt Vi Vi

<M9)t:/F(g,g)(Xs) ds P,-as.

and hence by the ergodic theorem

1 tToo
;<Mg>t — /F(g,g) dp = o}

The central limit theorem for martingales gives
M7 B N(0,02)

Moreover
1

Vi

in L?(P,), hence in distribution. This gives the claim since

(9(Xt) —9(Xo)) = 0

th,u, Yth = Xt+Y}2>,u

Extension: Range(L) # L?, replace —L by o — L (bijective), then « | 0. Cf. Landim [[18]].

O
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7.3 Entropy Bounds

We consider the setup from section 4.3. In addition, we now assume that (£, .A) is symmetric on
L*(S, ).

7.3.1 Logarithmic Sobolev inequalities and hypercontractivity

Theorem 7.10. With assumptions (A0)-(A3) and o« > 0, the following statements are equivalent:

(i) Logarithmic Sobolev inequality (LSI)

2
| #2108 ”ﬂf; dn < 2E(f,f) VfeA
s L2(p)

(ii) Hypercontractivity For1 < p < q < o0,

qg—1
p—1

(0%
lpefllzogy < W fllzegy  V.f € LP(u), t 2 5 log

(iii) Assertion (ii) holds for p = 2.

Remark. Hypercontractivity and Spectral gap implies

1pef Nl Lae) = IProPet0 f Nl paguy < MPe—to F Il 2y < €O Fll 22y
forallt > ty(q) := §log(q — 1).
Proof. (i)=(ii) Idea: WLOG f € Ay, f > & > 0 (which implies that p, f > & V't > 0).
Compute
d
$||ptf||Lq(t)(M), q: R™ — (1, 00) smooth:

(1). Kolmogorov:

d
P f = Lp:f derivation with respect to sup-norm

implies that

% (pef)™ D dp = q(t) / Pef)* O Ly f dp+ ¢ (t) / (pef)* log pe f dps
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where

/ (0 )0 Lpof dj = —€ ()0, pof)

(2). Stroock estimate:

e(r ) = M Ve (41 13)

q
Proof.
ESTLN == (1N L)), —Ejglt(fq Lf i),
_ltlﬁ)lz_t/ f7y) = [N @) (Fly) = f(2) pe(, dy) p(dr)

> M // (1) - 13@) pie.dy) n(ao)
_ Mg (f% f%)
q? ’

where we have used that

(af —02) < (@~ b ) (@) Yab>0 > 1
2) T 4q-1) ST

Remark.

— The estimate justifies the use of functional inequalities with respect to £ to bound

LP norms.

— For generators of diffusions, equality holds, e.g.:

/qu1Vfd,u = 4(qq; 1)/

by the chain rule.

(3). Combining the estimates:

1 d d
q(t) - ||ptf||ggg 1%||ptf||q(t) =7 /(Ptf)q(t) dp—q'(t) /(Ptf)q(t) log ||t fl gy it

where
J R

This leads to the estimate

(t d
a(t) - lpef i) 2 f

Aat) 1), atw a®
<=L ()™ ) ) +

_ at) (pef)™
q(t) / (P )" log J(pef)a® dps o
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(4). Applying the logarithmic Sobolev inequality: Fix p € (1, c0). Choose ¢(t) such that

ag'(t) = 2(q(t) = 1), q(0) =p

ie.
2t
alt) = 1+ (p— e’
Then by the logarithmic Sobolev inequality, the right hand side in the estimate above

is negative, and hence ||p; f |4 is decreasing. Thus

||ptf||q(t) < ||f||q(0) = ||f||p Vi>0.

Other implication: Exercise. (Hint: consider <& ||p.f|| Lt (,,))- O

Theorem 7.11 (Rothaus). A logarithmic Sobolev inequality with constant o implies a Poincaré

inequality with constant \ = %

Proof. Apply the logarithmic Sobolev-inequality to f = 1+eg where [ gdp = 0. Then consider
the limite — 0 and use that zlogz =z — 1 + 3(z — 1)? + O(|z — 1J*). O

7.3.2 Decay of relative entropy

Theorem 7.12 (Exponential decay of relative entropy). (/). H(vpi|u) < H(v|p) forall t >
O0andv € M,(S).

(2). If a logarithmic Sobolev inequality with constant o > 0 holds then

H(vp|p) < e ="H(v|p)

Proof for gradient diffusions. L = %A + bV, b = %V logo € C(R™),u = odx probability
measure, Ay = span{C§°(R"), 1}
. The Logarithmic Sobolev Inequality implies that

f2
f?log
/ 11172,
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(1) Suppose v = g-pu, 0 < e < g < %for some ¢ > (0. Hence vp; < p with density

g, € < pg < L (since [ fd(vp) = [pfdv = [pfgdp = [ fpegdp by symmetry).
This implies that

d

d
@H(thlu) = @/ptglogptgdu = /Eptg(lﬂogptg) dp

by Kolmogorov and since (x log z)’ = 1 4 log x. We get

d

1
@H(thlu) = —E&(pg,logprg) = ~3 /thg - Vlogprg dp

where V logp;g = Vp%;g. Hence

d
GHmln) =2 [ 19 mgl du (3.1)

2
(D). =2 [ |Vy/Pg| du <0
(2). The Logarithmic Sobolev Inequality yields that

t9

dp
prg dp

4
_2/|v\/pt | dp < ——/ptgl()gf

where [ pigdu = [ gdp =1 and hence
9 4
=2 [Vl dp < ——H(vp|p)

(ii) Now for a general v. If v & 1, H(v|p) = oo and we have the assertion. Letv = g-p, g €
L*(p) and

Gap i =(gVa)ANb, 0<a<b,

Vajb *= Gab * K-

Then by (i),
2t
H(vappelp) < e o H(vapp)

The claim now follows for a | 0 and b 1 co by dominated and monotone convergence.

Remark. (1). The proof in the general case is analogous, just replace (Z.3.1)) by inequality

AEFNTF) < E(f,log f)
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(2). An advantage of the entropy over the y? distance is the good behavior in high dimensions.
E.g. for product measures,
H(v"|u) = d- H(v|p)

grows only linearly in dimension.

Corollary 7.13 (Total variation bound). Forallt > 0 and v € M;(S),

| 1
lvpe — pl|7v < ﬁe o« H(v|p)2
1

1

min p(x)

e if S isﬁnite)

Proof.

I — plfrv < —1 (vpil )% < —1 e (vl )%
v H(v e «H(v
Pt — KTV NG Pt 2 H

where we use Pinsker’s Theorem for the first inequality and Theorem [Z.12|for the second inequal-

ity. Since S is finite,

1
H(,|p) = log < log — Ve els
a(o) = minp
which leads to
H(v|p) <) v(@)H(S.|n) < log Vv
since v = »_ v(x)d, is a convex combination. O

Consequence for mixing time: (S finite)

Thix(e) =inf{t >0 : [jvp; — pllrv < eforallv € M;(S)}

1
< a-log— +loglog ——M—
=@ 8T +loglog mingeg p(x)

Hence we have log log instead of log !

7.3.3 LSI on product spaces

Example. Two-point space. S = {0, 1}. Consider a Markov chain with generator

o , p,q€(0,1), p+qg=1
p —p
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which is symmetric with respect to the Bernoulli measure,

w(0) =p, p(l)=gq

g=1-p

TN

0 O O 1

~_

Dirichlet form:

E(F. 1) = 5 3 () — F(@))? ()L )

:B7y

=pq-|f(1) = f(O)* = Var,(f)

Spectral gap:

D
)‘(p) - fnoltrignst. Val"u(f)

=1 independent of p!

Optimal Log Sobolev constant:

») [ Plog £ dp_ J1 ifp = 1
alp)= sup ——————— =
DTSR e Hoga-logp  g1ge
[ f2du=1 2 gqp
goes to infinity asp | O orp 1 oo !
1
0 p 1
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Spectral gap and Logarithmic Sobolev Inequality for product measures:

Eut, () = [ Flog fdu, [ >0

Theorem 7.14 (Factorization property). (.S;, S;, p;) probability spaces, |1 = QF_, ;. Then

(1). .
Var,(f) < 3 B, [Varl)(£)]
i=1
where on the right hand side the variance is taken with respect to the i-th variable.
(2).

Ent,(f) < Zn:EM [Entﬁf}(f)]

Proof. (1). Exercise.
2).

Ent,(f)= sup E,[fg], cf. above

g: Eyled]=1

Fix g: S™ — R such that E, [¢?] = 1. Decompose:

g(xla"wxn) :logeg(xl ..... o)
log e9(x1,s7n) f eIW1,x2,. T )Ml(dyl)
f eg Y1,T25..-,Tn ,Ul dyl ff eg(yl Y2,23,- Ml(dyl),ug(dyg)

=: Zgi(:cl, )
i=1

and hence

B [e%]=1 V,1<i<n

= E,[fg] = ZE [f9i] = ZE D [fg:]] < Ent)(f)

N Entu[f]: sup E fg <ZE [Ent()(f)}

E,led]=1 i—1

O
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Corollary 7.15. (1). If the Poincaré inequalities

Var,, () < +E(f, 1) VS €A

hold for each ji; then

Var(f) < SE(1.0) VF e @A
where -
1) = 30 [0 9)]
and h

A= min \;
1<i<n

(2). The corresponding assertion holds for Logarithmic Sobolev Inequalities with o = max «;

Proof.
Var() £ 3 By [Varl ()] < —€(f,f)
since
Var)(f) < &/, f)

Example. S = {0,1}", " product of Bernoulli(p),
Ent, (f?)

S 2a(p>pQZ/ |f(.CC1, ey Li—1, 17xi+17 <o 73:11) - f(xlv oo 7xi71707xi+17 oo 7xn)‘2 ,un(dx)
=1

independent of n.

Example. Standard normal distribution v = N(0, 1),
©n:{0,1}" = R, on(x) =
The Central Limit Theorem yields that ;« = Bernoulli(5) and hence

pro ot Sy
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Hence for all f € C§°(R),
Ent. (f?) = lim Ent,«(f*o ¢,)
n—oo
1 n
S lim inf 5 iZE 1 / |Azf o Spn|2 d,un

S---§2-/|f’l2dv

7.3.4 LSI for log-concave probability measures
Stochastic gradient flow in R™:

dX, = dB, — (VH)(X,)dt, H e C*R")

Generator:

£:%A—VH-V

p(dz) = e @ dy satisfies L1 = 0

Assumption: There exists a £ > 0 such that

PH(x)>k-I YreR"
ie. OiH>rk-[¢]? VEER”

Remark. The assumption implies the inequalities

x-VH(z) > k- |2]* —c,

H(z) > g|g;|2 7

(7.3.2)
(7.3.3)

with constants ¢, ¢ € R. By (Z.3.2)) and a Lyapunov argument it can be shown that X; does not ex-
plode in finite time and that p;(A4,) C A where Ay = span (Cj°(R"), 1), A = span (S(R"), 1).

By (Z.3.3), the measure 1 is finite, hence by our results above, the normalized measure is a

stationary distribution for p;.

Lemma 7.16. If Hess H > k1 then
IV f| < e p V] feC(RY)

Remark. (1). Actually, both statements are equivalent.

University of Bonn

Winter semester 2016/17



26HAPTER 7. FUNCTIONAL INEQUALITIES AND CONVERGENCE TO EQUILIBRIUM

(2). If we replace R” by an arbitrary Riemannian manifold the same assertion holds under the

assumption

Ric+HessH > k-1

(Bochner-Lichnerowicz-Weitzenbock).

Informal analytic proof:

VLf=V(A-VH-V)f
= (A—VH -V -®PH)Vf

=:L operator on one-forms (vector fields)

This yields the evolution equation for Vp, f:

0

9 .
avl%f = Vaptf =VLpf =L Vp.f

and hence

%thf) -V f

0 0 1
B Voo f| = E(thf'thf)Q = (

IV f]
B (ﬁ thf) Vi f _ LYpf - Vpf = Vpif |2
Vi f| N Vi f| Vi f|

< < LIVpf| = K|Vpef]
We get that v(t) := e"'ps_; |Vp, f| with 0 < ¢ < s satisfies
V'(t) < Ku(t) = ps i LINVPef |+ ps—t L |Vpif| — kps—e [Vpi f] =0

and hence
™ |Vpsfl = v(s) < v(0) = ps [V ]|

O

e The proof can be made rigorous by approximating | - | by a smooth function, and using

regularity results for p,, cf. e.g. Deuschel, Stroock[6].

e The assertion extends to general diffusion operators.
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Probabilistic proof: pif(x) = E[f(X})] where X is the solution flow of the stochastic differ-

ential equation

dX; =V2dB;, — (VH)(X,) dt, ie.,
t
XF=2+V2B, — / (VH)(X®)ds
0
By the assumption on H one can show that  — X[ is smooth and the derivative flow Y, =

V. X, satisfies the differentiated stochastic differential equation

dY; = —(PH)(X])Y/ dt,
Yi =1

which is an ordinary differential equation. Hence if 9> H > kI then for v € R",

. <26 Y 0f?

d
Vi o = =2(Y; v, (PH)(X)Y; ),

where Y; - v is the derivative of the flow in direction v. Hence

Yol < e o

= Yo < ey
This implies that for f € C{(R"), p, f is differentiable and

v Vpif(2) = E[(VI(XF)- Y7 -v)
< B[V - e o] VoeR"

ie.
Vpef (2)] < e pe| V f](2)

Theorem 7.17 (Bakry-Emery). Suppose that
PH>kr-1 withk >0

Then

2
[ Pros i —du< 2 [[9sPdn vsecrm)
||f||L2(#) 3
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Remark. The inequality extends to f € H'?(p) where H?(p) is the closure of C§° with respect

I flls = ( [+ IVflzdu>2

Proof. g € span(C§°,1), g > 6 > 0.

Aim:

to the norm

1
/gloggdué ;/W\/ﬁlz du+/9dulog/gdu

Then g = f2 and we get the assertion.

Idea: Consider
u(t) = / peglog prg dp
Claim:
(@) w(0) = [gloggdp
(i) limyoo u(t) = [ gdulog [ gdp
(i) —u/(t) < 4e~2" [ |V /g|" du

By (i), (ii) and (iii) we then obtain:

t—o0

/gloggdu—/gdulog/gduz lim (u(0) — u(?))

t

= lim [ —u/(t)ds

t—o00

0
2
<= [ 1l d

. o0 —
since 2f0 e g = %

Proof of claim:
(i) Obvious.
(i1) Ergodicity yields to
peg(x) — /gd,u YV
for t 1 oo.

In fact:

|Vpigl < e p|Vg| < e ™| Vg|
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and hence

Ipeg(x) — prg(y)] < e sup Vgl - |z —y

which leads to

peg(x) gdu’ ’/ pg(x) = peg(y)) u(dy)’

< e "sup |Vy| -/\x—ylu(dy) — 0

Since p;g > 6 > 0, dominated convergence implies that

/ptglogpt5dﬂ—>/gdulog/gd,u

(iii) Key Step! By the computation above (decay of entropy) and the lemma,

V 2
—u'(t) :/thg-Vlogptgdu: %d
t

2 2
o [QIT [ 19,
b9 g
2
2nt/|v.g| 4€2nt/‘v\/§‘2 d,u

Example. An Ising model with real spin: (Reference: Royer [33]])
S = RA = {(SL’Z')Z'GA ‘ x; € R}, A C Zd finite.

;MmzémeMMx

ZV ;) Zﬁ‘ i —J)wiry — Z 0 = j)ziz;,

€A i,jEA i€A,jEZINA

potennal 1nteract10ns

where VV: R — R is a non-constant polynomial, bounded from below, and ¥: Z — R is a
function such that ¥(0) = 0, ¥(i) = Y(—i) Vi, (symmetric interactions), J(i) = 0 V|i| > R
(finite range), z € RZ"\ fixed boundary condition.

Glauber-Langevin dynamics:

) H .
dX! = —g—(Xt) dt+dBi, i€A (7.3.4)

[

Dirichlet form:

of 8g
Z/@xl ox;
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Corollary 7.18. If

inf V"(z) > Y [9())]

z€R
€L

then & satisfies a log Sobolev inequality with constant independent of A.

Proof.

in the sense of forms.

0*H
6ZL‘Z‘65L‘j

= §*H> <ian”—Zh9(z’)\> I

(z) = V(i) - 655 — (i = j)

Consequence: There is a unique Gibbs measure on Z? corresponding to H, cf. Royer [33].

What can be said if V' is

not convex?

7.3.5 Stability under bounded perturbations

Theorem 7.19 (Bounded perturbations). u, v € M;(R™) absolut continuous,

If

dv

a ~U(a)
dp

() = e

2
/f%g / dﬂ§2a-/|Vf|2du Vfecy

then

G

f2 0scC o
/leog dv <2« -e (U)-/|Vf|2d1/ Ve

where

Proof.

I
2]
] 111 R

171220,

osc(U) :=supU — inf U

< [ (108 = Plogl sy = P+ W) dv - (739

Markov processes
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since

2
/f2 log Hf||{2| dv < /f2 log f* — f2logt* — f2 +t*dv Yt>0
L2(v)

Note that in (Z.3.3) the integrand on the right hand side is non-negative. Hence

? 1 —in
[ Prog iy —av< e [ (f?logﬂ — V0817 gy~ 7+ 1) d
L2(v)
1 —infU / 2
= e f7log s dp
z" ||f||
2 —infU 2
< e "o [V du
S % supU—infUa/ |Vf|2 dv

Example. We consider the Gibbs measures j from the example above

(1).

2).

No interactions:

2
H(z) =Y (% + V(xi)) ., V:R — R bounded

€A
Hence

M:®MV

ieA
where
py (dx) oc eV @y (dx)

and 7y(dx) is the standard normal distribution. Hence p satisfies the logarithmic Sobolev

inequality with constant
a(u) = a(py) < e Wa(y) = =)
by the factorization property. Hence we have independence of dimension!

Weak interactions:

H(:c):Z(;—l—sz) 0 Y wmi—0 Y miz,

1,jEA ieA
ji—jl=1 JEA
li—j]=1

¥ € R. One can show:

University of Bonn Winter semester 2016/17



2661APTER 7. FUNCTIONAL INEQUALITIES AND CONVERGENCE TO EQUILIBRIUM

Theorem 7.20. If V' is bounded then there exists 5 > 0 such that for 9 € [—f,0] a
logarithmic Sobolev inequality with constant independent of \ holds.

The proof is based on the exponential decay of correlations Cov,,(z;, x;) for Gibbs mea-

sures.

(3). Discrete Ising model: One can show that for 5 < f. a logarithmic Sobolev inequality
holds on{—N, ..., N}? with constant of Order O(N?) independent of the boundary con-
ditions, whereas for 5 > (3. and periodic boundary conditions the spectral gap, and hence

the log Sobolev constant, grows exponentially in N, cf. [?77].

7.4 Concentration of measure

(9, A, P) probability space, X;: 2 — R? independent identically distributed, ~ .

Law of large numbers:

%ZU(Xi)%/Udu U e LYp)

Cramér:

N

ZUX /Udu

=1

P

)

1
N

> r] < 2. NI

= sup (tr = log eV du) LD rate function.
teR

Hence we have

e Exponential concentration around mean value provided I(r) > 0Vr # 0

N

r

1"2
>r| < e~ provided I(r) >

¥ ou - [Ud

Gaussian concentration.

C
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When does this hold? Extension to non independent identically distributed case? This leads to:

Bounds for log [ €™ dy !

Theorem 7.21 (Herbst). If  satisfies a logarithmic Sobolev inequality with constant o then for
any function U € C}(R?) with |U||;, < 1:

(i)

1 U «

;log e du < §t+ Udy Yt>0 (7.4.1)
where % log [ €'V dyu can be seen as the free energy at inverse temperature t, 5 as abound
for entropy and [ U dy as the average energy.

(i1)
'r2
M(UZ/Ud/L+T> <e 2
Gaussian concentration inequality
In particular,
(iii)

1
/e'”‘“2 du<oo Vy<—
2c0

Remark. Statistical mechanics:
F=t-S—(U)

where F; is the free energy, ¢ the inverse temperature, .S the entropy and (U) the potential.

tu
2

Proof. WLOG,0<e<U< % Logarithmic Sobolev inequality applied to f = e

2
/tUetUdu < 2&/ (%) |VU|26tUd,u+/etUd,ulog/etUdu

For A(t) :=log [ €'V du this implies

tU
i = LU dn

at? [|[VU|2eV dp A at?
[ eV dp -

T Teran () < -+ AQ)

since |[VU| < 1. Hence
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Since
A(t) = A(0) +t- N(0) +O(t*) = t/Ud,u + O(t%),
we obtain
A(t) a
<« -
S /Ud,u + 2t,
i.e. (1).

(ii) follows from (i) by the Markov inequality, and (iii) follows from (ii) with U(x) = |z|. O

Corollary 7.22 (Concentration of empirical measures). X; independent identically distributed,
~ . If p satisfies a logarithmic Sobolev inequality with constant o then

Nr2

NZU(Xi)—EM[U] ZT] <2.e 2

for any function U € C}(R?) with |U ||, <1, N € Nandr > 0.

Proof. By the factorization property, ;¥ satisfies a logarithmic Sobolev inequality with constant

« as well. Now apply the theorem to

noting that

hence since U is Lipschitz,

1=

V()| - %N & |VU<xi>|2>2 <1
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Appendix

Let (€2, A, P) be a probability space, we denote by L(Q, A, P) (L!(P)) the space of measurable
random variables X : Q — R with F[X~| < co and L'(P) := L'(P)/ ~ where two random

variables a in relation to each other, if they are equal almost everywhere.

A.1 Conditional expectations

For more details and proofs of the following statements see [Eberle:Stochastic processes] [9].

Definition (Conditional expectations). Let X € L1(Q2, A, P) (or non-negative) and F C A a

o-algebra. A random variable 7 € L(Q), F, P) is called conditional expectation of X given F
(written Z = E[X|F)), if

e 7/ is F-measurable, and

e forall B € F,

/ZdP:/XdP.
B B

The random variable E[X |F| is P-a.s. unique. For a measurable Space (S,S) and an abritatry
random variable Y : Q0 — S we define E|X|Y| := E[X|o(Y')] and there exists a P-a.s. unique
measurable function g : S — R such that E[X|o(Y)] = g(Y). One also sometimes defines

EX|Y =y] = g(y) py-a.e. (py law of Y).

Theorem A.l. Let X,Y and X, (n € N) be non-negative or integrable random variables on
(Q,A, P)and F,G C Atwo c-algebras. The following statements hold:

269
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(1).
(2).
(3).
(4).

(5).

(6).

(7).
(8).

Linearity: E]AX + uY |F|] = AE[X|F| + pE[Y|F] P-almost surely for all \, i € R.
Monotonicity: X > 0 P-almost surely implies that E[X |F| > 0 P-almost surely.

X =Y P-almost surely implies that E| X |F| = E[Y |F| P-almost surely.

Monotone convergence: If (X,,) is growing monotone with X, > 0, then

Elsup X,,|F| = sup E[X,,|F] P-almost surely.

Projectivity / Tower property: If G C F, then
E[E[X|F||G] = E[X|G] P-almost surely.

In particular:
E[E[X|Y, Z]||Y] = E[X|Y] P-almost surely.

Let Y be F-measurable withY - X € L' or > 0. This implies that

ElY - X|F] =Y - E[X|F] P-almost surely.

Independence: If X is independent of F, then E[X|F| = E[X] P-almost surely.

Let (S,S) and (T, T) be two measurable spaces. If Y : Q) — S is F-measurable,
X : Q — T independent of F and f : S x T — |0, 00) a product measurable map, then it
holds that

Elf(X,Y)|Fl(w) = E[f(X,Y (w))] for P-almost all w

Definition (Conditional probability). Let (2, A, P) be a probability space, F a o-algebra. The

conditional probability is defined as

P[A|F)(w) := E[14|F](w) VA € F,w € Q.
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A.2 Regular versions of conditional laws

Let X, Y : Q2 — S be random variables on a probability space (2, 2(, P) with polish state space .S.
A regular version of the conditional distribution of Y given X is a stochastic kernel p(z, dy)
on S such that

PlY € B|X]=p(X,B) P —as.forany B € B.

If p is a regular version of the conditional distribution of Y given X then
PIX €AY € Bl = E[P[Y € BIX]: X € A] = / p(z, B)ux(dx) forany A, B € B,
A

where 1 x denotes the law of X. For random variables with a polish state space, regular versions
of conditional distributions always exist, cf. [XXX] []. Now let 1 and p be a probability measure
and a transition kernel on (.S, B). The first step towards analyzing a Markov chain with initial

distribution p and transition probability is to consider a single transition step:

Lemma A.2 (Two-stage model). Suppose that X and Y are random variables on a probability
space (2,24, P) such that X ~ p and p(X,dy) is a regular version of the conditional law of Y
given X. Then

(X,)Y)~p®@p and Y ~ pup,
where 11 ® p and pp are the probability measures on S x S and S respectively defined by
wen = [utan) ([ vedata)) joracBes
1)(©) = [ de)ple.C) forC e B
Proof. Let A= B x C with B,C € B. Then

P[(X,Y)e A]=P
—F

X e B, Y e(C|=E[PX € B)Y € C|X]]
lixemy PIY € C|X]] = E[p(X, C); X € B

p(dz)p(z, C) = (n®p)(A), and

PlY € O] = P[(X,Y) € § x C] = (up)(C).

—

oy

The assertion follows since the product sets form a generating system for the product o-algebra

that is stable under intersections. |
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A.3 Martingales

Classical analysis starts with studying convergence of sequences of real numbers. Similarly,
stochastic analysis relies on basic statements about sequences of real-valued random variables.
Any such sequence can be decomposed uniquely into a martingale, i.e., a real.valued stochastic
process that is “constant on average”, and a predictable part. Therefore, estimates and conver-

gence theorems for martingales are crucial in stochastic analysis.

A.3.1 Filtrations

We fix a probability space (€2,.4, P). Moreover, we assume that we are given an increasing
sequence F,, (n = 0,1,2,...) of sub-o-algebras of A. Intuitively, we often think of F, as

describing the information available to us at time n. Formally, we define:
Definition (Filtration, adapted process). (1). A filtrationon (X2, A) is an increasing sequence
Fo € F1 € F C ...
of o-algebras F, C A.
(2). A stochastic process (X,,)n>0 is adapted to a filtration (F,,)n>o iff each X, is F,,-measurable.

Example. (1). The canonical filtration (F-\) generated by a stochastic process (X,,) is given
by
FX = o(Xo, X1,...,X,).

n

If the filtration is not specified explicitly, we will usually consider the canonical filtration.

(2). Alternatively, filtrations containing additional information are of interest, for example the
filtration
Fn = O'(Z,Xo,Xl, . 7Xn)

generated by the process (.X,,) and an additional random variable Z, or the filtration
Fn == 0<X07%7X17}/17 v 7XTL7Yn)

generated by the process (X,,) and a further process (Y,,). Clearly, the process (X,,) is
adapted to any of these filtrations. In general, (X,,) is adapted to a filtration (F,,) if and
only if FX C F, for any n > 0.
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A.3.2 Martingales and supermartingales

We can now formalize the notion of a real-valued stochastic process that is constant (respectively

decreasing or increasing) on average:
Definition (Martingale, supermartingale, submartingale).

(1). A sequence of real-valued random variables M, : Q0 — R (n = 0,1,...) on the proba-
bility space (2, A, P) is called a martingale w.r.t. the filtration (JF,,) if and only if

(a) (M,) is adapted w.r.t. (F,),
(b) M, is integrable for any n > 0, and
(c) E[M, |Fn_1] = M,_1 foranyn € N.
(2). Similarly, (M,) is called a supermartingale (resp. a submartingale) w.r.t. (F,,), if and only

if (a) holds, the positive part M (resp. the negative part M, ) is integrable for any n > 0,
and (c) holds with “=" replaced by “<”, “>" respectively.

Condition (c) in the martingale definition can equivalently be written as
() E[Mpy1 — M, | F,] =0 foranyn € Z,,

and correspondingly with “=" replaced by “<” or “>" for super- or submartingales.

Intuitively, a martingale is a “fair gameALAL i.e., M, is the best prediction (w.r.t. the mean
square error) for the next value M,, given the information up to time n — 1. A supermartingale

is “decreasing on average”, a submartingale is “increasing on average”, and a martingale is both

“decreasing” and “increasing”, i.e., “constant on average”. In particular, by induction on n, a

martingale satisfies

E[M,] = E[M,) for any n > 0.

Similarly, for a supermartingale, the expectation values E[M,,] are decreasing. More generally,

we have:

Lemma A.3. If (M,,) is a martingale (respectively a supermartingale) w.r.t. a filtration (JF,)

then

©

E[M,. | Fo] M, P-almost surely for any n, k > 0.
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A.3.3 Doob Decomposition

We will show now that any adapted sequence of real-valued random variables can be decomposed
into a martingale and a predictable process. In particular, the variance process of a martingale
(M,,) is the predictable part in the corresponding Doob decomposition of the process (M?). The
Doob decomposition for functions of Markov chains implies the Martingale Problem characteri-

zation of Markov chains.

Let (€2, A, P) be a probability space and (F,,),>¢ a filtration on (2, A).

Definition (Predictable process). A stochastic process (A,,)n>o is called predictable w.r.t. (Fy,)

if and only if Ag is constant and A,, is measurable w.r.t. F,,_1 for any n € N.

Intuitively, the value A, (w) of a predictable process can be predicted by the information available

attime n — 1.

Theorem A.4 (Doob decomposition). Every (F,,) adapted sequence of integrable random vari-

ables Y, (n > 0) has a unique decomposition (up to modification on null sets)
Y, = M, + A, (A3.1)

into an (F,,) martingale (M,,) and a predictable process (A,,) such that Ay = 0. Explicitly, the

decomposition is given by

3

A, = ElYy —Yii| Foca],  and M, =Y, — A, (A3.2)

k=1

Remark. (1). The increments E[Y; — Y} _1 | Fi_1] of the process (A,,) are the predicted incre-

ments of (Y,,) given the previous information.

(2). The process (Y},) is a supermartingale (resp. a submartingale) if and only if the predictable

part (A,,) is decreasing (resp. increasing).
Proof of Theorem Uniqueness: For any decomposition as in (A.3.1)) we have

Yk — Yk,1 = Mk — Mk,1 -+ Ak — Ak,1 for any k € N.

Markov processes Andreas Eberle



A.4. STOPPING TIMES 275

If (M,,) is a martingale and (A,,) is predictable then
E[Yk — Yk—l | -Fk—l] = E[Ak — Ak—l | fk—l] = Ak — Ak—l P—a.s.

This implies that (A.3.2)) holds almost surely if Ay = 0.

Existence: Conversely, if (A,) and (M,,) are defined by (A.3.2)) then (A,) is predictable with

Ap = 0 and (MM,,) is a martingale, since

E[Mk — Mk,1 | kal] =0 P-a.s. for any k € N.

A.4 Stopping times

Throughout this section, we fix a filtration (F,,),,>0 on a probability space (€2, A, P).

A.4.1 Martingale transforms

Suppose that (M,,),>o is a martingale w.r.t. (F,,), and (C},),en is a predictable sequence of real-
valued random variables. For example, we may think of C;, as the stake in the n-th round of
a fair game, and of the martingale increment M,, — M,,_; as the net gain (resp. loss) per unit
stake. In this case, the capital [,, of a player with gambling strategy (C),) after n rounds is given

recursively by

I, = IL,1+C, - (M,— M, ) forany n € N,
i.e.,
L, = I+ Cp-(My— M)
k=1

Definition (Martingale transform). The stochastic process Cy M defined by

(CoM), = Z Cr - (M), — My_1) foranyn > 0,

k=1
is called the martingale transform of the martingale (M,,),>o w.r.t. the predictable sequence
(Ck)r>1, or the discrete stochastic integral of (C,,) w.r.t. (M,,).

t
The process C, M is a time-discrete version of the stochastic integral [ C; dMj for continuous-

time processes C' and M, cf. [Introduction to Stochastic Analysis].
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Example (Martingale strategy). One origin of the word “martingale” is the name of a well-
known gambling strategy: In a standard coin-tossing game, the stake is doubled each time a loss
occurs, and the player stops the game after the first time he wins. If the net gain in n rounds with

unit stake is given by a standard Random Walk
M, = m+...4n,  niid. with Plp; =1] = P[p; = —1] = 1/2,
then the stake in the n-th round is
c, = 2! ifn, =...=n,_1=—1,and C, = 0 otherwise.

Clearly, with probability one, the game terminates in finite time, and at that time the player has

always won one unit, i.e.,

P[(CeM), =1 eventually) = 1.

At first glance this looks like a safe winning strategy, but of course this would only be the case,

if the player had unlimited capital and time available.
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Theorem A.5 (You can’t beat the system!). (1). If (M,),>0 is an (F,) martingale, and
(Ch)n>1 is predictable with C,, - (M,, — M,,_1) € L' (Q, A, P) for any n > 1, then CyM is

again an (F,,) martingale.

(2). If (M,) is an (F,) supermartingale and (C,,),>1 is non-negative and predictable with
Cn- (M, — M,_1) € L for any n, then C,M is again a supermartingale.

Proof. Forn > 1 we have

E[(CQM)n - (COM)n—l | fn—l] - E[Cn : (Mn - Mn—l) | fn—l]
= C,-EM,—M, 1|F,1] = 0 P-as.
This proves the first part of the claim. The proof of the second part is similar. U

The theorem shows that a fair game (a martingale) can not be transformed by choice of a clever
gambling strategy into an unfair (or “superfair”’) game. In models of financial markets this fact is

crucial to exclude the existence of arbitrage possibilities (riskless profit).

Example (Martingale strategy, cont.). For the classical martingale strategy, we obtain
E[(CM),] = E[(CeM)] = 0 forany n >0

by the martingale property, although

lim (C,M), = 1  P-as.

n—oo

This is a classical example showing that the assertion of the dominated convergence theorem may

not hold if the assumptions are violated.

Remark. The integrability assumption in Theorem[A.3lis always satisfied if the random variables

(', are bounded, or if both C), and M,, are square-integrable for any n.

A.4.2 Stopped Martingales

One possible strategy for controlling a fair game is to terminate the game at a time depending on
the previous development. Recall that a random variable 7" : @ — {0,1,2,...} U {oco} is called
a stopping time w.r.t. the filtration (F,,) if and only if the event {T" = n} is contained in F,, for
any n > 0, or equivalently, iff {7 < n} € F, for any n > 0.
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We consider an (F,,)-adapted stochastic process (M,,),>0, and an (F,,)-stopping time 7" on the
probability space (€2, .4, P). The process stopped at time 7" is defined as (Mrn,, )n>0 Where
M, (w) forn < T'(w),

MT/\n(w> = MT(w)/\n(w> =
Mrpy(w)  forn > T(w).

For example, the process stopped at a hitting time 7’4 gets stuck at the first time it enters the set
A.

Theorem A.6 (Optional Stopping Theorem,Version 1). If (M,,),>o is a martingale (resp. a su-
permartingale) w.r.t. (F,), and T is an (F,,)-stopping time, then the stopped process (M, )n>0

is again an (JF,,)-martingale (resp. supermartingale). In particular, we have

E[Mrp) = E[Mjy] foranyn > 0.

Proof. Consider the following strategy:
Cn = I{Tzn} =1- I{Tgnfl}u

i.e., we put a unit stake in each round before time 7" and quit playing at time 7". Since 7' is a

stopping time, the sequence (C,,) is predictable. Moreover,
Mppy — My = (CoM),, for any n > 0. (A4.1)

In fact, for the increments of the stopped process we have

= Cn : (Mn - Mn71)7

M, —-M,, ifT>n
Mrpn — MT/\(n—l) = 0 ST <n—1

and follows by summing over n. Since the sequence (C),) is predictable, bounded and
non-negative, the process C, M is a martingale, supermartingale respectively, provided the same
holds for M. O

Remark (IMPORTANT). (1). In general, it is NOT TRUE under the assumptions in Theorem
[A.6] that
E[Mr] = E[M,], E[Mr] < E[M,] respectively. (A.4.2)

Suppose for example that (M, ) is the classical Random Walk starting at 0 and 7" = T3 is
the first hitting time of the point 1. Then, by recurrence of the Random Walk, 7' < oo and
M7 = 1 hold almost surely although M, = 0.
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(2). If, on the other hand, 7T is a bounded stopping time, then there exists n € N such that

T(w) < n for any w. In this case, the optional stopping theorem implies
<
E[My] = E[Mpp] & E[M).
Example (Classical Ruin Problem). Let a, b, x € Z with a < x < b. We consider the classical

Random Walk
- 1
X, = g iy ; 1.i.d. with P[n; = +1] = —,
o i=1 ! e g ] 2

with initial value Xy = z. We now show how to apply the optional stopping theorem to compute

the distributions of the exit time
T(w) = min{n >0 : X, (w) & (a,b)},

and the exit point X7. These distributions can also be computed by more traditional methods

(first step analysis, reflection principle), but martingales yield an elegant and general approach.

(1). Ruin probability r(x) = P[Xr = al.
The process (X,,) is a martingale w.r.t. the filtration F,, = o(11,...,m,), and T < o0
almost surely holds by elementary arguments. As the stopped process X7,, is bounded
(a < Xrpan << b), we obtain

v = E[Xo] = E[Xpa] "= E[X7] = a-r(z) +b-(1—r(x))

by the Optional Stopping Theorem and the Dominated Convergence Theorem. Hence

rz) = 2Z° (A.4.3)

a—1x

(2). Mean exit time from (a, b).
To compute the expectation value E[T], we apply the Optional Stopping Theorem to the
(F,.) martingale
M, = X2 —n.

By monotone and dominated convergence, we obtain

22 = E[My) = E[Mrn] = E[X2,,] — E[T An]

n—oo

=% E[X3] — E[T).
Therefore, by (A.4.3),

E[T] = E[X2]—2* = ad® r(z)+ b (1—r(x)) —2°
= (b—2x) (z—a). (A4.4)
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(3).

4.

Mean passage time of b is infinite.
The first passage time 7, = min{n > 0 : X, = b} is greater or equal than the exit time

from the interval (a, b) for any a < x. Thus by (A4.4), we have

E[T,) > lim (b—2x) - (x—a) = oo,

a——00

i.e., Ty is not integrable! These and some other related passage times are important exam-

ples of random variables with a heavy-tailed distribution and infinite first moment.

Distribution of passage times.
We now compute the distribution of the first passage time 7 explicitly in the case x = 0

and b = 1. Hence let ' = T}. As shown above, the process

M) = e /(cosh \)", n >0,

n

is a martingale for each A € R. Now suppose A > 0. By the Optional Stopping Theorem,
1 = E[My] = E[Mz,,] = E[e™7™"/(cosh \)"""] (A.4.5)

for any n € N. As n — oo, the integrands on the right hand side converge to e*(cosh \) =7 -
Ii7<o0y. Moreover, they are uniformly bounded by e, since X7, < 1 for any n. Hence
by the Dominated Convergence Theorem, the expectation on the right hand side of (A.4.3)
converges to E[e*/(cosh \)T; T' < o0o], and we obtain the identity

El(cosh\)™: T < o0] = e for any A > 0. (A.4.6)

Taking the limit as A \, 0, we see that P[T" < oo] = 1. Taking this into account, and
substituting s = 1/ cosh A in (A.4.6), we can now compute the generating function of 7'
explicitly:

Els"] =e® = (1-vV1—-52/s  foranys e (0,1). (A.4.7)

Developing both sides into a power series finally yields
Z s" . P[T _ n] _ Z(_l)erl ( / ) g2m—1
n=0 m=1 m

Therefore, the distribution of the first passage time of 1 is given by P[T" = 2m| = 0 and

P[T=2m—1] = (—=1)™*! (17;2) = (—1)™*t. % : (—%) G —m+ 1) /m

for any m > 1.
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A.4.3 Optional Stopping Theorems

Stopping times occurring in applications are typically not bounded, see the example above.
Therefore, we need more general conditions guaranteeing that (A.4.2) holds nevertheless. A

first general criterion is obtained by applying the Dominated Convergence Theorem:

Theorem A.7 (Optional Stopping Theorem, Version 2). Suppose that (M,) is a martingale
w.rt. (Fp), T is an (F,,)-stopping time with P[T < oco| = 1, and there exists a random variable
Y € £Y(Q, A, P) such that

|Mpan| < Y P-almost surely for any n € N.

Then
E[Mr] = E[M,).

Proof. Since P[T < co] = 1, we have

Mr = lim Mpa, P-almost surely.
n—oo

By Theorem[A.6] F[M;] = E[Mrn,), and by the Dominated Convergence Theorem,
E[MT/\n] — E[MT] as n — oQ. O

Remark (Weakening the assumptions). Instead of the existence of an integrable random vari-
able Y dominating the random variables Mpx,, n € N, it is enough to assume that these random

variables are uniformly integrable, i.e.,
sup E[|Mrpn|; [Mrpn| >¢]  — 0 as ¢ — 00.
neN

For non-negative supermartingales, we can apply Fatou’s Lemma instead of the Dominated Con-
vergence Theorem to pass to the limit as n — oo in the Stopping Theorem. The advantage is
that no integrability assumption is required. Of course, the price to pay is that we only obtain an

inequality:

Theorem A.8 (Optional Stopping Theorem, Version 3). If ()M,,) is a non-negative supermartin-
gale w.r.t. (F,), then

holds for any (F,,) stopping time T.
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Proof. Since My = lim Mrp,, on {T < oo}, and My > 0, Theorem[A.6lcombined with Fatou’s
n—o0

Lemma implies

E[M,] > liminf E[Mpn,] > E [liminfMTm} > B[M;; T < o).

n—oo n—o0

A.5 Almost sure convergence of supermartingales

The strength of martingale theory is partially due to powerful general convergence theorems that
hold for martingales, sub- and supermartingales. Let (Z,),>o be a discrete-parameter super-
martingale w.r.t. a filtration (F,,),>o on a probability space (2, A, P). The following theorem
yields a stochastic counterpart to the fact that any lower bounded decreasing sequence of reals

converges to a finite limit:

Theorem A.9 (Supermartingale Convergence Theorem, Doob). If sup,-, E[Z, | < oo then

n

(Z,,) converges almost surely to an integrable random variable Z, € L*(), A, P). In particular,
supermartingales that are uniformly bounded from above converge almost surely to an integrable

random variable.

Remark (L' boundedness and L' convergence).
(1). Although the limit is integrable, L' convergence does not hold in general.

(2). The condition sup E[Z;] < oo holds if and only if (Z,) is bounded in L'. Indeed, as

E[Z}] < oo by our definition of a supermartingale, we have
E[|Z,|] = E|Z.) +2E[Z]] < E[Z] +2E[Z]] for any n > 0.

For proving the Supermartingale Convergence Theorem, we introduce the number U(** (w) of

upcrossings over an interval (a, b) by the sequence Z,,(w), cf. below for the exact definition.
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A
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~
Ist upcrossing 2nd upcrossing

Note that if U**)(w) is finite for any non-empty bounded interval (a, b) then lim sup Z,,(w) and
liminf Z,(w) coincide, i.e., the sequence (7, (w)) converges. Therefore, to show almost sure
convergence of (Z,), we derive an upper bound for U(*). We first prove this key estimate and

then complete the proof of the theorem.

A.5.1 Doob’s upcrossing inequality

Forn € Nand a,b € R with a < b we define the number U™ of upcrossings over the interval

(a, b) before time n by
Ur(ba’b) = max{k:ZO: J0<s1 <ty <s9<tg...<sp <t <n:Z, <a,lz, Zb}.
Lemma A.10 (Doob). If (Z,,) is a supermartingale then
(b—a)- E[UY] < E[(Z, —a)7] forany a < bandn > 0.

Proof. We may assume F[Z, | < oo since otherwise there is nothing to prove. The key idea is
to set up a predictable gambling strategy that increases our capital by (b — a) for each completed
upcrossing. Since the net gain with this strategy should again be a supermartingale this yields an

upper bound for the average number of upcrossings. Here is the strategy:
I—) e Wait until 7, < a.

e Then play unit stakes until Z; > b.

’7 repea

The stake (), in round k is

1 ifZ,<a,
C, =

0 otherwise,
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and
C 1 if (Ck,1 = 1 and Zkfl < b) or (Ck,1 = 0 and Zk,1 < CL),
k pum
0 otherwise.
Clearly, (Cy) is a predictable, bounded and non-negative sequence of random variables. More-
over, Cy, - (Z, — Zy_1) is integrable for any k < n, because CY, is bounded and

E[|1Z] = 2E[Z}] - B[z < 2B[Z{] - E(2,] < 2B[Z}] - E[Z;]

n

for k& < n. Therefore, by Theorem[A.5] and the remark below, the process
k

(CoZ)y = Zcz"(zi—ziq)’ 0<Ek<n,
i=1

is again a supermartingale.

Clearly, the value of the process C,Z increases by at least (b — a) units during each completed
upcrossing. Between upcrossing periods, the value of (C,Z); is constant. Finally, if the final
time 7 is contained in an upcrossing period, then the process can decrease by at most (Z,, — a)~
units during that last period (since Z; might decrease before the next upcrossing is completed).

Therefore, we have
(CoZ)n > (b—a)-UY —(Z,—a)", ie.,

(b—a)-UY < (CZ)p+ (Z,—a)".

A /\\Y/\ [\
AV ARV

Zn
Gain > b —a Gain > b —a Loss < (Z, —a)~
Since C4Z is a supermartingale with initial value 0, we obtain the upper bound
(b= a)E[UM] < E(CuZ)al + BEl(Zy — a)7] < E[(Zu—a)7].
O
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A.5.2 Proof of Doob’s Convergence Theorem
We can now complete the proof of Theorem

Proof. Let

U@ = sup UT(L“’I’)
neN

denote the total number of upcrossings of the supermartingale (Z,,) over an interval (a, b) with

—o0 < a < b < 0o. By the upcrossing inequality and monotone convergence,

E[U@Y] = lim E[U™] < -sup B[(Z, — a)7]. (A.5.1)

n—oo — Qa neN

Assuming sup F[Z, ] < oo, the right hand side of is finite since (Z, —a)~ < |a| + Z, .
Therefore,

U@ <« oo P-almost surely,

and hence the event

{liminf Z,, # limsup Z,} = U (U = o0}

a,beQ
a<b

has probability zero. This proves almost sure convergence.

It remains to show that the almost sure limit Z,, = lim 7, is an integrable random variable
(in particular, it is finite almost surely). This holds true as, by the remark below Theorem
sup E[Z,] < oo implies that (Z,) is bounded in L', and therefore

E[|Zx|] = Ellim |Z,|] < liminf E[|Z,]] < o

by Fatou’s lemma. U

A.5.3 Examples and first applications
We now consider a few prototypic applications of the almost sure convergence theorem:

Example (Sums of i.i.d. random variables). Consider a Random Walk

=1

on R with centered and bounded increments:

n; ii.d. with || < cand E[np;] =0, ceR.
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Suppose that P[n; # 0] > 0. Then there exists ¢ > 0 such that P[n;| > €] > 0. As the
increments are i.i.d., the event {|7;| > £} occurs infinitely often with probability one. Therefore,

almost surely the martingale (.S,,) does not converge as n — 0o.

Now let a € R. We consider the first hitting time
T, = min{n >0 : S, > a}

of the interval [a, c0). By the Optional Stopping Theorem, the stopped Random Walk (.Sz, rn)n>0
is again a martingale. Moreover, as S < a for any k < T, and the increments are bounded by c,

we obtain the upper bound
Stoan < a+c for any n € N.

Therefore, the stopped Random Walk converges almost surely by the Supermartingale Conver-
gence Theorem. As (S,,) does not converge, we can conclude that P[T,, < oo| = 1 for any a > 0,
i.e.,

limsup S,, = oo  almost surely.

Since (.S,,) is also a submartingale, we obtain
liminf S,, = —oo  almost surely

by an analogue argument.

Remark (Almost sure vs. LP convergence). In the last example, the stopped process does not

converge in L? for any p € [1, 00). In fact,

lim E[St,n] = E[St,] > a whereas  E[Sy] = 0.

n— o0

Example (Products of non-negative i.i.d. random variables). Consider a growth process

Z, = ]]v
i=1
with i.i.d. factors Y; > 0 with finite expectation o € (0, c0). Then
M, = Z,/a"

is a martingale. By the almost sure convergence theorem, a finite limit M, exists almost surely,
because M,, > 0 for all n. For the almost sure asymptotics of (7, ), we distinguish three different

cases:
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(1). a < 1 (subcritical): In this case,

converges to 0 exponentially fast with probability one.

(2). a = 1 (critical): Here (Z,) is a martingale and converges almost surely to a finite limit. If
P[Y; # 1] > 0 then there exists € > 0 such that Y; > 1 + ¢ infinitely often with probability
one. This is consistent with convergence of (Z,,) only if the limit is zero. Hence, if (Z,,) is

not almost surely constant, then also in the critical case Z,, — 0 almost surely.
(3). a > 1 (supercritical): In this case, on the set { M., > 0},
Ly = M, -a" ~ My -a",

i.e., (Z,) grows exponentially fast. The asymptotics on the set { M, = 0} is not evident

and requires separate considerations depending on the model.

Although most of the conclusions in the last example could have been obtained without martin-
gale methods (e.g. by taking logarithms), the martingale approach has the advantage of carrying
over to far more general model classes. These include for example branching processes or expo-

nentials of continuous time processes.

Example (Boundary behaviour of harmonic functions). Let D C R? be a bounded open

domain, and let 2 : D — R be a harmonic function on D that is bounded from below:

Ah(z) = 0 foranyz € D, inf h(z) > —oc. (A5.2)

zeD

To study the asymptotic behavior of h(z) as = approaches the boundary dD, we construct a
Markov chain (X,,) such that i(X,,) is a martingale: Let r : D — (0,00) be a continuous

function such that

0 < r(z) < dist(z,0D) forany x € D, (A5.3)

and let (X,,) w.r.t P, denote the canonical time-homogeneous Markov chain with state space D,

initial value z, and transition probabilities

p(z,dy) = Uniform distribution on the sphere {y € R? : |y — | = r(z)}.
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By (A.5.3), the function A is integrable w.r.t. p(x, dy), and, by the mean value property,
(ph)(z) = h(z) forany x € D.

Therefore, the process h(X,,) is a martingale w.r.t. P, for each x € D. As h(X,) is lower
bounded by (A.3.2), the limit as n — oo exists P,-almost surely by the Supermartingale Con-
vergence Theorem. In particular, since the coordinate functions x — x; are also harmonic and
lower bounded on D, the limit X, = lim X, exists P,-almost surely. Moreover, X, is in 0D,

because r is bounded from below by a strictly positive constant on any compact subset of D.

Summarizing we have shown:

(1). Boundary regularity: If h is harmonic and bounded from below on D then the limit

lim h(X,) exists along almost every trajectory X, to the boundary 0D.

n—oo

(2). Representation of h in terms of boundary values: If h is continuous on D, then h(X,,) —
h(X«) P.-almost surely and hence

hz) = lim E:[h(Xn)] = E[h(X)],

n—oo

i.e., the distribution of X, w.r.t. P, is the harmonic measure on 0D.

Note that, in contrast to classical results from analysis, the first statement holds without any
smoothness condition on the boundary 0D. Thus, although boundary values of & may not exist

in the classical sense, they still do exist along almost every trajectory of the Markov chain!

A.6 Brownian Motion

Definition (Brownian motion).
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(I1). Let a € R. A continous-time stochastic process B, : Q@ — R,t > 0, definend on a
probability space (), A, P), is called a Brownian motion (starting in a) if and only if

a) By(w)=a foreachw € .

b) For any partition 0 < ty < t; < --- < t,, the increments By, , — B;, are indepedent

random variables with distribution
Bti+1 - Bti ~ N(O7ti+1 - t’l)

c¢) P-almost every sample path t — By(w) is continous.

d) AnR%-valued stochastic process By(w) = (Bt(l) (W), ..., B (w)) is called a multi-dimensional
Brownian motion if and only if the component processes (Bt(l)), e (Bt(d)) are independent

one-dimensional Brownian motions.

Thus the increments of a d-dimensional Brownian motion are independent over disjoint time

intervals and have a multivariate normal distribution:

By — Bs; ~ N(0,(t—s)-1;) forany0<s<t.
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