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Introduction

Let I = Z, = {0,1,2,...} (discrete time) or I = R, = [0,00) (continuous time), and let (, A, P) be a
probability space. If (S, B) is a measurable space then a stochastic process with state space S is a collection
(X;):er of random variables

X :Q—8S.

More generally, we will consider processes with finite life-time. Here we add an extra point A to the state
space and we endow Sx = SU{A} with the o-algebra By = {B,B U {A} : B € B}. A stochastic process
with state space S and life time ¢ is then defined as a process

X;: Q — Sy suchthat X, (w)=A ifandonlyif 7> {(w).

Here ¢ : Q — [0, o0] is a random variable.

We will usually assume that the state space S is a Polish space, i.e., there exists a metricd : § xS — R,
such that (S, d) is complete and separable. Note that for example open sets in R” are Polish spaces, although
they are not complete w.r.t. the Euclidean metric. Indeed, most state spaces encountered in applications are
Polish. Moreover, on Polish spaces regular versions of conditional probability distributions exist. This will
be crucial for much of the theory developed below. If S is Polish then we will always endow it with its Borel
o-algebra B = B(S).

A filtration on (Q,, P) is an increasing collection (¥;);c; of o-algebras F; < A. A stochastic pro-
cess (X¢)rer is adapted w.r.t. a filtration (F7);¢s iff X; is F;-measurable for any r € I. In particular, any
process X = (X;);er is adapted to the filtrations (%) and (7—;X *P) where

FX = o(Xy:sels<t), tel,

is the filtration generated by X, and 7—;X P denotes the completion of the o--algebra #; w.r.t. the probability
measure P:
FXP = (AeA: FA e X with P[AAA] = 0}.

Finally, a stochastic process (X;);cr on (Q, 2, P) with state space (S, 8) is called an (¥;) Markov process iff
(X;) is adapted w.r.t. the filtration (¥7);<s, and

P[X; € B|¥s] = P[X; € B|X;] P-as. forany B € Band s,t € [ with s <1. 0.1)

Any (F;) Markov process is also a Markov process w.r.t. the filtration (7;%) generated by the process. Hence
an (%,%) Markov process will be called simply a Markov process. We will see other equivalent forms of the
Markov property below. For the moment we just note that (0.1) implies

P[X; € B|¥s] = ps.+(Xs,B) P-as. forany B e Band s <t, and 0.2)
E[f(X)|Fs] = (ps.e f)(Xs) P-a.s. for any measurable function f : S — R, and s < ¢, 0.3)

where p; ,(x,dy) is a regular version of the conditional probability distribution of X, given Xy, and

(Pra ) = /S Pea(rdy) ().

Eberle Markov Processes vii



Introduction

Furthermore, by the tower property of conditional expectations, the kernels p; ; (s,# € I with s < 1) satisty
the consistency condition

Ps.u(Xs, B) = /ps,t(Xs’dY) Pru(y,B) 0.4
s
P-almost surely for any B € B and s < t < u, i.e., for any measurable function f : § — R,
Dsuf = DsaPruf Po Xs_l—almost surely forany 0 < s <t < u. 0.5)

Exercise. Show that the consistency conditions (0.4) and (0.5) follow from the defining property (0.2)
of the kernels p; ;.

1. Transition functions and Markov processes

From now on we assume that S is a Polish space and 8 is the Borel o-algebra on S. We denote the collection
of all non-negative respectively bounded measurable functions f : § — R by F..(S), F(S) respectively. The
space of all probability measures resp. finite signed measures are denoted by P(S) and M(S). For u € M(S)
and f € F,(S), as well as for u € P(S) and f € F.(S), we set

un = [ sau

The following definition is natural by the considerations above:

Definition 0.1 (Sub-probability kernel, transition function). 1) A (sub) probability kernel p on
(S,8B) is amap (x, B) — p(x, B) from S x B to [0, 1] such that
(1) for any x € S, p(x,-) is a positive measure on (S,8) with total mass p(x,S) = 1
(p(x,8) < 1 respectively), and
(i) for any B € B, p(-, B) is a measurable function on (S, B).

2) A transition function is a collection p; ; (s, € I with s < ¢) of sub-probability kernels on (S, B)
satisfying

Dii(x,-) =05 forany x € Sand? € [, and (0.6)
Ds.tPru = Psu forany s <t < u, (0.7)

where the composition of two sub-probability kernels p and ¢ on (S, B) is the sub-probability kernel
pq defined by

(pg)(x,B) = /p(x, dy)q(y,B) forany x € S,B € B.

The equations in (0.7) are called the Chapman-Kolmogorov equations. They correspond to the consis-
tency conditions in (0.4). Note, however, that we are now assuming that the consistency conditions hold
everywhere. This will allow us to relate a family of Markov processes with arbitrary starting points and
starting times to a transition function.

The reason for considering sub-probability instead of probability kernels is that mass may be lost during
the evolution if the process has a finite life-time. We extend transition functions of sub-probability kernels
on (S, B) to transition functions of probability kernels on (Sa, Ba) by setting ps (A, -) := da, and

Ds.t(x,{A}) == 1= ps(x,5) forany x € Sand s < 1. (0.8)

viii University of Bonn



1. Transition functions and Markov processes

Example (Discrete and absolutely continuous transition kernels). A sub-probability kernel on a count-
able set S takes the form p(x, {y}) = p(x,y) where p : xS — [0, 1] is a non-negative function satisfying

>, p(x,y) < 1. More generally, let A be a non-negative measure on a general Polish state space (e.g. the
yeS

counting measure on a discrete space or Lebesgue measure on R"). If p : § X § — R, is a measurable
function satisfying

/p(x, y)A(dy) <1 forany x € S,

then p is the density of a sub-probability kernel given by

p(x,B) = /B P Y)A(dy).

The collection of corresponding densities p;_,(x, y) for the kernels of a transition function w.r.t. a fixed
measure A is called a transition density. Note, however, that many interesting Markov processes on
general state spaces do not possess a transition density w.r.t. a natural reference measure. A simple
example is the Random Walk Metropolis algorithm on R“. This Markov chain moves in each time step
with a positive probability according to an absolutely continuous transition density, whereas with the
opposite probability, it stays at its current position, see Section 3.2 below.

Definition 0.2 (Markov process with transition function ps¢). Letp,, (s,t € I withs < ¢) be atransition
function on (S, B), and let (%7 );<; be a filtration on a probability space (Q, 2, P).

1) A stochastic process (X;):e; on (Q,2, P) with values in S is called an () Markov process with
transition function (ps ¢) iff it is (%) adapted, and

(MP) P[X; € B|¥s]| = ps.+(Xs,B) P-as. forany s <tand B € 8.

2) It is called time-homogeneous iff the transition function is time-homogeneous, i.e., iff there exist
sub-probability kernels p; (¢ € I) such that

Ds.t = Pir—s forany s <t.

Notice that time-homogeneity does not mean that the law of X; is independent of ¢; it is only a property
of the transition function. For the transition kernels (p;);c; of a time-homogeneous Markov process, the
Chapman-Kolmogorov equations take the simple form

Ps+t = pspr foranys,tel. 0.9

A time-inhomogeneous Markov process (X;) with state space S can be identified with the time-homogeneous
Markov process (t, X;) on the enlarged state space Ry X S :

Exercise (Reduction to time-homogeneous case). Let ((X;);¢;, P) be a Markov process with transition
function (ps,,). Show that for any ¢y € I the time-space process X; = (fo+?, X;,+,) is a time-homogeneous
Markov process with state space R, X S and transition function

Pr ((5,%),°) = Ot ® P,sr (X, ).
Kolmogorov’s Theorem states that for any transition function and any given initial distribution there is a

unique canonical Markov process on the product space

Qean = 8L ={w : 1 — Sp}.

A. Eberle Markov Processes (v. July 7, 2020) ix
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Indeed, let X; : Qcan — Sa, X¢(w) = w(t), denote the evaluation at time ¢, and endow Q,, with the product
o-algebra

Wean = ®BA =o(X;:tel).

tel

Theorem 0.3 (Kolmogorov’s Theorem). Let p; ; (s, € I with s < 7) be a transition function on (S, 8).
Then for any probability measure v on (S, 8), there exists a unique probability measure P, on (Qcan, Wcan)
such that ((X;); ez, P) is a Markov process with transition function (p,,) and initial distribution P, 0 X L=y,

Since the Markov property (MP) is equivalent to the fact that the finite-dimensional marginal laws of the
process are given by

(Xt(pth’ ] th) ~ ,u(dXO)PO,tl (XO’ dxl)ptl,tz(xla de) e Ptn,l,tn (xn—la dxn)

forany 0 =ty < f; < --- < t,, the proof of Theorem 0.3 is a consequence of Kolmogorov’s extension theorem
(which follows from Carathéodory’s extension theorem). Thus Theorem 0.3 is a purely measure-theoretic
statement. Its main disadvantage is that the space S' is too large and the product o--algebra is too small
when I = R,. Indeed, in this case important events such as the event that the process (X;); >0 has continuous
trajectories are not measurable w.r.t. Acan. Therefore, in continuous time we will usually replace Qcq, by
the space D(R4,Sa) of all right-continuous functions w : Ry — Sp with left limits w(¢—) for any r > 0.
To realize a Markov process with a given transition function on Q = D(R,, So) requires modest additional
regularity conditions, cf. e.g. Rogers & Williams I [49].

For x € S and ¢y € I, we denote by P)(f(’) the canonical measure corresponding to the initial distribution J

and the time-shifted transition kernels
(to)

Pst = DPro+s,tp+t-

(t0)

s{ = DPs.: for any t9, whence P)(f") coincides with the law Ps_

In particular, in the time-homogeneous case, p
of the original Markov process starting at x.

Theorem 0.4 (Markov properties). Let (X;);c; be a stochastic process with state space (Sy, Ba) defined
on a probability space (€2, 2, P). Then the following statements are equivalent:

(i) (X;, P) is a Markov process with initial distribution v and transition function (p; ;).
(i) Foranyn e Z, and0 =1 <t; < ... < ty,,
(XI(VXl‘p e ,th) ~vVe® Pto,t1 ® Pt ®---® Dt 1.t w.r.t. P.
(iil) (Xe)rer ~ Py.
(iv) Forany s € I, Pg(sz is a version of the conditional distribution of (X;),>s given ?'SX ,i.e.,
E[F((X)e2)| 7] = EQ[F]  P-as.

for any .,n-measurable function F : Qcan — Ry

X University of Bonn



2. Some classes of Markov processes

2. Some classes of Markov processes

Markov chains

Markov processes (X;);ez, in discrete time are called Markov chains. The transition function of a Markov
chain is completely determined by its one-step transition kernels 7, = p,—1., (n € N). Indeed, by the
Chapman-Kolmogorov equation,

Ds.t = Ms41 g2 - - -y forany s,t € Z, with s < ¢.

In particular, in the time-homogeneous case, the transition function takes the form

p:=n' foranyteZ,,

where m = p,_1 , is the one-step transition kernel that does not depend on #.

The canonical law P, of a Markov chain with initial distribution u on
Qean = S} = {(Wn)nez, : wn € S}
is the infinite product P, = p ® 11 ® m ® 713 ® .. .. In particular,
Xoy.. .. X)) ~u®mm®---®m, for any n > 0.

For Markov chains, the Markov property (iv) in Theorem 0.4 says that for any n € Z,, Pg?n) is a version of
the conditional distribution of (X, Xj+1,. . .) given (Xo, X1, ..., X,), i.e.,

E[F(Xp Xus1.-- )Xo, ... Xa] = EY'[F] P-as.

for any Ag,n-measurable function F : Qcyy — R

One way in which Markov chains frequently arise in applications is as random dynamical systems: A
stochastic process on a probability space (Q, 2, P) defined recursively by

Xn+1 = q)n+1(Xn, Wn+1) forn e Z, (0.10)

is a Markov chain if Xy : Q — S and W1, W,,--- : Q — T are independent random variables taking values in
measurable spaces (S, 8) and (T, C), and ®,D,,. .. are measurable functions from § X T to S. The one-step
transition kernels are

ﬂn(x’ B) = P[(Dn(x’ Wn) € B]a

and the transition function is given by
Ps,t(x,B) = P[X[(S,X) € B]’

where X,(s,x) for t > s denotes the solution of the recurrence relation (0.10) with initial value X(s, x) = x
at time s. The Markov chain is time-homogeneous if the random variables W,, are identically distributed,
and the functions ®,, coincide for all n € N.

On a Polish state space S, every Markov chain can be represented as a random dynamical system in the
form
Xns1 = q)n+l(Xn, Wn+l)

with independent random variables Xy, Wi, W,, W3, ... and measurable functions @, ®;, @3, ..., see e.g.
Kallenberg [27]. Often such representations arise naturally:

A. Eberle Markov Processes (v. July 7, 2020) xi
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Example. 1) Random Walk on RY. A d-dimensional Random Walk is defined by a recurrence
relation X, ; = X,,+W,,,1 withi.i.d. random variables Wi, W,, W3, ... : Q — R4 and aindependent
initial value X : Q — R4.

2) Reflected Random Walk on S c RY. There are several possibilities for defining a reflected
random walk on a measurable subset S ¢ R9. The easiest is to set

Xns1 = X + Whiilix, 4w, €5}

with i.i.d. random variables W; : Q — R¢. One application where reflected random walks are of
interest is the simulation of hard-core models. Suppose there are d particles of diameter  in a
box B ¢ R?. The configuration space of the system is given by

S={(xl,...,xd)€R3d:xiEBand|xi—xj|>r\7’i¢j}.

If the law of the increments is invariant under reflection, i.e., -W,, ~ W,,, then the uniform
distribution on S is a stationary distribution of the reflected random walk on S defined above.

3) State Space Models with additive noise. Several important models of Markov chains in R are
defined by recurrence relations of the form

X1 = (D(Xn) + Wit

with i.i.d. random variables W; (i € N). Besides random walks these include e.g. linear state
space models where

Xps1 = AX, + Wyyy  for some matrix A € R?*4,

and stochastic volatility models defined e.g. by

Va/2
Xpr1 =Xy +e n/ Wast,

Vas1 =m+a(Vy, —m) + 0Z,4

with constants «,00 € Ry,m € R, and i.i.d. random variables W; and Z;. In the latter class of
models X, stands for the logarithmic price of an asset and V,, for the logarithmic volatility.

Markov chains in continuous time

If (Y;1)nez, is a time-homogeneous Markov chain on a probability space (Q,, P), and (N,);>¢ is a Poisson
process with intensity 4 > 0 on (Q,, P) that is independent of (¥;,),cz, then the process

Xt = YNt’ t e [0, OO),

is a time-homogeneous Markov process in continuous time, see e.g. [18]. Conditioning on the value of N;
shows that the transition function is given by

[Se]

_ @k, _ at(n-D)
p:(x,B) = Z e Tﬂ' (x,B)=e (x, B).
k=0 :

The construction can be generalized to time-inhomogeneous jump processes with finite jump intensities, but
in this case the processes (¥;,) and (N;) determining the positions and the jump times are not necessarily
Markov processes on their own, and they are not necessarily independent of each other, see Section 5.1
below.

xii University of Bonn



2. Some classes of Markov processes

Diffusion processes

A Brownian motion ((B;); >0, P) taking values in R" is a time-homogeneous Markov process with continuous
sample paths t — B;(w) and transition density
|x — ylz)

pi(x,y) = Qar) ™" exp (—T

with respect to the n-dimensional Lebesgue measure A". In general, Markov processes with continuous
sample paths are called diffusion processes. It can be shown that a solution to an Itd stochastic differential
equation of the form

dXt = b(t,Xz)dt + O-(I,Xz)dBt, XO = X0, (011)
is a diffusion process if, for example, the coefficients are Lipschitz continuous functions b : R, X R" — R"
and o : Ry x R" — R™4_and (B,);»0 is a Brownian motion in R<. In this case, the transition function is
usually not known explicitly.

Example (Ornstein-Uhlenbeck process). The Ornstein-Uhlenbeck process is the solution to the SDE

(0.11) with b(t,x) = —yx and o (t,x) = I; where y > 0 is a fixed parameter. The solution to this linear
SDE is a Gaussian process that can be computed explicitly by variation of constants. It is given by

‘
X, = e Xp +/ =9 4B
0

where the integral is an It6 integral. Observe that the influence of the initial condition decays exponen-
tially.

Markov processes with finite life-time

Given an arbitrary Markov process and a possibly time and state dependent rate function, we can define
another Markov process that follows the same dynamics until it eventually dies with the given rate.
We first consider the discrete time case. Let (X,),ez, be the original Markov chain with state space
S and transition probabilities ,,, and suppose that the death rates are given by measurable functions
Wn : S X8 — [0,00], i.e., the survival probability is e™=*Y) if the Markov chain is jumping from x to
y in the n-th step. Let E, (n € N) be independent exponential random variables with parameter 1 that are
also independent of the Markov chain (X,). Then we can define a Markov chain with state space SU{A}
recursively by X" = Xo,
XV =

n

X, it XY # Aand E, > wu(Xn-1, Xn),
A otherwise.

Example (Absorption and Kkilling on the boundary). If D is a measurable subset of S, and we set

(x.y) = 0 fory € D,
WnlhY) =1 s for y € S\D,

then the Markov chain (X)) is killed when exiting the domain D for the first time. Note that (X,") differs
slightly from the Markov chain with absorption at the boundary that is defined as

D
Xn = AnnT>

where T = min{n > 0 : X, ¢ D} is the first exit time from D.

Lemma 0.5. The process (X,") is a Markov chain on Sy w.r.t. the filtration F,, = 0(Xo, X1, . . ., Xn, E1, . . ., Ep).
The transition probabilities are given by

ny (x,dy) = e (x,dy) + (1 —/e_w"(x’z)ﬂn(x,dz) oa(dy) forx eSS,

ﬂ-;LV(A’ )

OA -
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Proof. For any Borel subset B of S,
P [Xr‘:fi—l € Blﬁ] =F [P [valv € S,Xn+l S B,En+1 > Wn(Xn,Xn+1)|0-(XO:oo,El:n)] |7:n]
= E [ 1500 15Xy e KXot 7,

= 1s(X)) / e EnVp (X, dy) = mae1(XY,B).
B

Here we have used the properties of conditional expectations and the Markov property for (X;,). The assertion
follows since the o--algebra on S U {A} is generated by the sets in $, and B is stable under intersections. Hl

In continuous time, we can not use a step-by-step construction of a Markov process with a given death
rate. However, the memoryless property of the exponential distribution ensures that the following alternative
construction leads to an equivalent result. Let (X;);cr, be a time-homogeneous Markov process on (€2, 2, P)
with state space (S, 8), and suppose that the death rate is given by a measurable function V : R, XS — [0, co].
Then the accumulated death rate up to time ¢ is given by setting

t
A = / V(s, Xs) ds.
0

We define the corresponding process (XtV )rer, With death rate V by

X, ifA; <E,
X/ = = inf{t 20: X = A} =inf{r 2 0: A, > E},
! {AMZE, £ = inf{rz0: XY =A) =inf(r20: 4, 2 E})
where E is an exponential random variable with parameter 1 that is independent of the process (X;).

Lemma 0.6. The process (X)) is a Markov process on Sx w.r.t. the filtration F; = o/(D,{s < {} : D €
FX,s € [0,t]). The transition probabilities are given by

p;/’t(x, B)=E, [exp (— /Ot_s V(s +u,X,) du) 3 X5 € B] forxe Sand B € B,
PLi(A-) = 6.
Proof. Fix B € 8 and 0 < s < t. We are going to show that
PIx/|F] = pY,(X,B)  P-as (0.12)

To this end we observe that the o--algebra ¥ is generated by the collection of events of the form DN {r < ¢}
with D € F5 and r € [0,s]. Furthermore, for events of this form, a computation based on the Markov
property for the original process (X;) and on the properties of conditional expectations yields

P{xY eBynDn{r<{}| = P[{X,eBynDN{t <}
= E|P[t<{IF3]:{X; € B}n D]
= E[exp(-A;);{X; € B} n D]

= E [exp(—AS)ID E [exp (— /t V(s + u,Xu)a’u) 15(X;) 7_;)(”

= E|[py,X:,B);DNn{s<{}| = E|p ,(Xs.B; DN {r < }].

Here we have used in the first and last step that {r < {} € {s < ¢} € {r < ¢} and p,(Xs,B) = 0 on
s > (. The assertion follows since the collection of events generating ¥ considered above is stable under
intersections. |

Exercise. Complete the proof by verifying that (p, ;) is indeed a transition function.

xiv University of Bonn



3. Generators and Martingales

3. Generators and Martingales

Since the transition function of a Markov process is usually not known explicitly, one is looking for other
natural ways to describe the evolution. An obvious idea is to consider the rate of change of the transition
probabilities or expectations at a given time ¢.

In discrete time this is straightforward: For f € ¥, (S) and ¢ > 0,
E[f(Xi+1) = FXO|Fe] = (L f)(Xe)  P-as. (0.13)
where L; : F(S) — Fp(S) is the linear operator defined by

(L)) = (resn ) (6) = () = / T (e dy) (F3) — F())

L, is called the generator at time t - in the time homogeneous case it does not depend on 7.

Example. 1) Simple random walk on Z. Here n(x,-) = %6”1 + %5%1- Hence the generator is
given by the second difference (discrete Laplacian):

(L0 = 3+ 1)+ flx= 1) = () = 31+ 1) = F0) = (7)== D).
2) Random walk on RY. A random walk on R¢ with increment distribution x can be represented as
X, =x+znlwk (neZ)
&
with independent random variables Wy ~ u. The generator is given by
(LN = [ Fee+ wtaw) = 00 = [ (7 w) = FxDutaw),

3) Markov chain with finite life-time. Suppose that £ is the generator of a time-homogeneous
Markov chain with state space S and transition kernel 7. Then the generator of the corresponding
Markov chain on SU{A} with death rate w,,(x, y) is given by

(Lip = [ (e76250) - fanatedy)  forxes.

In particular, if w;.1(x,y) = v,(x) for measurable functions vy, vy, ... (i.e., the death rate in the
next step only depends on the current position), then

Lif = eLf + (e =1) f.

for any bounded measurable function f : S — R, and for any x € S.

In continuous time, the situation is more involved. Here we have to consider the instantaneous rate of
change, i.e., the derivative of the transition function. We would like to define

(Pr.rn f)(x) = f(x) _
h

(L)) = lim tim LELF (Xeon) — FOIX, = x]. (0.14)

By an informal calculation based on the Chapman-Kolmogorov equation, we could then hope that the
transition function satisfies the differential equations

d d
(FE) Eps,tf =h (Ps.ePraenf) ln=0 = ps. Lo f, and (0.15)
d d
(BE) - aps,tf = _% (ps,s+hps+h,tf) |h=0 +ps,s£sps,zf = Lsps,lf- (016)
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These equations are called Kolmogorov’s forward and backward equation respectively, since they describe
the forward and backward in time evolution of the transition probabilities.

However, making these informal computations rigorous is not a triviality in general. The problem is that
the right-sided derivative in (0.14) may not exist for all bounded functions f. Moreover, different notions of
convergence on function spaces lead to different definitions of £; (or at least of its domain). Indeed, we will
see that in many cases, the generator of a Markov process in continuous time is an unbounded linear operator
- for instance, generators of diffusion processes are (generalized) second order differential operators. One
way to circumvent these difficulties partially is the martingale problem of Stroock and Varadhan which sets
up a connection to the generator only on a fixed class of nice functions.

We first consider again the discrete time case. Here, the generator can be used immediately to identify
martingales associated to a Markov chain. Indeed if (X, P) is an (%) Markov chain with transition kernels
m, then by (0.13), for any f € F5(S), the process M1 defined by

n-1
M = F(X) = Y (LX), nezZs, 0.17)

k=0
is an (¥,) martingale. We even have:

Theorem 0.7 (Martingale problem characterization of Markov chains). Let X, : Q — S be an (F,)
adapted stochastic process defined on a probability space (€, 2, P). Then (X, P) is an (F;) Markov chain
with transition kernels 7, if and only if the process M! defined by (0.17) is an (%) martingale for every
function f € 75(S).

The proof is a direct consequence of the fact that (X,,, P) is an (¥,,) Markov chain with transition kernels
7, if and only if (0.13) holds for any f € 75 (S).

The martingale problem provides a Doob decomposition for arbitrary bounded functions of a Markov
chain into a martingale and a predictable process:

n-1

f(X,) = M,[,f] + Ahf], where A,[,f] = Z(.Ekf)(Xk) is ¥,,—1-measurable.
k=0
This decomposition can also be extended to time-dependent functions. Indeed, if (Xj,, P) is a Markov chain
with state space S and transition kernels 7,,, then the time-space process X, := (1, X,,) is a time-homogeneous
Markov chain with state space Z, X S. Let

(L)) = / Tt (5o dy)(F(n + 1y) — £(n.x))
= (Lo fn 4 L)) + f(n+ Lx) - f(n.)

denote the corresponding time-space generator.

Corollary 0.8 (Time-dependent martingale problem for Markov chains). Let X,, : Q — S be an ()
adapted stochastic process defined on a probability space (Q,, P). Then (X, P) is an (¥,) Markov chain
with transition kernels 71, 7y, . . . if and only if the processes

n—1

Ml = fnX) = Y LNk X (neZy)
k=0

are (¥,) martingales for all functions f € ¥, (Z; X S).
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3. Generators and Martingales

Proof. By definition, the process (X, P) is a Markov chain with transition kernels 7, if and only if the
time-space process ((n, X,), P) is a time-homogeneous Markov chain with transition kernel #((n,x),-) =
On+1 ® mpt1(x,-). The assertion now follows from Theorem 0.7. |

We now return to general Markov processes. Let A be a linear space of bounded measurable functions
on (S,8),and let L; : A — F(S),t € I, be a collection of linear operators with domain A taking values in
the space F(S) of measurable (not necessarily bounded) functions on (S, 8).

Definition 0.9 (Martingale problem). A stochastic process ((X;);cz, P) that is adapted to a filtration (%)
is said to be a solution of the martingale problem for ((L¢)¢c1, A) iff the real valued processes

t—1
M = f(X) = ) (LX) if I =Zy, resp.
s=0

M = (X)) - / (LX) if] =R,
0

are (¥) martingales for all functions f € A. Here it is implicitly assumed that the integral exists almost
surely, and defines an integrable random variable.

We have remarked above that in the discrete time case, a process ((X;), P) is a solution to the martingale
problem w.r.t. the operators L5 = my — I with domain A = 73(S) if and only if it is a Markov chain with
one-step transition kernels ;. Again, in continuous time the situation is much more tricky since the solution
to the martingale problem may not be unique, and not all solutions are Markov processes. Indeed, the price
to pay in the martingale formulation is that it is usually not easy to establish uniqueness. Nevertheless, if
uniqueness holds, and even in cases where uniqueness does not hold, the martingale problem turns out to
be a powerful tool for deriving properties of a Markov process in an elegant and general way. This together
with stability under weak convergence turns the martingale problem into a fundamental concept in a modern
approach to Markov processes.

Example. 1) Markov chains. As remarked above, a Markov chain solves the martingale problem
for the operators (L, F5(S)) where (L, f)(x) = [(f(y) = f(x)m:(x, dy).

2) Continuous time Markov chains. A continuous time process X; = Yy, constructed from a
time-homogeneous Markov chain (¥;,),cz, with transition kernel 7 and an independent Poisson
process (N; ) >0 solves the martingale problem for the operator (L, 7,(S)) defined by

(L)) = / (FO) = F(Dq(xdy)

where ¢g(x,dy) = An(x,dy) are the jump rates of the process (X;);>0. More generally, we
will construct in Section 5.1 Markov jump processes with general finite time-dependent jump
intensities g;(x, dy).

3) Diffusion processes. By Itd’s formula, a Brownian motion in R" solves the martingale problem
for |
Lf=5Af with domain A = CI(R™).

More generally, an It6 diffusion solving the stochastic differential equation (0.11) solves the
martingale problem for

Lf_b(f )Vf.,.li "(l )az—f
e - 2 it x 6x,~(9xj’

i,j=1

A =CT(R"),

where a(t,x) = o(t,x)o(t,x)T. This is again a consequence of Itd’s formula, cf. Stochastic
Analysis, e.g. [16, 17].

A. Eberle Markov Processes (v. July 7, 2020) xvii



Introduction

4. Strong Markov property

For time homogeneous Markov processes in discrete time, the Markov property is equivalent to the following
strong Markov property:

Exercise (Strong Markov property for time homogeneous Markov chains). Let (X, Px) be a time
homogeneous (¥;,) Markov chain on the state space (S, 8) with transition kernel 7(x, dy). Show that for
every (F,X) stopping time T : Q — Z, U {oo}, and every U,,-measurable function F : Qc,, — Ry,

E|F(Xr, Xrs1,.. T | = Ex, [F] P-as. on {T < oo}.

For Markov processes in continuous time, corresponding strong Markov properties hold under an additional
regularity condition on the transition function.

Exercise (Strong Markov property in continuous time). Suppose that (X;, Py ) is a time homogeneous
(77) Markov process in continuous time with state space R and transition semigroup (p; ).

a) Let T be an (¥;) stopping time taking only the discrete values #; = ih, i € Z,, for some fixed
h € (0,00). Prove that for every initial value x € R? and every non-negative measurable function
F: (RHO=) 5 R,

Ex [F(Xr+o)|F1] = Ex, [F(X)] P-almost surely. (0.18)

b) The transition semigroup (p;) is called Feller iff for every r > 0 and every bounded continuous
function f : RY — R, x — (p;f)(x) is continuous. Prove that if # — X;(w) is right continuous
for all w and (p;) is a Feller semigroup, then the strong Markov property (0.18) holds for every
(F7) stopping time 7 : Q — [0, o0).

Hint: Show first that for any t > 0 and f € Cp(RY),

Ex[fXri)|F7] = Ex;[f(X:)]  Px-almost surely.

5. Stability and asymptotic stationarity

A question of fundamental importance in the theory of Markov processes are the long-time stability properties
of the process and its transition function. In the time-homogeneous case that we will mostly consider here,
many Markov processes approach an equilibrium distribution u in the long-time limit, i.e.,

Law(X;) > u ast— oo (0.19)

w.r.t. an appropriate notion of convergence of probability measures. The limit is then necessarily a stationary
distribution for the transition kernels, i.e.,

u(B) = (up:)(B) = /,u(dx)pt(x, B) foranyreland B e B.

More generally, the laws of the trajectories X;..o = (X;)s>; from time ¢ onwards converge to the law P, of
the Markov process with initial distribution yu, and ergodic averages approach expectations w.r.t. P, i.e.,

=

- Z F(Xp Xns1,...) — | FdP,, (0.20)

I3 =0 SZ+

1 t

n / F(X5.00)ds — FdP, respectively 0.21)
0 D(R4,S)

w.r.t. appropriate notions of convergence.
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5. Stability and asymptotic stationarity

Statements as in (0.20) and (0.21) are called ergodic theorems. They provide far-reaching generalizations
of the classical law of large numbers. We will spend a substantial amount of time on proving convergence
statements as in (0.19), (0.20) and (0.21) w.r.t. different notions of convergence, and on quantifying the
approximation errors asymptotically and non-asymptotically w.r.t. different metrics. This includes studying
the existence and uniqueness of stationary distributions. In particular, we will see in Section 5.4 that for
Markov processes on infinite dimensional spaces (e.g. interacting particle systems with an infinite number
of particles), the non-uniqueness of stationary distributions is often related to a phase transition. On spaces
with high finite dimension the phase transition will sometimes correspond to a slowdown of the equilibra-
tion/mixing properties of the process as the dimension (or some other system parameter) tends to infinity.

In the first part of these notes, we study ergodic properties. We start in Chapter 1 by applying martingale
theory to Markov processes in discrete and continuous time. Chapter 2 focuses on ergodic theorems and
bounds for ergodic averages as in (0.20) and (0.21). A key idea in the theory of Markov processes is to
relate long-time properties of the process to short-time properties described in terms of its generator. Two
important approaches for doing this are the coupling/transportation approach considered in Chapter 3, and
the L?/Dirichlet form approach considered in Chapter 9.

In the second part, we outline several approaches for constructing Markov processes in continuous time.
Chapter 5 contains direct probabilistic constructions for jump processes with finite jump intensity and for
interacting particle systems. In the latter case, there may be infinitely jumps in a finite time interval. Other
jump processes with infinite jump intensities (e.g. general Lévy processes as well as jump diffusions) are
constructed and analysed in the stochastic analysis course. Chapter 4 discusses the characterization of
Markov processes in terms of their generator in depth, and it outlines the construction of Feller processes
starting from the generator. Finally, Chapter 6 introduces a general and powerful approach for constructing
Markov processes as limits of solutions to approximating martingale problems.
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1. Lyapunov functions and stochastic stability

In applications it is often not possible to identify relevant martingales explicitly. Instead one is frequently
using supermartingales (or, equivalently, submartingales) to derive upper or lower bounds on expectation
values one is interested in. It is then convenient to drop the integrability assumption in the martingale
definition:

Definition 1.1 (Non-negative supermartingale). Let / = Z, or I = R,. A real-valued stochastic process
((M})zer, P) is called a non-negative supermartingale w.r.t. a filtration (7) if and only if for any s,¢ € [
with s <1,

(i) M; >0 P-almost surely,
(ii) M; is F;-measurable, and

(iii) E[M;|Fs] £ My P-almost surely.

The optional stopping theorem and the supermartingale convergence theorem have versions for non-
negative supermartingales. Indeed by Fatou’s lemma,

E[M7p;T < oo] < liminf E[M7p,] < E[Mp]

n—oo

holds for an arbitrary (7;) stopping time 7 : Q — I U {co}. Similarly, the limit M, = lim;_,, M, exists
almost surely in [0, c0).

Lyapunov functions are functions of Markov processes that are supermartingales outside of a bounded
subset of the state space. They can be applied effectively in order to prove asymptotic properties of Markov
processes such as recurrence, existence of stationary distributions, and different forms of ergodicity.

1.1. Potential theory for Markov chains

Let S be a Polish space endowed with its Borel o-algebra 8. We consider a canonical time-homogeneous
Markov chain (X, Pyx) with state space (S, 8) and one-step transition kernel 7. The corresponding generator
is given by
(LN)(x) = @ f)x) = f(x) = Ex[f(X1) - f(X0)]
By Theorem 0.7,
M = F(X) = Y (LX)
i<n

is a martingale w.r.t. (7;X) and P, for any x € S and f € F5(S). Similarly, one easily verifies that if the
inequality L f < —c holds for non-negative functions f,c € 7,(S), then the process

M = )+ ) (X))

i<n
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1. Lyapunov functions and stochastic stability

is a non-negative supermartingale w.r.t. (7,X) and P, for any x € S. By applying optional stopping to these
processes, we will derive upper bounds for various expectations of the Markov chain.

Let D € 8B be a measurable subset of S. We define the exterior boundary of D w.r.t. the Markov chain as

oD = U supp 7(x,-)\ D
xeD

where the support supp(u) of a measure u on (S,8) is defined as the smallest closed set A such that u
vanishes on A¢. Thus, open sets contained in the complement of D U d D can not be reached by the Markov
chain in a single transition step from D.

Example. (i) For the simple random walk on Z¢, the exterior boundary of a subset D c Z¢ is given
» OD ={xeZ!\D:|x—-y|=1forsomey e D}.
(i) For the ball walk on R? with transition kernel
n(x,-) = Unif (B(x,7)),

the exterior boundary of a Borel set D € 8 is the r-neighbourhood

D = {x e R\ D : dist(x, D) < r}.

Let
T =min{n >0: X, € D}

denote the first exit time from D. Then for any x € D,
Xr € 0D Py-as. on {T < co}.
Our aim is to compute or bound expectations of the form

T-1
exp (— Z w(X;)

i=0

T-1

Z exp

n=0

n—1

- Z w(X;)

i=0

u(x) = Ex f(X7); T < oo| + Ey c(X,) (1.1

for given non-negative measurable functions f : dD — R,, and ¢,w : D — R,. The general expression
(1.1) combines a number of important probabilities and expectations related to the Markov chain:

Example. (i) Exit probability from D. w =0,c =0, f = 1:
u(x) = Py[T < o0].
(ii) Law of the exit point X7. w = 0,c =0, f = 15 for some measurable subset B C dD :
u(x) = Py[X7 € B;T < o0].

For instance, if 4D is the disjoint union of sets A and B and f = 1p then u(x) = Px[Tp < T4].

(iii) Mean exit time from D. w =0, f =0,c = 1:
u(x) = Ex[T].

(iv) Average occupation time of B before exiting D. w =0, f = 0,c = 15: u(x) = Gp(x, B), where

T-1
Z lB(Xn)
n=0

Gp is called the potential kernel or Green kernel of the domain D.

GD(X, B) = Ex

= ZPX[Xn eBn<T]
n=0
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1.1. Potential theory for Markov chains

(v) Laplace transform of mean exit time. ¢ =0, f = 1,w = A for some constant 4 > 0:
u(x) = Ex[exp (=AT)].

(vi) Laplace transform of occupation time. ¢ =0, f = 1,w = A1 for some 1 > 0,B C D:

T-1
exp (—A D 15(Xa)
n=0

The next fundamental theorem shows that supersolutions to an associated boundary value problem provide
upper bounds for expectations of the form (1.1). This observation is crucial for studying stability properties
of Markov chains.

u(x) = Ey

Theorem 1.2 (Maximum principle). Suppose v € ¥.(S) is a non-negative function satisfying

Lyv< (e -1)wv—-¢eYc onD, (1.2)
v2f on dD.

Then u < v.

The proof will be given below. It is an application of the optional stopping theorem for non-negative
supermartingales. The expectation u(x) can be identified precisely as the minimal non-negative solution of
the corresponding boundary value problem:

Theorem 1.3 (Dirichlet problem, Poisson equation, Feynman-Kac formula). The function « is the min-
imal non-negative solution of the boundary value problem

Lv=("-1)w—-—¢e"c onD, (1.3)
v=f on dD.

If c =0, f is bounded, and 7' < co P,-almost surely for any x € S, then u is the unique bounded solution
of (1.3).

We first prove both theorems in the case w = 0. The extension to the general case will be discussed
afterwards. The proof for w = 0 is based on the following simple observation:

Lemma 1.4 (Locally superharmonic functions and supermartingales). Let A € B and suppose thatV €
F+(S) is a non-negative function satisfying

LV<—-c onS\A
for a non-negative function ¢ € F(S \ A). Then the process

My =V(Xanr)+ . (X)) (14)

i<nATp

is a non-negative supermartingale.

The elementary proof of the lemma is left as an exercise.
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1. Lyapunov functions and stochastic stability

Proof (of Theorem 1.2 for w = 0). Let v € #,.(S) such that Lv < —c¢ on D. Then by the lemma,

My =V(Xanr) + ). e(X)
i<nAT
is a non-negative supermartingale. In particular, (M,,) converges almost surely to a limit M., > 0, and thus
My is defined and non-negative even on {T = oo}. If v > f on 9D then

T-1
My > F(XP)l (<o) + ), (X, (1.5)
i=0

Therefore, by optional stopping combined with Fatou’s lemma,

u(x) < Ex[Mr] < Ex[Mo] = v(x). (1.6)
|

Proof (of Theorem 1.3 for w = 0). By Theorem 1.2, all non-negative solutions v of (1.3) dominate u from
above. This proves minimality. Moreover, if ¢ = 0, f is bounded, and T < co Py-a.s. for any x, then (M)
is a bounded martingale, and hence all inequalities in (1.5) and (1.6) are equalities. Thus if a non-negative
solution of (1.3) exists then it coincides with u, i.e., uniqueness holds.

It remains to verify that u satisfies (1.19). This can be done by conditioning on the first step of the Markov
chain: For x € D, we have T > 1 Py-almost surely. In particular, if 7 < oo then X7 coincides with the exit
point of the shifted Markov chain (X,;+1),>0, and T — 1 is the exit time of (X,,41). Therefore, the Markov
property implies that P,-almost surely,

E,

f(XT)l{T<oo} + Z C(Xn) X1

n<T

)+ Ex | FXD) <o) + Y c(Xs) | X1

n<T-1

c(x) + Ex,

FXP) 1 (7<coy + Z c(Xn)

n<T

c(x) + u(Xy),
and hence
u(x) = Ex [c(x) + u(X1)] = c(x) + (pu)(x),

i.e., Lu(x) = —c(x). Moreover, for x € dD, we have T = 0 Py-almost surely and hence
u(x) = Ex[f(Xo)] = f(x). [

We now extend the results to the case w # 0. This can be done by representing the expectation in (1.3) as
a corresponding expectation with w = 0 for a Markov chain with finite life-time:

Proof (Reduction of general case to w = 0). We consider the Markov chain (X)) with death rate w defined
on the extended state space SU{A} by X" = Xo,

v - Xns1 X)) #Aand E . > w(X,),
n+l A otherwise ,

with independent Exp(1) distributed random variables E; (i € N) that are independent of (X;,) as well.
Setting f(A) = ¢(A) = 0 one easily verifies that

T-1

u(x) = Ex[fOGY)T < ool + Eo[ Y e(X))].
n=0
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1.1. Potential theory for Markov chains

By applying Theorems 1.2 and 1.3 with w = 0 to the Markov chain (X)), we see that u is the minimal
non-negative solution of
LYu=-c onD, u=f ondD, (1.7)

and any non-negative supersolution v of (1.7) dominates u from above. Moreover, the boundary value
problem (1.7) is equivalent to (1.3) since

LYu=e"mu-u=e"Lu+(E” —1u=-c ifandonlyif Lu=("-1)u-e"c.

This proves Theorem 1.2 and the main part of Theorem 1.3 in the case w # 0. The proof of the last assertion
of Theorem 1.3 is left as an exercise. |

Example (Random walks with bounded steps). We consider a random walk on R with transition step
x +— x + W where the increment W : Q — R is a bounded random variable, i.e., |[W| < r for some
constant r € (0, 00). Our goal is to derive tail estimates for passage times.

T, =min{n > 0: X,, > a}.

Note that Ty, is the first exit time from the domain D = (—o0,a). Since the increments are bounded by r,
0D C [a,a + r]. Moreover, the moment generating function Z(1) = E[exp (AW)],
A € R, is bounded by e and for A < 0, the function v(x) = e satisfies

(Lv)(x) = Ey [eM“W)] — ™ = (Z() - D v(x) forx e D,
v(x) = M) for x € 6D.

By applying Theorem 1.2 with the constant functions w and f satisfying e*™®) = Z(1) and f(x) = et(@*")
we conclude that for any x € R,

E, [Z(/l)‘T“ AT T < o] < o™ (1.8)

Indeed, it can be verified that the second part of the theorem applies even if w is a negative constant. We
now distinguish cases:

(i) E[W] > 0 :Inthis case, by the law of large numbers, X,, — co Py-a.s., and hence P, [T, < oo] =1
for any x € R. Moreover, for 4 < 0 with || sufficiently small,

Z(A) = E[e™] =1+ AE[W] + 0(2*) < 1.

Therefore, (1.8) yields the exponential moment bound

Ty
(ﬁ) ] < e Matrx) (1.9)

for any x € R and A < 0 as above. In particular, by Markov’s inequality, the passage time T, has
exponential tails:

Ex

PolTa = n] < ZQ)"Ex[Z(A) 7] < Z()"e™ @77,

(i) E[W] = 0 : In this case, we may have Z(1) > 1 for any A € R, and thus we can not apply the
argument above. Indeed, it is well known that for instance for the simple random walk on Z even
the first moment E.[T,] is infinite, cf. [18]. However, we may apply a similar approach as above
to the exit time Tr\(-q,q) from a finite interval. We assume that W has a symmetric distribution,
i.e., W ~ —=W. By choosing u(x) = cos(Ax) for some A > 0 with A(a + r) < 7/2, we obtain

(Lu)(x) = E[cos(Ax + AW)] — cos(Ax)
= cos(Ax)E[cos(AW)] + sin(Ax)E[sin(AW)] — cos(Ax)
= (C(1) = 1) cos(Ax)
where C(1) := E[cos(AW)], and cos(Ax) > cos(A(a +r)) > O for x € d(—a,a). Here we have

used that d(—a,a) C [-a —r,a +r] and A(a + r) < 7 /2. If W does not vanish almost surely then
C(1) < 1 for sufficiently small 2. Hence we obtain similarly as above the exponential tail estimate

cos(Ax)

Py [Tca,ap = n] < CQYE [C(A) Traar] < C(ﬂ)"m

for |x| < a.
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1. Lyapunov functions and stochastic stability

1.2. Lyapunov functions and recurrence

The results in the last section already indicated that superharmonic functions can be used to control stability
properties of Markov chains, i.e., they can serve as stochastic Lyapunov functions. This idea will be
developed systematically in this and the next section. As before we consider a time-homogeneous Markov
chain (X, Py) with generator £ = 7 — I on a Polish state space S endowed with the Borel o-algebra 8.
Recurrence of sets

The first return time to a set A is given by

Ty =inf{n >1:X, € A}.

Notice that
Ta =Ty - lixpeay

i.e., the first hitting time and the first return time coincide if and only if the chain is not started in A.

Definition 1.5 (Harris recurrence and positive recurrence). A set A € 8 is called Harris recurrent iff
Py[T} <] =1 foranyx € A.

It is called positive recurrent iff
E\[T{] <co foranyx € A.

The name “Harris recurrence” is used to be able to differentiate between several possible notions of
recurrence that are all equivalent on a discrete state space but not necessarily on a general state space, cf.
Meyn and Tweedie [40]. Harris recurrence is the most widely used notion of recurrence on general state
spaces. By the strong Markov property, the following alternative characterisations holds:

Exercise. Prove that a set A € 8B is Harris recurrent if and only if

P,[X, € A infinitely often] =1 for any x € A.

We will now show that the existence of superharmonic functions with certain properties provides sufficient
conditions for non-recurrence, Harris recurrence and positive recurrence, respectively. Below, we will see
that for irreducible Markov chains on countable spaces, these conditions are essentially sharp. The conditions
are:

(LT) There exists a function V € 7,.(S) and y € S such that

LV <0on A€ and V(y) < igf V.

(LR) There exists a function V € ¥, (S) such that

LV <0onA°and T(yscy < oo Py-as. foranyx € § and c > 0.

(LP) There exists a function V € F,(S) such that

LV < —1on A€ and a1V < coon A.

8 University of Bonn



1.2. Lyapunov functions and recurrence

Theorem 1.6. (Foster-Lyapunov conditions for non-recurrence, Harris recurrence and
positive recurrence)

(i)

(i)

(i)

Proof.

(ii)

(i)

If (LT) holds then
Py[Ty < 0] < V(y)/il}\fV < 1.

If (LR) holds then
Py[Ty <] =1 foranyx € S.

In particular, the set A is Harris recurrent.

If (LP) holds then

=
=
A

< V(x) < oo forany x € A, and

s
IA

(nV)(x) < oo forany x € A.

In particular, the set A is positive recurrent.

(i) If LV < 0 on A€ then by Lemma 1.4, the process M, = V(X,r,) is a non-negative
supermartingale w.r.t. P, for any x. Hence by optional stopping and Fatou’s lemma,

V(iy) = Ey[M()] > Ey[MTA;TA < oo] > Py[TA < 00] - IIAf V.

Assuming (LT'), we obtain Py[T4 < oo] < 1.
Now assume that (LR) holds. Then by applying optional stopping to (M,,), we obtain

V(x) = Ex[Mp] > Ex[MT{V>C}] = Ex[V(XTA/\T{V>C})] 2 cPy[Ta = 0]
for any ¢ > 0 and x € §. Here we have used that T{y.., < oo Py-almost surely and hence
V(Xr, AT{V>C}) > ¢ Py -almost surely on {T4 = oo}. By letting ¢ tend to infinity, we conclude that
Py[T4 = oo] =0 for any x.
Finally, suppose that LV < —1 on A°. Then by Lemma 1.4,

M, = V(Xn/\TA) +n ATy

is a non-negative supermartingale w.r.t. P, for any x. In particular, (M,,) converges P,-almost surely
to a finite limit, and hence Py[T4 < o] = 1. Thus by optional stopping and since V > 0,

Ex[Ta] < Ex[M7,] < Ex[Mp] =V(x) foranyx € S. (1.10)

Moreover, we can also estimate the first return time by conditioning on the first step. Indeed, for x € A
we obtain by (1.10):

E[T{] = Ex [Ex[TX1X1]] = Ex |Ex,[Tal] < Ex[V(X1)] = (2V)(x)

Thus A is positive recurrent if (LP) holds. |
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1. Lyapunov functions and stochastic stability

Example (State space model on R?). We consider a simple state space model with one-step transition
x|—>x+hb(x)+\/ZW

where £ is a positive constant, b : R — R is a measurable vector field and W : Q — R% is a
square-integrable random vector with E[W] = 0 and Cov(W!,W/) = §; ;. The corresponding Markov
chain arises as the Euler discretization of the stochastic differential equation dX; = b(X;) dt + dB; driven
by a d-dimensional Brownian motion (B;). As a Lyapunov function we try

V(x) = |x*/e

where ¢ is a positive constant. A simple calculation shows that

e(LV)(x)

E [|x + hb(x) + VEW?| = |x)? = |x + hb(x)> + hE[|W|?] - |x|?
(2x - b(x) + h|b(x)|> + d) h.

Therefore, the condition LV (x) < —1 is satisfied if and only if
2x - b(x) + h|b(x)|* +d < —&/h.

By choosing & small enough we see that positive recurrence holds for the ball B(0,r) with r sufficiently
large provided

lim sup (2x b(x) + h|b(x)|2) <—d. (1.11)
|x|—>00
This condition is satisfied in particular if outside of a ball, the radial component b, (x) = ﬁ - b(x) of the
drift satisfies (1 — 6)b,(x) < =k for some & > 0, and h|b(x)|* < —6]x|b,(x).

Exercise. Derive a sufficient condition similar to (1.11) for positive recurrence of state space models
with transition step
X x+ hb(x) + ‘/ZO'(X)W

where b and W are chosen as in the example above, and o is a measurable function from R4 to R4,

Example (Recurrence and transience for the simple random walk on Z?). The simple random walk
is the Markov chain on Z¢ with transition probabilities 7(x,y) = ﬁ if [x—y| =1, and n(x,y) =0
otherwise. The generator is given by

d
(£1)0) = 55000 D) = 52 D1 Cx+ €)= F(0) = () = Fx = en)].
i=1

In order to find suitable Lyapunov functions, we approximate the discrete Laplacian on Z< by the
Laplacian on R?. By Taylor’s theorem, for f € C*(RY),

Flxt e = £ = () + 503700 + 20500+ 3205, (©)
Flox=en) = ) = =00 f () + 331 06) = £33 () + 529 )

where ¢ and 7 are intermediate points on the line segments between x and x+e;, x and x—e;, respectively.
Adding these 2d equations, we see that

Agaf(x) = Af(x)+ R(x),  where  |R(x)| < % sup [10*fIl. (1.12)
B(x,1)

This suggests to choose Lyapunov functions that are close to harmonic functions on R? outside a ball.
However, since there is a perturbation involved, we will not be able to use exactly harmonic functions,
but we will have to choose functions that are strictly superharmonic instead. We try

V(x) = |x|P  for some p € R.

10 University of Bonn



1.2. Lyapunov functions and recurrence

By the expression for the Laplacian in polar coordinates,

& d-1d
- NP = (p— _ p—2
e " dr)r p-(p—-1+d-1r

AV(x) = (

where r = |x|. In particular, V is superharmonic on the complement of a ball if and only if p € [0,2 — d]
or p € [2-d,0], respectively. The perturbation term can be controlled by noting that there exists a finite
constant C such that outside a ball,

6*V ()l < C - =[P~

This bound shows that the approximation of the discrete Laplacian by the Laplacian on R¢ improves if
|x| is large. Indeed, by (1.12), we obtain

1 c
LV() = 328zaV(@) € 2o (p+d =224 7,

Thus V is superharmonic for £ outside a ball provided p € (0,2 — d) or p € (2 — d,0), respectively. We
now distinguish cases:

d > 2 : In this case we can choose p < 0 such that LV < 0 outside some ball B(0,ry). Since rP is
decreasing, we have

V(x) < inf V  for any x with |x| > r,
B(0,r0)

and hence by Theorem 1.6,
Py[TBo,r) < o] <1 whenever |x| > rp.

Theorem 1.8 below shows that this implies that every finite set is transient, i.e., it is almost surely visited
only finitely many times by the random walk with an arbitrary starting point.

d < 2 : In this case we can choose p € (0,2 — d) to obtain LV < 0 outside some ball B(0, 7). Now
V(x) — oo as |x| — co. Since limsup | X,,| = co almost surely, we see that

Tiy>cy < 0o Py-almost surely for any x € Z%and ¢ € Ry.

Therefore, by Theorem 1.6, the ball B(0, ry) is (Harris) recurrent. By irreducibility this implies that any
state x € Z¢ is recurrent, cf. Theorem 1.8 below.

d = 2 : This is the critical case and therefore more delicate. The Lyapunov functions considered above
can not be used. Since a rotationally symmetric harmonic function for the Laplacian on R? is log |x],
it is natural to try choosing V(x) = (log |x|)® for some @ € R,. Indeed, one can show by choosing a
appropriately that the Lyapunov condition for recurrence is satisfied in this case as well:

Exercise (Recurrence of the two-dimensional simple random walk). Show by choosing an appropri-
ate Lyapunov function that the simple random walk on Z? is recurrent.

Exercise (Recurrence and transience of Brownian motion). Let ((B,),elo,oo), Px) be an R¥-valued Brow-
nian motion starting at x, and let 7, = inf{¢ > 0 : |B;| = a}.

a) Compute Py [T, < Tp] fora < |x| < b.
b) Show that for d < 2, Brownian motion is recurrent in the sense that P[T, < co] = 1 for any
a < |x|.

¢) Show that for d > 3, Brownian motion is transient in the sense that P,[T, < o] — 0 as |x| — oo.

Global recurrence

For irreducible Markov chains on countable state spaces, recurrence respectively transience of an arbitrary
finite set already implies that recurrence resp. transience holds for every finite set. This allows to show that
the Lyapunov conditions for recurrence and transience are both necessary and sufficient. On general state
spaces this is not necessarily true, and proving corresponding statements under appropriate conditions is
much more delicate. We recall the results on countable state spaces, and we state a result on general state
spaces without proof. For a thorough treatment of recurrence properties for Markov chains on general state
spaces we refer to the monograph “Markov chains and stochastic stability” by Meyn and Tweedie [40].
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1. Lyapunov functions and stochastic stability

a) Countable state space

Suppose that 7(x,y) = n(x,{y}) are the transition probabilities of a homogeneous Markov chain (X, Py)
taking values in a countable set S, and let 7, and TyJr denote the first hitting resp. return time to a set {y}
consisting of a single state y € S.

Definition 1.7 (Irreducibility on countable state spaces). The transition matrix 7 and the Markov chain
(Xn, Py) are called irreducible if and only if

(i) Vx,yeS:3IneZ,:n"(x,y)>0, or, equivalently, if and only if

(ii) Vx,y € S: P[Ty < oo] > 0.

If the transition matrix is irreducible then recurrence and positive recurrence of different states are
equivalent to each other, since between two visits to a recurrent state the Markov chain will visit any other
state with positive probability:

Theorem 1.8 (Recurrence and positive recurrence of irreducible Markov chains). Suppose that S is
countable and the transition matrix p is irreducible.
1) The following statements are all equivalent:
(i) There exists a finite recurrent set A C S.
(i) For any x € S, the set {x} is recurrent.
(iii) Forany x,y € S,
Px[X,, = y infinitely often ] = 1.
2) The following statements are all equivalent:
(i) There exists a finite positive recurrent set A C S.
(i) For any x € S, the set {x} is positive recurrent.

(iii) For any x,y € S,
E[Ty] < oo.

The proof is left as an exercise, see also the lecture notes on “Stochastic Processes” [18]. The Markov
chain is called (globally) recurrent iff the equivalent conditions in 1) hold, and transient iff these conditions
do not hold. Similarly, it is called (globally) positive recurrent iff the conditions in 2) are satisfied. By
the example above, for d < 2 the simple random walk on Z¢ is globally recurrent, however it is not positive
recurrent. For d > 3 it is transient.

As a consequence of Theorem 1.8, we obtain Lyapunov conditions for transience, recurrence and positive
recurrence on a countable state space that are both necessary and sufficient:

Corollary 1.9 (Foster-Lyapunov conditions for transience and recurrence on a countable state space).
Suppose that S is countable and the transition matrix p is irreducible. Then:

1) The Markov chain is transient if and only if there exists a finite set A C S and a function V € F.(S)
such that (LT) holds.

12 University of Bonn



1.2. Lyapunov functions and recurrence

2) The Markov chain is recurrent if and only if there exists a finite set A C S and a function V € 7.(S)
such that
(LR") LV <0on A€, and {V < c} is finite for any ¢ € R,.

3) The Markov chain is positive recurrent if and only if there exists a finite set A C S and a function
V € F.(S) such that (LP) holds.

Proof. Sufficiency of the Lyapunov conditions follows directly by Theorems 1.6 and 1.8: If (LT) holds
then by Theorem 1.6, there exists y € S such that P,[T4 < oo], and hence the Markov chain is transient by
Theorem 1.8. Similarly, if (L P) holds then A is positive recurrent by Theorem 1.6, and hence global positive
recurrence holds by Theorem 1.8. Finally, if (LR’) holds and the state space is not finite, then for every
¢ € Ry, the set {V > c} is not empty. Therefore, (LR) holds by irreducibility, and the recurrence follows
again from Theorems 1.6 and 1.8. If S is finite then every irreducible chain is globally recurrent.

We now prove that the Lyapunov conditions are also necessary.

1) If the Markov chain is transient then we can find a state x € S and a finite set A C § such that the
function V(x) = P[T4 < oo] satisfies

1 =infV.
V(x) < 11}‘V

By Theorem 1.3, V is harmonic on A€ and thus (LT) is satisfied.

2) Now suppose that the Markov chain is recurrent. If S is finite then (LR’) holds with A = S for an
arbitrary function V € F.(S). If S is not finite then we choose a finite set A C S and an arbitrary
decreasing sequence of sets D, C S such that A C S\ Dy, the set S \ D, is finite for all n, and
N D, = 0, and we set

Va(x) = Pu[Tp,, <Tal.

ThenV,, = 1o0n D,,, and as n — oo,
Vi(x) \y Px[Ta =] =0 forany x € S.

Since S is countable, we can apply a diagonal argument to extract a subsequence such that

V(x) := Z Vi (x) < oo forany x € S.
k=1
By Theorem 1.3, the functions V;, are harmonic on S \ (A U D,,). Moreover, for x € D,,,

LVp(x) = Ex[Va(X)]-V(x) < 1-1 = 0.

Hence the functions V,, and V are superharmonic on S \ A. Moreover, V > k on Dy, . Thus the
sub-level sets of V are finite, and (LR’) is satisfied.

3) Finally if the chain is positive recurrent then for an arbitrary finite set A C S, the function V(x) = Ex[T4]
is finite and satisfies £V = —1 on A°. Since

(nV)(x) = Ex [Ex,[Tal] = Ex |[Ex[T5I1X1]] = Ex[T{] < o0

for any x, condition (LP) is satisfied. |
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1. Lyapunov functions and stochastic stability

b) Extension to locally compact state spaces

Extensions of Corollary 1.9 to general state spaces are not trivial. Suppose for example that S is a separable
metric space that is locally compact, i.e., every point x € § has a compact neighbourhood. Let 7 be a
transition kernel on (S, 8), and let A be a positive measure on (S, 8) with full support, i.e., A(B) > 0 for any
non-empty open set B C S. For instance, S = R and A is the Lebesgue measure.

Definition 1.10 (2-irreducibility ). The transition kernel r is called A-irreducible if and only if for any
x € § and for any Borel set A € B with A(A) > 0, there exists n € Z, such that 7"(x, A) > 0.

One of the difficulties on general state spaces is that there are different concepts of irreducibility. In
general, A-irreducibility is a strictly stronger condition than topological irreducibility which means that
every non-empty open set B C S is accessible from any state x € S. The following equivalences are proven
in Chapter 9 of Meyn and Tweedie [40]:

Theorem 1.11 (Necessary and sufficient conditions for Harris recurrence). Suppose that S is separa-
ble and locally compact with Borel o-algebra B, and 7 is a A-irreducible transition kernel on (S, B).
Moreover, suppose that for every function f € Cp(S), nf is continuous (Feller property). Then the
following statements are all equivalent:

(1) There exists a compact set K C S and a function V € 7,(S) such that

(LR") LV <0on K€, and {V < c} is compact for any ¢ € R,.

(ii) Px[X, visits every compact set only finitely many times] = 0 for any x € S.
(iii) Every non-empty open ball B C § is Harris recurrent.

(iv) For any x € S and any set A € B with A(A) > 0,

P,[X,, € A infinitely often | = 1.

The result summarizes Theorems 9.4.1 (“(i)=(ii)”), 9.2.2 (“(ii)=({ii)”), 9.1.4 (“(iii))=(iv)”) and 9.4.2
(“(iv)=()”) in [40]. For a part of the implications, the assumptions can be relaxed. For example, the Feller
property is only required for the implications “(i)=(iv)” and “(ii)=(iii)”, and in the second case it can be
replaced by a weaker condition. The idea of the proof is to show at first that for every compact set K C S,
there exist a probability mass function (a,) on Z,, a probability measure v on (S, 8), and a constant &€ > 0
such that the minorization condition

Zanﬂ"(x,-) > gv (1.13)

n=0
holds for any x € K. In the theory of Markov chains on general state spaces, a set K with this property is
called petite. Given a petite set K and a Lyapunov condition on K¢ one can then find a strictly increasing
sequence of regeneration times 7,, (n € N) such that the law of X7, dominates the measure £v from above.
By the strong Markov property, the Markov chain makes a “fresh start” with probability & at each of the
regeneration times, and during each excursion between two fresh starts it visits a given set A satisfying
A(A) > 0 with a fixed strictly positive probability.
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1.3. Invariant probability measures

1.3. Invariant probability measures

A central topic in Markov chain theory is the existence, uniqueness and convergence of Markov chains to
stationary distributions. To this end we will consider different topologies and metrics on the space £(S) of
probability measures on a Polish space S endowed with its Borel o-algebra $. In this section, we study
weak convergence of probability measures, and applications to existence of invariant probability measures.
Convergence in Wasserstein and total variation metrics will be considered in Chapter 3. A useful additional
reference for this section is the classical monograph “Convergence of probability measures” by Billingsley

[3].
Recall that (S) is a convex subset of the vector space

M(S) = {aﬂ+ _ﬂ:u— N P(S)’ a’ﬂ 2 O}

consisting of all finite signed measures on (S, 8). By M.(S) we denote the set of all (not necessarily finite)
non-negative measures on (S, 8). For a measure u and a measurable function f we set

u(f) = / fdu  whenever the integral exists.

Definition 1.12 (Invariant measure, stationary distribution). A measure u € M, (S) is called invariant
w.r.t. a transition kernel 7 on (S, B) iff ur = y, i.e., iff

/,u(dx) n(x,B) = u(B) forany B € B.

An invariant probability measure is also called a stationary (initial) distribution or an equilibrium
distribution of 7.

Exercise. Show that the set of invariant probability measures for a given transition kernel r is a convex
subset of P(S).

Below, we are going to prove the existence of an invariant probability measure u for a given transition
kernel 7 as a subsequential limit of Césaro averages of the form u, = % Yi<n vat, where v is an arbitrary
initial distribution. We first need some preparations on weak convergence and the existence of subsequential
limits for sequences of probability measures.

Weak convergence of probability measures

Recall that a sequence (uy)ren of probability measures on (S, B) is said to converge weakly to a measure
u € P(S) if and only if

(i) u(f) = u(f)  forany f € Cp(S).
The Portemanteau Theorem states that weak convergence is equivalent to each of the following properties:
(ii) ur(f) = u(f) for any uniformly continuous f € C(S).
(iii) limsup px(A) < u(A)  for any closed set A C S.
(iv) liminf g (O) > p(O) for any open set O C S.

(v) limsup up(f) < u(f) for any upper semicontinuous function f : S — R that is bounded from
above.
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1. Lyapunov functions and stochastic stability

(vi) liminf g (f) > pu(f) for any lower semicontinuous function f : § — R that is bounded from below.
(vii) ur(f) = u(f) for any function f € F5(S) that is continuous at u-almost every x € S.

For the proof see e.g. the monographs by Billingsley [3] or Stroock [52, Theorem 3.1.5]. The following
observation is crucial for studying weak convergence on Polish spaces:

Remark (Polish spaces as measurable subset of [0, 1]Y). Suppose that (S, o) is a separable metric space,
and {x, : n € N} is a countable dense subset. Then the map 4 : S — [0, 1]V,

h(x) = (0(x,%0) A1)y (1.14)

is a homeomorphism from S to A(S) provided [0, 1]" is endowed with the product topology (i.e., the topology
corresponding to pointwise convergence). In general, it can be shown that /(S) is a measurable subset of the
compact space [0, 1]"' (endowed with the product o--algebra that is generated by the product topology). If §
is compact then A(S) is compact as well. In general, we can identify

S = ns) c8 c o1

where § := h(S) is compact since it is a closed subset of the compact space [0, 1]". Thus S can be viewed
as a compactification of S.

On compact spaces, any sequence of probability measures has a weakly convergent subsequence.

Theorem 1.13. If S is compact then P(S) is compact w.r.t. weak convergence.

Proof (Sketch). Suppose that S is compact. Then it can be shown based on the remark above that C(S) is
separable w.r.t. uniform convergence. Thus there exists a sequence g, € C(S) (n € N) such that [|g,[[sup < 1
for any n, and the linear span of the functions g, is dense in C(S). Now consider an arbitrary sequence
(ur)ken in P(S). We will show that (uy) has a convergent subsequence. Note first that (ug(gn))ren is a
bounded sequence of real numbers for any n. By a diagonal argument, we can extract a subsequence (px, );en
of (ux)ren such that py,(g,) converges as [ — oo for every n € N. Since the span of the functions g, is
dense in C(S), this implies that

A 5= Jim jag, (f) (1.15)

exists for any f € C(S). It is easy to verify that A is a positive (i.e., A(f) = 0 whenever f > 0) linear
functional on C(S) with A(1) = 1. Moreover, if (f;,)nen is a decreasing sequence in C(S) such that f,, N\, 0
pointwise, then f;, — 0 uniformly by compactness of S, and hence A(f,) — 0. Therefore, there exists a
probability measure ¢ on S such that

A(f) = pu(f) forany f e C(S).

By (1.15), the sequence (uk,) converges weakly to u. |

Remark (A metric for weak convergence). Choosing the functions g, as in the proof above, we see that a
sequence (i )xen of probability measures in $(S) converges weakly to u if and only if u(g,) — u(gn) for
all n € N. Thus weak convergence in P(S) is equivalent to convergence w.r.t. the metric

d(pv) = > 27" u(gn) = vign)l-
n=1
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Prokhorov’s theorem

We now consider the case where S is a Polish space that is not necessarily compact. By identifying S with
the image A(S) under the map 4 defined by (1.14), we can still view S as a measurable subset of the compact
space S C [0, 1]". Hence P(S) can be viewed as a subset of the compact space P(S):

PS) = {ueP®) : uS\S)=0} c PO).

If 4 (k € N) and y are probability measures on S (that trivially extend to S) then by the Portemanteau
theorem, and since uniformly continuous functions on S extend uniquely to continuous functions on the
closure S,

i — p weakly in P(S) (1.16)
o w(f) = u(f) for any uniformly continuous f € Cp(S)

& (f) = u(f) forany f € C(S)
& i — p weakly in P(S).

Thus P(S) inherits the weak topology from P(S). The problem is, however, that since S is not necessarily
a closed subset of S, it can happen that a sequence (u) in P(S) converges to a probability measure y on S
with u(S) < 1. To exclude this possibility, the following tightness condition is required:

Definition 1.14 (Tightness of collections of probability measures). Let R C $(S) be a set consisting of
probability measures on S. Then R is called tight iff for any &£ > 0, there exists a compact set K C S such
that

supu(S\ K) < e.
MER

Thus tightness means that the measures in the set R are concentrated uniformly on a compact set up to an
arbitrary small positive amount of mass. On a Polish space, a set R = {u} consisting of a single probability
measure is always tight, cf. e.g. Billingsley [3] or Ethier and Kurtz [19, Ch. 3, Lemma 2.1].

A set R C P(S) is called relatively compact iff every sequence in R has a subsequence that converges
weakly to a limit in P(S).

Theorem 1.15 (Prokhorov). Suppose that S is Polish, and let R € $(S). Then

R is relatively compact < R is tight .

In particular, every tight sequence in $(S) has a weakly convergent subsequence.

We only prove the implication “<" that will be the more important one for our purposes. This implication
holds in arbitrary separable metric spaces. For the proof of the converse implication cf. e.g. Billingsley [3].

Proof (of “<"). Let (ur)ren be a sequence in R. We have to show that (uz) has a weakly convergent
subsequence in P(S). By Theorem 1.13, P(8) is compact. Thus there is a subsequence () that converges
weakly in P(S) to a probability measure y on S. We claim that by tightness, (S) = 1 and Mk, — p weakly
in P(S). Let & > 0 be given. Then there exists a compact subset K of S such that uy, (K) > 1 — & for any
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I. Since K is compact, it is also a compact and (hence) closed subset of S. Therefore, by the Portemanteau
Theorem,
M(K) > limsup uy, (K) > 1-¢, and thus

)

uS\S) < uS\K) < e
Letting & tend to 0, we see that (S \ S) = 0. Hence u € P(S). Moreover, by (1.16), Hk, — p weakly in
P(S) . |
Existence of invariant probability measures

We now apply Prokhorov’s Theorem to derive sufficient conditions for the existence of an invariant probability
measure for a given transition kernel 7(x, dy) on (S, B).

Definition 1.16 (Feller property). The transition kernel 7 is called Feller iff for any f € C,(S), nf is a
continuous function.

A kernel & is Feller if and only if x — x(x,-) is a continuous map from S to £(S) w.r.t. the weak topology
on P(S). Indeed, by definition, x is Feller if and only if for any f € Cp(S),

Xn—=x = (1)) = (1f)x).

For an intuitive interpretation of the following theorem note that if (X,,, P,) is a Markov chain with transition
kernel 7 and initial distribution v then

Ovp,)(K) = E,

n—1
1
= 3 1k(X)
n i=0

is the average proportion of time spent by the chain in the set K during the first n steps.

Theorem 1.17 (Krylov-Bogoliubov, Foguel). Suppose that r is a Feller transition kernel on a Polish space
S,andletp,, := % Py _01 nt. Then there exists an invariant probability measure u of 7 if one of the following

conditions is satisfied for some probability measure v on S:

(i) For every € > 0, there exists a compact set K C S such that

liminf (vp,)(K) > 1-¢, or
n—o00

(i) S is locally compact, and there exists a compact set K C S such that

limsup (vp, )(K) > O.

n—oo

Clearly, the second condition is weaker than the first one in several respects. However, it requires the
additional assumption that § is locally compact, i.e., every point x € S has a compact neighbourhood. This
assumption is satisfied for example for S = R<, but not for infinite dimensional Hilbert spaces. Polish spaces
that are locally compact are also o-compact, i.e., they are the union of countably many compact subsets.
This will be crucial in the proof below.
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1.3. Invariant probability measures

Proof (of Theorem 1.17). (i) On a Polish space, every finite collection of probability measures is tight [3,
19]. Therefore, Condition (i) implies that the sequence v, := vp,, is tight. Hence by Prokhorov’s Theorem,
there exists a subsequence (v, ) and a probability measure y on S such that v, — p weakly. We claim that
um = u. Indeed, for f € Cp(S) we have nf € Cp(S) by the Feller property. Therefore, for any f € Cp(S),

(Ur)(f) = plrf) = Jim v (ef) = im (v, 1)) = lim v, (F) = ()
where the second last equality holds since
S 1o
VT = — Z vt = v, - —v+ —va',

i=0 M M

(ii) Now suppose that Condition (ii) holds. We may assume that S is a Borel subset of a compact space S.
Since P () is compact and (ii) holds, there exist a constant & > 0, a compact set K C S, a subsequence (Vie)
of (v), and a probability measure 4 on S such that

Vn(K)>¢e foranykeN, and v, — a weaklyin S.

Note that weak convergence of the probability measures on S does not imply weak convergence of the
restricted measures on S. However, (v,, ) converges vaguely to the restriction of the probability measure
oS, ie., vy, (f) — A(f) holds for any function f € C(S) with compact support K C S, because these
functions can be extended trivially to continuous functions on S. Therefore, we can conclude that for any
non-negative compactly supported f € C(S),

ACF) = Tim v (F) = Jim (g m)(f) = lim v, (2f) = AGe). (1.17)

Here we have used in the last step that since S is a locally compact Polish space, every continuous function
g : S — [0, 00) can be represented as the limit of an increasing sequence of compactly supported, non-negative
functions g; € C(S). Therefore,

h]fn infv,, (g) > lilzn inf v, (g:) = (g:) foralli € N,

and thus
lim inf v, (8) = fi(g).

Since a(S) > f(K) > limsup v,, (K) > &, the normalized measure
u(B) = p(BNS)/a(S) = A(BIS),  BeB(S),
exists, and by (1.17), u > pr. But g and ur are both probability measures, and thus y = u. |
In practice, the assumptions in Theorem 1.17 can be verified via appropriate Lyapunov functions:
Corollary 1.18 (Lyapunov condition for the existence of an invariant probability measure). Suppose

that 7 is a Feller transition kernel and S is locally compact. Then an invariant probability measure for m
exists if the following Lyapunov condition is satisfied:

(LI) There exists a function V € F.(S), a compact set K C S, and constants ¢, & € (0, o) such that

LV <clg —s.
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1. Lyapunov functions and stochastic stability

Proof. By (LI),
clg 2 e+ LV = g+aV-V.

By integrating the inequality w.r.t. the probability measures p,,(x, -), we obtain

1n—l . .
cDu(K) = cp,lk = &+~ Y (r'V-x'V)
n i=0

1, 1 1
e+-1'V--V > e--V
n n n

for any n € N. Therefore, for any x € S,
liminfp,(x,K) > &.
n—oo
The assertion now follows by Theorem 1.17. |

Example. 1) Countable state space. If S is countable and r is irreducible then an invariant probability
measure exists if and only if the Markov chain is positive recurrent. On the other hand, by Corollary
1.9, positive recurrence is equivalent to (LI). Hence for irreducible Markov chains on countable state
spaces, Condition (L) is both necessary and sufficient for the existence of a stationary distribution.

2) S =R%. On R4, Condition (L) is satisfied in particular if £V is continuous and
limsup LV (x) < 0.

[x]—00

1.4. Lyapunov functions and stability in continuous time

In this section we explain how Lyapunov function methods similar to those considered above can be applied
to Markov processes in continuous time. An excellent reference is the book by Khasminskii [29] that focuses
on diffusion processes in R¢. Most results in [29] easily carry over to more general Markov processes in
continuous time.

We assume that we are given a right continuous stochastic process ((X;):er,, P) with Polish state space S,
constant initial value Xy = xo € S, and life time . Let A be a linear subspace of the space C-0([0, o) x )
consisting of continuous functions (¢, x) — f(z, x) that are continuously differentiable in the first variable.
Moreover, let £ : A — F(][0,0) x S) be a linear operator of the form

af

(-ﬁf)(t’x) = (E + -Etf) (I,X)

where £; is a linear operator acting only on the x-variable. For f € A and t < ¢ we consider

M = f.x) - /o ’ (‘;—f +£sf) (5, Xs) ds

where it is implicitly assumed that the integral exists almost surely and defines a measurable function. We
assume that the process (X;) is adapted to a filtration (%), and that (X;, P) solves the local martingale problem
for (£, A) up to the life-time ¢ in the following sense:

Assumption (A). There exists an increasing sequence (B )xen of open sets in S such that the following
conditions are satisfied:

() S=U B

(ii) The exit times Ty := inf{z > 0 : X; ¢ By} satisfy Tp < ¢ on {{ < oo} forany k € N, and ¢ = sup T.
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1.4. Lyapunov functions and stability in continuous time

(iii) For any k € N and f € A, the stopped process (Mtf /\Tk) o is a square integrable (¥;) martingale.
t>
Example. 1) It6 diffusions. A stochastic differential equation dX, = b(t,X;)dt + o(t,X;)dB; on
R4 with locally Lipschitz continuous coefficients has a unique strong solution on a maximal time
interval [0,). This solution is a Markov process that satisfies Assumption (A) with By = B(0,k),
A = C12([0,00) x RY), and

(L f)t,x) = b(t,x)-Vf(t,x) + 1 2”1 a;i(t x)az—f(t x)
t B - b} s 2 1 1J\*s B )

X;0x;
= 0x;0x;

where a(t,x) = o(t, x)o (1, x)T, see e.g. [16, 17].

2) Minimal jump processes. In Section 5.1, we will construct a minimal jump process for given jump
intensities. This process satisfies the assumption if (By) is an increasing sequence of open sets exhausting
the state space such that the jump intensities A,(x) are uniformly bounded for (¢,x) € R, x By, and A
consists of all functions f € C'0([0, o) x S) such that f and d f/dt are bounded on [0,] x By for any
t>0and k € N.

Upper bounds for expectations
Let D C S be an open subset. Since the process is right-continuous, the first exit time
T = inf{t >0:X; € Sp\ D}
is an (¥;) stopping time. Similarly to the discrete time case, we can use superharmonic functions to bound

expected values of the form

T §
u(xp) = E e_foT W(S’X“‘)dsf(T,XT);T < {] +E / e Jo W(V’Xr)drc(s,Xs) ds (1.18)

0

for given non-negative measurable functions f : Ry X (S\ D) - Ry and c,w : Ry Xx D — R,.

Theorem 1.19 (Upper bounds via time-dependent superharmonic functions). Suppose that Assump-
tion (A) holds, and let v be a non-negative function in A satisfying

T + L;v < wv —c¢ on R, XD, (1.19)

v on Ry x(S\ D).

\%
~

Then u(xg) < v(0,xp).

Proof. We first assume w = 0. Then by (1.19),

t
v(t,Xy) < Mtv—/ c(s,Xy) ds forr <T.
0

The process (MtVATk) o is a martingale for any £ € N. Since v > 0, optional stopping implies
1>

tAT ATy
E|v(t AT ATy, XenT a1 ) +/ c(s,Xs)ds| < v(0,x0) forany k € Nandt € R,.
0
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1. Lyapunov functions and stochastic stability
As k — oo, Ty, — { almost surely. Recalling that v and ¢ are non-negative functions, and letting both & and
t tend to infinity, we obtain
T
Ev(TXr); T <]+ E / c(s,Xs)ds] < v(0, xp).
0

This proves the assertion, since for T < £, X7 € S\ D, and thus v(T, X1) > f(T, Xr).

In the general case let A; = fot w(s, Xs) ds. Notice that for every w, the function ¢ — A;(w) is continuous
and non-decreasing, and hence of finite variation. Therefore, by Itd’s product rule (which in this case is just
the integration by parts identity from Stieltjes calculus, see e.g. [17]),

e_At V(t, Xt)

t t a
v(0,x9) + / e s dM; + / e~ As (_v + Lgv— wv) (s, X;)ds
0 0 os

IA

t t
v(0, xp) + / e As M. — / e~ As ¢(s, X) ds.
0 0

Now the argument can be completed as in the case w = 0 because the Itd integral fot Mic g=As dMs,t > 0, is
a martingale for any k € N. |
Non-explosion criteria

A first important application of Lyapunov functions in continuous time are conditions for non-explosiveness
of a Markov process:

Theorem 1.20 (Khasminskii). Suppose that Assumption (A) is satisfied, and assume that there exists a
non-negative function V € A such that for any ¢ > 0,

(1) infyefo,r) infrepe V(s,x) — o0 as k — oo, and
1%
(i) & + £,V <0.

Then P[{ = o] = 1.

Proof. Since V > 0, V(t,X;) = M,V + fot (%—‘s/ + LSV) (s, Xs) ds, and Condition (ii) holds, optional stopping
implies that forany ¢ > O and k € N,

V(0,x0) > E[V(t ATy, Xenr)] = P[Ti <t]- inf inf V(s, x).

s€[0,7] xeBy

Therefore, by (i),
P[T, <t] >0 ask > o

for any ¢ > 0, and hence P[{ < oo] = ;IEEO Pl <t]=0. [ |
In applications, the following simple criterion is used frequently:
Corollary 1.21. Suppose that Assumption (A) is satisfied, and there exist a non-negative function U € C(S)
and a constant @ € R, such that V(z, x) = exp(—at)U(x) is contained in A, and
@) infxeBi U(x) — oo as k — oo, and
(i) LU <aU.
Then P[{ = o] = 1.

22 University of Bonn



1.4. Lyapunov functions and stability in continuous time

Proof. Theorem 1.20 can be applied with the function V. |

Hitting times and positive recurrence

From now on we assume that the process is non-explosive. We now apply Lyapunov functions to prove upper
bounds for moments of hitting times. Let

Ty = inf{tr >0: X, € A},
where A is a closed subset of S. By right-continuity of (X;), T4 is a stopping time.
Theorem 1.22 (Lyapunov bound for hitting times). Suppose that Assumption (A) holds, and the process

(X;, P) is non-explosive. Furthermore, assume that there exist a non-negative function V € A and a
measurable function @ : R, — R, such that

1) B@) = fot a(s)ds — oo as t — oo, and
(i) ("j;—f + .[Z,V) (1,x) < —a(t) forany 7 > Oand x € S\ A,

Then P[T4 < oo] = 1, and
E[B(T4)] < V(0,xo). (1.20)

Proof. By applying Theorem 1.19 with D = S\ A, ¢(s,x) = a(s), w = 0 and f = 0, we obtain

Ta
E [/0 a(s)ds

Hence by (i), T4 is almost surely finite and (1.20) holds. [ |

< V(0,xp).

Example (Moments of hitting times). If a(r) = cP~! for constants ¢, p € (0, 00) then B(t) = ct” /p. In
this case, the inequality (1.20) is a bound for the p-th moment of the hitting time:

E[Tf] < pV(0,xp)/c.

Similarly, if a(t) = ce®" for constants c,e € (0,00) then B(t) = (¢*" — 1)/e. In this case, (1.20) is an
exponential moment bound:

Elexp(eTa)] < 1+ &V(0,xp).

For It6 diffusions on R4, we can apply the theorem with the Lyapunov function V(¢,x) = |x|?. In this
case, (L, V)(t,x) = tra(t,x)+2x- b(t, x). If this expression is bounded from above by a negative constant
for large |x| then sufficiently large balls are positive recurrent. For example, the Itd diffusion solving the
SDE

t
X, = xo + B: + / b(Xy) ds, (B;) ~ BM(RY),
0

is positive recurrent if there exist constants R, e € (0, c0) such that for |x| > R,

X d+¢
br(x) = m-b(x) < - Al
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1. Lyapunov functions and stochastic stability

Occupation times and existence of stationary distributions

Similarly to the discrete time case, Lyapunov conditions can also be used in continuous time to show the
existence of stationary distributions. Let

lumzélﬂm&Ms

denote the relative amount of time spent by the process in the set B during the time interval [0,¢]. The proofs
of the following results are similar to the discrete time case. Carrying out the details is left as an exercise,
see Section 1.5.

Lemma 1.23 (Lyapunov bound for occupation times). Suppose that Assumption (A) holds, the process is
almost surely non-explosive, and there exist constants &,c € R, and a non-negative function V. € A such
that

—+ L,V < —g+clp onR.XxS.

Then _
ElA,B)] > & - YO
C ct

Now assume that (X;, P) is a time-homogeneous Markov process with transition semigroup (p;);>0, and,
correspondingly, £, does not depend on ¢. Then by Fubini’s Theorem,

t

1
EIAGB) = 1 [ piGo.B)ds = BB

Theorem 1.24 (Krylov-Bogoliubov, Foguel). Suppose that p, is Feller for every ¢ > 0. Then there exists
an invariant probability measure u of (p;);>o if one of the following conditions is satisfied for some
probability measure v on S:

(i) For every € > 0, there exists a compact set K C S such that

litm inf (vp,)(K) > 1—¢, or

(ii) S is o-compact, and there exists a compact set K C § such that

limsup (vp,)(K) > 0.

t—o00

As a consequence, we obtain:

Corollary 1.25 (Lyapunov condition for the existence of an invariant probability measure). Suppose
that Assumption (A) holds, and the process is almost surely non-explosive. Moreover, assume that p; is
Feller for every ¢ > 0, § is locally compact, and there exist constants &, ¢ € R, a compact set K C S, and a
continuous function U : § — [0, o) such that the function V(z, x) = U(x) is in A, and

LU < —e+clg.

Then there exists a stationary distribution u of (p;); 0.
Proof. By Lemma 1.23, the assumptions imply lim inf;_,., p,(xo, K) > 0. ]
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1.5. Stability of diffusion processes and Euler approximations

The goal of this problem section is to apply Lyapunov functions to study diffusion processes on R¢ and
Markov chains corresponding to Euler approximations of the respective stochastic differential equations.

Let b : RY = R? and o : R? — R%*4 be locally Lipschitz continuous functions. We consider a diffusion
process (X;, Py) with possibly finite life-time { solving a stochastic differential equation

dXt = O_(Xt) dBt + b(Xl)dt fOI‘l‘ < {, X() =X, (121)

where (B;) is a d-dimensional Brownian motion. Let a(x) = o(x)o(x). For the exercises below, it will
only be important to know that (X;, Py) solves the local martingale problem for the generator

d d
1 *f af
Lf = 5”2‘1 a7 5t ;bi(x) e (1.22)
in the sense that for any x € R? and f € C""2(R, x R"),
)
Ml = sexo - | (6—{ ny, f) (. X,) ds (1.23)

is a local martingale w.r.t. P,. More precisely, let Ty = inf{t > 0 : | X;| = k}. Then ¢ = sup T, and for any
k € N, the stopped process (M; a1, );>0 is @ martingale under P.

For a fixed time step 7 > 0, the Euler-Maruyama approximation of the diffusion process above is the
time-homogeneous Markov chain (X,’[, P,) with transition step

x> x+ Vho(x)Z + hbx),  Z~ N(,Iy).

We denote the corresponding transition kernel and generator by m;, and L, respectively.

Problems
Exercise (Explosions). a) Prove that the diffusion process is non-explosive if
. tra(x)/2 + x - b(x)
lim sup 3 < 00
|x|—>00 |X|

b) Implement the Euler scheme on acomputer, e.g. ford = 1. Do some experiments. Can you observe
a different behavior in cases where the condition above is satisfied or violated, respectively?

¢) As discrete time Markov chains, the Euler approximations always have infinite life-time. Which

properties can you prove for the Euler approximations if the condition in a) is satisfied?

Exercise (Stationary distributions I). Suppose that { = oo almost surely, and that there exist V €
CLH2(R. xRY), g,c € Ry, and a ball B ¢ R such that V > 0 and

av
— + LV < —g+clp onR, x RY,

ot
1 t
E[—/ IB(Xs)dS
t Jo

b) Conclude, assuming that (X;, Py) is a time-homogeneous Markov process with Feller transition
semigroup (py)s»0, that there exists an invariant probability measure u. Hint: Try to carry over
the corresponding proof in discrete time to the continuous time case.

a) Prove that
e V(0,x9)

ct

>
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1. Lyapunov functions and stochastic stability

Exercise (Stationary distributions II). Suppose that the conditions in the last exercise hold, and let u
be an invariant probability measure.

a) Show that [ Lf du =0 forany f € C*(RY).

b) Use this to compute u explicitly in the case d = 1. Here, assume that b and o are twice
continuously differentiable, and o-(x) > 0 for all x. You may also assume without proof that u
has a twice continuously differentiable density o(x) which is strictly positive.

Exercise (Stationary distributions III). a) Show that an invariant probability measure for the dif-
fusion process on R exists if

limsup (tra(x)/2 + x - b(x)) <O. (1.24)

|x|—>00

b) Give conditions ensuring the existence of an invariant probability measure for the Euler approxi-
mations. Why is not enough to assume (1.24) ?

¢) Study different cases experimentally using an implementation of the Euler scheme. Can you see
the difference between cases where an invariant probability measure exists or does not exist ?
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2. Ergodic averages

Suppose that (X, Py) is a canonical time-homogeneous Markov chain with transition kernel 7. Recall that
the process (X, P,,) with initial distribution u is stationary, i.e.,

Xn:o ~ X0:o  forany n >0,

if and only if 4 = um. A probability measure u with this property is called a stationary (initial) distribution
or an invariant probability measure for the transition kernel . In this chapter we will prove law of large
number type theorems for ergodic averages of the form

%gf(Xi)ﬁ/fd# as n — oo,

and, more generally,
n—1

%ZF(X,-,X,-H,. )= /FdPﬂ as n — oo
i=0

where u is a stationary distribution for the transition kernel. At first these limit theorems are derived almost
surely or in LP w.r.t. the law P,, of the Markov chain in stationarity. Indeed, they turn out to be special cases
of more general ergodic theorems for stationary (not necessarily Markovian) stochastic processes. After the
derivation of the basic results we will consider extensions to continuous time. Moreover, we will study the
fluctuations of ergodic averages around their limit. The validity of ergodic theorems for Markov chains that
are not started in stationarity is considered in Section 3.2.

As usual, S will denote a Polish space endowed with its Borel o--algebra 8.

2.1. Ergodic theorems

Supplementary references for this section are the probability theory textbooks by Breiman [5], Durrett [13]
and Varadhan [53]. We first introduce the more general setup of ergodic theory that includes stationary
Markov chains as a special case:

Let (Q,21, P) be a probability space, and let
0:Q0-0Q
be a measure-preserving measurable map on (Q, 2, P), i.e.,
Po®'=P.
The main example is the following: Let
Q=5 X w)=w, AN=o0X,:neZ,),

be the canonical model for a stochastic process with state space S. Then the shift transformation ® = Xj.o
given by
O(wo, w1, ..) = (W, wy,...) forany w e Q

is measure-preserving on (Q, U, P) if and only if (X,,, P) is a stationary process.
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Ergodicity
We denote by J the sub-o-algebra of U consisting of all ®-invariant events, i.e.,
J={Aeu:07'(A) = A}.
It is easy to verify that J is indeed a o-algebra, and that a function F : Q — R is J-measurable if and only
if
F=Fo0.

Definition 2.1 (Ergodic probability measure). The probability measure P on (€, %) is called ergodic
(w.r.t. ®) if and only if any event A € J has probability zero or one.

Exercise (Characterization of ergodicity). 1) Show that P is not ergodic if and only if there exists
a non-trivial decomposition Q = A U A€ of Q into disjoint sets A and A° with P[A] > 0 and
P[A€] > 0 such that

O(A)C A and O(A°) C A-.

2) Prove that P is ergodic if and only if any measurable function F : Q — R satisfying F = F o ®
is P-almost surely constant.
Before considering general stationary Markov chains we look at two elementary examples:

Example (Deterministic rotations of the unit circle).

Let Q = R/Z or, equivalently, Q = [0, 1]/~ where “~” is the equivalence relation that identifies the
boundary points 0 and 1. We endow Q with the Borel o-algebra A = B(€2) and the uniform distribution
(Lebesgue measure) P = Unif(Q2). Then for any fixed a € R, the rotation

O(w) =w+a (modulo 1)

is a measure preserving transformation of (Q,, P). Moreover, P is ergodic w.r.t. ® if and only if a is
irrational:

a € Q: Ifa = p/q with p,q € Z relatively prime then
n k
O (w)e{w+—:k=0,1,...,g-1 for any n € Z.
q

This shows that for instance the union
1
=Yoo
nez 2q
is ®-invariant with P[A] ¢ {0, 1}, i.e., P is not ergodic.

a ¢ Q: Suppose a is irrational and F is a bounded measurable function on Q with F = F o ®. Then F
has a Fourier representation

F(w) = Z cp™ M@ for P-almost every w € Q,

n=—0o

and O invariance of F implies

[ee) [ee)
Z e wra) - Z cp ™M@ for P-almost every w € Q,
n=—0o n=—00
ie., cpe?™ina = ¢ for any n € Z. Since a is irrational this implies that all Fourier coefficients ¢,

except co vanish, i.e., F is P-almost surely a constant function. Thus P is ergodic in this case.
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Example (IID Sequences). Let u be a probability measure on (S, B). The canonical process X, (w) =
wy is an i.i.d. sequence w.r.t. the product measure P = (X) u on Q = S%+ . In particular, (X,, P) is a

n=0
stationary process, i.e., the shift @(wg, wy,...) = (wi,ws,...) is measure-preserving. To see that P is
ergodic w.r.t. ® we consider an arbitrary event A € . Then

A=0"(A) = {(Xy, Xn+1,...) € A} foranyn > 0.

This shows that A is a tail event, and hence P[A] € {0, 1} by Kolmogorov’s zero-one law.

Ergodicity of stationary Markov chains

Now suppose that (X, P,) is a general stationary Markov chain with initial distribution y and transition
kernel 7 satisfying 4 = un. Note that by stationarity, the map f +— 7z f is a contraction on £2(u). Indeed,
by the Cauchy-Schwarz inequality,

[eriaus [xpdus [ Pawn = [ Pac vie 2.
In particular,
Lf=nf-f
is an element in £2(u) for any f € £2(u).

Theorem 2.2 (Characterizations of ergodicity for stationary Markov chains). The following state-
ments are equivalent:

1) The measure P, is shift-ergodic.
2) Any function i € £?(p) satisfying £h = 0 u-almost surely is u-almost surely constant.

3) Any Borel set B € 8 satisfying 715 = 1p p-almost surely has measure u(B) € {0, 1}.

Proof.

1) = 2). Suppose that P, is ergodic and let & € L%(u) with £h = 0 p-a.e. Then the process M, = h(X,,) is
a square-integrable martingale w.r.t. P,. Moreover, the martingale is bounded in LZ(P#) since by
stationarity,

Eﬂ[h(Xn)z] = /hzdu forany n € Z,.

Hence by the L? martingale convergence theorem, the limit M., = lim M,, exists in L2(P,,). We fix a
n—oo

version of M, by defining

My (w) = limsup h(X,(w)) forevery w € Q.

n—oo

Note that M, is a J-measurable random variable, since

My 0 ® = limsup h(X,,11) = limsup h(X,,) = M.

n—oo n—oo

Therefore, by ergodicity of P,, My is P,-almost surely constant. Furthermore, by the martingale

property,
h(Xo) = My = Ey[Mw|F3]  Pu-as.

Hence h(Xp) is P,-almost surely constant, and thus 4 is u-almost surely constant.
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2) = 3). If Bis a Borel set with 71p = 1p u-almost surely then the function 4 = 1p satisfies £h = 0 pu-almost
surely. If 2) holds then 4 is pu-almost surely constant, i.e., u(B) is equal to zero or one.

3) = 1). For proving that 3) implies ergodicity of P, let A € J. Then 14 = 14 o ®. We will show that this
property implies that
h(x) = Ex[1a]

satisfies mh = h, and h is p-almost surely equal to an indicator function 15. Hence by 3), either 2 = 0
or h = 1 holds p-almost surely, and thus P,[A] = [ hdu equals zero or one.
The fact that £ is harmonic follows from the Markov property and the invariance of A: For any x € S,

(th)(x) = Ex [Ex,[1a]] = Ex[14 0 ©] = Ex[14] = h(x).

To see that & is p-almost surely an indicator function observe that by the Markov property invariance
of A and the martingale convergence theorem,

h(Xn) = Ex, [14] = Eu[14 0 ©"|F,] = E,[1417,]1 = 1a
Py-almost surely as n — oco. Hence
poh™ =P, o (X)) "' 5 P, o173l
Since the left-hand side does not depend on n,
poh = Py o 121,
and so h takes u-almost surely values in {0, 1}. |

The third condition in Theorem 2.2 says that every Borel set B satisfying (x, B) = 1 for y-a.e. x € B and
n(x,B) = 0 for y-a.e. x € B¢ has y-measure zero or one. In this sense, it is reminiscent of the definition of
irreducibility. However, there is an important difference as the following example shows:

Example (Ergodicity and irreducibility). Consider the constant Markov chain on S = {0,1} with
transition probabilities 7(0,0) = 7(1,1) = 1. Obviously, any probability measure on S is a stationary
distribution for 7. The matrix n is not irreducible, for instance 711y = 1{1}. Nevertheless, condition 3)
is satisfied and P, is ergodic if (and only if) u is a Dirac measure.

One way to verify ergodicity in practice is the strong Feller property:

Definition 2.3 (Strong Feller property). A probability kernel 7 on (S, B) is called strong Feller iff 7 f is
continuous for any bounded measurable function f : § — R.

Corollary 2.4 (A sufficient condition for ergodicity). Suppose that the transition kernel  is strong Feller.
Then P, is stationary and ergodic for any invariant probability measure y of 7 that has connected support.

Proof. Consider B € 8B such that 11p = 1p holds p-almost surely. If 7 is strong Feller then nlp is a
continuous function. Therefore, and since the support of u is connected, either 71lp = 0 or 7l = 1 on

supp(w). Hence
wB) = p(lp) = u(xlp) € {0,1}. [ |
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Exercise (Invariant and almost invariant events). An event A € U is called almost invariant iff
PJAAG®'(A)] = 0.

Prove that the following statements are equivalent for A € U:
(i) A is almost invariant.
(ii) A is contained in the completion J Pu of the o-algebra J w.r.t. the measure P,.

(iii) There exist a set B € B satisfying 71p = 1p p-almost surely such that

P,[AA{X, € B eventually}] = 0.

Birkhoff’s ergodic theorem

We return to the general setup where ® is a measure-preserving transformation on a probability space
(A, P), and J denotes the o-algebra of @-invariant events in .

Theorem 2.5 (Birkhoff). Suppose that P = P o O ! and let p € [1,00). Then as n — oo,

n—1

1 .
— E Fo®' — E[F|J] P-almost surely and in LP(Q,, P) (2.1)
n

i=0

for any random variable F' € LP(Q, %, P). In particular, if P is ergodic then

1 n—1 '

- Z Fo® — E[F] P-almost surely and in L”(Q, %, P). 2.2)
n

=0

Example (Law of large numbers for stationary processes). Suppose that (X;,, P)is a stationary stochas-
tic process in the canonical model, i.e., Q = $%* and X,,(w) = w,. Then the shift ® = X.., is measure-
preserving. By applying Birkhoft’s theorem to a function of the form F(w) = f(wy), we see that as
n— oo,

n—1 n-1
LN FX) =1 Y Fo 0 - E[f(X0lT] 2.3)
n n

i=0 i=0

P-almost surely and in LP (Q,, P) for any f : § — R such that f(Xp) € £P and p € [1,0). If ergodicity
holds then E[ f(Xo)| T ] = E[f(Xo)] P-almost surely, where (2.3) is a law of large numbers. In particular,
we recover the classical law of large numbers for i.i.d. sequences. More generally, Birkhoff’s ergodic
can be applied to arbitrary £ functions F : $%+ — R. In this case,

n—1 n-1

1 | :

=D F(XiXi..) =~ 3 Fo® — E[F|T] @4)
i=0 i=0

P-almost surely and in L” as n — oo. Even in the classical i.i.d. case where E[F|J ] = E[F] almost
surely, this result is an important extension of the law of large numbers.

Before proving Birkhoff’s Theorem, we give a functional analytic interpretation for the L” convergence.

Remark (Functional analytic interpretation). If ® is measure preserving on (Q,2, P) then the map U
defined by

UF=Fo0®
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2. Ergodic averages

is a linear isometry on L7 (Q, %, P) for any p € [1, o0]. Indeed, if p is finite then
/lUFlde = / |F o ®|PdP = / |FI?dP forany F € LP(Q,U,P).

Similarly, it can be verified that U is isometric on L*(€Q, 21, P). For p = 2, U induces a unitary transformation
on the Hilbert space L2(Q, %, P), i.e.,

(UF,UG)2p) = /(F 0 @) (Go®)dP = (F,G)2py forany F,G € L2(Q,%, P).

The LP ergodic theorem states that for any F € LP(Q,, P),

1 n—1 .

- Z U'F — nF  in LP(QU,P) as n — oo, where nF := E[F|J]. 2.5)
n

i=0

In the Hilbert space case p = 2, nF is the orthogonal projection of F onto the closed subspace
Hy=L*QJ,P)={F € LAQA,P): UF = F} (2.6)

of Lz(Q, A, P). Note that Hy is the kernel of the linear operator U — I. Since U is unitary, Hy coincides with
the orthogonal complement of the range of U — I, i.e.,

LAQ,,P) = Hy® (U — I)(L2). Q2.7)
Indeed, every function F' € Hy is orthogonal to the range of U — I, since
(UG -G,F);2 =(UG,F);2 —(G,F);2 = (UG,F);2 — (UG, UF)2» = (UG,F —UF);2 =0
for any G € L*(Q,%, P). Conversely, every function F € Range(U — I)* is contained in Hy since
|UF - F||i2 =(UF,UF);» —2F,UF);2+ (F,F);2 =2(F,F -UF);> = 0.

The L? convergence in (2.5) therefore reduces to a simple functional analytic statement that will be the
starting point for the proof in the general case given below.

Exercise (L2 ergodic theorem). Prove that (2.5) holds for p = 2 and any F € £L>(Q,%, P).

From now on we will use the notation

1 n—1 1 n-1
_ - i_ = i
AnF—nZ(;FoG) —nZ(;UF
= 1=

for ergodic averages of £? random variables. Note that A, defines a linear operator. Moreover, A, induces
a contraction on LP (€, A, P) for any p € [1,00] and n € N since

1 n—1 .
1AnFllr <+ 3 U Flle = [Fller — forany F e £2(Q,2,P),
i=0

Proof (of Theorem 2.5). The proof of the ergodic theorem will be given in several steps. At first we will
show in Step 1 below that for a broad class of functions the convergence in (2.1) follows in an elementary
way. As in the remark above we denote by

Hy = {F € LX(QU,P): UF = F}
the kernel of the linear operator U — I on the Hilbert space L>(€, %, P). Moreover, let
H ={UG-G:G e L¥(QUAUP)}=U-1HL™),
and let F = E[F|J].
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Step 1:

Step 2:

Step 3:

Step 4:

2.1. Ergodic theorems

We show that for any F' € Hy + Hj,
A F —nF — 0 in L(Q,, P). (2.8)

Indeed, suppose that F = Fy + UG — G with Fy € Hp and G € L™. By the remark above, 7F is the
orthogonal projection of F onto Hy in the Hilbert space L?(Q,, P), and UG — G is orthogonal to Hy.
Hence nF = Fy and

1 n—-1 ) 1 n—1 )
mm—an—EIW%—&+—ZyMUG—®
n n
i=0 i=0

1
= ~(U"G-G).
n

Since G € L*(Q, U, P) and U is an L*-isometry, the right hand side converges to 0 in L™ as n — oo.

L2-convergence. By Step 1,
AF - nF  in L*(Q, %, P) (2.9)

for any F € Hy + H;. As the linear operators A, and r are all contractions on L?(Q,, P), the
convergence extends to all random variables F in the L? closure of Hy + H; by an &/3 argument.
Therefore, in order to extend (2.9) to all F € L? it only remains to verify that Hy + H; is dense in
LZ(Q,QI, P). But indeed, since L is dense in L? and U - [ is a bounded linear operator on L? Hjis
dense in the L?-range of U — I, and hence by (2.7),

L>(Q,U,P) = Hy + (U - I)(L?) = Hy + H, € Ho + H,.

LP-convergence. For F € L*(Q,%, P), the sequence (A, F),cn is bounded in L*. Hence for any
p€[l,0),

A, F - nF  in LP(Q,U, P) (2.10)
by (2.9) and the dominated convergence theorem. Since A, and & are contractions on each L” space,
the convergence in (2.10) extends to all F € LP(Q,%, P) by an £/3 argument.

Almost sure convergence. By Step 1,
ApF — nF  P-almost surely .11

for any F € Hy + H;. Furthermore, we have already shown that Hy + H; is dense in L2(Q,91, P) and
hence also in L'(Q,A, P). Now fix an arbitrary F € L'(Q %, P), and let (Fy)xen be a sequence in
Hy + H, such that Fy — F in L'. We want to show that A, F converges almost surely as n — oo,
then the limit can be identified as 7F by the L' convergence shown in Step 3. We already know that
P-almost surely,
limsup A, Fx = liminf A, F;, forany k € N,
n—oo n—oo
and therefore, for k € Nand € > 0,
Pllimsup A, F — liminf A, F > €] < P[sup |A,F — A, Fy| = /2]
n

= P[sup |An(F — F)| > £/2]. (2.12)

Hence we are done if we can show for any € > 0 that the right hand side in (2.12) converges to O as
k — oo. Since E[|F — Fi|] — 0, the proof is now completed by Lemma 2.6 below. |
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2. Ergodic averages

Lemma 2.6 (Maximal ergodic theorem). Suppose that P = P o ©~!. Then the following statements hold
forany F € L1(Q, U, P):

1) E[F; max A;F >0] >0 foranyn €N,

1<i<n

2) P[sup |A,F|=>c] < %E[IFl] for any ¢ € (0,0).
neN

Note the similarity to the maximal inequality for martingales. The proof is not very intuitive but not difficult
either:

Proof.

1) Let M, = max (F+ Fo®+---+ Fo®~!), and let B = {M,, > 0} = {1max A;F > 0}. Then
<i<n

1<i<n

M, =F + M o, and hence
F=M,-M, ,00>M,-M,oc® onB.
Taking expectations we obtain

E[F;B] > E[M,; B] - E[M, 0 ©;0~((B))]

E
EIM;] - EI(M; 1os))  ©]
E[M]] - E[M}:0(B)] 2 0

v

since B ¢ @~ 1(®(B)).

2) We may assume that F' is non-negative - otherwise we can apply the corresponding estimate for |F|.
For F > 0 and ¢ € (0, o),

E[F—c;maxAiFZC >0

1<i<n

by 1). Therefore,

c-P[maxAiFZ C] SE[F;maXA,-FZc < E[F]

i<n i<n

for any n € N. As n — oo we can conclude that

c-PsupA;F >c

ieN

< E[F].

The assertion now follows by replacing ¢ by ¢ — € and letting € tend to zero. |

Ergodic theorems for Markov chains

Suppose that @ is the shift on Q = §%+, and (X, P,,) is a canonical time-homogeneous Markov chain with
state space S, initial distribution y and transition kernel 7. Then © is measure-preserving w.r.t. P, if and
only if u is an invariant probability measure for 7. Furthermore, by Theorem 2.2, the measure P, is ergodic
if and only if any function 7 € £2(u) satisfying L£h = 0 u-almost surely is u-almost surely constant. Other
necessary and sufficient conditions for ergodicity are summarized in the following exercise:

Exercise (Ergodicity of stationary Markov chains). Suppose that u is an invariant probability mea-
sure for the transition kernel 7 of a canonical Markov chain (X, P,) with state space (S, 8). Prove that
the following statements are equivalent:

(i) Py is ergodic.
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(ii) Forany F € Ll(Pﬂ),
1 n-1 )
- ZF 0® — E,[F] P,-almost surely.
i=0
(iii) Forany f € L' (u),

n—1

1

- Zf(Xi) — /fdy P,-almost surely.
i=0

(iv) For any B € 8B,

1 n-1 )
- Z 7'(x,B) > u(B) for p-ae. x € 8.
i=0

(v) For any B € B such that u(B) > 0,

Py[Tg < ] >0 for y-ae. x€S.
(vi) Any B € B suchthat 7l1p = 1p p-a.s. has measure u(B) € {0,1}.

In particular, we point out the following consequences of Birkhoft’s ergodic theorem for ergodic stationary
Markov chains:

a) Law of large numbers: For any function f € L1(S, n),

n—1

1
- Z f(X;) — /fd,u Py -almost surely as n — oo. (2.13)
n

i=0
The law of large numbers for Markov chains is exploited in Markov chain Monte Carlo (MCMC)
methods for the numerical estimation of integrals w.r.t. a given probability measure u.

b) Estimation of the transition kernel: For any Borel sets A, B € 8B,

n—1

! D e i) = Bl 01 | maonpts 2.14)
Py-as. as n — oo. This is applied in statistics of Markov chains for estimating both the invariant
measure and the transition kernel of a Markov chain from observed values.

Both applications lead to new questions:

* How can the deviation of the ergodic average from its limit be quantified?
* What can be said if the initial distribution of the Markov chain is not a stationary distribution?

We return to the first question later - in particular in Sections 2.4 and 3.2. Let us now consider the second
question. The next remark contains some preliminary observations:

Remark (Non-stationary initial distributions).

1) If v is a probability measure on S that is absolutely continuous w.r.t. a stationary distribution yu then the
law P, of the Markov chain with initial distribution v is absolutely continuous w.r.t. P,. Therefore,
in this case P,-almost sure convergence holds in Birkhoff’s Theorem. More generally, P, -almost sure
convergence holds whenever vrX is absolutely continuous w.r.t. u for some k € N, since the limits
of the ergodic averages coincide for the original Markov chain (X},);,>¢ and the chain (X;;1x)n>0 With

initial distribution vz¥.
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2. Ergodic averages

2) Since P, = [ Py u(dx), P,-almost sure convergence also implies Py-almost sure convergence of the
ergodic averages for pu-almost every x.

3) Nevertheless, P,-almost sure convergence does not hold in general. In particular, there are many
Markov chains that have several stationary distributions. If v and u are different stationary distributions
for the transition kernel 7 then the limits E,[F|J ] and E,[F|J] of the ergodic averages A, F w.r.t.
P, and P, respectively do not coincide.

We conclude this section with two necessary and sufficient conditions guaranteeing that the ergodic
averages converge for every initial distribution:

Corollary 2.7 (Liouville Theorem and ergodicity for arbitrary initial distributions). Suppose that u
is an invariant probability measure for the transition kernel 7 of a canonical Markov chain (X, Py).
Then the following statements are all equivalent:

(i) For any x € S and B € 8 with u(B) > 0,

Py [X,, € B infinitely often] = 1. (2.15)

(ii) The constants are the only bounded harmonic functions for the generator £ = 7 — I.

(iii) For any bounded measurable function ' : 2 — R and any x € S,

n—1

1 .
- Z Fo®' — E,[F] Py-almost surely.
n

i=0

Proof. We first note that by the exercise above, each of the conditions (i), (ii) and (iii) implies ergodicity of
P,,. We now show that “(i)=(ii)=(iii)=(1)”.

(i)=(ii). Suppose that & : S — R is a bounded harmonic function, and let x € S. Then A(X,,) is a bounded
martingale w.r.t. P,. By the L' martingale convergence theorem, A(X,,) converges Py-almost surely, and

h(x) = Ex[h(Xo)] = Ex[limh(Xy)]. (2.16)

Now fix ¢ € R such that both u(h > ¢) and u(h < ¢) are strictly positive. For example, we may choose ¢ as
a median of ¢ o h~'. Then by (i), for any x € S,

P, [h(X,) > c infinitely often] = 1 = P,[h(X,,) < c infinitely often].

Hence by (2.16), h(x) = ¢ for any x € S.

(ii)=(iii). Consider the event A := {% Z?:‘Ol Fo®' — E,[F]}. Observe that by ergodicity, P, [A] = 1.
Moreover, A is shift-invariant, and hence A(x) := Py[A] is a bounded harmonic function. Therefore, by (ii),
h is constant, and thus

h(x) = /hdy = P,[A] = 1 for any x € S.
(iii)=(i). Let B € B with u(B) > 0. Then applying (iii) with F = 15(Xp) shows that (2.15) holds. |

Remark. The assumption (2.15) is satisfied if the Markov chain is “globally Harris recurrent”, see Meyn
and Tweedie [40, Theorem 9.1.4]. Necessary and sufficient conditions for Harris recurrence are given in
Theorem 1.11.
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2.2. Ergodic theory in continuous time

We now extend the results in Section 2.1 to the continuous time case. Indeed we will see that the main results
in continuous time can be deduced from those in discrete time.
Ergodic theorem
Let (€, U, P) be a probability space. Furthermore, suppose that we are given a product-measurable map
BO:[0,0)xQ— Q
(1, w) - By w)

satisfying the semigroup property

®p=idg and ©,00; =0,y foranyts > 0. 2.17)

The analogue in discrete time are the maps 0@, (w) = ®"(w). As in the discrete time case, the main example
for the maps ®, are the time-shifts on the canonical probability space of a stochastic process:

Example (Stationary processes in continuous time). Suppose Q = C([0, ), S) or

Q = D([0,00),S) is the space of continuous, right-continuous or cadlag functions from [0, o) to S,
X;(w) = w(t) is the evolution of a function at time ¢, and A = o (X; : ¢t € [0,00)). Then, by right
continuity of  — X;(w), the time-shift ® : [0, c0) X Q — Q defined by

O,(w)=w(t+-) forte[0,0)weQ,

is product-measurable and satisfies the semigroup property (2.17). Suppose moreover that P is a
probability measure on (Q, ). Then the continuous-time stochastic process ((X;); e[o,0) P) is stationary,
ie.,

(Xs+1)ref0,00) ~ (X)re[0,00) under P for any s € [0, 00),

if and only if P is shift-invariant, i.e., iff P o ®;! = P for any s € [0, o).
The o-algebra of shift-invariant events is defined by
J ={AeU:A=0;"(A) forany s € [0,00)} .

Verify for yourself that the definition is consistent with the one in discrete time, and that J is indeed a
o-algebra.

Theorem 2.8 (Ergodic theorem in continuous time). Suppose that P is a probability measure on (2, )
satisfying PoG);] = Pforany s € [0,c0). Then for any p € [1, 0] and any random variable F € £LP(Q,%, P),

1 t
lim— [ Fo®gds=E[F|J] P-almostsurelyandin L”(Q,, P). (2.18)

t—oo f 0

Similarly to the discrete time case, we use the notation
1 t
AF = ;/ Fo®gds
0

for the ergodic averages. It is straightforward to verify that A; is a contraction on LP(Q,, P) for any
p € [1,00] provided the maps ®; are measure-preserving.
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2. Ergodic averages

Proof.

Step 1:

Step 2:

Step 3:

38

Time discretization. Suppose that F is uniformly bounded, and let

1
ﬁ::/ F o®ds.
0

Since (5, w) — O4(w) is product-measurable, F is a well-defined uniformly bounded random variable.
Furthermore, by the semigroup property (2.17),

ApF = A, F  for any n € N, where ApF =

S|

n—1
Z F o @i
i=0

denotes the discrete time ergodic average of F'. If ¢ € [0, o) is not an integer then we can estimate

1 [ 11 L]
—/ Fo®;ds +(———)‘/ FoQ®;ds
tJ) [t] ¢ 0

< “sup|Fl+ (5~ 1) - sup

—su — —1]-su .

The right-hand side is independent of w and converges to 0 as t — co. Hence by the ergodic theorem
in discrete time,

lim A,F = lim A,F = E[F|J] P-as. andin L? for any p € [1,c0), (2.19)

t—o0 n—oo

where J = {A eU: ®1‘1(A) = A} is the collection of ®;-invariant events.

Identification of the limit. Next we show that the limit in (2.19) coincides with the conditional
expectation E[F|J] P-almost surely. To this end note that the limit superior of A,F as t — oo is
J -measurable, since

l t 1 t 1 S+t
(A,F)OG)sz;/F0®u0®sdu:?/F0®u+sdu=;/ Fo0®,du
0 0 s

has the same limit superior as A; F for any s € [0, ). Since L' convergence holds,

t

1
lim A,F = E[limA,F|J] =limE[A,F|9] = lim — [ E[F o ®4|9]ds
0

t—o0 t—oo f

P-almost surely. Since @ is measure-preserving, it can be easily verified that E[F o O|J | = E[F|J]
P-almost surely for any s € [0,00). Hence

tlim AF = E[F|J] P-almost surely.

Extension to F € £P. Since F,(Q) is a dense subset of L7 (Q,%, P) and A; is a contraction w.r.t. the
LP-norm, the L convergence in (2.18) holds for any F' € L” by an ¢/3-argument. In order to show
that almost sure convergence holds for any F € £! we apply once more the maximal ergodic theorem
2.6. Fort > 1,

lz] +1

Le]+1 . R .
<y [ iroeids = LA 1A < 24 1A
0
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Hence for any ¢ € (0, o),

A A 2 ~
<P [supAn|F| > c/Z] < —E[|F|] < —E[|F]].
neN Cc c

[\

P

sup |A;F| = ¢

t>1

Thus we have deduced a maximal inequality in continuous time from the discrete time maximal
ergodic theorem. The proof of almost sure convergence of the ergodic averages can now be completed
similarly to the discrete time case by approximating F' by uniformly bounded functions, cf. the proof
of Theorem 2.5 above. u

The ergodic theorem implies the following alternative characterizations of ergodicity:

Corollary 2.9 (Ergodicity and decay of correlations). Suppose that P o ®@;! = P for any s € [0, ).
Then the following statements are equivalent:

(1) P isergodic w.r.t. (Og)s>0.

(ii) For any F € LZ(Q,QI, P),

1 t
Var(;/ FOG)sds) — 0 ast— oo.
0

(iii) For any F € LZ(Q,?I, P),

1 t
;/COV(FO®S,F)dS—>0 ast — oo.
0

(iv) Forany A,B € U,
1 t
;/ P[An®;'(B)] ds — P[A]P[B] ast— c.
0

The proof is left as an exercise.

Applications

a) Flows of ordinary differential equations
Let b : RY — R9 be a smooth (C*) vector field. The flow (©;);cr of b is a dynamical system on Q = R¢
defined by

d
E@t(w) = b(0;(w)), Op(w)=w forany w € RY. (2.20)
For a smooth function F : RY — R and 7 € R let
(U F)(w) = F(O,(w)).

Then the flow equation (2.20) implies the forward equation

d .
EU[F =0; - (VF)o®; =(b-VF)o 0O, i.e,
d

® EUIF =ULF where LF=b-VF
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is the infinitesimal generator of the time-evolution. There is also a corresponding backward equation that
follows from the identity U, U,_, F = U, F. By differentiating w.r.t. & at h = O we obtain LU, F — %U,F =0,

and thus 4
The backward equation can be used to identify invariant measures for the flow (®;);cr. Suppose that P is

a positive measure on R? with a smooth density o w.r.t. Lebesgue measure A, and let F € (O (R4). Then

d
E/UthP = /b-V(FoG)t)Qd/l = /Fo@t div(ob) dAa.
Hence we can conclude that if
div(pb) =0
then [ Fo®,dP = [UFdP = [FdPforany F € CP(R?)and? > 0, i.c.,

Po®'=P foranyreR.

Example (Hamiltonian systems). In Hamiltonian mechanics, the state space of a system is Q = R??
where a vector w = (g,p) € Q consists of the position variable ¢ € R¢ and the momentum variable
p € R, If we choose units such that the mass is equal to one then the total energy is given by the
Hamiltonian

1
H(g.p) = §Ip|2 +V(q)

where %l p|? is the kinetic energy and V(g) is the potential energy. Here we assume V € C*(R?). The
dynamics is given by the equations of motion

dq 6H( ) =

dt - ap Q9p - ps

dp 0H

— =——(q,p) = -VV(g).
7 o (g.p) (q)

A simple example is the harmonic oscillator (pendulum) where d = 1 and V(q) = %q2. Let (®;);cr be
the corresponding flow of the vector field

9 (q.p) P
—| 9 —
Hap = (—a—;’m,p) ) (—VV(q))'

The first important observation is that the system does not explore the whole state space, since the energy
is conserved:

d 0H dg OH dp
H - R el .2 =(b-VH = 2.21
dr (g:p) aq (g:p) di + ap (g:p) dr (b )(q,p)=0 ( )

where the dot stands both for the Euclidean inner product in R¢ and in R??. Thus H o @, is constant,
i.e., t — O;(w) remains on a fixed energy shell.

T
NP

Figure 2.1.: Trajectories of harmonic oscillator
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2.2. Ergodic theory in continuous time

As a consequence, there are infinitely many invariant measures. Indeed, suppose that
o(q,p) = g(H(q, p)) for a smooth non-negative function g on R. Then the measure

P(dw) = g(H(w)) *(dw)
is invariant w.r.t. (®;) because

2 2
diV(Qb)=b~Vg+gdiv(b):(g’oH)(b.VH)+Q(5H 51‘1):

dqdp  dpdq

by (2.21). What about ergodicity? For any Borel set B C R, the event {H € B} is invariant w.r.t. (®,) by
conservation of the energy. Therefore, ergodicity can not hold if g is a smooth function. However, the
example of the harmonic oscillator shows that ergodicity may hold if we replace g by a Dirac measure,
i.e., if we restrict to a fixed energy shell.

Remark (Deterministic vs. stochastic dynamics). The flow of an ordinary differential equation can be seen
as a very special Markov process - with a deterministic dynamics. More generally, the ordinary differential
equation can be replaced by a stochastic differential equation to obtain It6 type diffusion processes, cf. below.
In this case it is not possible any more to choose Q as the state space of the system as we did above - instead
Q) has to be replaced by the space of all trajectories with appropriate regularity properties.

b) Gaussian processes
Simple examples of non-Markovian stochastic processes can be found in the class of Gaussian processes.
We consider the canonical model with Q = D([0, ),R), X;(w) = w(t),
A=0c(X;:teR,),and Oy(w) = w(t + -). In particular,

X, 005 = X;4s foranyt,s > 0.

Let P be a probability measure on (Q, ). The stochastic process (X, P) is called a Gaussian process if and
only if (X;,,...,X;,) has a multivariate normal distribution for any n € N and #,...,t, € R, (Recall that
it is not enough to assume that X, is normally distributed for any #!). The law P of a Gaussian process is
uniquely determined by the averages and covariances

m(t) = E[X;], c(s,t) =Cov(X,,X;), s,¢t>0.
It can be shown (Exercise) that a Gaussian process is stationary if and only if m(¢) is constant, and
c(s,1) = r(|s — 1)

for some function r : R, — R (auto-correlation function). To obtain a necessary condition for ergodicity
note that if (X;, P) is stationary and ergodic then % fot X ds converges to the constant average m, and hence

1 t
Var(;/ Xsds) — 0 ast— oo,
0

On the other hand, by Fubini’s theorem,
1 t 1 t 1 t
Var (—/ X ds) = Cov (—/ X5 ds,—/ Xy du)
tJo t Jo tJo
1 t t 1 t s
= t_2/0 /0 Cov (X, X,,) duds = 2_t2/0 /0 r(s —u) duds

- 2—12/0l(t—v)r(v)dv: %/Ot(l—;)r(v)dv

1 t
~ 5 / r(v)dv asymptotically as t — oo.
0
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2. Ergodic averages

Hence ergodicity can only hold if
t

1
lim — [ r(v)dv =0.
t—oo f 0
It can be shown by Spectral analysis/Fourier transform techniques that this condition is also sufficient for
ergodicity, cf. e.g. Lindgren, “Lectures on Stationary Stochastic Processes” [36].

c¢) Random Fields

We have stated the ergodic theorem for temporal, i.e., one-dimensional averages. There are corresponding
results in the multi-dimensional case, i.e., t € Z4 or t € RY, cf. e.g. Stroock, “Probability Theory: An
Analytic View” [52]. These apply for instance to ergodic averages of the form

_ L
(20

t

/ dFOG)Sds, teR,,
(_t’t)

where (®y),cra is a group of measure-preserving transformations on a probability space (€, 2, P). Multi-
dimensional ergodic theorems are important for the study of stationary random fields. Here we just mention
briefly two typical examples:

Example (Massless Gaussian free field on Z%). Let Q = RZ where d > 3, and let X,(w) = w; for
w = (wy) € Q. The massless Gaussian free field is the probability measure P on Q given informally by

1 1
“Pldw) = Z exp| - 3 Z lw, — ws|? l_[ dwg”. (2.22)
s,tezd sezd
|s—t]=1
The expression is not rigorous since the Gaussian free field on RZ’ does not have a density w.r.t. a
product measure. Indeed, the density in (2.22) would be infinite for almost every w. Nevertheless, P
can be defined rigorously as the law of a centered Gaussian process (or random field) (X)scz« With
covariances

Cov(X;, X;) = G(s,t) forany s,t € Zd,

where G(s,1) = Y, p"(s,t) is the Green’s function of the Random Walk on Z¢. The connection to the

n=0
informal expression in (2.22) is made by observing that the generator of the random walk is the discrete
Laplacian Aa, and the informal density in (2.22) takes the form

_ 1
VA ]exp —E ((L),Azd(i))lZ(Zd) .

For d > 3, the random walk on Z< is transient. Hence the Green’s function is finite, and one can show
that there is a unique centered Gaussian measure P on Q with covariance function G(s,t). Since G(s,t)
depends only on s —¢, the measure P is stationary w.r.t. the shift @;(w) = w(s+-), s € Z¢. Furthermore,
decay of correlations holds for d > 3 since

G(s,t) ~ |s—1t]>4 as|s—1] > co.

It can be shown that this implies ergodicity of P, i.e., the P-almost sure limits of spatial ergodic averages
are constant. In dimensions d = 1,2 the Green’s function is infinite and the massless Gaussian free field
does not exist. However, in any dimension d € N it is possible to define in a similar way the Gaussian
free field with mass m > 0, where G is replaced by the Green’s function of the operator m? — Aza.

Example (Markov chains in random environment). Suppose that (®,), .7« is stationary and ergodic
on a probability space (%, P), and let g : Q x Z¢ — [0, 1] be a stochastic kernel from Q to Z¢. Then

random transition probabilities on Z¢ can be defined by setting

n(w,x,y) = q(Ox(w),y —x) forany w € Qand x,y € Z9.
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For any fixed w € Q, n(w,-) is the transition matrix of a Markov chain on Z¢. The variable w is called
the random environment - it determines which transition matrix is applied. One is now considering
a two-stage model where at first an environment w is chosen at random, and then (given w) a Markov
chain is run in this environment. Typical questions that arise are the following:

¢ Quenched asymptotics. How does the Markov chain with transition kernel n(cw,-,-) behave
asymptotically for a typical w (i.e., for P-almost every w € Q)?

* Annealed asymptotics. What can be said about the asymptotics if one is averaging over w w.r.t.
P?

For an introduction to these and other questions see e.g. Sznitman, “Ten lectures on Random media” [4].

Ergodic theory for Markov processes

We now return to our main interest in these notes: The application of ergodic theorems to Markov processes
in continuous time. Suppose that (p;);¢[0,0) is a transition function of a time-homogeneous Markov process
(X;, P,) on (Q,A). We assume that (X;);¢[0,00) is the canonical process on Q = D([0,0),5), A = o(X; : t €
[0,00)), and u is the law of X w.r.t. P,,. The measure y is a stationary distribution for (p, ) iff up, = u for any
t € [0,00). The existence of stationary distributions can be shown by the theorems of Krylov-Bogoliubov
and Foguel. The proof of the next theorem is left as an exercise.

Theorem 2.10 (Characterizations of ergodicity in continuous time). 1) The  shift semigroup
Os(w) = w(t +-), t > 0, preserves the measure P, if and only if u is a stationary distribution for

(P1)e>0-

2) In this case, the following statements are all equivalent
(i) P, is ergodic.
(ii) Forany f € L(S, u),

t
%/ f(Xs)ds — /fd,u Py-a.s. ast — oo.
0
(iii) Forany f € L£2(S, u),

1 t
Varp, (;/ f(Xs)ds) — 0 ast— oco.
0

(iv) Forany f,g € L3(S, p),
t
1 | covn, GO0 ds >0 ast -,
0

(v) Forany A,B € B,

1 t
;/ P, [Xo € A, Xy € Bl ds — u(A)u(B) ast — oo.
0

(vi) Forany B € 8B,
1 t
;/ ps(x,B)ds — u(B) p-a.e.ast — oo,
0
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2. Ergodic averages

(vii) For any B € B with u(B) > 0,

Py[Tg < ] >0 for u-ae. x €8S.

(viii) For any B € B such that p;1p = 1p p-a.e. for any t > 0,
u(B) € {0,1}.

(ix) Any function i € F5(S) satisfying p,h = h p-a.e. for any r > 0 is constant up to a set of
[-measure Zero.

Again, ergodicity can be verified by the strong Feller property:

Corollary 2.11. Suppose that one of the transition kernels p;, t > 0, is strong Feller. Then P,, is stationary
and ergodic for any stationary distribution y of (p;);>o that has connected support.

The proof is similar to that of the corresponding result in discrete time, cf. Corollary 2.4.

Example (Brownian motion on IR/Z). A Brownian motion (X;) on the circle R/Z can be obtained by
considering a Brownian motion (B;) on R modulo the integers, i.e.,

Xt = Bt - |_BtJ € [0, 1) Q R/Z.
Since Brownian motion on R has the smooth transition density
pi(x.y) = Qar)™ " exp(=|x - yI*/(20)),

the transition density of Brownian motion on R/Z w.r.t. the uniform distribution is given by

x-y-n|?
pe(x,y) = Zp (x,y+n)= Z S forany ¢ > 0 and x,y € [0,1).

nez neZ

Since p; is a smooth function with bounded derivatives of all orders, the transition kernels are strong
Feller for any ¢ > 0. The uniform distribution on R/Z is stationary for (p;);>o. Therefore, by Corollary
2.11, Brownian motion on R/Z with uniform initial distribution is a stationary and ergodic Markov
process.

A similar reasoning as in the last example can be carried out for general non-degenerate diffusion processes
on R¥¢. These are Markov processes generated by a second order differential operator of the form

=5 Z aij(x) 5——

l]—

By PDE theory it can be shown that if the coefficients are locally Holder continuous, the matrix (a;;(x)) is
non-degenerate for any x, and appropriate growth conditions hold at infinity then there is a unique transition
semigroup (p;);>0 with a smooth transition density corresponding to £, cf. e.g. [XXX]. Therefore,
Corollary 2.11 can be applied to prove that the law of a corresponding Markov process with stationary initial
distribution is stationary and ergodic.
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2.3. Structure of invariant measures

In this section we apply the ergodic theorem to study the structure of the set of all invariant measures w.r.t.
a given one-parameter family of transformations (®,);¢, as well as the structure of the set of all stationary
distributions of a given transition semigroup (p;)s 0.

The convex set of @-invariant probability measures

Let®: Ry X Q — Q, (f,w) — O;(w) be product-measurable on (€, ) satisfying the semigroup property
®p =idg, ®;00; =0,y foranyt,s >0,

and let J = {A €A :0O;!(A) = Aforanyr > O}. Alternatively, the results will also hold in the discrete
time case, i.e., Ry may be replaced by Z,. We denote by

S(0) = {P € P(Q): POG;1 = P for any ¢ > O}
the set of all (®;)-invariant (stationary) probability measures on (€2, ).

Lemma 2.12 (Singularity of ergodic probability measures). Suppose P,Q € S(®) are distinct ergodic
probability measures. Then P and Q are singular on the o-algebra J, i.e., there exists an event A € J such
that P[A] = 1 and Q[A] = 0.

Proof. This is a direct consequence of the ergodic theorem. If P # Q then there is a random variable
F € F(Q) such that [ F dP # [ F dQ. The event

A= {limsupAtF = /FdP}

t—o00

is contained in J, and by the ergodic theorem, P[A] = 1 and Q[A] = 0. |

Recall that an element x in a convex set C is called an extreme point of C if x can not be represented in
a non-trivial way as a convex combination of elements in C. The set C, of all extreme points in C is hence
given by
Co={xeC:Px,x0eC\{x},ae(0,1): x=ax; +(1 —a)x}.

Theorem 2.13 (Structure and extremals of S(0)). 1) The set S(®) is convex.
2) A (®,)-invariant probability measure P is extremal in S(®) if and only if P is ergodic.

3) If Q is a polish space and U is the Borel o-algebra then any (®,)-invariant probability measure P
on (Q,A) can be represented as a convex combination of extremal (ergodic) elements in S(0), i.e.,
there exists a probability measure o on S(®), such that

p= / 0 0(d0).
S(0),

Proof. 1) If P and P, are (®;)-invariant probability measures then any convex combination @ Py + (1 —
a)P,, a € [0,1], is (®,)-invariant, too.
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2. Ergodic averages

2)

3)

Suppose first that P € S(0) is ergodic and P = @P; + (1 — )P, for some a € (0,1) and Py, P, € S(0).
Then P; and P, are both absolutely continuous w.r.t. P. Hence P and P, are ergodic, i.e., they only
take the values 0 and 1 on sets in J. Since distinct ergodic measures are singular by Lemma 2.12 we
can conclude that P; = P = P,, i.e., the convex combination is trivial. This shows P € S(®)..
Conversely, suppose that P € S(0) is not ergodic, and let A € J such that P[A] € (0,1). Then P can
be represented as a non-trivial combination by conditioning on o (A):

P = P[-|A] P[A] + P[-|A°] P[A€].

As A is in 7, the conditional distributions P[ - |A] and P[ - |A€] are both (®;)-invariant again. Hence
P ¢ S(0),.

This part is a bit tricky, and we only sketch the main idea. For more details see e.g. Varadhan,
“Probability Theory” [53]. Since (Q, ) is a polish space with Borel o-algebra, there is a regular
version p g(w, -) of the conditional distributions P[ - | ](w) given the o-algebra J. Furthermore, it
can be shown that p y(w, ) is stationary and ergodic for P-almost every w € Q (The idea in the
background is that we “divide out” the non-trivial invariant events by conditioning on ). Assuming
the ergodicity of p 4(w, ) for P-a.e. w, we obtain the representation

Pdo) = [ () Pdo)

- / 0 0(dQ)
S(0)e

where o is the law of w — p g(w,-) under P. Here we have used the definition of a regular version of
the conditional distribution and the transformation theorem for Lebesgue integrals.

To prove ergodicity of p 4(w,-) for almost every w one can use that a measure is ergodic if and only
if all limits of ergodic averages of indicator functions are almost surely constant. For a fixed event
Ae,

1 t
lim — 1400®;ds = P[A|J] P-almost surely, and thus

t—oo f 0
1 t

zh—>r£10 " ; l4005ds = pg(w,A) pg(w,-)-almost surely for P-a.e. w.
The problem is that the exceptional set in “P-almost every” depends on A, and there are uncountably
many events A € U in general. To resolve this issue, one can use that the Borel o-algebra on a Polish
space is generated by countably many sets A,,. The convergence above then holds simultaneously with
the same exceptional set for all A,,. This is enough to prove ergodicity of p s(w, -) for P-almost every
w. ]

The set of stationary distributions of a transition semigroup

We now specialize again to Markov processes. Let p = (p;);>0 be a transition semigroup on (S, B), and
let (X;, Py) be a corresponding canonical Markov process on Q = D(R,,S). We now denote by S(p) the
collection of all stationary distributions for (p;); >0, i.e.,

S(p)={ueP(S): u=up; foranyr > 0}.

As usually in this setup, 7 is the o-algebra of events in 2 = o°(X; : ¢ > 0) that are invariant under time-shifts
0;(w) = w(t + ).
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Exercise (Shift-invariants events for Markov processes). Show that for any A € J there exists a
Borel set B € 8B such that p;1p = 1p p-almost surely for any ¢ > 0, and

A= ﬂ U {X;n € B} = {Xp € B} P-almost surely.

neNmz2>n

The next result is an analogue to Theorem 2.13 for Markov processes. It can be either deduced from
Theorem 2.13 or proven independently.

Theorem 2.14 (Structure and extremals of S(p)). 1) The set S(p) is convex.

2) A stationary distribution u of (p;) is extremal in S(p) if and only if any set B € B suchthat p,15 = 1p
p-a.s. for any ¢ > 0 has measure u(B) € {0, 1}.

3) Any stationary distribution u of (p;) can be represented as a convex combination of extremal elements

in S(p).

Remark (Phase transitions). The existence of several stationary distributions can correspond to the occur-
rence of a phase transition. For instance we will see in Section 5.4 below that for the heat bath dynamics of
the Ising model on Z¢ there is only one stationary distribution above the critical temperature but there are
several stationary distributions in the phase transition regime below the critical temperature.

2.4. Central limit theorem for ergodic averages

Let (ps)r>0 be the transition semigroup of a Markov process ((X;):ez,,Px) in discrete time or a right-
continuous Markov process ((X;);er,,Px) in continuous time with state space (S,8). In discrete time,
pr = n' where 7 is the one-step transition kernel. Suppose that u is a stationary distribution of (p;);>o. If
ergodicity holds then by the ergodic theorem, for any f € £!(u), the averages

1 -1 1 t
Mf =3 2100, Af = [ F)ds respectively,
Iz tJo

converge to u(f) = [ fdu P,-almost surely and in LZ(Pﬂ). In this section, we study the asymptotics of the
fluctuations of A, f around u(f) as t — oo for f € L2(u).

Bias and variance of stationary ergodic averages

Theorem 2.15 (Bias, variance and asymptotic variance of ergodic averages). Let f € £>(u) and let
Jfo = f — u(f). The following statements hold:

1) For any ¢ > 0, A; f is an unbiased estimator for u(f) w.r.t. P, i.e.,
Ep, [A:f] = u(f).

2) The variance of A, f in stationarity is given by

3

1 2 k
— Var,(f) + - Z (1 - —) Cov(f, 7f £)  in discrete time,
t tk:l t

VafP,, [A: f]

2 t
Varp, [A/ f] = " /0 (1 - ;) Covu(f,prf)dr in continuous time, respectively.
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2. Ergodic averages

3) Suppose that the series Gfy = X;, 7* fy or the integral G fy = fooo Ps Jo ds (in discrete/ continuous
time respectively) converges in .£?(x). Then the asymptotic variance of VA, f is given by

lim 7 - Varp, [A; f] = G']%, where

t—oo

of = Var(f) +2 > Covu(£,7 ) = 2(f0, G fo)rage = (for Fo)r2ga
k=1

in the discrete time case, and

o} =2 [ Couf.pafids = 2. G g

in the continuous time case, respectively.

Remark. 1) The asymptotic variance equals

o} = Varp,[f(Xo)] +2 Z Covp, [f(Xo), f(Xi)],
k=1

a’f 2 /0 Covp, [f(Xo0), f(Xs)]ds, respectively.

If G fy exists then the variance of the ergodic averages behaves asymptotically as O'f /t.

2) The statements hold under the assumption that the Markov process is started in stationarity. Bounds
for ergodic averages of Markov processes with non-stationary initial distribution are given in Section
3.2 below.

Proof (of Theorem 2.15.). We prove the results in the continuous time case. The analogue discrete time
case is left as an exercise. Note first that by right-continuity of (X;),»0, the process (s,w) — f(Xs(w)) is
product measurable and square integrable on [0,7] X Q w.r.t. 1 ® P, forany ¢ € R,.

1) By Fubini’s theorem and stationarity,

Ep, [; /0 f(xsms] ! /O Ep,[f(X,)]ds = u(f) forany > 0.

t

2) Similarly, by Fubini’s theorem, stationarity and the Markov property,
1 [! 1 [
VarP” [A:f] = COVP;, [;/ f(Xs) ds, ;/ f(Xu)d”]
0 0

=5 | [ covn, Lo rx ds an

2 [t
) / / Covy(f,pu-sf)ds du
“Jo Jo

2 t
2 /o (t =r)Covyu(f,p-f)dr.

3) Note that by stationarity, u(p, f) = u(f), and hence

Covﬂ(f,prf)=/f0prf0 du foranyr > 0.
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Therefore, by 2) and Fubini’s theorem,

¢ Varp, [Atf]:2/t(l—;)/fop,fod,udr

0

:2(f0,/0t(1—;)prfodr)y(y)

—>2(f0,/ prfodr) ast — oo
0 L2(u)

provided the integral fooo prfodr converges in L?(u). Here the last conclusion holds since L?(u)-
convergence of fot prfodr ast — oo implies that

t 1 t r 1 t t
/ Cprfodr:—/ / prfodsdr=—/ /prﬁ)drds—>()inL2(p)ast—>oo.
o f tJo Jo rJo Js u

Remark (Potential operator, existence of asymptotic variance). The theorem states that the asymptotic
variance of VA, f exists if the series/integral G f converges in L?(y). Notice that G is a linear operator
that is defined in the same way as the Green’s function. However, the Markov process is recurrent due to
stationarity, and therefore Gl = oo p-a.s. on B for any Borel set B C S. Nevertheless, G fy often exists
because fy has mean u(fy) = 0. Some sufficient conditions for the existence of G fy (and hence of the
asymptotic variance) are given below. If G f; exists for any f € £2(u) then G induces a linear operator on
the Hilbert space

L) = {f € L*(p) : u(f) = O},

i.e., on the orthogonal complement of the constant functions in L?(x). This linear operator is called the
potential operator. It is the inverse of the negative generator restricted to the orthogonal complement of
the constant functions. Indeed, in discrete time,

~LGfy = U-m) ) 7" fo = fo
n=0

whenever G fp converges. Similarly, in continuous time, if G fy exists then

. ph_l [ ) 1 [e) [
-LGfy = —lim———— dt = lim— dt — dt
LG = ; Pefo ﬂgh(/o pefo /()PthO )
1 h
= lim — dt = fp.
i ; pefo Jo

The last conclusion holds by strong continuity of ¢ — p; fy, cf. Theorem 4.4 below.

Exercise (Sufficient conditions for existence of the asymptotic variance). Prove that in the continu-
ous time case, G fy = fom pi fo dt converges in L?(u) if one of the following conditions is satisfied:

(1) Decay of correlations: fooo ’COVP# [f(Xo), f(X,)]‘ dt < .
(ii) L? bound: [§° ||ps foll2(dt < oo.

Deduce non-asymptotic (¢ finite) and asymptotic (¢t — oo) bounds for the variances of ergodic averages
under the assumption that either the correlations | Covp, [ f(Xo), f(X;)]| or the L*(u) norms ||p; foll L2()
are bounded by an integrable function r(¢).
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We now restrict ourselves to the discrete time case. In order to apply Theorem 2.15 in practice, quantitative
bounds for the asymptotic variances are required. One possibility for deriving such bounds is to estimate the
contraction coefficients of the transition kernels on the orthogonal complement

Li(w) = {f € L*(u) : u(f) =0}

of the constants in the Hilbert space L>(u). Indeed, note that by invariance of u, 7 is a linear contraction
that maps functions in Lg(,u) to Lg(,u). Let y(n) = ||x]| L)~ L2(w) denote the operator norm of 7 on Lg(y).
Recall that

w172
I £l (f.m*nf),;

y(m) = Wi(ﬂ) = SUP—WLW = Q(”*”|L§(/u))l/2,
o Wl i (iR,

i.e., y(mr) is the square root of the spectral radius of the linear operator 7*r restricted to Lg(,u).

Theorem 2.16 (Upper bound for asymptotic variances). Suppose that y(z’) < 1 for some 7 € N. Then
the series G fo = X", 7" fo converges for every f € L?(u), and the asymptotic variances are bounded by

0'% < (2c = 1) Var,(f), where Zy( ") < W (2.23)

Proof. By multiplicativity of the operator norm, we obtain

-1

~

Z ’)’(7Tnt+i) tz ,y(ﬂ_t)n — ,y(n-t) 00, (224)

n=0

T§
(=]

i

Hence, the series G fj is absolutely convergent, and

= 2(f0, G fo)r2y — (fos fo) 2y < (2¢ - l)llfolle(#) = (2¢ - 1) Var,(f). (2.25)

The claim follows from (2.24) and (2.25). |

Remark (Relationship to spectral gap in the reversible case). Suppose that 7 satisfies the detailed bal-
ance condition w.r.t. y, i.e.,

pldx) n(x,dy) = p(dy)n(y,dx).

Then 7 is a self-adjoint linear operator on the Hilbert space Lg(u). Therefore,

12 (fomf)e
y(n) = 9(”2|L5<u>) = sup {|d] : 4 € spec(m)} = ?ﬁ)ﬁ

The difference 1 — y(r) is called the absolute spectral gap, since it measures the gap between the largest
eigenvalue 1 (corresponding to the constant functions) and the moduli of the other elements in the spectrum
of m. If, additionally, the self-adjoint linear operator r is non-negative (i.e., its spectrum is contained in R.),
then 1 — () coincides with the spectral gap of the generator £ = & — I, which is defined by

(fs=Lf)2
Gap(L) = inf spec (~Ll.z,) = }‘iflf(me'
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Gap( L) is the gap in the spectrum of — L between the eigenvalue O corresponding to the constant functions,
and the infimum of the spectrum on the complement of the constants. By (2.23),

o} < (2Gap(L)—1 —1) Var,(f)  forall f e £2(u). (2.26)

This bound is sharp since G is the inverse of the operator —£ on Lg(,u). If 7 is non-negative then the spectra
of © and £ are contained in [0, 1], and thus the best possible bound occurs in (2.26) in the i.i.d. case where
n(x,dy) = u(dy) and Gap(L) = 1.

If 7 is not non-negative, one can still apply a similar argument as above with 7 replaced by 7. In contrast,
in the non-reversible case, the asymptotic variances are not related to the spectral gap of 7.

Exercise (Rotation on the discrete circle). Consider the Markov chain on Z; = Z/(kZ) with determin-
istic transition step x +— x + 1. Show that for every initial distribution and every function f : Z; — R,
the variance of A, f is of order O(1/¢%). Conclude that the asymptotic variance o-)% = lim,_,o t- Var[A; f]
vanishes.

Central limit theorem for Markov chains

We again restrict ourselves to the discrete time case. Corresponding results in continuous time will be given
in Section 9.7. Let f € £2(u), and suppose that the asymptotic variance

0'; = nlglgonVarpu [ALf]

exists and is finite. Without loss of generality we assume u(f) = 0, otherwise we may consider f; instead of
f. Our goal is to prove a central limit theorem of the form

18 D
%; f(X;) — N(O.0}) (2.27)

D
where “—” stands for convergence in distribution. The key idea is to use the martingale problem in order to
reduce (2.27) to a central limit theorem for martingales. If g is a function in £?(u) then g(X,,) € .£2(Pﬂ) for
any n > 0, and hence

n-1

8(Xa) = 8(X0) = My + ) (L8)(Xk) (2.28)

k=0
where (M,,) is a square-integrable (F,X) martingale with My = 0 w.r.t. Py, and Lg = ng — g. Now suppose
that there exists a function g € £?(u) such that £g = —f p-a.e. Note that this is always the case with
g=Gfif Gf =3 " f converges in L?(u). Then by (2.28),

14 My g(Xo) — g(Xn)
%;ﬂM—W+—jﬁ—= 2.29)

As n — oo, the second summand converges to 0 in LZ(PH). Therefore, (2.27) is equivalent to a central limit
theorem for the martingale (M,,). Explicitly,

n
M, = ZY, forany n > 0,
i=1

where the martingale increments Y; are given by
Yi = Mi— M- = g(Xi) — g(Xi—1) — (L8)(Xi-1) = g(Xi) — (mg)(Xi-1).

These increments form a stationary sequence w.r.t. P,,. Thus we can apply the following theorem:
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2. Ergodic averages

Theorem 2.17 (CLT for martingales with stationary increments). Let (7,) be a filtration on a probabil-
n

ity space (Q,2l, P). Suppose that M,, = ) Y; is an (¥,) martingale on (€, %, P) with stationary increments
i=1

Y; € £L2(P), and let o € R,. If

1

- Zyg — o2 inLY(P) asn — o (2.30)
n

then
M, =2 N©O,0%) wrt P. 2.31)

sl-

The proof of Theorem 2.17 will be given below. Note that by the ergodic theorem, the condition (2.30)
is satisfied with 0> = E [Yl.z] if the process (¥;, P) is ergodic. As a consequence of Theorem 2.17 and the
considerations above, we obtain:

Corollary 2.18 (CLT for stationary Markov chains). Let (X,,P,) be a stationary and ergodic Markov
chain with initial distribution u and one-step transition kernel r, and let f € £2(u). Suppose that there
exists a function g € £2(u) solving the Poisson equation

-Lg = f—ulf). (2.32)

Let 0']% :=2Cov,(f,g) — Var,(f). Then as n — oo,

1 n—1 >
N kzzo(f(xw — u(f) = NO,0P).

Remark. Recall that (2.32) is satisfied with g = G(f — u(f)) if it exists.

Proof. Let ¥; = g(X;) — (ng)(X;—1). Then under P, (¥;) is a stationary sequence of square-integrable
martingale increments. By the ergodic theorem for the process (X,, Py),

1 n
- Z Y? — E,[Y2] inL'(P,)asn — co.
n

i=1

The limiting expectation can be identified as the asymptotic variance O']% by an explicit computation:
E,[Y?] = Eul(g(X1) - (7)(X0))’]

= / p(dx)Ex[g(X1)* = 28(X1)(n2)(Xo) + (78)(Xo)’]

- / (rg® — 2ng)® + (rg )yt = / - / (ng)du

= (8~ 78,8 + mQ)r2u) = 2(for &) 12 — (o J0) 12 = 07
Here fy := f — u(f) = —Lg = g — ng by assumption. The martingale CLT 2.17 now implies that

1 i D 2
Vi i
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2.4. Central limit theorem for ergodic averages

and hence
n—1 n
1 1 (Xo)—g(X,) o
7 L =) = = ke % = NO.0F)
i=0 i=1
as well, because g(Xo) — g(X») is bounded in L?(P,). [

We conclude this section with a proof of the CLT for martingales with stationary increments:

Central limit theorem for martingales

Let M, = 2.", Y; where (Y;) is a stationary sequence of square-integrable random variables on a probability
space (Q, 2, P) satisfying
E[Y;|Fi-1] =0 P-as. foranyi € N (2.33)

w.r.t. a filtration (%,). We now prove the central limit theorem 2.17, i.e.,
1 & 1 D
- Y ¥* > o*in LY (P) > —M, — N(0,0?). 2.34
. Z; : (P) = =M, = NO.0%) (2.34)

Proof (of Theorem 2.17). Since the characteristic function ¢(p) = exp (—o>p?/2) of N(0,0?) is continu-
ous, it suffices to show that for any fixed p € R,

E [eipMn/ W] — ¢(p) asn — oo, or, equivalently,

E [eipMn/\m+0'2P2/2 — 1] — 0 as n — oo. (235)
Let
op’ k

Zn,k::exp(i%Mk+ > ;), k=0,1,...,n.

Then the left-hand side in (2.35) is given by

n

E[Zn,n - Zn,O] = E[Zn,k - Zn,k—l]
k=1
n lp O.2p2
- ZE Zuger - E |exp | =Y+ = — | = 11t || - (2.36)
P \z n

The random variables Z,, x_; are uniformly bounded independently of # and k, and by a Taylor approximation
and (2.33),

. 2.2 . 2
p o'p p p 2 2
E Py -1 _:E—Y——(Y— ) |+ R
[GXP(\/ﬁk 2n) |ﬁ1} [\/ﬁk o B |Fr-1 .k
p2 2 2
= —2—E[Yk — 07| Fi-1] + Rk
n
with a remainder R, . of order o(1/n). Hence by (2.36),
. 2.2 2 &
E |e/PMn/Nntap7/2 _ 1] = —g— E|Zyg-1- (V2 =) +rm
n
k=1
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2. Ergodic averages

n
where r, = Y, E[Z, k-1 Ru.x]. It can be verified that r, — 0 as n — oo, so we are only left with the first
k=1

term. To control this term, we divide the positive integers into blocks of size / where [ — oo below, and we
apply (2.30) after replacing Z, x_1 by Z,_;; on the j-th block. We first estimate

1 n
- ; E[Zy1(F = 0]

Ln/1]
: > o? 2_ 2
< - ZO E\Zy i Z Y=o +1- sup E[|Zyx-1—Znjl- Yy —07]
j:

jl<l]§gs(il+l)l ﬂ<’]§5§(”'l”)l
l
1
<er-E |- D02 =0 + e sup E[|Zsr = 1]- 72 - 7] (2.37)
[ 1<k<l

with finite constants ¢y, c,. Here we have used that the random variables Z, ; are uniformly bounded,

|Zn k-1 = Zn j1l <1 Znjil -

’

2 n

2 2 .
P o p k—jl
expli—=(My_1 — M;;) + -1
P(ﬁ( k-1 —Mj1) )

and, by stationarity of the sequence (¥),

I
Y2 -o?) ~ Z(Yk2 —0?), and (Mi—1 — M, %) ~ (My—1-j1, Yi—j1)-
JI<k=<(i+1) =1

By the assumption (2.30), the first term on the right-hand side of (2.37) can be made arbitrarily small by
choosing / sufficiently large. Moreover, for any fixed / € N, the second summand converges to 0 as n — oo
by dominated convergence. Hence the left-hand side in (2.37) also converges to 0 as n — oo, and thus (2.30)
holds. "
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3. Couplings and mixing times

So far, we have mainly studied the limits of ergodic averages for stationary processes, i.e., Markov processes
that are started with an equilibrium distribution. In this chapter, we will derive general conditions that ensure
for other initial distributions that after a certain time, the law of the Markov process is close to the one of a
stationary process. This allows us to extend results in the previous chapter from stationary to arbitrary initial
laws. We will also discuss different approaches to quantify the distance to stationarity.

3.1. Couplings and transportation metrics

Additional reference: Villani: Optimal transport — old and new [54].

Let S be a Polish space endowed with its Borel o-algebra . An invariant probability measure of a Markov
kernel 7 on (S, B) is a fixed point of the map u — usr acting on an appropriate subspace of £(S). Therefore,
one approach for studying convergence to equilibrium of Markov chains is to apply the Banach fixed point
theorem and variants thereof. To obtain useful results in this way we need adequate metrics on probability
measures.

Wasserstein distances

We fix a metric d : S X S — [0,00) on the state space S that generates the topology on S. Some of the
statements below also hold under the weaker assumption that d is lower semicontinuous, which applies for
example to the degenerate metric d(x,y) = 1y+,. For p € [1,00), the space of all probability measures on §
with finite p-th moment is defined by

PP(S) = {u eP(S): /d(xo, VW u(dy) < oo},

where x( is an arbitrary given point in S. Note that by the triangle inequality, the definition is indeed
independent of xy. A natural distance on $”(S) can be defined via couplings.

Definition 3.1 (Coupling of probability measures). A coupling of measures u,v € P(S) is a probability
measure y € P(Sx.S) with marginals y and v. The coupling vy is realized by random variables X,Y : Q — S
defined on a common probability space (€, A, P) such that (X,Y) ~ 7.

We denote the set of all couplings of given probability measures u and v by IT(y, v).

Definition 3.2 (Wasserstein distance, Kantorovich distance). For p € [1,0), the L? Wasserstein dis-
tance of probability measures u, v € P(S) is defined by

1/p
WP(ay) = inf ( / d(x,yy’y(dxdy)) = inf E[d(X,Y)"]', G.1)
ye(u,v) ;f:i;

where the second infimum is over all random variables X,Y defined on a common probability space with
laws u and v. The Kantorovich distance of p and v is the L' Wasserstein distance ‘W!(y, v).
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3. Couplings and mixing times

Remark (Optimal transport). The minimization in (3.1) is a particular case of an optimal transportation
problem. Given a cost function ¢ : S X § — [0, o], one is either looking for amap 7 : § — S minimizing
the average cost [ c(x,T(x)) u(dx) under the constraint v = y o T~! (Monge problem), or, less restrictively,
for a coupling y € (x4, v) minimizing [ c(x,y) y(dxdy) (Kantorovich problem).

Note that the definition of the ‘W7 distance depends in an essential way on the metric d considered on S.
In particular, we can create different distances on probability measures by modifying the underlying metric.
For example, if f : [0,c0) — [0, c0) is increasing and concave with f(0) = 0 and f(r) > O for any r > 0 then
f od is again a metric, and we can consider the corresponding Kantorovich distance

Wrlu,v) = inf E[f(d(X.Y))].
Y~v

The distances ‘W obtained in this way are in some sense converse to ‘W? distances for p > 1 which are
obtained by applying the convex function r — r? to d(x,y).

Example (Couplings and Wasserstein distances for probability measures on R1).
Let i, v € P(R) with distribution functions F, and F,, and let

Fﬂ_l(u) =inf{c eR: F,(c) > u}, ue(0,1),

denote the left-continuous generalized inverse of the distribution function. If U ~ Unif(0,1) then
Fy 1(U) is a random variable with law u. This can be used to determine optimal couplings of u and v
for Wasserstein distances based on the Euclidean metric d(x, y) = |x — y| explicitly:

(i) Coupling by monotone rearrangement. A straightforward coupling of u and v is given by
X =F;"(U)yandY = F;'(U), where U ~ Unif(0, 1).

This coupling is a monotone rearrangement, i.e., it couples the lower lying parts of the mass of
p with the lower lying parts of the mass of v. If F,, and F, are both one-to-one, then it maps
u-quantiles of y to u-quantiles of v. It can be shown that the coupling is optimal w.r.t. the WP
distance for every p > 1, i.e.,

WP(wv) = E[IX-YIP1'"7 = |F." = F e .,

see e.g. Rachev&Rueschendorf [44]. On the other hand, the coupling by monotone rearrangement
is not optimal w.r.t. Wy if f is strictly concave. Indeed, consider for example u = %(60 + 61) and

y = %(60 + 0_1). Then the coupling above satisfies X ~ pandY = X — 1, hence

E[f(1X -YD] = f(D).

On the other hand, we may couple by antimonotone rearrangement choosing X ~ w and Y = -X.
In this case the average distance is smaller, since by Jensen’s inequality,

E[f(IX -Y]] = E[f2X)] < f(E[2X]) = f(1).

(ii) Maximal coupling with antimonotone rearrangement We now give a coupling that is optimal
w.r.t. Wy for every concave function f provided an additional condition is satisfied. The idea is
to keep the common mass of ¢ and v in place, and to apply an antimonotone rearrangement to the
remaining mass.
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3.1. Couplings and transportation metrics

Suppose that § = STUS™ and u— v = (u— v)" — (u — v)~ is a Hahn-Jordan decomposition of the
finite signed measure u — v into a difference of positive measures such that (u —v)*(ANS™) =0
and (1 —v) (AN S*) =0 forany A € B, cf. also Section 3.3 below. Let

UAY = p—=(u=v)" = v—(u-v)".

If p = (u A v)(S) is the total shared mass of the measures u and v, then we can write g and v as
mixtures

(uAV)+(u=v)" = pa+(1-p)B,
(HAV)+(u=v)" = pa+(1-p)

u
v

of probability measures «, 8 and §. Hence a coupling (X,Y) of u and v as described above is
given by setting
(F;'(U).F;\(U)) ifB =1,

(X.¥) = {(F’B‘I(U),F(;l(l -v)  ifB=0,
with independent random variables B ~Bernoulli(p) and U ~Unif(0,1). It can be shown that if

S* and S~ are intervals then (X,Y) is an optimal coupling w.r.t. ‘W for every concave function
f, see McCann [39].

In contrast to the one-dimensional case, it is not easy to describe optimal couplings on R? for d > 1
explicitly. On the other hand, the existence of optimal couplings holds on an arbitrary Polish space S by
Prokhorov’s Theorem.

Theorem 3.3 (Existence of optimal couplings). For any u,v € £(S) and any p € [1,0) there exists a
coupling y € TI(y, v) such that

WP (u,v)P = / d(x,y)’y(dxdy).

Proof. Let I(y) := f d(x,y)Py(dxdy). By definition of WP (u,v), there exists a minimizing sequence (y;,)
of couplings in I1(y, v) such that

I(yn) = WP(u,v)P asn — co.

Moreover, such a sequence is automatically tight in £ (S X §). Indeed, let € > 0 be given. Then, since S is a
Polish space, there exists a compact set K C S such that

uS\K)<e/2 and v(S\K)<eg/2,
and hence for every n € N,
Yn (%) €K XK) < yp(x ¢ K) +ya(y € K) = p(S\K)+v(S\K) < ¢
Prokhorov’s Theorem now implies that there is a subsequence (y,, ) that converges weakly to a limit

v € P(S x S). It is straightforward to verify that y is again a coupling of y and v, and, since d(x,y)? is
(lower semi-)continuous,

10) = [ deyrytandy) < iint [ e yncland) = WrGury

by the Portemanteau Theorem. |
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3. Couplings and mixing times
The proof shows that the statement of Theorem 3.3 still holds if the metric d does not generate the topology

on S, provided d : S X § — R is a lower semi-continuous function.

Lemma 3.4 (Triangle inequality). WP is a metric on PP(S).

Proof. Let u,v, 0 € PP(S). We prove the triangle inequality
WP o) < WP(pv)+ WP, 0). (3.2)

The other properties of a metric can be verified easily. To prove (3.2) let y and ¥ be couplings of x and v, v
and p, respectively. We show

1/p

1/p
WP (o) < ( / d(x,y)Py(dxdw) +( / d(y,z)”ﬂdydz)) . (33)

The claim then follows by taking the infimum over all v € TT(y, v) and ¥y € T1(v, 0).
Since S is a Polish space we can disintegrate

y(dxdy) = u(dx)p(x,dy) and y(dydz) = v(dy)p(y,dz),

where p and p are regular versions of conditional distributions of the second components w.r.t. ¥,y given
the first components. The disintegration enables us to “glue” the couplings y and y to a joint coupling

Y(dxdydz) = u(dx)p(x,dy)p(y,dz)

of the measures x4, v and o such that under 7, (x,y) ~ y and (y,z) ~ y. Therefore, by the triangle inequality
for the LP norm, we obtain

1/p
WP(u,0)

IA

1/p l/p
(/ d(x, z)p)?(dxdydz)) < (/ d(x,y)p)?(dxdydz)) + (/ d(y,2)Py(dxdydz)

1/p I/p
( / d(x,y)pv(dxdy)) + ( / d(y, z)f’?(dydz)) . n

Exercise (Couplings on RY). Let W : Q — R? be a random variable on (Q, A, P) , and let y, denote
the law of a + W.

a) Synchronous coupling: Let X = a+ W and Y = b+ W for a,b € R?. Show that
W(ta ) = la=bl = E(X Y],
i.e., (X,Y) is an optimal coupling w.r.t. ‘W2,
b) Reflection coupling: Assume that the law of W is a rotationally symmetric probability measure

onR?. LetY = W+ bwhere W = W —2¢-W e with e = “ bl Prove that (X,Y) is a coupling of

la=b]|
S 2

Mg and up, and if [W| < almost surely, then

E|fax=7I| < fla=b) = EL7(X -]

for any concave, increasing function f : R, — R, such that f(0) = 0.
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Kantorovich-Rubinstein duality
The Lipschitz semi-norm of a function g : § — R is defined by

lg(x) — gy
ip = Sup —————
llglLip x:#]);z) d0y)

Bounds in Wasserstein distances can be used to bound differences of integrals of Lipschitz continuous
functions w.r.t. different probability measures. Indeed, one even has the following dual description of the L'
Wasserstein distance.

Theorem 3.5 (Kantorovich-Rubinstein duality). For any u,v € P1(S),

W'(w,v) =  sup (/gd/l—/ga’v). (3.4)

llgllip <1

There is also a corresponding dual description of ‘WP for p > 1 but it takes a more complicated form, see
for example Villani [54].

Proof. We only prove the easy “>" part. For different proofs of the converse inequality see Rachev and
Rueschendorf [44], Villani [55, 54], or Chen [8]. For instance, one can approximate y and v by finite convex
combinations of Dirac measures for which (3.4) is a consequence of the standard duality principle of linear
programming [8].

To prove “>"let u,v € P!(S) and g : § — R Lipschitz continuous. If y is a coupling of x and v then

[edu= [ear = [ (0= gD v(andy) < lghn [ dery)yiardy.
Hence, by taking the infimum over y € I1(x,v), we obtain [ g du — [ gdv < ||gllLiyW' (1, v). [ |

As a consequence of the “>" part of (3.4), we see that if (1, )nen is a sequence of probability measures
such that W!(u,, u) — O then [ gdun — | gdu for every Lipschitz continuous function g : § — R. In
particular, y, — u weakly. Conversely, it is easy to see that weak convergence implies a bound on the
Wasserstein distance of the limit measures.

Lemma 3.6. Suppose that (u,,) and (v,,) are weakly convergent sequences of probability measures with
limits u and v, respectively. Then

WP(u,v) < liminf WP (uy, vy) (3.5

Proof. Without loss of generality, we assume that the sequence WP (u,,v,) is convergent (otherwise, we
can consider a subsequence that converges to the limit inferior). For each n, we choose an optimal coupling
vn of u,, and v,, w.r.t. ‘WP, Since the sequences (u,,) and (v,,) are weakly convergent and S is a Polish space,
the family {u,,v, : n € N} is tight. Thus for a given &£ > 0, there is a compact set K such that for all =,
un(S\K) < &/2, v,(S§\ K) < £/2, and thus y,,((S X §) \ (K X K)) < €. Hence (y,) is a tight sequence
of probability measures on S X S, and thus by Prokhorov, there is a weakly convergent subsequence (yy, ).
Since for every n, y, is a coupling of y, and v,, the limit v is a coupling of u and v. Therefore, and by
continuity of the distance function,

WP(u,v)P < / d(x,y)P y(dxdy) < lim inf / d(x, )P yn, (dx dy) = lim inf WP (> Viny.)-

This proves the claim, since we have assumed that the sequence of Wasserstein distances on the right hand
side is convergent. |
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3. Couplings and mixing times
The following general statement connects convergence in Wasserstein distances and weak convergence:

Theorem 3.7 (‘WP convergence and weak convergence). Let p € [1,0).
1) The metric space (PP (S), WP) is complete and separable.

2) A sequence (u,) in PP (S) converges to a limit u w.r.t. the WP distance if and only if

/gdyn — /gd,u for any g € C(S) satisfying g(x) < C - (1 + d(x,x,)")

for a finite constant C and some x € S.

Among other things, the proof relies again on Prokhorov’s Theorem. We refer to [54] for details.

Contraction coefficients

When studying convergence to equilibrium, we are particularly interested in contraction properties of
transition kernels w.r.t. Wasserstein distances. Let (x, dy) be a Markov kernel on (S, 8), and fix p € [1, ).
In applications, we will be mainly consider the case p = 1.

Definition 3.8 (Wasserstein contraction coefficient of a transition kernel). The global contraction co-
efficient of m w.r.t. the distance “W? is defined as

WP(un,vr)

ap(m) = sup{ Wray) wv € PP(S)s.t. u+ v} .

In other words, a,, () is the Lipschitz norm of the map u +— um w.r.t. the ‘W? distance. By applying the
Banach fixed point theorem, we obtain:

Theorem 3.9 (Geometric ergodicity for Wasserstein contractions). If a,(7) < 1 then there exists a
unique invariant probability measure u of 7 in PP (S). Moreover, for every initial distribution v € PP(S),
vrr't converges to u with a geometric rate:

WP(va", ) < ap(m)" WP(v,p).

Proof. The Banach fixed point theorem can be applied by Theorem 3.7. |

The assumption @, () < 1 seems restrictive. However, one should bear in mind that the underlying metric
on § can be chosen adequately. In particular, in applications it is often possible to find a concave function f
such that i — um is a contraction w.r.t. the ‘W! distance based on the modified metric f o d. Furthermore,
even if 7 is not contractive, it is often the case that a,, (%) < 1 for k sufficiently large.

The next theorem is crucial for bounding a,, () in applications:
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Theorem 3.10 (Bounds for contraction coefficients, Path coupling).

1) Suppose that the transition kernel 7(x, dy) is Feller. Then

gy

(3.6)

2) Moreover, suppose that S is a geodesic graph with edge set E in the sense that for any x, y € S, there
exists a path xo = x, X1, x2,...,Xn—1,X, = y from x to y such that {x;_;,x;} € E fori = 1,...,n and
d(x,y) = X7, d(xi-1,x;). Then

wr (ﬂ-(x7 ')a 7T(y, ))

a,(m) = sup . (3.7)
P {x,y}€E d(x,y)

The application of the second assertion of the lemma to prove upper bounds for @, (rr) is known as the
path coupling method of Bubley and Dyer [6, 24].

Proof. 1) Let S :=sup %)y)"(y» We have to show that
x#y ’

WP (ur,vr) < BWP(u,v) (3.8)

holds for arbitrary probability measures u,v € P(S). By definition of 8 and since WP (dy,0dy) =
d(x,y), (3.8) is satisfied if u and v are Dirac measures. Next suppose that

u= Z u(x)oy and v= Z v(x)dy

xeC xeC

are convex combinations of Dirac measures, where C C § is a countable subset. Then for any x,y € C,
we can choose a coupling yy, of 6,7 and 6,7 such that

1/p
(/ d(x',y')pyxy(dx’dy')) = WP(6xm,6yn) < Bd(x,y). (3.9

Let £(dxdy) be an arbitrary coupling of u and v. Then a coupling y(dx’dy’) of ux and vz is given by
v(B) = /yxy(B) &(dxdy) for any measurable set B C § X S.

Therefore, by (3.9),

l/p
Woiurvm) < ( [ aoyryaray))
1/p l/p
~([ [ asrrstarayeaa) < g [ aorea)
By taking the infimum over all couplings & € TI(y, v), we see that u and v satisfy (3.8).

Finally, in order to show that (3.8) holds for arbitrary y, v € P(S), note that since S is separable, there
is a countable dense subset C, and the convex combinations of Dirac measures based in C are dense
in ‘WP. Hence u and v are ‘WP limits of corresponding convex combinations y, and v, (n € N). By
the Feller property, the sequences u,7 and v, converge weakly to um and vr, respectively. Hence
by Lemma 3.6,

WP(un,vr) < liminf WP (u,n,v,m) < Bliminf WP (u,,v,) = BWP(u,v).
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WP (n(x,),7(y,")

a0 . We show that

2) Letﬁ:: sup
(x,y)eE

(Wp(ﬂ(xa ')’ ﬂ(ys )) < Ed(xv y)

holds for arbitrary x,y € S. Indeed, let xo = x,x1,x2,...,x, = ¥ be a geodesic from x to y such that
{xi-1,x;} € E fori = 1,...,n. Then by the triangle inequality,

n

WP(r(x, )7 () < ) WPr(xio, ) wlxi ) < B Y d(xin,x) = Bd(x.y)

i=1 i=1

where we have used for the last equality that xy,. . ., x, is a geodesic. |

The following exercise shows that the assumption of the Feller property in Theorem 3.10 can be avoided
if the statement is modified slightly.

Exercise (‘W! convergence by couplings of transition probabilities). Let 7 be a transition kernel on
S x § such that w((x, y),dx’dy’) is a coupling of n(x,dx") and n(y,dy’) for every x,y € S. Prove that if
there exists a distance function d : § X S — [0, 00) and a constant @ € (0,1) such that 7d < ad, then
there is a unique invariant probability measure y of &, and

Wi(va" p) < a/"(WC}(v,,u) for any v € P(S).

3.2. Markov Chain Monte Carlo

Let u be a probability measure on (S, 8). In Markov chain Monte Carlo methods one is approximating
integrals u(f) = | f du by ergodic averages of the form

1 b+n-1

Apnf = - Z f(Xi),

i=b

where (X, P) is a time-homogeneous Markov chain with a transition kernel r satisfying 4 = ur, and b,n € N
are sufficiently large integers. Here the random variables X; serve as approximate samples from u. The
constant b is called the burn-in time - it should be chosen in such a way that the law of the Markov chain
after b steps is sufficiently close to the stationary distribution .

How can we construct transition kernels 7 such that y is invariant for 7 ? A sufficient condition for
invariance that is easy to fulfil is the detailed balance condition

pldx) n(x,dy) = p(dy)n(y,dx). (3.10)

It says that the measure u ® « is invariant under the (time) reversal map R(x,y) = (y, x). Clearly, if (3.10)
holds, then by Fubini’s Theorem,

(um)(B) = / u(dx) n(x, B) = / / 15() p(dx) x(x.dy) = u(B)

for any measurable set B C S.

There are several possibilities to construct Markov kernels for which a given probability measure u
satisfies the detailed balance condition. These lead to different types of Markov Chain Monte Carlo methods.
Important classes of Markov chains used in MCMC methods are Metropolis-Hastings chains and Gibbs
samplers.
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3.2. Markov Chain Monte Carlo

Metropolis-Hastings methods

A simple way to construct a Markov chain satisfying detailed balance w.r.t. a given probability measure y is
to modify a given transition kernel p(x, dy) by rejecting moves in such a way that (3.10) holds. Let A be a
positive reference measure on (S, 8), e.g. Lebesgue measure on R? or the counting measure on a countable
space. Suppose that u is absolutely continuous w.r.t. A, and denote the density by u(x) as well. Then a
Markov transition kernel 7 with invariant probability measure ¢ can be constructed by proposing moves
according to an absolutely continuous proposal kernel

p(x,dy) = p(x,y) A(dy)
with strictly positive density p(x, y), and accepting a proposed move from x to y with probability
1P, x))

" u(x)p(x,y)

If a proposed move is not accepted then the Markov chain stays at its current position x. The transition kernel
is hence given by

a(x,y) = min (1

n(x,dy) = a(x, y)p(x,dy) + r(x)ox(dy)
where r(x) = 1 — [ (x,y)p(x,dy) is the rejection probability for the next move from x. Typical examples
of Metropolis-Hastings methods are Random Walk Metropolis algorithms where p is the transition kernel
of a random walk. Note that if p is symmetric then the acceptance probability simplifies to

a(x,y) = min (1, u(y)/u(x)) .

Lemma 3.11 (Detailed balance). The transition kernel m of a Metropolis-Hastings chain satisfies the de-
tailed balance condition

udx)n(x,dy) = u(dy)n(y, dx). (3.11)

In particular, u is an invariant probability measure for 7.

Proof. On {(x,y) € S X S : x # y}, the measure u(dx)m(x,dy) is absolutely continuous w.r.t. 1 ® A with
density

p(x)a(x, y)p(x, y) = min (u(x)p(x, y), u(y)p(y, x)).
The detailed balance condition (3.11) follows, since this expression is a symmetric function of x and y. W

A disadvantage of Metropolis-Hastings algorithms is that the rejection of proposal moves can slow
down convergence. Therefore, it is important to choose a proposal kernel that is adjusted properly to the
target distribution u. In particular, this is crucial in high dimensional applications where the acceptance
probabilities tend to degenerate.

Glauber dynamics, Gibbs sampler

On product spaces, a rejection-free alternative to Metropolis-Hastings methods is the Gibbs sampler. It
assumes that one is able to draw samples from the conditional distribution of each coordinate given the
other coordinates. If this is not possible, the Gibbs sampler can be combined with a Metropolis-Hastings
algorithm targeting the conditional law.

Let u be a probability measure on a product space
S=TV={n:V >T}

We assume that V is a finite set (for example a finite graph) and T is a Polish space (e.g. T = R?). Depending
on the model considered, the elements in T are called types, states, spins, colours etc., whereas we call the
elements of S configurations. There is a natural transition mechanism on S that leads to a Markov chain
which is reversible w.r.t. u. The transition step from a configuration & € S to the next configuration & is
given in the following way:
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* Choose an element x € V uniformly at random.

e Set &’(y) = &(y) for any y # x, and sample £’(x) from the conditional law w.r.t. u of n(x) given that
n(y) = &(y) forall y # x.

To make this precise, we fix for every x € V a regular version 7, (¢, d¢”) of the conditional law u(dé¢’ | € =
&on V\ {x}), and we define the transition kernel 7 by

1
o= mZﬂx.

xeV

Definition 3.12 (Random scan Gibbs sampler). A time-homogeneous Markov chain with transition ker-
nel « is called a random scan Gibbs sampler with stationary distribution u.

Besides the random scan Gibbs sampler, there is also the systematic scan Gibbs sampler, where the
transition kernels mr,, x € V, are applied in a fixed deterministic order.

That u is indeed invariant w.r.t. 7, and & is shown in the next lemma.
Lemma 3.13. The transition kernels n,. (x € V) and r satisfy the detailed balance conditions
p(dé)me(§,dE’) = p(dé")my(&', dE),
m(dé)n(&,dE’) = p(de m (&', dé).
In particular, u is an invariant probability measure for m.

Proof. Let x € V, and let /j(x) := (1(y))y«x denote the configuration restricted to V' \ {x}. Disintegration of
the measure u into the law [i, of j(x) and the conditional law p(-|7j(x)) of n(x) given 7j(x) yields

HEO T (EdE) = i () e (A6 ) ) S (d€')) i (48 () |€x)
= i (d€') e (d€00) | €10) Sy (d€0)) six (') €0))
= u(dg)my (§',d8).
Hence the detailed balance condition is satisfied with respect to my for all x € V, and, by averaging over x,
also with respect to 7. |
Exercise (Systematic scan Gibbs sampler). Suppose that V = {1,...,d}, and consider the systematic

Gibbs sampler which during every scan is updating all coordinates in sequential order. The total update
during one scan is then given by the transition kernel 7 = w7, - - - 7y4.

a) Show that y is invariant for  but the detailed balance condition is not satisfied in general.

b) Show that the detailed balance condition is satisfied for the modified transition kernel 7 =
MY+ Mg Mg qM4—1 - - - mpry; Which corresponds to updating the coordinates at first in forward
and then in backward order.

Example (Some basic models from statistical physics). In the following examples we assume that V
is the vertex set of a finite graph with edge set E.

1) Random colourings. Here T is a finite set (the set of possible colours of a vertex), and u
is the uniform distribution on all admissible colourings of the vertices in V such that no two
neighbouring vertices have the same colour:

p=Unif ({7 € TV 1 n(@) # 1) V(x.v) € E}).

In each step, the Gibbs sampler selects a vertex at random and changes its colour randomly to one
of the colours that are different from all colours of neighbouring vertices.
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2) Hard core model. Here 7 = {0, 1} where n(x) = 1 stands for the presence of a particle at the
vertex x. The hard core model with fugacity 1 € R, is the probability measure u, on {0,1}"
satisfying

e
pa(m) = Z-Ax<v if n(x)n(y) = 0 forall {x,y} € E,

and py(n) = 0 otherwise. Here Z, is a finite normalization constant. In each step, the Gibbs
sampler updates £(x) for a randomly chosen vertex x according to

A
&'(x) ~ Bernoulli (1 " /l) ifé(y)=0forall y ~ x,

and £’(x) = 0 otherwise.

3) Ising model. Here 7' = {—1,+1} where —1 and +1 stand for spin directions. The ferromagnetic
Ising model at inverse temperature 8 > 0 is given by

pp(n) = - exp(=pH(p)  forallp € {~1,+1}",

where Zg is again a normalizing constant, and the Ising Hamiltonian H is given by

Ho) = 5 3 ) —nm)P = 1E= Y .

{x.y}eE {x.y}eE

Thus ug favours configurations where neighbouring spins coincide, and this preference gets
stronger as the temperature 3~ decreases. The heat bath dynamics (Gibbs sampler) updates a

randomly chosen spin &(x) to £’(x) with probability proportional to exp (ﬂn(x) > n(y)).
y~x

The mean field Ising model is the Ising model on the complete graph with n vertices, i.e., every

spin is interacting with every other spin. In this case the update probability only depends on 7(x)

and the “mean field” % >, n(y). Mean field models are studied in more detail in Section 5.2.
yev

4) Continuous spin systems. Here 7 = R, and

pa(dy) = Ziﬁexp —% Do @ =P+ ) Uae) || [ dn).

{x,y}€E xev xeV

The function U : R — [0, c0) is a given potential, and Zg is a normalizing constant. For U = 0,
the measure is called the massless Gaussian free field over V. Although the density is similar
to the Ising model, the measure is very different, since the configuration space is R instead of
{=1,+1}V. In particular, phase transitions occur for Ising models, but not for the Gaussian free
field which is a Gaussian measure. On the other hand, if U is a double-well potential, then g is
a continuous counterpart to the Ising model.

Example (Bayesian posterior distributions.). Gibbs samplers are applied frequently to sample from
posterior distributions in Bayesian statistical models. Here is a typical example of a hierarchical Bayesian
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model, see Jones [25]. One assumes that the data are realizations of conditionally independent random
variables Y;; (i=1,...,k,j=1,...,m;) with conditional laws

Yiil (61, . . 0k, Ae) ~ N (0, 71).

e

The parameters 6,. . .,0; and A, are again assumed to be conditionally independent random variables
with
0il(@,20) ~ N(a,5") and  Acl(e, dg) ~ T(az,bo).

Finally, @ and A4 are independent random variables with
a~N(@m,v) and Ay ~TI(ay,by),

where aj,by1,a2,b2,v € R, and m € R are given constants.

The posterior distribution y of the parameter vector (61, . . ., 6k, 4, e, dg) ON RK+3 given observations
Y;j = y;j is given by Bayes’ formula. Although the density is explicit up to a normalizing constant
involving a possibly high-dimensional integral, it is not clear how to generate exact samples from p,
and how to compute expectation values w.r.t. u. On the other hand, it is not difficult to see that all the
conditional laws w.r.t. u of one of the parameters 6y, . . .,0, @, d¢, A9 given all the other parameters are
either normal or Gamma distributions with parameters depending on the observed data. Therefore, it is
easy to run a Gibbs sampler with target distribution ¢ on a computer. If the corresponding Markov chain
converges sufficiently rapidly to its stationary distribution then its values after a sufficiently large number
of steps can be used as approximate samples from g, and long time averages of the values of a function
applied to the Markov chain provide estimators for the integral of this function. It is then an obvious
question for how many steps the Gibbs sampler has to be run to obtain sufficiently good approximations,
see for example Roberts and Rosenthal [47].

Convergence bounds for Gibbs samplers

Returning to the general setup on the product space TV, we fix a metric ¢ on 7, and we denote by d the
corresponding I! metric on the configuration space TV, i.e.,

dgn) = Y 0Ex)n), &neT”.

xeV

A frequent choice is o(s,?) = 154. In this case, the corresponding metric
d(én) = H{x e V:&(x) # n(x)}]
on the configuration space is called the Hamming distance.

Lemma 3.14. Let n = |V|. Then for the Gibbs sampler,

Wi aenn) < (1= 2] dtem s 5 3 Wh (& i)

xevV

forany EneTV.

Proof. For every x € V, let y, be an optimal coupling w.r.t. (Wg of the conditional measures z.(-|€(x)) and
Ux(-|7(x)). Then we can construct a coupling of 7(¢,d¢’) and n(n, dn’) in the following way:

e Draw U ~ Unif(V).

e Given U, choose (¢’(U),n’(U)) ~ yu, and set £’(x) = &€(x) and n’(x) = n(x) for all x # U.
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3.2. Markov Chain Monte Carlo

For this coupling we obtain

E[d(&",n")] D Elol& (x).0'(x)] = d(&n) + E [0l (U),1'(U)) - o(U),n(U))]

xeV

d,m) + % > ( / o(s, 1)yx(dsdt) — Q(,E(X),n(X)))

xev

(1 . %) dEm) + - 3 W (GG, ).

xeVv

Here we have used in the last step the optimality of the coupling y,. The claim follows since E[d(&’,n7)] is
an upper bound for (Wc} (m(&,-),m(n,-)). |

The lemma shows that we obtain contractivity w.r.t. (WL} if the conditional distributions at x € V do not
depend too strongly on the values of the configuration at other vertices.

Theorem 3.15 (Geometric ergodicity of the Gibbs sampler for weak interactions).

1) Suppose that there exists a constant ¢ € (0, 1) such that

2 W (1D, waCli() < ed(ém) forany EpeT". (3.12)
xeV
Then
Wi(va', 1) < exp (—%t) Wi(v,u) foranyv e P(TV)andt € Z,. (3.13)

2) If T is a graph and o is geodesic then it is sufficient to verify (3.12) for neighbouring configurations
& neTV,ie., for configurations satisfying &£ = 7 on V' \ {x} and £(x) ~ n(x) for some x € V.

Proof. 1) If (3.12) holds then by Lemma 3.14,

Wa (7(&,-).n(n.-)) < (1 —%)d(,&n) < exp (—%)d(&n) forall &,y e TV.

Hence (3.13) holds by Theorem 3.10.

2) If (T, o) is a geodesic graph and d is the /' distance based on o, then (TV,d) is again a geodesic
graph. Indeed, a geodesic path between two configurations & and 1 w.r.t. the I! distance is given by
changing one component after the other along a geodesic path on 7. Therefore, the claim follows by
path coupling, see Theorem 3.10, 2). |

The results in Theorem 3.15 can be applied to many basic models including random colourings, hard core
models and Ising models at low temperature.

Example (Random colourings). Suppose that V is a regular graph of degree A. Then TV is geodesic
w.r.t. the Hamming distance d. Suppose that & and 7 are admissible random colourings such that
d(&,m) =1, and let y € V be the unique vertex such that £(y) # n(y). Then

1 (1€(x)) = ux(-]A(x))  for x = y, and for any x such that {x, y} ¢ E.

Moreover, for {x,y} € E and o(s,7) = 152, we have

W (Dl 0) <
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since there are at least |T'| — A possible colours available, and the possible colours at x given & respectively
non V \ {x} differ only in one colour. Hence

W3 (s CEN. i) < e
xevV

and therefore, (3.13) holds with

A |T|-2A
IT|-A — |T|-A"

l-c =1-

Thus for |T'| > 2A we have an exponential decay of the ’Wc} distance to equilibrium with a rate of order
O(n™"). On the other hand, it is obvious that mixing can break down completely if there are too few
colours - consider for example two colours on a linear graph:

o—0@—10O—108 0080

Corresponding applications of Theorem 3.15 to Ising and hard core models will be considered in the
exercises in Section 3.5 below.

Quantitative bounds for ergodic averages

Suppose that (X,,, Px) is a Markov chain with transition kernel 7. A central problem in the mathematical
study of Markov Chain Monte Carlo methods for the estimation of integrals w.r.t. u is the derivation of
bounds for the approximation errors Aj, , f — u(f). Typically, the initial distribution of the chain is not the
stationary distribution, and the number 7 of steps is large but finite. Thus one is interested in non-asymptotic
error bounds for ergodic averages of non-stationary Markov chains. In order to derive such bounds we
assume contractivity in an appropriate Kantorovich distance. Suppose that there exists a distance d on S,
and constants a € (0,1) and o € R, such that

(A1) Wi(vm,vr) < aW)(v,v) forany v,v € P(S), and
(A2) Varg(y )(f) < roaal| f ||fip( 4 for any x € S, and any Lipschitz continuous function f : § — R.

We have seen above an approach for verifying Condition (A1) in applications. Furthermore, Condition (A2)
is satisfied with

& = 2eup / d(x,yVor(x, dy)

xeS

provided the supremum is finite. Indeed, for every Lipschitz continuous function f and x € S,

Vao) = 5 [ [G0) = f@Pacayateds) < 51 Ry [ [ d0nePatedynteds),

and thus (A2) follows by the triangle inequality.

Lemma 3.16 (Decay of correlations). If (Al) and (A2) hold, then the following non-asymptotic bounds
hold for every n,k € Z.. and every Lipschitz continuous function f : § — R:

S
—

Varp [f(X)] < ) TN fllfiyay and (3.14)
k=0
o —2 2
[Covp, [F(Xa) fFXneil| < T I/ iy (3.15)
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Proof. The inequality (3.14) follows by induction on n. It holds true for n = 0, and if (3.14) holds for some
n € Z, then by the Markov property, (A1) and (A2),

Varp, [ f(Xn41)] E.| Varp [ f(Xue)IF] + Varp, [Ex[f(Xue)I 5]

= Ex| Vargx, ()] + Varp, [(f)(Xn)]

n—-1

—2 2 2k—2 2k—2

FN iy + D TN f Iy < Za I Wiy
k=0

IA

Here we have used in the last step that ||z f||Lip2) < @|| fllLip(@) holds, since by the Kantorovich duality,

(7)) = @NHD < N fluipa Wy (6 )7 (y,) < @l flluipa d(x,y)  forall x,y € S.

Noting that

< forany n € N,
1-a? Y

the bound (3.15) for the correlations follows from (3.14), since

|Covp, [F(Xa) (2" )(X)] | < Varp, [F(X)]'? Varp, [(x*£)(X)] "

I _ b
0 I i@l 7 flluipa) < 7= 1/ I ipay

|COVpx [f(Xn)9f(Xn+k)] |

by Assumption (A1). |

As a consequence of Lemma 3.16 we obtain non-asymptotic upper bounds for mean square errors of
ergodic averages. The following result and further extensions have been proven in [26].

Theorem 3.17 (Quantitative bounds for ergodic averages of non-stationary Markov chains).
Suppose that (Al) and (A2) hold, and let u be an invariant probability measure for the transition
kernel m. Then the following upper bounds for the bias and variance of ergodic averages hold for all
b,n € Z,, every initial distribution v € $(S), and every Lipschitz continuous function f : § — R:

By [Apnf] = u(H)] < ||f||Llp<d> W, (). (3.16)
Varp, [Apnf] < l||f||2 - ; T+ Q—%Var(v) (3.17)
By 1560 1= 0 1 ILip(a) (1-a)? n ’ '

where Var(v) := 3 [ [ d(x,y)*v(dx)v(dy).

Proof. 1) By definition of the averaging operator, E, [Ap , f] = b e Y(va®)(f), and thus
1 b+n-1 ) 1 b+n-1 )
A f1= D] < 5 D5 10D =kl < Y, W' ) [ Iipa)
i=b i=b
1b+n—l .
< = D W00 v

i=b

A. Eberle Markov Processes (v. July 7, 2020) 69



3. Couplings and mixing times

2) By the correlation bound in Lemma 3.16,

1 b+n-1 1 b+n-1 oli-il 5 5
Varp [Apaf] = — Y Covp [fX)fXD] < — 37 =7 If I
n i,j=b n i,j=b @
1 o S ) 1 o 5
; -2 1+ 2k @ ) ”f”Lip(d) = ; = a)2 ||f||Lip(d)'
=1

Therefore, for an arbitrary initial distribution v € P(S),

Varp, [Apnf] = E,|[Varp, [Apnf|Xo|| + Varp, [E, [Apnf|Xo]]

b+n-1

e

i=b

/Varpx [Ab,nf] v(dx) + Var,

— b+n-1
1 o2 <

2
! i
;(1 — a,)zllf”]%ip(d) + (; Z Var, (r f)l/z) ‘

i=b

The assertion now follows since

. 1 . .
Var,(r'f) < Sl f // d(xyP(dx)v(dy) < @ |1 Var(v)

holds by the Kantorovich duality.

3.3. Geometric ergodicity

In this section, we derive different bounds for convergence to equilibrium w.r.t. the total variation distance.
In particular, we prove a version of Harris’ theorem which states that geometric ergodicity follows from a
local minorization combined with a global Lyapunov condition.

Total variation norms

The variation || of an additive set function 7 : 8 — R is the non-negative set function defined by

n n
[7|(B) := sup {Z [n(A))] :neN,Ay,..., A, € B disjoint with UAi - B} for B € B.

i=1 i=1

If n is a signed measure then |7| is a positive measure.

Definition 3.18 (Total variation norm). The fotal variation norm of n is

1
ltry = = 17l(S)-

More generally, let V : S — (0,00) be a measurable non-negative function. Then the weighted total
variation norm of n w.r.t. V is defined by

Inlly = /lenl-
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Note that the definition of the unweighted total variation norm differs from the usual convention in analysis
by a factor % The reason for introducing the factor % will become clear by Lemma 3.19 below.

Now let us assume that 77 is a finite signed measure on S, and suppose that 7 is absolutely continuous
with density o with respect to some positive reference measure A. Then there is an explicit Hahn-Jordan
decomposition of the state space S and the measure 1 given by S = S*US™ and n = n* — ™, where

ST={0>0}, S ={0<0}, dn*=o%dA, dy = o dA.
The measures n* and 1~ are finite positive measures with
n"(BNS)=0 and 75 (BNS*)=0 foranyBe B.
Hence the variation of 7 is the measure || given by
nl=n*+n-, ie, dn|=o0-dA.

In particular, up to a factor 1/2, the total variation norm of 7 is the L' norm of o:

1 1
Il = 5 [ leldx = Sllellia (3.18)

Lemma 3.19 (Equivalent descriptions of the TV distance of probability measures). Let u,v € P(S) and
A € My (S) such that u and v are both absolutely continuous w.r.t. A. Then the following identities hold:

le=viry = (w=»7"(S) =@-v)(S)=1-(uAv)S)

1 ’ du dv
2 d). d/l Ll(/l)
1
= 5sup {lu(f) = V(NI f € Fp(S) st [ fllp < 1} (3.19)
= sup{|u(B)-v(B)|: B e 8B} (3.20)
= inf{P[X#Y]: X ~puY ~v} (3.21)
In particular, || — v||7v € [0, 1].
Remark. 1) The lastidentity shows that the total variation distance of 1 and v is the Kantorovich distance

w C} (u4,v) based on the trivial metric d(x,y) = 1%, on S.

2) The assumption u, v < A can always be satisfied by choosing A appropriately. For example, we may
choose 4 = u+ v.

Proof. Since u and v are both probability measures, (u — v)(S) = u(S) — v(S) = 0. Therefore, (u—v)*(S) =
(n=v)7(S), and

= vty = %|M—V|(S) = (u=v)"(S) = uS) = (uAv)S) = (L=v)(S).

. . d,
The identity || — v|lrv = 3 | & - %

L holds by (3.18). Moreover, for f € 75 (S) with || f|lsup < 1,

() =v(Ol < 1 =) O+ 1 =v)"OF < (=) +(u=v)"(S) = 2llu=-vlrv

with equality for f = 1g+ — 1g-. This proves the representation (3.19) of ||u — v||ry. Furthermore, for B € B
and f := 1g — 1<, we have

WB) = VB = 31t~ V)B) = (=B = 31u(H) = V(D] < lla= vl
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with equality for B = S*. Thus the representation (3.20) holds.
Finally, to prove (3.21) note that if (X,Y) is a coupling of u and v, then

lu(f) = v(Nl = [E[f(X) - f)]] < 2P[X #Y]
holds for any bounded measurable function f with || f|ls,p < 1. Hence by (3.19),

lu=vliry < inf P[X #Y].
~u
Y~v

To show the converse inequality we choose a coupling (X,Y) that maximizes the probability that X and Y
agree. The maximal coupling can be constructed by noting that

u=WAV)+(u-v)" = pa+(l1-p)B, (3.22)
v=(uAv+u-v) = pa+(-p) (3.23)

with p = (u A v)(S) and probability measures @, 8,6 € P(S). We choose independent random variables
U~aV~pBW-~§and Z ~ Bernoulli(p), and we define

(U,U)  on{Z=1},

(X.¥) = {(V,W) on {Z = 0},

Then by (3.22) and (3.23), (X,Y) is a coupling of y and v, and

PIX#Y] < P[Z=0] = 1=p = 1=(uAV)S) = Ilu—vliv. n

Most of the representations of total variation norms in Lemma 3.19 have analogues for weighted total
variation norms.

Exercise (Equivalent descriptions for weighted total variation norms). Let V : § — (0,00) be a
measurable function, and let dy (x,y) := (V(x) + V(y))1.%,. Show that the following identities hold for
probability measures u, v on (S, B):

du _ dv
dl  dApy ap

sup {|u(f) = v(Nl: f e F(S) st |fl <V}

sup {|u(f) = v(N)l : f € F(S) st |f(x) = )] < dv(x,y) ¥V x,y}
inf {E[dy(X,Y)]: X ~u,Y ~ v}

Il = vilv

The last equation is a Kantorovich-Rubinstein duality w.r.t. the underlying metric dy. The exercise shows
that this duality holds although the metric space (S, dy ) is not necessarily separable.

Exercise (Total variation distance of product measures). Let v = ®le v;and y = ®f:1 1 be two
product probability measures on S¢. Show in at least two different ways that

d
= sy < > 1vi = il
i=1

Does a similar statement hold if the total variation distance is replaced by a general transportation metric
w2
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TV contraction coefficients

Let p be a transition kernel on (S, 8). We define the local contraction coefficient a(p, K) of p on a set
K C S w.r.t. the total variation distance by

loxp = 6ypllTy
a(p,K) = sup [Ip(x,) = p(y, )y = sup ——— T
x,yeK x,y;K ||5x_6y||TV
XFY

(3.24)

The next result is analogous to Theorem 3.10, 1), but here we do not assume the Feller property of the
transition kernel.

Corollary 3.20.
a(p.K) = sup lup = vpliry:
1, veP(K) ||/J - V”TV
MHFV

Proof. Let 1,v € P(K). We want to show that ||up — vpllry < a(p,K)||i — v|lry. To this end, we fix a
maximal coupling y of y and v, i.e., ||u — v|lrv = y(x # y). Then by Lemma 3.19, for every measurable
function f: § — [ - 1, 1],

/ £ d(up) - / £ d(vp) /K (pf) du - /K (b dv = /K (F) = pFO) Y dy)

2a(p. K)y(x #y) = 2a(p.K) | = vlrv.

IA

By Lemma 3.19, the assertion follows by taking the supremum over all functions f as above. |

An important consequence of the corollary is that for a Markov semigroup (p;), the total variation distance
llvp: — up:|lTv is a non-increasing function of z.

Exercise (Monotonicity of TV distance to invariant measure). Show that the total variation distance
of the law of a Markov process to an invariant probability measure is a non-increasing function of time.
Does a similar statement hold if the total variation distance is replaced by a general transportation metric
w2

Note that in contrast to more general Wasserstein contraction coefficients, we always have
a(p,K) < 1.
Moreover, for € > 0, we have a(p, K) < 1 — ¢ if p satisfies the following condition:
Local minorization condition. There exists a probability measure v on S such that

p(x,B) > ev(B) forallx € K and B € 8. (3.25)

Now suppose that (p;);»0 is a Markov semigroup. Doeblin’s classical theorem states that if a(p,,S) < 1
for some ¢ € (0, 00), then uniform ergodicity holds in the following sense:

Exercise (Doeblin’s Theorem). Suppose that a(p;,S) < 1 for some ¢ € (0,00). Prove that there exists
a unique invariant probability measure u of (p,), and

sup [|lps(x,-) — pllry — 0 as s — oo. (3.26)

xeS
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3. Couplings and mixing times

If the state space is infinite, a global contraction condition w.r.t. the total variation norm as assumed in
Doeblin’s Theorem can not be expected to hold in general.

Example (Autoregressive process AR(1)). Suppose that Xy = x and
Xpr1 = aXy + Wiy

with @ € (-1,1),x € R, and independent random variables W,, ~ N(0,1). By induction, one easily
verifies that

n-1 on

_ n i n l -«
X, = a'x + a/Wn_,-~Na/x,—2,
i=0 1-a

i.e., the n-step transition kernel is given by p,(x,) = N (a"x,(1 - a®)/(1 - az)). Asn — o0, pu(x,-)
converges in total variation to the unique invariant probability measure u = N (0,1/(1 — @?)). However,
the convergence is not uniform in x, since

sup [|pu(x,") = pllry = 1 foreveryn € N.

xeR

Harris’ Theorem

The example above demonstrates the need of a weaker notion of convergence to equilibrium than uniform
ergodicity, and of a weaker assumption than the global minorization condition.

Definition 3.21 (Geometric ergodicity). A time-homogeneous Markov process (X;, Py) with transition
function (p;) is called geometrically ergodic with invariant probability measure u iff there exist a constant
¢ > 0 and a non-negative function M : § — R such that

[|pe(x,) — ulltv < M(x)exp(—ct) for u-almost every x € S.

Harris’ Theorem states that geometric ergodicity is a consequence of a local minorization condition
combined with a global Lyapunov condition of the following form:

(LG) There exist a function V € #,(S) and constants 2 > 0 and C < oo such that

LV(x) < C-AV(x) forall x €S. (3.27)

We consider the time-discrete case. Let r be the one step transition kernel of a time-homogeneous Markov
chain. Then condition (LG) states that

aV(x) < C+yV(x), where y=1-a<1. (3.28)

Below, we follow the approach of M. Hairer and J. Mattingly [22] to give a simple proof of a quantitative
version of the Harris Theorem, cf. e.g. [21]. The key idea is to replace the total variation distance by the
Kantorovich distance

Wp(uv) = inf E[dg(u.)]
Y~v

based on a distance function on S of the form

dp(x,y) = (1+BV(x) + BV(Y)) Lyzy

with 8 > 0. Note that ||z — v|lrv < Wp(u,v) with equality for 8 = 0.
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Theorem 3.22 (Quantitative Harris Theorem). Suppose that there exists a function V € F,(S) such that
the condition in (LG) is satisfied with constants C, A € (0, c0), and

a(m,{V <r}) <1 forsomer >2C/A. (3.29)

Then there exists a constant § € R, such that ag(r) < 1. In particular, there is a unique invariant probability
measure u of 7 satisfying [ Vdu < oo, and geometric ergodicity holds:

7" (x,-) = pllry < Wp (2"(x, ) ) < (1 +,3V(X)+,3/Vd,u) ap(m)"

forany n € Nand x € S.

There are explicit expressions for the constants 5 and ag (), see the proof below.

Proof. Fix x,y € § with x # y, and let (X,Y) be a maximal coupling of n(x,-) and n(y,-) w.r.t. the total
variation distance, i.e.,
PIX #Y] = [In(x,) = w(y, )llrv.

Then for every 5 > 0,

Wp(n(x,).n(y,))) < Eldg(X.Y)] < P[X #Y]+BE[V(X)]+ BE[V(Y)]
= l7(x, ) = 7wy, )llry + BEV)(x) + B(V)(y)
< (e ) = 7y )lley + 268 + (1 = DBV (x) + V(y)), (3.30)

where we have used (3.28) in the last step. We now fix r as in (3.29), and distinguish cases.

(1) If V(x) + V(y) = r then the Lyapunov condition ensures contractivity. Indeed, by (3.30),
Wp(r(x, ) 7(y,)) < dp(x,y) +2CB - AB - (V(x) + V(y)). (3.31)

Since dg(x,y) = 1 + BV(x) + BV(y), the expression on the right hand side in (3.31) is bounded from
above by (1 — 6)dg(x,y) for some constant ¢ > 0 provided 2CB + 6 < (4 — 6)Br. This condition is

satisfied if we choose
P ABr—-2CB  Ar-2C
o1+ 1+

which is positive since r > 2C/A.

(i) If V(x) + V(y) < r then contractivity follows from (3.29). Indeed, (3.30) implies that for & :=
min (Mﬂ) and g < e V=)

Wp(r(x,),m(y,) < a(m{V <r})+2CB+(1-DBV(x)+V(y) < (1-e)dp(x,y).
Choosing 9, &, 8 > 0 as in (i) and (ii), we obtain
Wp(n(x,-),n(y,)) < (1 -min(d,¢&))dg(x,y) forallx,y €S,

i.e., the global contraction coefficient ag(m) w.r.t. Wp is strictly smaller than one. Hence there exists a
unique invariant probability measure y € ‘Pé(S) = { uePS): [Vdu< oo}, and

(Wﬁ(ﬂn(x7 ')’ :u)

Wp (0", un") < ap(n)" Wa(dx, 1)

ag(m)" (1 + BV (x) + ,B/Vdu) . |
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Remark (Doeblin’s Theorem). If a(x,S) < 1 then by choosing V = 0, we recover Doeblin’s Theorem:
[|[7"(x,) = ullry £ a(x,S)' — 0 uniformly in x € S.
Example (Euler scheme). Consider the Markov chain with state space R¢ and transition step
X x+ hb(x)+ \/i_ZO'(x)W,

where b : RY — R4 and o : RY — R are continuous functions, W ~ N (0,14), and & is a positive
constant (the step size of the discretization). Choosing V(x) = |x|?, we obtain

LV(x) = 2hx - b(x)+ K |b(x))> + hte(oT o) (x) < C - AV(x)
for some C, A € (0, 00) provided

. 2x - b(x) + tr(oT o) (x) + h|b(x)|?
lim sup <

[x|—>00 |x|2

0.

Noting that for any r € (0, c0),

o {V<r})= sup sup ”N (x + hb(x), h(o-o-T)(x)) -N (y + hb(y), h(o-o-T)(y))”
[x|<vF lyl<vr

we see that the conditions in Harris’ Theorem are satisfied in this case.

>

<1
TV

Example (Gibbs Sampler in Bayesian Statistics). For several concrete Bayesian posterior distribu-
tions on moderately high dimensional spaces, Theorem 3.22 can be applied to show that the total
variation distance between the law of the Gibbs sampler after n steps and the stationary target distribu-
tion is small after a feasible number of iterations, see Roberts&Rosenthal [47].

3.4. Couplings of Markov processes and convergence rates

On infinite state spaces, convergence to equilibrium may hold only at a subgeometric (i.e., slower than
exponential) rate. Roughly, subgeometric convergence occurs if the drift is not strong enough to push the
Markov chain rapidly back towards the center of the state space. One approach for proving convergence
to equilibrium at subgeometric rates is to extend Harris’ Theorem. This is possible provided a Lyapunov
condition of the form

LV < C-¢oV

holds with a concave increasing function ¢ : R, — R, satisfying ¢(0) = 0, see e.g. Hairer [21] and
Meyn&Tweedie [40]. Alternatively, couplings of Markov processes can be applied directly to prove both
geometric and subgeometric convergence bounds. Both approaches eventually lead to similar conditions.
We focus now on the second approach, which is also relevant in the geometrically ergodic case.

Couplings of Markov processes

So far, we have only considered couplings of the transition probabilities of a Markov process. One can often
prove stronger results and gain flexibility by considering couplings of the complete laws of two Markov
processes on the path space.

Definition 3.23 (Couplings of stochastic processes).

1) A coupling of two stochastic processes ((X;), P) and ((Y;), Q) with state spaces S and T is given by a
process ((55,,7,), F) with state space S X T such that

()?t)zzo ~(X:)i>0 and (?z)tzo ~ (¥)r>0.
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2) The coupling is called Markovian iff the process (f,,z)tzo is a right continuous strong Markov
process on the product space S X 7.

We recall that in discrete time, every Markov process has the strong Markov property, and every solution
of the martingale problem for the generator is a Markov process. In continuous time, these statements are not
always true. However, the strong Markov property holds if the process is right-continuous and the transition
semigroup is Feller, or if uniqueness in an appropriate sense holds for the corresponding martingale problem,
see Sections 4.2 and 4.4.

Example (Construction of Markovian couplings for Markov chains). A Markovian coupling of two
time homogeneous Markov chains can be constructed from a coupling of the one step transition kernels.
Suppose that p and ¢ are Markov kernels on measurable spaces (S, 8) and (7,C), and p is a Markov
kernel on (S X T, B ® C) such that p ((x, y), dx’dy’) is a coupling of the measures p(x,dx’) and g(y,dy’)
for every x € Sand y € T. Then for x € S and y € T, the canonical Markov chain ((Xy,Y,,), Py,y) with
one step transition kernel p and initial distribution 6y, is a Markovian coupling of Markov chains with
transition kernels p and ¢ and initial distributions 6, and ¢,. More generally, if y is a coupling of x and
v, then ((X,,, Y,), Py) is a coupling of Markov chains with transition kernels p, g and initial distributions
pand v.

In a similar way as in the example above, couplings of Markov processes in continuous time can be
constructed from couplings of the generators, cf. e.g. [8]. However, it is often more convenient to construct
the couplings in a direct way, see the examples further below.

The following simple but fundamental result is the basis for many convergence bounds in total variation
distance:

Theorem 3.24 (Coupling lemma). Suppose that ((X;,Y;);>0,P) is a Markovian coupling of two time-
homogeneous Markov processes with common transition function (p;) and initial distributions y and v.
Then

lupe = vpelirv < [[Law[(Xs)s>:] — Law[(Ys)s>elllrv < P[T > 1],
where T is the coupling time defined by

T = inf{t >0:X; =Y;}.

In particular, the theorem shows that if 7 < oo almost surely, then
lim [Law(X,..) - Law(¥,)llry = 0.

Proof. 1) By right continuity of the coupling process, X7 and Yr coincide almost surely. We now first show
that without loss of generality, we may even assume that almost surely, X; = Y; for any 7 > 7. Indeed, if this
is not the case then we can define a modified coupling (X;,Y;) with the same coupling time by setting

7 o= Y; fort <T,
TOX, fort >T.

The fact that (Xt,z) is again a coupling of the same Markov processes follows from the strong Markov

property: T is a stopping time w.r.t. the filtration (%) generated by the process (X;,Y;), and hence on
{T < oo} and under the conditional law given ¥, both Yr,. and Yr,. = Xr,. are Markov processes with
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transition function (p;), and their initial values ¥r and X7 coincide almost surely. Therefore, both processes
have the same law. Since Y, = Y, for t < T, we can conclude that Y )is0 ~ (Y,)t>0, whence (X,,Yt),>0 is

indeed another coupling. Moreover, by construction, the coupling time is the same as before, and X; =
forr >T.

2) Now suppose that X; =Y, fort > T. Then also X;,. = ¥;;. for t > T, and thus we obtain

ILaw (X;+.) - Law (Y2 )llry < P[Xos. # Yip] < PIT > 1],

The following example shows that in some cases, the coupling lemma yields sharp bounds if the coupling

is chosen adequately.

Example (Brownian motion on R?). Let x,y € R such that x # y. The reflection coupling of two
Brownian motions with initial values Xy = x and ¥y = y is the Markovian coupling given by

Xl = X + Bl’
Yl =) + R(X’Y)Bt,

where (B;) is a Brownian motion with By = 0, and

_ T
R(x, y) = 2 w c O(d)
lx =yl
is the reflection at the hyperplane between x and y. Since R(x,y) is an orthogonal transformation, ¥; is

indeed a Brownian motion starting at y. Moreover,
X-¥ = x-y+2 5 220 g = S (gl +2W)), (3.32)
|x =yl |x =yl lx =yl
where W, = |x yl - B; is a one-dimensional Brownian motion starting at 0. By (3.32), the coupling time
is the hitting time of —|x — y|/2 for (W,). Therefore, by the reflection principle and the coupling lemma,

PIT <t] = 2P[W, < —|x - y|/2] 2 (1 —q>(|x—y|/(2«/2))), and

2 (@(x - yl/@VD) - 1/2),

lp:(x,) = Py, iy < PIT > 1]

where @ is the distribution function of the standard normal distribution.

On the other hand, in this simple example we can compute the total variation distance explicitly in
order to verify that the bound is sharp. Indeed, by an elementary computation,

191 ) = puCr iy = NG tla) = Nt Tl = 2 (@(1x = y1/2V) = 1/2)

It should be stressed, however, that it is not always possible to find a Markovian coupling such that the

bound in the coupling lemma is sharp [7, 31].

Convergence rates

Let I =Z, or I = R,. If u is an invariant probability measure for a transition function (p;);cy then up; = u
and Law(X;..) = P, for any t > 0. Hence the coupling lemma provides upper bounds for the total variation

distance to stationarity. As an immediate consequence we note:

Corollary 3.25 (Convergence rates by coupling). Let 7' be the coupling time for a Markovian coupling
of time-homogeneous Markov processes with transition function (p;) and initial distributions g and v.

Suppose that
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for some non-decreasing, right-continuous function ¢ : I — R, with lim /(¢) = co. Then
t—o00

1
- =0|—|, 3.33
lpr = vprllTy (‘//(f)) ( )
and even
/ lup: — vpellov dw(t) < o in continuous time, and (3.34)
0

Z Wn+1)—ym)||up" —vp"lltv < oo in discrete time, respectively. (3.35)
n=0

Proof. By the coupling lemma and by Markov’s inequality,

lup: — vpelltv < P[T >1t] < ﬁE[w(T)] forall ¢ > 0.

Furthermore, by Fubini’s Theorem,

(o8]

/ lpr — vpilley du(e) < / PIT > 1]dy(r) = E[ / 1T2tdw<r>] = E[y(T) - w(0)].
0 0 0

The assertion in discrete time follows similarly.

The corollary shows that convergence to equilibrium happens with a polynomial rate of order O(n%) if
there is a coupling with the stationary Markov chain such that the coupling time has a finite k-th moment. If

an exponential moment exists then the convergence is geometric.

Example (Markov chains on Z,). We consider a Markov chain on Z, with transition probabilities
a(x,x + 1) = py, m(x,x — 1) = g and n(x,x) = rr. We assume that px + g +rx = 1, go = 0, and
Px>qx > 0 for x > 1. For simplicity we also assume r, = 1/2 for all x (i.e., the Markov chain is “lazy”).

Tz
qx Q Pz
e T
| ] ] ]
| | | |
0 r—1 x x+1

For f € F,(Z,), the generator is given by

(LNHEx) = px (fx+ 1) = fx) +qx (f(x =D = f(x),  x€Z,.

By solving the system of equations u£ = u — ur = 0 explicitly, one shows that there is a two-parameter
family of invariant measures given by

ux) = a+b- popi " Pxt (a,b € R).
9192 * * * 4x

In particular, an invariant probability measure exists if and only if

7 oo NVPOPLPxet

“oqiga o gx
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For example, this is the case if there exists an £ > 0 such that

+ &

1
Px < (1 - )qur] for large x.
Now suppose that an invariant probability measure u exists. To obtain an upper bound on the rate of
convergence to p, we consider the straightforward Markovian coupling ((X,,Y,), Px,y) of two chains
with transition kernel 7 determined by the transition step

(x+1,y) with probability p,,
(x=1,y) with probability ¢,
(x,y+1) with probability p,,
(x,y—=1) with probability ¢, .

(x,y)

Since at each transition step only one of the chains (X;,) and (¥;,) is moving one unit, the processes (Xj,)
and (Y;,) meet before the trajectories cross each other. In particular, if Xy > ¥ then the coupling time T
is bounded from above by the first hitting time

Tg‘ = min{n > 0: X,, = 0}.

Since an invariant probability measure exists and the chain is irreducible, all states are positive recurrent.
Hence
E[T] < E[T] < .

Therefore, by Corollary 3.25, the total variation distance to equilibrium is always decaying at least at
linear order:

7", ) = pliry = 07", " {1x"(x,) = lhry < oo
n=0
To prove a stronger decay, one can construct appropriate Lyapunov functions for bounding higher
moments of 7. For instance suppose that there exist ¢ > 0 and y € (—1,0] such that
DPx —qx ~—ax’ as x — oo,
(i) If y € (-1,0) then as x — oo, the function V(x) = x" (n € N) satisfies
LV(x) Px((x+ )" =x™") + gy (x = 1) =x") ~ n(px - Qx)xnil ~ —nax""'"

—naV(x)lfliTy.

IA

It can now be shown in a similar way as in the proofs of Theorem 1.2 or Theorem 1.6 that

E[T}] < E[(TX)] < o forany k < 1” .
-7
Since n can be chosen arbitrarily large, we see that the convergence rate is faster than any
polynomial rate:
7" (x,) = pllry = O(m™)  forall k € N.

Indeed, by choosing faster growing Lyapunov functions one can show that the convergence rate
is O(exp (—n?)) for some S € (0,1) depending on .
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(ii) If y = 0 then even geometric convergence holds. Indeed, in this case, for large x, the function
V(x) = ™ satisfies

LV(x) = (px (e’l - 1) + gy (e_’l - 1)) V(x) £ —c-V(x)
for some constant ¢ > 0 provided A > 0 is chosen sufficiently small. Hence geometric ergodicity
follows either by Harris’ Theorem, or, alternatively, by applying Corollary 3.25 with ¢(n) = €.
A CLT for non-stationary Markov chains

Suppose that (X, P) is a time-homogeneous Markov chain with transition kernel 7, invariant probability
measure u, and initial distribution v. As in Section 3.2, we consider the ergodic averages

1 b+n—1

Apnf = - Z f(X0),

i=b
The approximation error in the ergodic theorem is
Apnf — u(f) = Apnfo,

where fy = f — u(f). By a coupling argument, both the ergodic theorem and the central limit theorem can
be extended from the stationary to the non-stationary case.

Theorem 3.26 (Ergodic theorem and CLT for non-stationary Markov chains). Let b € Z,, and sup-
pose that ||[va" — u|lry — 0 as n — co. Then for any f € L!(u), as n — oo,

Ap.nf — wu(f) P-almost surely.

Moreover, for any f € £2(u) such that G fy = Y=o " fo converges in L?*(p),

Vi (Apnf = 1(f) = NO.0P),

where 0']% = 2(/0,G fo)r2(u) — (fo, fo)12( is the asymptotic variance for the ergodic averages from the
stationary case.

Proof. Let ¢ > 0 be given. Then by the assertion, there exists t € N such that
lva' — pr'llrv = lva’ = pllry < &.

Moreover, one can show that there exists a coupling ((X,,, Y, )n >0, P) of Markov chains with initial laws v and
w1 and transition kernel & such that

P[X;p =Y foralln>0] > 1—g¢,

see the exercise below. Now let
b+n-1

1
Byuf =~ D, f(0).
i=b

denote the ergodic averages of the stationary Markov chain (Y4 )kez, . Then

b+n-1

Apnf = Boaf =+ D (FX) = fO0icr
i=b
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On the event C = {X;,, = Y;,, forall n > 0}, this difference is of order O(1/n). Since by the ergodic
theorem in the stationary case, By, , f — u(f) almost surely, we can conclude that

Pliim Apuf =u()| = P|lim (Apf = Bonf) =0| = PICI > 1-e.

Since € > 0 has been chosen arbitrarily, this proves the first assertion.

Furthermore, let
Sn = Nn(Apnf = u()) Tp := Nn(Bpuf — u(f)), and Ry := Vi(Apnf = Bpuf).

Then S,, = T,, + R,,. By the CLT for stationary Markov chains, we know that 7, 2 N(O, a‘)%). Moreover,
R,, converges to 0 on the event C, and thus with probability greater than 1 — &. Noting that £ > 0 has been

D
chosen arbitrarily, this is sufficient to conclude that S,, — N(O, 0']%) as well. Indeed, for any bounded and
Lipschitz continuous function g : § — R and ¢ > 0, we obtain

+ E|g(Sn) — g(Tw)l]

'E[g(Snn -/ ng(o,a}> Ele(T)] - [ gdN©.0)

IA

‘E g(Tn)] - ng(O’O—J%) + E[|g(Sn) — gTu)l; |Ral < 61 + E[|g(Sn) — g(Tw)l; |Rn| > 6]

IA

‘E [¢(Tw)] - ng(O,O'J%) + 6llgllLip + 2llgllsupP [IRn] > 6]

Choosing ¢ sufficiently small, we see that the limit superior of this expression is smaller than (1 + 4||g||sup)&,
and thus we obtain convergence in distribution by letting ¢ tend to zero. |

Exercise (Successful couplings and TV-convergence to equilibrium). Consider atime-homogeneous
Markov chain with transition kernel 7 and invariant probability measure u.

a) Show that for every initial distribution v and every fixed integer ¢ > 0, there exists a coupling
(X,Y, P) of the Markov chains with transition kernel & and initial laws v and u such that

P[X, =Y, foralln>1] = |jva’ - yHTV )

b) Conclude that ||[va’ — u|lry — 0 ast — oo if and only if for every & > 0 there exists a coupling
of the Markov chains with initial laws v and y such that the coupling time

T =inf{r>0: X, =Y, forany n >t}

is finite with probability at least 1 — &.

***c) A coupling as above is called successful if the coupling time is almost surely finite. Show that a
successful coupling exists if and only if ||[va’ — ullry — 0 ast — oo.
(This part is optional and very difficult. See Lindvall [37] if you want to read up the proof.)

3.5. Mixing times

Let (p;) be a Markov semigroup on (S, $) with invariant probability measure u. Foraset K € Bandt > 0
let
d(t,K) = sup [|pi(x,-) = pllry
xeK

denote the maximal total variation distance from equilibrium at time ¢ for a corresponding Markov process
with initial distribution concentrated on K.
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Definition 3.27 (Mixing time). For ¢ > 0, the &-mixing time of the process with initial value in K is
defined by
tmix(&,K) = inf{t > 0: d(t,K) < &}.

Moreover, we denote by fnix(€) the global mixing time ik (&, S).

Since for every initial distribution v € P(S), the total variation distance ||vp’ — u||rv is a non-increasing
function in ¢,
dt,K) < e foranyt > thix(e,K).

The dependence of mixing times on parameters such as the dimension of the underlying state space
is an important problem. In particular, the distinction between “slow mixing” and “rapid mixing”, i.e.,
exponential vs. polynomial increase of the mixing time as a parameter goes to infinity, is related to phase
transitions.

Upper bounds in terms of contraction coefficients

To quantify mixing times note that by the triangle inequality for the TV-distance,
drv(t,S) < a(p') < 2drv(t,S),

where @ denotes the global TV-contraction coefficient. In particular, the bounds derived in Sections 3.1, 3.2
and 3.3 can be applied to control mixing times.

Example (Random colourings). For the random colouring chain with state space TV, we have shown
in the example below Theorem 3.15 that for |T'| > 2A, the contraction coefficient ¢y w.r.t. the Hamming
distance d(&,n) = |{x € V : £&(x) # n(x)}] satisfies

_T=2A 5)_ (3.36)

N < T <
aq(p’) < aa(p) < eXP( TI=A n
Here A denotes the degree of the regular graph V and n = |V/|. Since

legzny < d(Em) < n-lgyy foralléne TV,

we also have
Iv—ullty £ Wy(v,p) < nllv—pllry forall v € P(S).

Therefore, by (3.36), we obtain

|T|—2A ¢t
Ip"(€,) = plirv < naa(p') < nexp |- =
IT|-A n
for any £ € TV and t > 0. The right-hand side is smaller than & for ¢ > ||TTI|+2AAnlog(n/s). Thus we have

shown that
tmix(8) = O (n logn + nlog g_l) for |T| > 2A.

This is a typical example of rapid mixing with a fotal variation cut-off: After a time of order nlogn,
the total variation distance to equilibrium decays to an arbitrary small value & > 0 in a time window of
order O(n).

Exercise (Hard core model). Consider a finite graph (V, E) with n vertices of maximal degree A. The
corresponding hard core model with fugacity A > 0 is the probability measure g, on {0,1}" with mass
function

pam) = ZA) AZxev 1) if p(x) - p(y) = 0 forany {x,y} € E, () = 0 otherwise,

where Z(A) is a normalization constant.
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a) Describe the transition rule for the Gibbs sampler with equilibrium z,, and determine the transition
kernel 7.

b) Prove thatfor 4 < (A—1)"'and 7 € N,
I-AA-1)

Wlva', 1) < a(n, A} Wiv,p) < exp (_f(
n 1+A4

)) W'y, ),

1-A(A-1)

_ 1
where a(n,A) = 1 - —( Tt

- ), and ‘W! is the transportation metric based on the Hamming
distance on {0, 1}V.

¢) Show that in this case, the e-mixing time is of order O(n log n) for every € € (0, 1).

Exercise (Gibbs sampler for the Ising model). Consider a finite graph (V, E) with n vertices of maxi-
mal degree A. The Ising model with inverse temperature 8 > 0 is the probability measure g on {-1, Vv
with mass function

1
Hp() = o e B{MZ}EE n(nO) |,

where Z(3) is a normalization constant.

a) Show that given n(y) for y # x, n(x) = +1 with probability (1 + tanh(8m(x,n))/2, where
m(x,n) := X, n(y) is the local magnetization in the neighbourhood of x. Hence determine the
transition kernel 7 for the Gibbs sampler with equilibrium pg.

b) Prove that for every ¢ € N,
t
W', ag) < a(n A W' () < exp (== (1= Atanh(B)) W' (v, pip).

where a(n, 8,A) = 1 — (1 — Atanh(B))/n, and ‘W! is the transportation metric based on the Ham-
ming distance on {—1,1}V. Conclude that for Atanh 3 < 1, the Gibbs sampler is geometrically
ergodic with a rate of order Q(1/n). Hint: You may use the inequality

| tanh(y + B) — tanh(y — B8)| < 2 tanh(B) forany 8 > 0 and y € R.

¢) The mean-field Ising model with parameter o > 0 is the Ising model on the complete graph over
V = {1,...,n} with inverse temperature 8 = a/n. Show that for @ < 1, the e-mixing time for the
Gibbs sampler on the mean field Ising model is of order O(nlog n) for every € € (0, 1).

Example (Harris Theorem). In the situation of Theorem 3.22, the global distance d(t, S) to equilibrium
does not go to 0 in general. However, on the level sets of the Lyapunov function V,

dt,{V<r}) < (1 + Br +,8/Vd,u) ag(p)

for any ¢, > O where § is chosen as in the theorem, and ap is the contraction coeflicient w.r.t. the

corresponding distance dg. Hence

log (1 + Br + B [ Vdu) +1log(e™")
log(ap(p)™)

tmiX(85{V < r}) <

Upper bounds by coupling

Alternatively, we can also apply the coupling lemma to derive upper bounds for mixing times.

Corollary 3.28 (Coupling times and mixing times). Suppose that for every x,y € S, (X;.Y;),Px,y) is a
Markovian coupling of the Markov processes with initial values x,y € S and transition function (p;), and
let T =inf{t > 0: X; = Y;}. Then

tmix(€) < inf{t >0: P, [T >t] <eVx,yeS}
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Proof. The assertion is a direct consequence of the coupling lemma (Theorem 3.24). |

Example (Lazy Random Walks). A lazy random walk on a graph is a random walk that stays at its
current position during each step with probability 1/2. Lazy random walks are considered to exclude
periodicity effects that may occur due to the time discretization. By simple coupling arguments we
obtain bounds for total variation distances and mixing times on different graphs:

1) S = Z/(mZ): The transition probabilities of the lazy simple random walk on a discrete circle with
m points are 7(x,x + 1) = w(x,x — 1) = 1/4, n(x,x) = 1/2, and n(x,y) = 0 otherwise. A Markovian
coupling (X,,,Y;,) is given by moving from (x, y) to (x+ 1, y),(x— 1, y),(x, y + 1), (x, y — 1) with probability
1/4 each. Hence only one of the two copies is moving during each step, and thus the two random walks
X, and Y,, can not cross each other without meeting at the same position. The difference process X, — Y,
is a simple random walk on S, and T is the hitting time of 0. Hence by the Poisson equation,

EcyIT] = BT, moryel = [x=yl-(m=x=y]) < m?/4.

Corollary 3.28 and Markov’s inequality now imply that #,,ix(1/4) < m?, which is a rather sharp upper
bound.

2) S = {0,1}¢: The lazy random walk on the hypercube {0, 1}¢ coincides with the Gibbs sampler for
the uniform distribution. A bound for the mixing time can be derived from Theorem 3.15. Alternatively,
we can construct a coupling of two lazy random walks on the hypercube by updating the same coordinate
to the same value for both copies in each step. Then the coupling time 7 is bounded from above by the
first time where each coordinate has been updated once, i.e., by the number of draws required to collect
each of d coupons by sampling with replacement. Therefore, for ¢ > 0,

d
. dlogd + cd
P[T > dlogd + cd] < Z(l—l/d)[dlogd“d] < d exp (—%) < ¢,
k=1

and hence
tmix(€) < dlogd +log(e™)d.

Conversely, the coupon collecting problem also shows that this upper bound is again almost sharp.

Example (Brownian motion on a flat torus). Let T, = R/(aZ) denote the circle of perimeter a. A
Brownian motion on the flat torus T¢ can be obtained by projection from a Brownian motion on the
covering space R¢. Indeed, suppose that (B;); s is standard Brownian motion on R?, and let

X, = x + n(By),

where x € T¢ is a fixed initial value, 7 : R? — T¢ is the canonical projection, and “+” is the addition on
the abelian group Tg. Then the process X; = (X/,... ,Xtd) is a Markov process with state space S = T‘al ,
and its components X i i=1,...,d,are independent Brownian motions on the circle T,.

A simple antithetic coupling of two Brownian motions X and Y on the torus with initial values Xy = x
and Yy = y is given by defining X as above, and setting

Y = y-x-X,.

However, in dimension d > 2, the corresponding coupling time is almost surely infinite, since two
components of X and Y will almost surely not meet at the same time. Therefore, we modify the coupling
to a componentwise coupling (X, Z) that is defined by

7i . yi—xi—X' fort < T; := inf{s > 0:Y/ = X!},
N b ¢ fort > T;.

It is left to the reader to verify that (X, Z) is indeed a coupling of two Brownian motions on the torus
with initial conditions Xy = x and Zy = y. The corresponding coupling time is T = max; 7;. Moreover,

PIT; = 1]

2
. t

P [TR\(—a/z,a/z)(B’) > t] < V2 exp (—%) and thus
a

P[T > 1]

n’t
P[3i:T;>1t] < \/zdexp -——.
8a?
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Here we have used in the first step that for A € (0, 7/a), the function V(x) = cos(Ax) is non-negative on
(—a/2,a/2) and satisfies %V” = —%V. Applying optional stopping to the corresponding non-negative
martingale exp(1%/2)V(B!) yields the bound for the exit time of B! from the interval (-a/2,a/2) when
choosing A = 7/(2a). By choosing ¢ such that the upper bound in the last inequality is smaller than &,
we see that

84> V2d
Imix(8) < —5-log| —
v/ &

=0 (a2 logd + a* log(e_l)) .

It can be shown that this upper bound has the optimal order in a, d and €.

Conductance lower bounds

A simple and powerful way to derive lower bounds for mixing times due to constraints by bottlenecks is the
conductance. Let 7 be a Markov kernel on (S, 8) with invariant probability measure . For sets A,B € B
with p(A) > 0, the equilibrium flow Q(A, B) from a set A to a set B is defined by

O(A.B) = (u®p)(AXB) = /A u(dx) 7(x. B)

and the conductance of A is given by

0(4,A9)
D(A) = .
W= Sinua). 4%
Notice that in particular,

min(u(A), u(A))”
where 9 A = {x € A: n(x, A°) > 0} is the interior boundary of the set A.

Example (Graph with a bottleneck). Consider the uniform distribution on a graph that has two large
components A and A€, consisting each of at least n vertices, which are only connected by a single edge.
Then for any Markov chain that only moves along edges of the graph, the conductance of A is bounded
from above by 1/n.

Definition 3.29 (Isoperimetric constant). The bottleneck ratio or isoperimetric constant @, for a transi-
tion kernel m with invariant probability measure u is defined as the worst-case conductance, i.e.,

O, = inf O(A).
e ey

The inverse of ®*, i.e., the maximal inverse conductance, provides a lower bound on mixing times.

Exercise (Conductance and lower bounds for mixing times). Prove the lower bound

1 1
fmix (Z) > o (3.37)

You may proceed in the following way: Let ua(B) = u(B|A) denote the conditioned measure given A.
a) Show that for any A € B with u(A) > 0,
luam = pallry = (uam)(AC) = O(A).

Hint: Prove first that
(1) (uam)(B) — pna(B) < 0 for any measurable B C A, and
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(i) (uam)(B) — pa(B) = (uam)(B) > 0 for any measurable B C AC.
b) Conclude that

lua = pliry < 1®(A) + |juan’ — pllpy - forallz € Z,.

¢) Hence prove (3.37).

In the example above, the conductance lower bound shows that the mixing time is of order Q(n). By a
similar argument, we can show that for the mean-field Ising model with parameter @ > 1, the mixing time is
exponential in the number of spins:

Example (Mean-field Ising model). The mean-field Ising model with parameters n € N and « € (0, c0)
is the probability measure p, , on {—1,+1}" with mass function

o) < exp| £ S )L 30| = exo (L ),
x=1 y=1

where m(n) = 3."_, n(x) is the total magnetization of the configuration 7. In the exercise in Section 3.5
above it is shown that for @ < 1, the Gibbs sampler for the mean-field Ising model has a mixing time
of order O(nlogn). Conversely, we will now show by applying the conductance lower bound that for
a > 1, the mixing time grows exponentially in n. Thus there is a dynamic phase transition from rapid
mixing to slow mixing at the critical value @ = 1.

To apply the conductance bound, we consider the sets

A, = {ne{-1,+1}" : m(n) > 0}.

Notice that during each step of the Gibbs sampler, the total magnetization changes at most by 2.
Therefore, the interior boundary of A, consists of configurations with m(n) € {1,2}. Since by symmetry,
Ha.n(An) < 1/2, we obtain for any ¢ > 0,

1 > :u(z,n(An) _ ﬂa,n(m > 0) > f{mgcn} eXp(amz/(Zn)) d/JO,n
OA) © HanOmAn)  fan(m € (L2 © Jor ), explam?/(2m) duon
> exp (—20zn_l + aczn/2) Ho.n(m > cn) (3.38)

Noting that under o 5, the components of 7 are independent random variables with o ,(n(x) = £1) =
1/2, we can apply the classical large deviation lower bound (Cramér’s Theorem) to conclude that

1+ 1-
Clog(1+c) + zclog(l—c).

1
liminf — log po n(m > cn) = I(c) :=
n—oo n

Here the exponential rate I(c) is the relative entropy of the Bernoulli distribution with parameter (1+c¢)/2
w.r.t. the uniform distribution. We obtain

1 > e(a/cz/Z—I(c))(n+n(n))'
®(A)

A Taylor expansion shows that ac?/2 — I(c) = (@ — 1)c?/2 + O(c*) as ¢ | 0. Hence if @ > 1 then we see
by choosing ¢ > 0 sufficiently small that 1/®(A,,) is growing exponentially as n — oo. Therefore, by
(3.37), there exists A(«) > 0 such that

tmix(1/4) > 1/(4D(A,)) > et@lnrolm)
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4. Generators, semigroups and continuous-time
Markov processes

This chapter focuses on the connection between Markov processes in continuous time and their generators.
Throughout we assume that the state space S is a Polish space with Borel o-algebra 8. Recall that a
right-continuous stochastic process ((X;);cr,, P) that is adapted to a filtration (77 );cr, is called a solution of
the martingale problem for a family (L;, A), t € Ry, of linear operators with domain A C ¥ (S) if and only
if

M = f(x,) - /0 (£, f)(Xy) ds @1

is an (%) martingale for every function f € A. Here functions f : § — R are extended trivially to SU{A} by
setting f(A) := 0. If ((X;), P) solves the martingale problem for ((£;), A) and the function (¢, x) — (L, f)(x)
is, for example, continuous and bounded for f € A, then (L, f)(X;) is the expected rate of change of f(X;)
in the next instant of time given the previous information, i.e.,

f(Xt+h) - f(Xt)
h

(LX) = lﬁﬂ)lE [ ﬁ] (4.2)
In general, solutions of a martingale problem are not necessarily Markov processes, but it can be shown
under appropriate assumptions, that the strong Markov property follows from uniqueness of solutions of the
martingale problem with a given initial law, see Theorem 4.20 below. Now suppose that for any # > 0 and
x €8, (Xs)s>1, P(t,x)) is an () Markov process with initial value X; = x P(; y)-almost surely and transition
function (ps ;)o<s<: that solves the martingale problem above. Then for any 7 > 0 and x € S,

f(Xivn) = f(Xz)] — i (Pre+n f)(x) — f(x)
— L, |- im .

hl0 h

(L) = limE,

provided (¢, x) — (L; f)(x) is continuous and bounded. This indicates that the infinitesimal generator of the
Markov process at time ¢ is an extension of the operator (L, A); this fact will be made precise in Section
4.2.

In this chapter we will mostly restrict ourselves to the time-homogeneous case. The time-inhomogeneous
case is nevertheless included implicitly, since we may apply most results to the time-space process X; = (fo +
t, Xy,+¢) that is always a time-homogeneous Markov process if X is a Markov process. In Section 4.1 we show
how to realize transition functions of time-homogeneous Markov processes as strongly continuous contraction
semigroups on appropriate Banach spaces of functions, and we establish a one-to-one correspondence
between such semigroups and their generators. The connection to martingale problems is made in Section
4.2, and Section 4.4 indicates in a special situation how solutions of martingale problems can be constructed
from their generators.

4.1. Semigroups, generators and resolvents
In the discrete time case, there is a one-to-one correspondence between generators £ = m — [, transition

semigroups p, = 7x’, and time-homogeneous canonical Markov chains ((X,)nez,,(Px)xes) solving the
martingale problem for £ on bounded measurable functions. Our goal in this section is to establish a
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counterpart to the correspondence between generators and transition semigroups in continuous time. Since
the generator will usually be an unbounded operator, this requires the realization of the transition semigroup
and the generator on an appropriate Banach space consisting of measurable functions (or equivalence
classes of functions) on the state space (S,%8). Unfortunately, there is no Banach space that is adequate
for all purposes - so the realization on a Banach space also leads to a partially more restrictive setting.
Supplementary references for this section are the books on functional analysis and semigroup theory by
Yosida [56], Pazy [43], and Davies [9], as well as Ethier and Kurtz [19].

We assume that we are given a time-homogeneous transition function (p;),»0 on (S, 8), i.e.,
(i) p:(x,dy) is a sub-probability kernel on (S, B) for every ¢ > 0, and
(i) po(x,-) = 6y and p;ps = ps4s forall t,s > O and x € S.

Remark (Inclusion of time-inhomogeneous case). Although we restrict ourselves to the time-homogeneous
case, the time-inhomogeneous case is included implicitly. Indeed, if ((X;); s, P(s,x)) is a time-inhomogeneous
Markov process with transition function p ;(x,B) = P y)[X; € B], then the time-space process X, =
(t + 5,X;45) is a time-homogeneous Markov process w.r.t. P(s ) with state space R, x S and transition
function

ﬁt ((S, -x)’ dl/l dy) = 5l+s(du)ps,t+s(x, dy)

Sub-Markovian semigroups and resolvents

The transition kernels p, act as linear operators f +— p, f on bounded measurable functions on S. They also
act on LP spaces w.r.t. a measure y if y is sub-invariant for the transition kernels:

Definition 4.1 (Sub-invariant measure). A positive measure y € M., (S) is called sub-invariant w.r.t. the
transition semigroup (p;) iff up; < u for any ¢ > 0 in the sense that

/ptfd,us/fd,u for any f € ¥.(S)and t > 0.

For processes with finite life-time, non-trivial invariant measures often do not exist, but sub-invariant
measures usually do exist.

Lemma 4.2 (Sub-Markov semigroup and contraction properties).

1) A transition function (p;);>o on (S, B) induces a sub-Markovian semigroup of linear operators on
Fu(S) or F(S) respectively, i.e., the following properties hold for any s,t > 0:

(i) Semigroup property: psps = Ds+t
(ii) Positivity preserving: f >0 = p,f >0,
(iii) p:1 < 1.

2) Contractivity w.r.t. the supremum norm: For anyt > 0,

1Pt fllsup < W fllsup — for all f € Fp(S).

3) Contractivity w.r.t. L norms: If u € M.(S) is a sub-invariant measure, then for every p € [1,00] and
t>0,

/ b f 1P < / flPdu forall f e LP(S.p).

In particular, the map f — p; f respects u-classes.
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Proof. Most of the statements are straightforward to prove and left as an exercise. We only prove the last
statement for p € [1,00). Note first that for # > 0, the sub-Markov property implies p,f < p;|f| and
—p: f < p:|f| for any f € LP(S, u). Hence by Jensen’s inequality,

P f1P < (el 1P < pel fIP.
Integration w.r.t. u yields

/Iptfl”dus /ptlfl”dus /|f|pd,u

by the sub-invariance of u. Hence p; is a contraction on £7(S, u). In particular, p, respects u-classes since
f=guae = f-—g=0uae = p(f-g) =0pu-ae = pf=pguae. |

The theorem shows that (p;) induces contraction semigroups of linear operators P; on the following
Banach spaces:

* F5(S) endowed with the supremum norm,

Cp(S), provided p; is Feller for every t > 0,

C(S) = {f € C(S) : Ve > 0 3K c S compact: |f| < & on S\K}, provided p; maps C(S) to C(S) for
every t > 0 (this is the classical Feller property),

o LP(S,u), p € [1,00], provided u is a sub-invariant measure for (p;).

We will see below that for obtaining a densely defined generator, an additional property called strong
continuity is required for the semigroups. This will possibly exclude some of the Banach spaces above, for
example, in most cases, the semigroup is not strongly continuous on 5 (S).

Before discussing strong continuity, we introduce another fundamental object that is useful to establish
the connection between a semigroup and its generator: the resolvent.

Definition 4.3 (Resolvent kernels). The resolvent kernels associated to the transition function (p;);>0 are
defined by

szm=/eﬂ%m@Mrmme@@,
0

i.e., for f € F(S) or f € Fp(S),

%ﬂ@=£emmﬁmw

Remark. For any a € (0,), g, is a kernel of positive measures on (S, 8). Analytically, g, is the Laplace
transform of the transition semigroup (p;). Probabilistically, if (X;, P,) is a Markov process with transition
function (p;) then by Fubini’s Theorem,

(8af)(x) = Ex [/O e“”f(Xt)dt] )

In particular, g,(x, B) is the average occupation time of a set B for the Markov process with start in x and
constant absorption rate a. Note also that the resolvent resembles the Green’s kernel, but in contrast to the
latter, it is finite for recurrent Markov processes.
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Lemma 4.4 (Sub-Markovian resolvent and contraction properties).

1) The family (gq)a>0 is a sub-Markovian resolvent acting on Fp(S) or F.(S) respectively, i.e., the
following properties hold for any a, 8 > 0:

(i) Resolvent equation: g, — gg = (8 — @)ga s
(ii) Positivity preserving: f >0 = gof > 0,
(iii) agqel < 1.

2) Contractivity w.r.t. the supremum norm: For every a > 0,
laga fllsup < N1 fllsup ~ for all f € Fp(S).
3) Contractivity w.r.t. LP norms: If u € M (S) is sub-invariant w.r.t. (p;) then
lega fllLr(sm < I fllLe(smy  forany @ >0, p € [1,00], and f € LP(S, p).

Proof. 1) By Fubini’s Theorem and the semigroup property,

8a8pf = / / e e Pp, o f dsdt
o Jo

(o8] u
= / / P gt e P p, f du
o Jo

L

B—-a
for any @, 8 > 0 and f € F»(S). This proves (i). (ii) and (iii) follow easily from the corresponding
properties for the semigroup (p;).

2),3) Let || - || be either the supremum norm or an L? norm. Then contractivity of (p;);>o w.r.t. || - || implies
that also (ag.) is contractive w.r.t. || - ||:

(o0

logafll < [ aelpflar < [ aemanlfl = ) franyaso.

The lemma shows that (g, )e>0 induces contraction resolvents of linear operators G, on the Banach spaces
F5(S), Cp(S) if the semigroup (p;) is Feller, C(S) if (p;) is Feller in the classical sense, and LP (S, u) if u
is sub-invariant for (p;). Furthermore, the resolvent equation implies that the range of the operators G, is
independent of a:

Range(G,) = Range(Gg) for any @, 8 € (0, o). 4.3)

This property will be important below.

Strong continuity and generator

We now assume that (P;); > is a semigroup of linear contractions on a Banach space E. Our goal is to define
the infinitesimal generator L of (P;) by L f = lim, g %(Pt f—f)foraclass D of elements f € E that forms a
dense linear subspace of E. Obviously, this can only be possible if lim; g ||P; f — f|| = O for all f € D, and
hence, by contractivity of the operators P;, for all f € E. A semigroup with this property is called strongly
continuous.
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Definition 4.5 (C semigroup, Generator).

1) A semigroup (P;);>o of linear operators on the Banach space E is called strongly continuous (C)
iff Po = [ and
|P.f—fll >0 ast|Oforany f € E.

2) The generator of (P;),> is the linear operator (L, Dom(L)) given by
Pif-f Pif-f
o t

Lf =lim Dom(L) = { f€E:lim exists} .
t10 t|0

Here the limits are taken w.r.t. the norm on the Banach space E.

Remark (Strong continuity and domain of the generator). A contractionsemigroup (P;)is always strongly
continuous on the closure of the domain of its generator. Indeed, P;f — f ast | O for any f € Dom(L),
and hence for any f € Dom(L) by an £/3 - argument. If the domain of the generator is dense in E then (P;)
is strongly continuous on E. Conversely, Theorem 4.9 below shows that the generator of a C° contraction
semigroup is densely defined.

We have remarked above that a sub-Markov transition function (p;);>0 on (S, $8) induces a contraction
semigroup (P;); >0 on the Banach space 75, (S). In general, however, this semigroup is not strongly continuous.
To obtain strong continuity, we have to restrict to an appropriate closed subspace E C ¥,(S) that is preserved
by the semigroup. The maximal subspace we can choose is

E = {f € Fp(S) : ltif(l)lllptf_f“sup = 0}- (4.4)

Theorem 4.6 (Strong continuity of transition functions). The space E defined by (4.4) is a Banach
space, and (P;); > is a strongly continuous contraction semigroup on E.

Proof. We first note that E is a closed subspace of %5 (S), and hence a Banach space. Indeed, let (f,),en be
a sequence of functions in E that converges uniformly to a function f € 73(S). Noting that

”Ptf - fHSUp < HPt(f - fn)”sup + HPtfn - fn”sup + an - f”sup’

and P, is a contraction for every ¢, we see by an £/3 argument that f is in E.
Since (P;) is strongly continuous on E by definition, it now only remains to verify that P,(E) C F for
every t > 0. This is the case, as for every f € E,

”PsPtf_Ptf”sup = ||P/(Psf _f)”sup < “Psf_f”sup — 0
in the limit as s | 0. u

The generator (L,Dom(L)) of the semigroup (P;);>o on the Banach space E can be seen as a “full
generator” on bounded functions for a Markov process with transition function (p;). For practical purposes,
however, it is not always feasible to look at the semigroup on E and its generator, since the space E might be
too large. If the transition kernels p, are Feller, then it is often convenient to consider instead the semigroup
restricted to the space of continuous functions vanishing at infinity, see Section 4.4 below. Alternatively,
if we know a sub-invariant measure, we can also consider the induced semigroup and its generator on L”
spaces.
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Exercise (Strong continuity of transition semigroups of Markov processes on L? spaces). Suppose
that (p; ), >0 is the transition function of a right-continuous, time homogeneous Markov process ((X;); >0, (Px)xes)»
and u € M, (S) is a sub-invariant measure.

a) Show that for every f € Cp(S) and x € S,
(pef)x) = f(x)  ast]O.
b) Now let f be a non-negative function in Cp,(S) N £L'(S, u) and p € [1,00). Show thatas ¢ | 0,

/ pif - fldu — 0,  andhence  p.f — f in LP(S, ).

Hint: You may use that |x| = x — 2x~.
c¢) Conclude that (p;) induces a strongly continuous contraction semigroup of linear operators on
LP (S, u) for every p € [1,0).

We now return to the general setup of C” contraction semigroups on Banach spaces.

Theorem 4.7 (Forward and backward equation). Suppose that (P;);>¢ is a CY contraction semigroup
with generator L. Then ¢ +— P;f is continuous for any f € E. Moreover, if f € Dom(L) then

P;f € Dom(L) for all ¢+ > 0, and

d
EPIfZP[szLPtf,

where the derivative is a limit of difference quotients on the Banach space E.

The first statement explains why right continuity of t — P,f at ¢t = 0 for any f € E is called strong
continuity: For contraction semigroups, this property is indeed equivalent to continuity of r +— P, f for
t € [0, c0) w.r.t. the norm on E.

Proof. 1) Continuity of r — P, f follows from the semigroup property, strong continuity and contractiv-
ity: For any ¢ > 0,
IPesnf = Pefll = IPe(Prf = I < I1Pnf = fll >0 ash O,

and, similarly, for any ¢ > 0,
WPe-nf = Pefll = 1Pe-n(f = Pe I < I f = Pufll >0 ash O

2) Similarly, the forward equation %Pt f = P,Lf follows from the semigroup property, contractivity,
strong continuity and the definition of the generator: For any f € Dom(L) and ¢t > 0,

Pnf-f
h

1
Z(thf_Ptf):Pt — PLf ash]O,

and, for ¢t > 0,
1 Pnf -
S Paf PP =P L Ry ashlo
by strong continuity.

3) Finally, the backward equation %P, f = LP;f is a consequence of the forward equation: For f €
Dom(L) and ¢ > 0,

PyP:f—P 1
BBTZ P 2 Prf ~ i) = P ash L0,
Hence P; f is in the domain of the generator, and LP;f = P,Lf = %P, f. |
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Corollary 4.8 (From generator to martingale problem). Suppose that ((X;);>0, P) is a right continuous
time homogeneous Markov process with transition function (p;);>0. Then ((X;);>0, P) is a solution of
the martingale problem for the generator (L,Dom(L)) of the C° contraction semigroup (P;),>o which is
induced by the transition function on the Banach space E defined by (4.4).

Proof. By Fubini’s Theorem, the Markov property and the forward equation for (P;),

h
] < (rr-s- [ rra i - o

h
E| ian) = £ = [ (LX) ds
0
holds almost surely for every ¢, > 0 and every f € Dom(L). |

One-to-one correspondences

Our next goal is to establish a 1-1 correspondence between C° contraction semigroups, generators and
resolvents. Suppose that (P;),»¢ is a strongly continuous contraction semigroup on a Banach space E with
generator (L,Dom(L)). By Theorem 4.7, t — P, f is a continuous function. Therefore, a corresponding
resolvent can be defined as an E-valued Riemann integral:

Gof = / e P, fdt foranya >0and f € E. 4.5)
0

Exercise (Strongly continuous contraction resolvent). Prove that the linear operators G, @ € (0, c),
defined by (4.5) form a strongly continuous contraction resolvent, i.e., for any f € E,

(i) Gof —Gaf =(B-a)GoGgf foralla,B >0,
(i) NlaGefll < Ifll  forall @ > 0,
(iii) ||aGof — fll >0 asa — oo.

Theorem 4.9 (Connection between resolvent and generator). For every @ > 0, G, = (a/ — L)™', In
particular, the domain of the generator coincides with the range of G, and it is dense in E.

Proof. Let f € E and a € (0, 00). We first show G, f € Dom(L). Indeed, by strong continuity of (P;); >0,

P,Gof - Gq L[ o ¥ -as
PiGaf =Gaf _ 1 ( / e Py f ds - / e P f ds)
0 0

t t
at _ 1 o 1 t
= ¢ / e P fds— e~ / e Pyf ds
! 0 I Jo
- aGof - f

ast | 0. Hence G, f is contained in the domain of L, and
LGof = aGof - f,
or, equivalently,

(@l - L)Gof = f.
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In a similar way it can be shown that for f € Dom(L),
Golal - L)f = f.
The details are left as an exercise. Hence G, = (al — L)_], and, in particular,
Dom(L) = Dom(al — L) = Range(G,) forany a > 0.
By strong continuity of the resolvent,
aGof > f asa — oo forany f € E,

so the domain of L is dense in E. |

The theorem above establishes a 1-1 correspondence between generators and resolvents. We now want to
include the semigroup: We know how to obtain the generator from the semigroup, but to be able to go back,
we have to show that a C° contraction semigroup is uniquely determined by its generator. This is one of the
consequences of the following important theorem:

Theorem 4.10 (Duhamel’s perturbation formula). Suppose that (Py)r>0 and (P,)t >0 are CY contraction
semigroups on E with generators L and L, and assume that Dom(L) C Dom(L) Then

t
P.f-P.f = / P(L—-L)P;_sfds foranyr > 0and f € Dom(L). (4.6)
0

In particular, (P;);s¢ is the only C° contraction semigroup with a generator that extends (L, Dom(L)).

Proof. For 0 < s <tand f € Dom(L) we have
P;_sf € Dom(L) C Dom(L)

by Theorem 4.7. By combining the forward and backward equation in Theorem 4.7 we can then show that

d ~ _~— —~ _ ~
%Pspt—sf = PSLPt—sf - PSLPt—sf = PS(L - L)Pt—sfa

where the derivative is taken in the Banach space E. The identity (4.6) now follows by the fundamental
theorem of calculus for Banach-space valued functions, see for example [33].
In particular, if the generator of P, is an extension of L then (4.6) implies that P, f = P, fforanyr >0

and f € Dom(L). Since P, and P, are contractions, and the domain of L is dense in E by Theorem 4.9, this
implies that the semigroups (P;) and (P;) coincide. |

The last theorem shows that a C° contraction semigroup is uniquely determined if the generator and the
full domain of the generator are known. The semigroup can then be reconstructed from the generator by
solving the Kolmogorov equations. We summarize the correspondences in a diagram:
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4.1. Semigroups, generators and resolvents

(Py)e>0

Laplace

Lf = &P fli=o,

transform

(Ga)a>0 Go = (al — L)_l (LvDom(L))

Example (Bounded generators). Suppose that L is a bounded linear operator on E. In particular, this
is the case if L is the generator of a jump process with bounded jump intensities. For bounded linear
operators, the semigroup can be obtained directly as an operator exponential

o n
tL)" tL
Pz=e’L=Z( ) =1im(1+—),
n! n—oo n
where the series and the limit converge w.r.t. the operator norm. Alternatively,

P, = lim (1_&),1 = lim (EGE)".

n—oo n n—oo \ f t

The last expression makes sense for unbounded generators as well. It tells us how to recover the
semigroup from the resolvent.

Hille-Yosida-Theorem

We conclude this section with an important theoretical result showing which linear operators are generators
of C? contraction semigroups. The proof will be sketched, cf. e.g. Ethier & Kurtz [19] for a detailed proof.

Theorem 4.11 (Hille, Yosida, Lumer, Phillips). A linear operator (L, Dom(L)) on the Banach space E is
the generator of a strongly continuous contraction semigroup if and only if the following conditions hold:

(i) Dom(L) is dense in E,
(i) Range(al — L) = E for some @ > 0 (or, equivalently, for any a > 0),
(iii) L is dissipative, i.c.,

laf = Lf|| = a||f|] foranya > 0and f € Dom(L).

Proof. “=": If L generates a C° contraction semigroup then by Theorem 4.9, (oI — L)™' = G,, where
(Ga)a>o is the corresponding CY contraction resolvent. In particular, the domain of L is the range of G,
and the range of o/ — L is the domain of G,. This shows that properties (i) and (ii) hold. Furthermore, any

f € Dom(L) can be represented as f = G,g for some g € E. Hence by contractivity of G,

allfIl = llaGagll < ligll = llaf = LfIl.
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“&": We only sketch this part of the proof. The key idea is to “regularize” the possibly unbounded linear
operator L via the resolvent. By properties (ii) and (iii), the operator @l — L is invertible for any @ > 0, and
the inverse G, = (I — L)™! is one-to-one from E onto the domain of L. Furthermore, it can be shown that
(Ga)as0 is a CY contraction resolvent. Therefore, for any f € Dom(L),

Lf = lim aGoLf = lim L@ f
a—00 a—00
where L(®) is the bounded linear operator defined by
LY = aLG, = @*Gy —al  for a € (0,0).

Here we have used that L and G, commute and («/ — L)G, = I. The approximation by the bounded linear
operators L(® is called the Yosida approximation of L. One verifies now that for every & > 0, the operator
exponentials

o e 1 n
Pia) _ etL< ) _ Z - (IL((’)) , 1€[0,0),

n.
n=0

form a C° contraction semigroup with generator L®. Moreover, since for f € Dom(L), (L(“) f )a o 18

a Cauchy sequence, Duhamel’s formula (4.6) shows that also (Pt(") f ) . is a Cauchy sequence for every
€
t > 0. We can hence define ¢

P,f = lim Pf foranyt > 0and f € Dom(L). 4.7)

Since Pt(‘l) is a contraction for every ¢ and a, P; is a contraction, too. Since the domain of L is dense in E
by Assumption (i), each P, can be extended to a linear contraction on E, and (4.7) extends to f € E. Now it
can be verified that the limiting operators P; form a C° contraction semigroup with generator L. |

Exercise (Semigroups generated by self-adjoint operators on Hilbert spaces). Show that if E is a
Hilbert space (for example an L? space) with norm || f|| = (f, f)"/?, and L is a self-adjoint linear
operator, i.e.,

(L,Dom(L)) = (L*,Dom(L")),

then L is the generator of a C° contraction semigroup on E if and only if L is negative definite, i.e.,
(f,Lf) <0 forany f € Dom(L).
In this case, the C” semigroup generated by L is given by
P, =¢'L,

where the exponential is defined by spectral theory, see e.g. Reed & Simon [45, 46].

4.2. From the martingale problem to the generator

In the last section we have seen that there is a one-to-one correspondence between strongly continuous
contraction semigroups on Banach spaces and their generators. The connection to Markov processes can
be made via the martingale problem. Now suppose that we are given a right-continuous time-homogeneous
Markov process ((X;)ie[0,00), (Px)xes)) With state space (S, 8) and transition semigroup (p;);»0. We assume
that either E is a closed linear subspace of %3,(S) endowed with the supremum norm such that

(A1) p(E)CE foranyr>0, and
(A2) v e P(S)with [ fdu= [fdvVfeE = u=v,

or E = LP(S, u) for some p € [1,00) and a (p;)-sub-invariant measure u € M_(S).
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From martingale problems to strongly continuous semigroups

In many situations it is known that for every x € S, the process ((X;);>0, Px) solves the martingale problem
for some linear operator defined on “nice” functions on S. Hence let A C E be a dense linear subspace of
the Banach space E, and let

L ACE—>E

be a linear operator.

Theorem 4.12 (From the martingale problem to Cy semigroups). Suppose that for every x € S and
f € A, the random variables f(X;) and (£ f)(X;) are integrable w.r.t. P, for all # > 0, and the process

Mif = f(X)) —/ (L) Xs)ds
0

is an (FX) martingale w.rt. P,. Then the transition function (p;);>o induces a strongly continuous
contraction semigroup (P;);>o of linear operators on E, and the generator (L,Dom(L)) of (P;);>0 is an
extension of (£, A).

Remark (Processes with finite life-time). For Markov processes with finite life-time, the statement of The-
orem 4.12 is still valid if functions f : S — R are extended trivially to S U {A} by setting f(A) := 0. This
convention is always tacitly assumed below.

Proof. The martingale property for M/ w.r.t. P, implies that the transition function (p;) satisfies the forward
equation. Indeed, forany ¢ > 0, x € S and f € A,

(P f)(x) = f(x)

Ex[f(X) - f(Xo)] = Ex [/O (Lf)(Xs)ds}

/ E(L)(X)]ds = / (ps L)) ds. 48)
0 0

By the assumptions above and by Lemma 4.2, p; is contractive w.r.t. the norm on E for any ¢ > 0. Therefore,
by (4.8),

t
Ipef - flle < /0 IpsLAlleds < (I Lflls — 0 ast |0

for any f € A. Since A is a dense linear subspace of E, an &/3 argument shows that the contraction
semigroup (P;) induced by (p;) on E is strongly continuous. Furthermore, (4.8) implies that for any f € ‘A,

Ptft_f —Lf

1 t
< ;/ lpsLf—Lflleds — 0 ast|O. (4.9)
E 0

Here we have used that hﬂ)l psLf = Lf by the strong continuity. By (4.9), the functions in A are contained
S
in the domain of the generator L of (P;), and Lf = Lf for any f € A. |

Identification of the generator and its domain

We now assume that L is the generator of a strongly continuous contraction semigroup (P;);>o on E, and
that (L,Dom(L)) is an extension of (£, A). We have seen above that this is what can usually be deduced
from knowing that the Markov process solves the corresponding martingale problem for every initial value
x € S. The next important question is whether the generator L and (hence) the C° semigroup (P;) are already
uniquely determined by the fact that L extends (£, A). In general the answer is negative - even though A is
a dense subspace of E'!
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Exercise (Brownian motion with reflection and Brownian motion with killing). Suppose that § =
[0,00) or § = (0,00), and let E = L%(S,dx). We consider the linear operator £ = %dd—; with dense
domain A = C;°(0,00) C L?(S,dx). Let (B;)s»0, (Px)xer) be a canonical Brownian motion on R. Then
we can construct several Markov processes on S which induce C° contraction semigroups on E with

generators that extends (£, A). In particular:

e Brownian motion on R with reflection at 0 is defined on S = [0, o) by

X/ = |Bi| for any 7 > 0. (4.10)

¢ Brownian motion on R, with killing at 0 is defined on Sy = (0,00) U {A} by

B, fort<TE
k _ ' 0 B . o
Xy = { A fort>TP, where 7' = inf{r > 0: B; = 0}. 4.11)

Prove that both (X/,Py) and (th,Px) are right-continuous Markov processes that induce C° con-

traction semigroups on E = L?*(R,,dx). Moreover, show that both generators extend the operator

(% j—;, C;(0,00)). In which sense do the generators differ from each other?

The exercise shows that it is not always enough to know the generator on a dense subspace of the
corresponding Banach space E. Instead, what is really required for identifying the generator L, is to know
its values on a subspace that is dense in the domain of L w.r.t. the graph norm

WAl = Il lle + ILfle-

Definition 4.13 (Closability and closure of linear operators).

1) A linear operator (L, Dom(L)) on E is called closed iff Dom(L) is complete w.r.t. the graph norm

Il Iz
2) The linear operator (£, A) is called closable iff it has a closed extension.

3) In this case, the smallest closed extension (£, Dom(X£)) is called the closure of (£, A). It is given
explicitly by

Dom(L) = completion of A w.r.t. the graph norm || - || z,
Lf = lim Lf, forany sequence (f,)newn in A suchthat f, —» fin E  (4.12)
n—oo

and (L f,,)nen is a Cauchy sequence.

The operator (L, A) is closable if and only if L f;, — O for every sequence f,, € A such that f, — 0 and
L f,, is Cauchy. In this case, the closure is well-defined, i.e., the definition of L f does not depend on the
choice of the approximating sequence ( f;,). Moreover, it is easy to verify that the extension defined by (4.12)
is indeed the smallest closed extension of (£, A). Since the graph norm is stronger than the norm on E, the
domain of the closure is a linear subspace of E. The graph of the closure is exactly the closure of the graph
of the original operator in E X E.

Example (Generator of heat semigroup on L? (R, dx)). For p € [1,c0), the domain of the closure of
the operator Lf = f”/2 with domain A = C;°(R) on the Banach space L (R, dx) is the Sobolev space
H>P (R, dx).
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Generators (L, Dom(L)) of C° contraction semigroups are always closed. Indeed, by Theorem 4.9, o] — L
is the inverse of the resolvent G,. Since the resolvent is a bounded linear operator that is defined on the
whole Banach space, it is closed. Thus the graph of the resolvent is a closed subset of E X E, and hence the
same holds for the graph of al — L. This shows that (el — L,Dom(L)) and (L,Dom(L)) are closed linear
operators. There are operators that are not closable, but in the setup considered above we already know that
there is a closed extension of (L, A) given by the generator (L, Dom(L)).

Definition 4.14 (Operator core). Suppose that L is a linear operator on E with A C Dom(L). Then A is
called a core for L iff A is dense in Dom(L) w.r.t. the graph norm || - ||

The subspace A € Dom(L) is a core for L if and only if (L, Dom(L)) is the closure of (£, A). In this case,

for all f € E and t,a € (0,0), the functions P; f and G, f are contained in the completion ﬁL of A w.r.t.
the graph norm || - ||L. The next theorem contains a converse statement that provides practical conditions
to verify that a given subspace A of the domain is a core, and it shows that in this case, the semigroup is
uniquely determined by the values of the generator on this subspace.

Theorem 4.15 (Strong uniqueness). Suppose that A is a dense linear subspace of the domain of the
generator L with respect to the norm || - ||g. Then the following statements are equivalent:

(i) A is acore for L.

(ii) There exists a dense linear subspace Ay of E such that for every ¢ € (0,c0) and every f € Ay, P; f
is contained in the completion ﬁL of A w.r.t. the graph norm || - ||z..

(iii) There exist @ > 0 and a dense linear subspace Ay of E such that for every f € Ay, G, f is contained
in ﬁL.
(iv) There exists @ > 0 such that (el — L) (ﬁL) =E.
If the equivalent assertions (i)-(iv) are satisfied, then

(v) (P;)¢>0 is the only strongly continuous contraction semigroup on E with a generator that extends

(L, A).

Proof. (i) = (ii) holds since by Theorem 4.7, for any ¢t > 0 and f € Dom(L), P; f is contained in the domain
of L.

(i) = (iii): Let f € Ay and choose an arbitrary a € (0,00). Approximating the Bochner integrals by
Riemann sums shows that

Gof = / e P, fdt = lim g, and
0 n—oo
LG.f = / e P,Lfdt = lim Lg,, where
0 n—oo
nz l
gn = Z;e’“k/”Pk/nf.

k=0

Hence g, converges to G, f w.r.t. the graph norm of L. If (ii) holds then g, is contained in ﬁL for every
n € N, and hence G, f is in ﬁL as well.
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(iii) = (iv): If (iii) holds then for all f € Ay, we have
f = (al ~L)Gaf € (al = L)A").

Since (L, ﬁL) is a closed linear operator, we can conclude that (a/ — L)(ﬁL) is a closed linear subspace of

E that contains Ay, and thus (af — L)(ﬁL) =E.

(iv) = (i) and (v): Since (L,Dom(L)) is the generator of a C° contraction semigroup (P;), it a dissipative
linear operator that extends (L, ﬁL). Hence this operator is dissipative as well, and the Hille-Yosida theorem
4.9 implies that it also generates a C° contraction semigroup if (iv) is satisfied. By Theorem 4.10, both
semigroups and their generators coincide, because the generator (L, Dom(L)) is an extension of the other

generator (L, ﬁL). Thus §L~: Dom(L). More generally, suppose that (P);>0 is an arbitrary C” contraction
semigroup with a generator L extending (£, A). Then L is also an extension of L, because it is a closed
linear operator by Theorem 4.9. Hence, by the same argument as above, we see that (P;) and (P;) agree. Hl

Generators and boundary conditions

We now consider some examples of generators and their domains. At first, we apply Theorem 4.15 to identify
exactly the domain of the generator of Brownian motion on R". The transition semigroup of Brownian motion
is the heat semigroup given by

GuH) = (o) = [ F0etx=ydy foranyrz0,

where ¢, (x) = (271) /% exp (—|x|?/(21)).

Corollary 4.16 (Generator of Brownian motion). The transition function (p;);>o of Brownian motion
induces strongly continuous contraction semigroups on C(R") and on L” (R", dx) for every p € [1, ). The
generators of these semigroups are given by

1 —A
L= EA’ Dom(L) = C°(R") ,

——A
where C°(R") * stands for the completion of C°(R") w.r.t. the graph norm of the Laplacian on the underlying
Banach space C(R"), L?(R", dx) respectively. In particular, the domain of L contains all C? functions with
derivatives up to second order in C(R"), LP(R", dx), respectively.

Proof. By It6’s formula or by direct computation, Brownian motion (B;, Py ) solves the martingale problem
for the operator %A with domain C;°(R"). Moreover, p:(C(S)) € C(S) holds for any ¢ > 0, and Lebesgue
measure is invariant for the transition kernels p,, since by Fubini’s theorem,

[omras=[ [ atx=nrordvac= [ sy torany s e 7@,
Hence by Theorem 4.12, (p;); s induces C° contraction semigroups on C(S) and on L” (R", dx) for p € [1, o0),

and the generators are extensions of (%A ¢y (R")).

—A
Moreover, a standard approximation argument shows that the completions C3°(R")  w.r.t. the graph norms
contain all functions in C2(R") with derivatives up to second order in C(R"), LP(R",dx), respectively.

——A
Therefore, p; f = f * ¢, is contained in C°(R") for any f € C;°(R") and 7 > 0. Hence, by Theorem 4.15,
the generators on C(S) and LP(R", dx) coincide with the closures of (%A, Cy (R”)). |
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Example (Generator of Brownian motion on R). Inthe one-dimensional case, the generators on LP (R, dx)
and on C(R) are given explicitly by

1
Lf= Ef”, Dom(L) = {f € LP(R,dx) N C!'(R) : f" absolutely continuous, f” € LP(R, dx)}, (4.13)

Lf= %f”, Dom(L) = {f € C®) N C*(R): " € C(R)}, respectively. (4.14)

Example (Domain of generator in multi-dimensional case, Sobolev spaces). In dimensions n > 2,

the domains of the generators contain functions that are not twice differentiable in the classical sense. The
domain of the L” generator is the Sobolev space H>P(R", dx) consisting of weakly twice differentiable
functions with derivatives up to second order in L?(R",dx), see e.g. [20].

Next, we consider Brownian~m0tion on R, with different boundary conditions at 0. For a function
f :[0,00) — R, we denote by f(x) := f(|x|) and f(x) := f(|x|) sgn(x) its symmetric and antisymmetric
extension to R. Note that the transition semigroup (p}) of Brownian motion with reflection at 0 is given by

N = ELUBD] = Ec|FB)| = (0 ) (4.15)

for any x € [0,00) and f € F5([0,0)). Here, (p;) denotes the transition semigroup of Brownian motion
on R. Similarly, the strong Markov property shows that the transition semigroup of Brownian motion with
killing at O is given by

(PE)(x) = Ex[f(Be)it <Tol = Ex [f(Bi);t <Tp] = Ex[f(B)] = (pef)). (4.16)

In particular, the functions in the range of p} are restrictions of smooth symmetric functions on R to [0, c0),
and thus their first derivative at 0 vanishes. Correspondingly, the functions in the range of p'; are restrictions
of smooth antisymmetric functions on R, and thus at 0, both the functions and their second derivatives
vanish. Since p} f and p't‘ f take values in the domains of the corresponding generators, we can expect that
these domains also consist of functions with corresponding properties.

Corollary 4.17 (L? generators of Brownian motions with reflection and killing at 0). For every p €
[1,00), the following domains are cores for the generators L” and L of Brownian motion with reflec-
tion and killing at O on the Banach space L” (R, dx):

A" = {f e C5(0,00) : f'(0) =0},
Ak = {f e (0,00 : £(0)=0}.

The generators are determined by L f = f”/2 for all f € A", and LK f = f”/2 for all f € AX.

Proof. We first show A" € Dom(L"). Let f € A”". Since f’(0) = 0, the symmetric extension fis
contained in Cé (R). Moreover, the derivative f’ is continuously differentiable except possibly at 0, where
it is continuous. Therefore, fis contained in the Sobolev space H 2.p (R, dx), which is the domain of the
generator L of Brownian motion on L” (R, dx). Now, (4.15) implies that f is contained in the domain of L”,
and |
r _ _ 7"
L'f = (Lf)]R+ =5/
To verify that A" is a core for L”, we observe that by (4.15), for every f € LP(R,dx), p! f is C? on [0, )
with (p} £)’(0) = 0, and its derivatives up to order 2 are in LP (R, dx). Therefore, it can be approximated by
functions in A" w.r.t. the graph norm of L". Therefore, by Theorem 4.15, A" is indeed a core for L". The
corresponding statement for L* follows similarly from (4.16). |
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4. Generators, semigroups and continuous-time Markov processes

One might expect a similar description for the generators of Brownian motion on spaces of continuous
functions. This turns out to be true for the generator of reflected Brownian motion, but in the case of
Brownian motion with killing a subtle difference occurs.

Remark (Feller generators of Brownian motions with reflection and killing at 0). By similar arguments
as above, Brownian motion with reflection at 0 induces a C° contraction semigroup on the Banach space
E = C(]0, o)) with generator given by

L"f = )2, Dom(L") = {f € C}([0,00))NE : f'(0)=0,f" € E}.

On the contrary, Brownian motion with killing at 0 does not induce a C° contraction semigroup on E,
because it can not be started at 0 without loosing right continuity. Instead, it does induce a C° contraction
semigroup on the Banach space Ey = C((0, o)) consisting of continuous functions vanishing both at 0 and
at co. The generator on this Banach space is given by

L'f = /2. Dom(L") = {f € C*(0.0)) N Ey: " € Eo} .

Note that the functions in the domain of L* satisfy the additional boundary condition f”(0) = 0, whereas
the boundary condition f(0) = 0 is automatically satisfied for all functions in the Banach space Ej.

Exercise (Brownian motion with absorption at 0). Brownian motion with absorption at 0 is the Markov
process with state space S = [0, c0) defined by X; = Bsa7; Where (B;, Py ) is a Brownian motion on R. On
which Banach spaces does this process induce C° contraction semigroups? Identify the corresponding
generators!

4.3. From infinitesimal information to finite time properties

The infinitesimal behaviour of a time homogeneous Markov process is encoded in its generator. Often, we
want to deduce properties of the Markov process from this infinitesimal information. In general, this requires
knowing the generator on a core. In this section we prove an infinitesimal characterization of invariant
probability measures, and we show that the solution of a martingale problem is uniquely determined by the
values of the generator on an operator core. Infinitesimal characterizations of long-time stability properties
of Markov processes will be studied later in Chapter 9 below.

Throughout this section, we assume that E is a closed linear subspace of 7, (S) satisfying (A2). Let L be
the generator of a strongly continuous contraction semigroup (P;),;>o on E, and let A be a linear subspace
of the domain of L.

Characterization of invariant probability measures

A probability measure u on (S, 8B) is called invariant for the semigroup (P;) if and only if

/P,fd,u = /fdp forall r € [0,00) and f € E. 4.17)

Note that by (A2), this definition is consistent with our usual definition of invariant probability measures
for Markov processes. Indeed, if (P;) is induced by the transition semigroup (p;) of a time homogeneous
Markov process then (4.17) holds if and only if u = up, for every ¢ > 0.

Theorem 4.18 (Infinitesimal characterization of invariant probility measures). A probability mea-
sure u is invariant for (P;) if and only if there exists a core A of the generator L such that

/Lfd,u =0 for all f € A. (4.18)
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4.3. From infinitesimal information to finite time properties

Proof. If y is invariant for (P;) then for every f € E and ¢t > 0,

/—Ptf_fdu = 0.
t

For f € Dom(L), the difference quotient converges uniformly to Lf as ¢ | 0, and hence (4.18) holds.
Conversely, if A is a core for L then for every f € Dom(L), there exists a sequence f;, € A such that

Lf, — Lf uniformly. Thus if (4.18) holds then [ Lf du = 0 for all f € Dom(L). The backward equation

thus implies

d

o | Pfdu = /Lszdu =0,

and thus [ P,fdu = [ fdu for all f € Dom(L). This implies invariance of u since the domain of the
generator is dense in E w.r.t. the supremum norm. |

Example (Brownian motion with absorption at the boundary). A Brownian motion on the interval
[0, 1] that is absorbed when reaching the boundary is defined by X, = B;x7 where (B;, P, ) is a Brownian
motion on R starting at x € [0, 1], and

T = inf{t >0: B, € {0,1}}.
The process (X;, Py ) is a Markov process with continuous paths that solves the martingale problem for the

operator £ = % dd—; with domain A = C°((0,1)). The uniform distribution x on [0, 1] is infinitesimally

invariant in the sense that

1
/.Efd,u = %/ f"(x)dx =0 for any f € C°((0,1)).
0

Nevertheless, p is not invariant for the corresponding transition function (p;) as P,-almost surely,
X, € {0, 1} eventually.

The example shows that the assumption that A is a core for the generator can not be relaxed easily. Similar
phenomena can arise by boundaries at infinity, singularities, and in other ways.

Exercise (Infinitesimal characterization of invariant measures - Another counterexample). Consider
the minimal time-homogeneous Markov jump process (X;, Py) with state space Z and generator £ =
A(m —I), where

Alx) = 1+ x2 and m(x,") = Ox+1 for all x € Z.

a) Show that the probability measure u with weights u(x) oc 1/(1 + x?) is infinitesimally invariant
in the sense that

(uL)y) = 0  forallyeZ

b) Show that nevertheless, u is not an invariant measure for the transition semigroup (p,) of the
process.

Uniqueness of martingale problems
The next theorem shows that a solution to the martingale problem for (L, A) with given initial distribution

is unique if A is a core for L.

Theorem 4.19 (Markov property and uniqueness for solutions of martingale problem). Suppose that
A is a core for L. Then any solution ((X;); >0, P) of the martingale problem for (L, A) is a Markov process
with transition function determined uniquely by

p:f=Pf foranyt>0and f € E. (4.19)

In particular, all right-continuous solutions of the martingale problem for (L, A) with given initial distri-
bution u € P(S) coincide in law.
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4. Generators, semigroups and continuous-time Markov processes

Proof. We only sketch the main steps in the proof. For a detailed proof see Ethier and Kurtz [19, Chapter
4, Theorem 4.1].

Step 1:

Step 2:

Step 3:

Step 4:

Step 5:

108

If the process (X;, P) solves the martingale problem for (L, A) then an approximation based on the
assumption that A is dense in Dom(L) w.r.t. the graph norm shows that (X;, P) also solves the
martingale problem for (L,Dom(L)). Therefore, we may assume w.l.0.g. that A = Dom(L).

Extended martingale problem. The fact that (X}, P) solves the martingale problem for (L, A) implies

that the process
t

MU ot (x4 /0 e (af - LE)(X,)ds

is a martingale for any @ > 0 and f € A. The proof can be carried out directly by Fubini’s Theorem
or via the product rule from Stieltjes calculus. The latter shows that

t

t
) - fX0) = [ e Ls-ands+ [ ewaul)
0 0
where fot e‘“deSm is an Itd integral w.r.t. the martingale Mtf = f(X;) — fOt(Lf)(XS)ds, and hence a
martingale, cf. [17].

Markov property in resolvent form. Applying the martingale property to the martingales ML/-@]
shows that forany s > 0O and g € E,

E [ | et

Indeed, let f = Gog. Then f is contained in the domain of L, and g = af — Lf. Therefore, for
s,t >0,

FX| = (Gag)(Xs) P-as. (4.20)

0=E [M[f’“] - M}f"’]‘ﬁx]

S+t

= e "HE [f(Xen)|FE] = e f(Xo) + E

t
| et ar
0

7|
holds almost surely. The identity (4.20) follows as ¢ — co.
Markov property in semigroup form. One can now conclude that

E[§(Xyr)|F] = (Pig)(Xs)  P-as. 4.21)
holds for any s, > 0 and g € E. The proof is based on the approximation

n
P,g = lim (EGE) g
n—oo \f t

of the semigroup by the resolvent, see the exercise below.

Conclusion. By Step 4 and Assumption (A2), the process ((X;), P) is a Markov process with transition
semigroup (p;);>o satisfying (4.19). In particular, the transition semigroup and (hence) the law of the
process with given initial distribution are uniquely determined. |
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4.3. From infinitesimal information to finite time properties

Exercise (Approximation of semigroups by resolvents). Suppose that (P;);>¢ is a Feller semigroup
with resolvent (G4 )q>0. Prove that forany ¢t > 0,n € Nand x € S,

(03] b= [ )

where (Ey)ren is a sequence of independent exponentially distributed random variables with parameter
1. Hence conclude that

(;G;ﬂ,) g — P;g  uniformly as n — co. (4.22)

How could you derive (4.22) more directly when the state space is finite?

Remark (Other uniqueness results for martingale problems). Itis often noteasy to verify the assumption
that A is a core for L in Theorem 4.19. Further uniqueness results for martingale problems with assumptions
that may be easier to verify in applications can be found in Stroock/Varadhan [51] and Ethier/Kurtz [19].

Strong Markov property

In Theorem 4.19 we have used the Markov property to establish uniqueness. The next theorem shows con-
versely that under modest additional conditions, the strong Markov property for solutions is a consequence
of uniqueness of martingale problems.

Let D(R,,S) denote the space of all cadlag (right continuous with left limits) functions w : [0,c0) — S. If S
is a polish space then D(R,, S) is again a polish space w.r.t. the Skorokhod topology, see e.g. Billingsley [3].
Furthermore, the Borel o-algebra on D(R, S) is generated by the evaluation maps X;(w) = w(t), t € [0, o0).

Theorem 4.20 (Uniqueness of martingale problem = Strong Markov property). Suppose that the fol-
lowing conditions are satisfied:

(i) A is a linear subspace of Cp(S), and L : A — Fp(S) is a linear operator such that A is separable
w.rt. || -l

(ii) Forevery x € S there is a unique probability measure P, on D(R, S) such that the canonical process
((X;)r>0, Px) solves the martingale problem for (£, A) with initial value Xy = x Py-a.s.

(iii) The map x — Py[A] is measurable for any Borel set A C D(R,, S).
Then ((X;)r>0, (Px)xes) is a strong Markov process, i.c.,
Ey [F(Xr+ )|F]| = Ex,[F] Px-as.

for any x € S, F € Fp(D(R+,S)), and any finite (F,X) stopping time T

Remark (Non-uniqueness). If uniqueness does not hold then one can not expect that any solution of a
martingale problem is a Markov process, because different solutions can be combined in a non-Markovian
way (e.g. by switching from one to the other when a certain state is reached).

Proof (Sketch of proof of Theorem 4.20). Fix x € §. Since D(R;,S) is again a polish space there is
a regular version (w,A) — Q. (A) of the conditional distribution Py[-|#r]. Suppose we can prove the
following statement:

Claim: For P,-almost every w, the process (X7 .,Q,,) solves the martingale problem for (£, A) w.r.t. the
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4. Generators, semigroups and continuous-time Markov processes

filtration (77, )r 0.
Then we are done, because of the martingale problem with initial condition X7 (w) now implies

(X1+,00) ~ (X, Px;(w)) for Py-ae. w,
which is the strong Markov property.

The reason why we can expect the claim to be true is that for any given 0 < s <t,f € Aand A € ?})frs,

T+t

FXrar) = f(Xrys) — / (L)X, )dr A

T+s

Eg,

- o ]

= Ec| £, [ MY, - mY]

T+t T+s

Fisa| 14| 7] @) = 0

holds for Py-a.e. w by the optional sampling theorem and the tower property of conditional expectations.
However, this is not yet a proof since the exceptional set depends on s,¢, f and A. To turn the sketch into a
proof one has to use the separability assumptions to show that the exceptional set can be chosen independently
of these objects, cf. Stroock and Varadhan [51], Rogers and Williams [48, 49], or Ethier and Kurtz [19]. B

4.4. Feller processes and their generators

In this section we restrict ourselves to Feller processes. These are cadlag Markov processes with a locally
compact separable state space S whose transition semigroup preserves C(S). We will establish a one-to-one
correspondence between sub-Markovian C° semigroups on C(S), their generators, and Feller processes.
Moreover, we will show that the generator L of a Feller process with continuous paths on R acts as a second
order differential operator on functions in C;°(R") if this is a subspace of the domain of L.

Feller semigroups

We start with a definition:

Definition 4.21 (Feller semigroup). A Feller semigroup is a sub-Markovian C° semigroup (P;);so of
linear operators on C(S), i.e., a Feller semigroup has the following properties that hold for any f € C(S):

(i) Strong continuity: [|P;f — fllsup — 0 ast | 0,
(ii) Sub-Markov: f >0= P, f >0, f <1 =P, f <1,

(iii) Semigroup: Pof = f, P;Psf = P;isf forany s,z > 0.

Remark. Property (ii) implies that P; is a contraction w.r.t. the supremum norm for any ¢ > 0.

Let us now assume again that (p,);>¢ is the transition function of a right-continuous time homogeneous
Markov process ((X;):>0,(Px)xes) defined for any initial value x € S. We have shown above that (p;)
induces contraction semigroups on different Banach spaces consisting of functions (or equivalence classes
of functions) from S to R. The following example shows, however, that these semigroups are not necessarily
strongly continuous:
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4.4. Feller processes and their generators

Example (Strong continuity of the heat semigroup). Let S = R'. The heat semigroup (p,) is the
transition semigroup of Brownian motion on S. It is given explicitly by

P /) = ( * @)(x) = /R FOerx - ) dy,

where ¢,(z) = (2xt)""/2exp (-z2/(2t)) is the density of the normal distribution N(0,7). The heat
semigroup induces contraction semigroups on the Banach spaces %5 (R), C(R), C(R) and LP (R, dx) for
p € [1,00]. However, the semigroups on 5, (R),Cp(R) and L*(R,dx) are not strongly continuous.
Indeed, since p, f is a continuous function for any f € F,(R),

1
lP:10,1) — Lo, 1)l = 3 for any 7 > 0.
This shows that strong continuity fails on %, (R) and on L*(R,dx). To see that (p,) is not strongly
continuous on Cp(R) either, we may consider the function f(x) = Y, exp (-2"(x — n)z).
n=1
It can be verified that lim sup f(x) = 1 whereas for any ¢ > 0, lim (p; f)(x) = 0. Hence ||p; f = fllsup = 1

for any ¢ > 0. Theorem 4.22 below shows that the semigroup induced by (p;) on the Banach space C(R)
is strongly continuous.

The example explains why we consider the transition semigroup of a Feller process on the Banach space
C(S) and not, for instance, on the space of all bounded continuous functions. The next theorem shows that
the transition semigroup of a Feller process on S is always a Feller semigroup:

Theorem 4.22 (Strong continuity of transition functions of Feller processes). Suppose that (p;);>o is
the transition function of a right-continuous time-homogeneous Markov process ((X;);>0,(Px)xes) such
that p, (C(S)) € C(S) for any ¢ > 0. Then (p;), o induces a Feller semigroup (P;); >0 on C(S). If L denotes
the generator then the process ((X;), Py) solves the martingale problem for (L, Dom(L)) for any x € S.

Proof. We prove strong continuity. Filling in the other missing details is left as an exercise. To prove strong
continuity, we proceed in several steps:

1) For f € C(S), the function # — f(X;) is almost surely right continuous and bounded. Therefore, by
dominated convergence, for any x € S,

(P f)(x) = Ex[f(X)] = Ex[f(Xo)] = f(x) ast | 0. (4.23)

2) Now suppose that f = goh = fooo e~ pgh ds for some & > 0 and a function % in C(S). Then for ¢ > 0,

o o t
pif = / e “poiihds = e‘”/ e “p,hdu = e‘”f—e“’/ e “p,hdu,
0 t 0

and hence .
”ptf - f”sup < (eat - l)llf”sup + e(n/o ”Puh”sup du.

Since ||puhllsup < ||A]lsup» the right-hand side converges to 0 as ¢ | 0. Hence strong continuity holds
for functions f in the range of g,.

3) To complete the proof we show by contradiction that g, ((:’ (S )) is dense in C(S) for any fixed @ > 0.

The claim then follows once more by an £/3-argument. Hence suppose that the closure of g, (C‘(S))

does not agree with C(S). Then there exists a non-trivial finite signed measure y on (S, B) such that

u(geh) =0 forany h € C(S),
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4. Generators, semigroups and continuous-time Markov processes

cf. e.g. [XXX]. By the resolvent equation, g, (C‘(S)) =gg (C‘(S)) for any 8 € (0, 0). Hence we even

have
u(gsh) =0 forany g > 0and h € C(S).

Moreover, (4.23) implies that Sggh — h pointwise as § — oo. Therefore, by dominated convergence,

u(h) = ,u(ﬁlim ﬂgﬁh) = ma B (ggh) = 0 forany h € C(S).

This contradicts the fact that u is a non-trivial measure. |

Existence of Feller processes

In the framework of Feller semigroups, the one-to-one correspondence between generators and semigroups
can be extended to a correspondence between generators, semigroups and canonical Markov processes. Let
Q=DR,SU{A}), X;(w) =w(t), and A =0o(X; : t = 0).

Theorem 4.23 (Existence and uniqueness of canonical Feller processes). Suppose that (P;);>o is a
Feller semigroup on C(S) with generator L. Then there exist unique probability measures P, (x € S)
on (Q, ) such that the canonical process ((X;);>0, Px) is a Markov process satisfying P,[Xp = x] = 1 and

E [ f(X)|FX] = (Pr_s f)(X;) Py-almost surely (4.24)

forany x € §,0 < s < rand f € C(S), where we set f(A) := 0. Moreover, ((X;);>0, Px) is a solution of the
martingale problem for (L, Dom(L)) for any x € S.

Below, we outline two different proofs for the theorem. Additionally, it can also be shown that
((X1)>0, (Px)xes) is a strong Markov process:

Exercise (Strong Markov property for Feller processes). Let ((X;);>0, (Px)xes) be a canonical right-
continuous time-homogeneous Markov process on S, and suppose that the transition semigroup satisfies
Dr (C‘ () ¢ C(S) for any r > 0. Show that the strong Markov property holds. Hint: Try to mimic the
proof of the strong Markov property for Brownian motion.

Proof (Sketch of proof of Theorem 4.23.). We only mention the main steps in the proof, details can be
found for instance in Rogers and Williams [49].

1) One can show that the sub-Markov property implies that for any ¢ > 0 there exists a sub-probability
kernel p;(x,dy) on (S, B) such that

(P f)(x) = / pi(x.dy)f(y)  forany f € C(S)and x € S.

By the semigroup property of (P;);>0, the kernels (p,);>o form a transition function on (S, B).

2) Now the Kolmogorov extension theorem shows that for any x € S there is a unique probability
measure PO on the product space S[Ao’w) with marginals

-1
PX © (Xt17Xt29' . "Xl‘n) = ptl(x9dy1)pt2—t1(ylady2) .. -Ptn—tn_l()’n—ladyn)

foranyn e Nand 0 < #; <, < --- < t,. Note that consistency of the given marginal laws follows
from the semigroup property.
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3) Path regularisation: To obtain a modification of the process with cadlag sample paths, martingale
theory can be applied. Suppose that f = Gg for some non-negative function g € C(S). Then

f-Lf =g =0,

and hence the process e’ f(X;) is a supermartingale w.r.t. P{ for any x. The supermartingale conver-
gence theorems now imply that P0-almost surely, the limits

lime™ f(Xy)
slt

seQ
exist and define a cadlag function in #. Applying this simultaneously for all functions g in a countable
dense subset of the non-negative functions in C(S), one can prove that the process
5(; = llm XS (t € R+)
sea

exists PY-almost surely and defines a cadlag modification of ((X;), PY) for any x € S. We can then
choose P, as the law of (X;) under P?.

4) Uniqueness: Finally, the measures Py (x € S) are uniquely determined since the finite-dimensional
marginals are determined by (4.24) and the initial condition. |

We remark that alternatively, it is possible to construct a Feller process as a limit of jump processes, cf.
Ethier and Kurtz [19, Chapter 4, Theorem 5.4]. Indeed, the Yosida approximation

Lf = lim aGoLf = lim L'f, L9f := a(aGaf - f),
a—00

a—00

P.f = lim 'L,

a—00

is an approximation of the generator by bounded linear operators L® that can be represented in the form
L9f = a [(10) - f() agalrdy)

with sub-Markov kernels ag,. For any @ € (0,00),L(® is the generator of a canonical jump process
((X1)r>0, (P)(Ca))xes) with bounded jump intensities. By using that for any f € Dom(L),

Lf — Lf uniformly as @ — oo,

one can prove by similar techniques as in Section 6.2 that the family {P)(:’) : @ € N} of probability measures
on D(R,,S U {A}) is tight, i.e., there exists a weakly convergent subsequence. Denoting the limit by Py,
the canonical process ((X;), Py) is a Markov process that solves the martingale problem for the generator
(L,Dom(L)).

Generators of Feller semigroups

It is possible to classify all generators of Feller processes in R that contain (O (R4) in the domain of
their generator. The key observation is that the sub-Markov property of the semigroup implies a maximum
principle for the generator. Indeed, the following variant of the Hille-Yosida theorem holds:
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4. Generators, semigroups and continuous-time Markov processes

Theorem 4.24 (Characterization of Feller generators). A linear operator (L, Dom(L)) on C(S) is the
generator of a Feller semigroup (P;); ¢ if and only if the following conditions hold:

(i) Dom(L) is a dense subspace of C(S).
(ii) Range(al — L) = C(S) for some @ > 0.

(iii) L satisfies the positive maximum principle: If f is a function in the domain of L and f(xp) = max f
for some x € S then (L f)(xg) < 0.

Proof. “="If L is the generator of a Feller semigroup then (i) and (ii) hold by the Hille-Yosida Theorem

4.22. Furthermore, suppose that f < f(xg) for some f € Dom(L) and xo € S. Then 0 < ff(T;) < 1, and

hence by the sub-Markov property, 0 < Ptj% < lforanyt > 0. Thus P,f < P, f* < f(xp), and

(P f)(x0) = f(x0) <o

t

(Lf)(x0) = 131%1

“&" Conversely, if (iii) holds then L is dissipative. Indeed, for any function f € C(S) there exists xo € S
such that || f|lsup = | f(x0)|. Assuming w.l.o.g. f(xo) > 0, we conclude by (iii) that

|| fllswp < @ f(x0) = (Lf)(x0) < |l f = Lfllswp ~ forany a > 0.

The Hille-Yosida Theorem 4.22 now shows that L generates a C° contraction semigroup (P;);o on C(S)
provided (i),(ii) and (iii) are satisfied. It only remains to verify the sub-Markov property. This is done in two
steps:

a) aGg is sub-Markov forany @ > 0: 0 < f <1 = 0 < @G, f < 1. This follows from the maximum
principle by contradiction. Suppose for instance that g := aG,f < 1, and let xo € S such that
g(xp) = max g > 1. Then by (iii), (Lg)(xp) < 0, and hence f(xp) = é(a/g(xo) —(Lg)(xp)) > 1.

b) P; is sub-Markov forany t > 0 : 0 < f <1 = 0 < P;f < 1. This follows from a) by Yosida
approximation: Let L@ := LaG, = a?G4 —al. If 0 < f < 1 then the sub-Markov property for aG,,

implies
o > (af)"
'L )f =e Z Q (@G)" f €[0,1] foranyt > 0.
i on!
Hence also P; f = lim e’L(a)f € [0,1] for any ¢t > 0. ]
Q—>00

Example (Sticky Brownian motions). Let S = [0,c0) and fix 1 € [0,1]. We verify that the linear
operator Lf = f’’/2 with domain

Dom(L) = {f € C(S) : f',f" € C(S), (1 -=)f'(0) = Af"(0)}

generates a Feller semigroup. Condition (i) in Theorem 4.24 is satisfied. To check (ii), we have to show
that for @ > 0, the boundary value problem

af % f1= g (1=Df©O) =Af70),  lim f(x) =0, (4.25)

has a solution f € Dom(L) for any g € C(S). The general solution of the corresponding homogeneous
o.d.e. (i.e., forg = 0)is f(x) = clem" + c2eV722% For A € [0, 1], only the trivial solution satisfies the
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4.4. Feller processes and their generators

boundary conditions. Therefore, the inhomogeneous boundary value problem has a unique solution that
can be computed explicitly by variation of constants. The positive maximum principle (iii) is satisfied
as well. Indeed, suppose that f is a function in Dom(L) that has a maximum at xy € [0,00). If xy > 0
then (Lf)(xp) = f”(x0)/2 < 0. Furthermore, if xo = 0 then f’(0) < 0. For A € (0, 1], this implies
(Lf)(x0) = f"(0)/2 < 0 by the boundary condition in (4.25). Moreover, for 4 = 0 we have f’(0) = 0 by
(4.25), and hence again (L f)(xg) = f"'(0)/2 < 0, because xp = 0 is a maximum.

Notice that the condition 4 € [0, 1] is essential to ensure that L satisfies the positive maximum
principle and hence generates a Feller semigroup (P;). For each such A, Theorems 4.24 and 4.23 show
that there is a Feller process with generator L.

For A = 0 and A = 1 these processes can be identified as a Brownian motion with reflection at 0 and a
Brownian motion trapped at 0, respectively. Indeed, let

Xt0 = |By| and X,1 = Bty

where (B, (Px)xcr) is a Brownian motion on R. Then both (X°, (Px)xef0,00)) and (Xl,(Px)xe[o,oo)) are
Feller processes, and, by a similar argument as in Section 4.2, their generators extend the operator
(L,Dom(L)) with boundary condition f’(0) = 0, f"/(0) = 0, respectively.

The corresponding Feller process for A € (0, 1) is called a Brownian motion with a sticky boundary at
0. To obtain some information on the surprising properties of this process, we consider a sequence (g;)
of functions in C(S) such that g,, > 0 for all n and g,, \, 1{0) as n — oo. An explicit computation of the
resolvents G, g, (by solving the boundary value problem (4.25)) shows that the canonical Feller process
((Xy), (Py)) generated by L satisfies

o0 V2a 1
Ey / ae”l(x,z0ydt| = @ lim (Gog,)(0) = ————
0 =0y o V2ad+1-2

for any @ > 0. Hence the process starting at 0 spends in total a positive amount of time at 0, i.e.,
Leb({t>0:X,=0}) > 0 Pp-almost surely.

Nevertheless, by the strong Markov property, almost surely, the process leaves the state 0 immediately,
and there is no non-empty time interval (a,b) C R, such that X, = O for all ¢ € (a,b). In other words:
with probability one, { > 0 : X, = 0} is a set with positive Lebesgue measure that does contain any
non-empty open interval !

XXX Include picture

Exercise (Sticky boundaries). Fill in the missing details in the arguments in the example above. You
may consult Liggett [34, Example 3.59 and Exercise 3.61] for further hints.

For diffusion processes on R¢, the maximum principle combined with a Taylor expansion shows that the
generator L is a second order differential operator provided C° (R9) is contained in the domain of L. Recall
that a Markov process ((X;), (Py)) is called conservative iff for any x € S, the life-time is P, almost surely
infinite.

Theorem 4.25 (Dynkin). Suppose that (P;);0 is a Feller semigroup on R¢ such that C5 (R9) is a subspace
of the domain of the generator L. If (P;);>¢ is the transition semigroup of a conservative Markov process
((X7)r>0, (Px)yera) With continuous paths then there exist functions a;;, b; € CRY (i,j = 1,...,d) such
that for any x, a;;(x) is non-negative definite, and

d

(LX) = ) aij(x)

i.j=1

af
6)Ci

(x) VfeCQRY. (4.26)

02 f d
prre (x) + Z} bi(x)
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Proof.

2)

3)
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1) L is alocal operator: We show that
f,g € Dom(L), f = g in a neighbourhood of x = (L f)(x) = (Lg)(x).

For the proof we apply optional stopping to the martingale M,f = f(Xy) - fot (Lf)(Xs)ds. For an
arbitrary bounded stopping time T and x € R4, we obtain Dynkin’s formula

T
Exlf(Xr)] = f(x) + Ex /0 (LF)(Xy)ds | .

By applying the formula to the stopping times
T =min{t >0: X, ¢ B(x,e)} Al, &>0,

we can conclude that

Ex [ Jo " (LP(Xs)ds _ i B - £
E[T] - £l0 Ex|[T]

(L) (x) = Eﬁ} 4.27)

Here we have used that L f is bounded and liﬂ)l(L )(Xs) = (Lf)(x) Py-almost surely by right-continuity.
S

The expression on the right-hand side of (4.27) is known as “Dynkin’s characteristic operator”.
Assuming continuity of the paths, we obtain X7, € B(x,&). Hence if f,g € Dom(L) coincide in a
neighbourhood of x then f(X7,) = g(Xr, ) for € > 0 sufficiently small, and thus (L f)(x) = (Lg)(x) by
4.27).

Local maximum principle: Locality of L implies the following extension of the positive maximum
principle: If f is a function in C° (R9) that has a local maximum at x and f(x) > 0, then (L f)(x) < 0.

Indeed, if f(x) > O then we can find a function f €Cy (R4) that has a global maximum at x such that
f: f in a neighbourhood of x. Since L is a local operator by Step 1, we can conclude that

(Lf)(x) = (Lf)(x) < 0.

If f(x) = 0 then we can apply the same argument to f + £g where ¢ is a positive constant, and g is a
function in C3° (R9) such that g = 1 in a neighbourhood of x. In this case,

(L)(x) = (L(f +&g))(x) + e(Lg)(x) < &(Lg)(x)  foranye >0,
and hence we can conclude again that (L f)(x) < 0.

Taylor expansion: For proving that L is a differential operator of the form (4.26) we fix x € R4 and
functions ¢, yr1,. .., 04 € CS"(Rd) such that ¢(y) = 1, ¥;(y) = y; — x; in a neighbourhood U of x. Let
fecy (R9). Then by Taylor’s formula there exists a function R € Cy (R4) such that R(y) = o(|y —x|?)

and
1 d
() + 52

in a neighbourhood of x. Since L is a local linear operator, we obtain

2

d
f0) = Fgm + Y L OO0 +RO) (429

— (9)(1'

(Lf)(X)—c(x)f(X)+Zb(X) <x>+— Zal,m <x>+<LR><x> (4.29)
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4.4. Feller processes and their generators

with ¢(x) := (Lg)(x), b;i(x) := (Ly;)(x), and a;;(x) := L(¥;1y;)(x). Since ¢ has a local maximum at x,
c(x) < 0. Similarly, for any & € R¢, the function
2

d
Zfilﬂi(y)
i=1

equals |£ - (y — x)|? in a neighbourhood of x, so it has a local minimum at x. Hence

d
Z &iéjaij(x) =L (Z §i§j#’/ilﬁj) > 0,
i.j

ij=1

d
D G5 () =

i.j=1

i.e., the matrix (a;;(x)) is non-negative definite. By (4.29), it only remains to show (LR)(x) = 0. To
this end consider

d
Re(y) = R(y) =& ) wi(y).
i=1

Since R(y) = o(|y — x|?), the function R, has a local maximum at x for £ > 0. Hence

d
0> (LR.)(x) = (LR)(x) — gz aii(x) Ve > 0.
i=1
Letting € tend to 0, we obtain (LR)(x) < 0. On the other hand, R, has a local minimum at x for & < 0,
and in this case the local maximum principle implies

U

0 < (LR:)(x)=(LR)(x)—¢ Z aii(x) Ve <O,
i=1

and hence (LR)(x) > 0. Thus (LR)(x) = 0.

4) Vanishing of c: If the process is conservative then p,1 = 1 for any ¢+ > 0. Informally this should
imply ¢ = L1 = %Pt”t:m = 0. However, the constant function 1 is not contained in the Banach
space C(RY). To make the argument rigorous, one can approximate 1 by C;° functions that are equal
to 1 on balls of increasing radius. The details are left as an exercise. |

Theorem 4.25 has an extension to generators of general Feller semigroups including those corresponding
to processes with discontinuous paths. We state the result without proof:

Theorem 4.26 (Courrege).
Suppose that L is the generator of a Feller semigroup on R¢, and Cy (R?) € Dom(L). Then there exist
functions a;;, b;,c € C (R4) and a kernel v of positive Radon measures such that

d

(LX) = D ay(x)

ij=1

+ / (FO) = £ = Lyoniery (v = ) - V) vl dy)
R4\ {x}

°f

9 af
Hxiaxj

(?x,-

d
() + >~ bix) 7= (x) + c(x) f(x)
i=1

holds for any x € R? and f € Cy (R9). The associated Markov process has continuous paths if and only if
v =0.

For transition semigroups of Lévy processes (i.e., processes with independent and stationary increments),
the coefficients a;;, b;, ¢, and the measure v do not depend on x. In this case, the theorem is a consequence
of the Lévy-Khinchin representation, cf. e.g. [17].
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5. Jump processes and interacting particle systems

Section 5.1 is devoted to an explicit construction of piecewise deterministic Markov processes (PDMPs),
a class of Markov processes that combines jumps and deterministic motion. We construct the processes
from their characteristics, and identify the generators. A special case are jump processes with (possibly time
dependent) jump rates of finite intensity. In Sections 5.2 and 5.3, we construct interacting particle systems
on finite and infinite graphs, and Section 5.4 discusses ergodicity and phase transitions for attractive particle
systems.

5.1. Piecewise deterministic Markov processes

An additional reference for this section is the book [10] by Davis.

We assume that S is a locally compact and separable state space with Borel o--algebra 8. We will construct
a Markov process on S that combines jumps and deterministic motion between the jumps. The jumps are
characterized by a jump rate given by a measurable function A : § — [0, o), and a probability kernel 7 on
(S, B) that determines the law of the jump transitions. The deterministic motion is described by a continuous
deterministic flow, i.e., a continuous function & : [0,00) X S — S such that for any 5,7 > 0 and x € S;

&(Es(x) = &as(x). 5.1

For example, S = R?, and ¢ is the flow of a vector field b : RY — R4, i.e., the solution to the ordinary
differential equation

Ga) = HEW), &) = x

Examples of PDMPs

Before constructing piecewise deterministic Markov processes (PDMPs), we consider some basic examples
that show that such processes occur in numerous applications.

Example. 1) Time inhomogeneous jump processes. Suppose we want to construct a pure jump
process (X;);>o with time dependent jump rate ¢,(x,dy). To avoid time inhomogeneity, it is
natural to consider the time-space process (¢, X;);>0. However, this process is no longer a pure
jump process. Indeed, it is moving deterministically between the jumps, and therefore, it is a
PDMP. For (s, x) € [0,00) X S, the characteristics of the process are given by

& (s, x) (s +1,x),
A(s, x) qs(x,S),
n((s,x), dtdy) = 6y(dt) A(s,x) " gs(x,dy).

For example, an inhomogeneous Poisson process with intensities A(¢) is a time dependent jump
process with state space Z,. and jump rates g,(x,-) = A(¢)0x+1-
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More generally, a time-dependent birth-death process is a Markov jump process on Z, with
transition rates given by
qr(x,) = b(t,x)0x+1 + d(t,x)6x_1

for functions b,d : [0,00) X Z, — [0, ).

For example, in a time-dependent branching process, the particles in a population are indepen-
dently giving birth to a child with rate b(¢) and dying with rate d(z). The total population size
at time ¢ can then be described as a time-dependent birth-death process with transition rates
b(t,x) = b(t)x and d(t,x) = d(t)x.

2) Compensated Poisson processes. A very simple example of a PDMP is a compensated Poisson
process X; = N, — At where (N;) is a Poisson process with intensity A. In this case, the state space
is R, and the characteristics are given by & (x) = x — At, A(x) = A and n(x,-) = 6,41 for all x.

3) Random Kkinetic models, Andersen dynamics. Consider a particle that is moving deterministi-
cally but is accelerated by random kicks that occur after independent exponential waiting times.
We can model such a process as a PDMP on the phase space

S = RIxRY = {(x,v):x,veRd},

where the first and second component stand for the position and the velocity of the particle. For
example, a model for physical Brownian motion is given by a PDMP with characteristics

Ex,v)=(x+tv,v), Ax)=4, #w((x,v),dx",v))=6x(dx )N (1/1 -2y, yzld) (dv'),

where A € [0,00) and y € [0, 1] are fixed constants. For y = 1, the velocity is completely refreshed
at each kick, whereas y < 1 corresponds to a partial refreshment combined with a damping.

A more general model that is frequently considered in molecular dynamics is Andersen dynamics.
Here one considers m particles of unit mass taking values in R”. The positions and velocities
of the m-particle configuration form then an element (x,v) = (x',v');=1,.._m in the state space

.....
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5.1. Piecewise deterministic Markov processes

S = RY x R? where d = mn. We now assume that the particles are subject to independent
random kicks, and in between kicks, they are moving independently according to Hamiltonian
dynamics with respect to a potential energy function U(xy,. . ., x,,) defined on the configuration
space. In that case, the dynamics is described by a PDMP, where &;(x,v) = (x;,v;) is the solution

of Hamilton’s equation of motion
dx dv
— =y, — ==-VU(X), xo=x, vo=v,
T 7 (), xo 0

the total intensity A(x,v) = A of random kicks is constant, and
’ 7’ ’ 1 S 7’ 4
7 ((x,v),d(x",v")) = 6x(dx") P Z N (\H - y2vi,72]n) (dv)) I_l 5v_,(de)~ 5.2)
i=1 j#i

This means that at each random kick, only the velocity of one (randomly chosen) particle is
changed.

Construction
We will now give an explicit construction of a piecewise deterministic Markov process with given charac-
teristics. This construction also forms the basis for algorithms for the simulation of PDMPs.

We will denote the increasing sequence of jump times of the process by (7 )xen and the corresponding
sequence of jump targets by (¥;,),,en. We allow explosions in finite time; the explosion time is Yoo = sup Jy.
The PDMP with initial condition ¥y at initial time % is then given by

X — é:l‘—.]n (Yn) fort € [%7«7}“’!4—1)7 ne Z+’
! A for t € [Joo, ).

We fix a deterministic initial time 7y € R and an initial position xo € S. In our construction, the random
variables 7, and ¥, and, consequently, the process (X;) are defined by the following algorithm:

Algorithm 1: Construction of PDMP
Input: 1o e R, xp € S, n e N.
Output: Jump times (9;);i=0

n of PDMP up to nth jump.

..........

1. 9o « 1o, Yo < x0;
2 fori — 1tondo
3 Sample E; ~ Exp(1), independently of Yy, . ..,Y;—1,El,...,Ei_1;

i « inf {t >0: [f Ag, Vi) ds > E,-};
5 Sample Y;|(Yo, . . .. Yi-1, Eo, . . ., Ei) ~ 7 (Egi— g, (Yim1), +)
6 return ()7, and (¥;)"_;

-

Here we set inf & := oco. It may happen (for instance if A = 0) that J;, = co with positive probability, and
in that case we set J,,+1 — Jn := 0. Note that in this case, the process gets stuck at ¥,,.

Let P, x,) denote the underlying probability measure for the random variables defined by the algorithm.
Under P(;,xy), Jo = to and ¥y = xo almost surely, and the conditional laws of . and Y,,, are given by

t
P(t(),xo) [uj;l+1 >t |:](-)’ YO’ e ’«ZlaYn] exp (_/ /l(é‘:s—j;q (Yn)) ds) lt>$z’ (53)
In

P(to,xo) [Yn+1 € B |g%9YO> L ’:I’La Yn7\%+l] = T (gjn+1—jn(yn), B) . (54)

Although in general, (J,)nez, and (Y,),ez, are not Markov chains on their own, the process (Jy, Y, )nez, is
a time-homogeneous Markov chain w.r.t. the filtration

gn = 0-(}]0’ "9Yl’l’E19'- "E}’L)’
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and with transition kernel
n((s,x),d(t,y)) = A(&-s(x)) exp (— / ﬂ(fr-s(X))dr) L(s,00)(t) m(&1—5(x), dy) dt.

In particular, conditionally given G,;, J,,+1 has a survival distribution with hazard rate A(X;),i.e.,as & | 0,

Py, xo) [Tne1 > 1+ h|Gn] o S A (V) dr
Py xo) [Tns1 > t1Gn ]

for all r > J,,. Here we have used that

= 1 = hA(X,) + o(h)

&g, (V) = X forall r < J41.

Notice that an exponential distribution is a special survival distribution with time-independent hazard rate A.
Furthermore, similarly to the exponential distributions, survival distributions have a generalized memoryless
property that will be crucial in verifying that the process (X;) is indeed a Markov process.

Example (Pure jump process). Suppose that&,(x) = x forallz > Oand x € S, i.e., the process does not
move between jumps. In this case, the sequence (¥,,),ez, of positions of the process is a Markov chain
with transition kernel 7. Given o (Y;, : n € Z,), the waiting times for the next jumps are independent
with law

In=In-1 = ~ Exp(A(Yp-1)).

A(Yn—l)

Things simplify further if we consider a pure jump process with bounded total jump intensities g(x, dy),

i.e., sup g(x, S\ {x}) < A for afinite constant A. In this case we can write the jump intensities in the form
xeS

q(x,B) = An(x,B) for all measurable B € S\ {x},

where 7 is a transition kernel satisfying 7(x,{x}) = 1 — g(x,S \ {x})/A. The process constructed
correspondingly according to the algorithm above has i.i.d. waiting times

In = In—1 ~ Exp(2)

between jumps. Hence the number of jumps up to time ¢ is a Poisson process with parameter 4. The
process (¥;,) of positions is an independent Markov chain with transition kernel 77, and the continuous-time
process is given by

X =Yn,. (5.5)

By (5.5), it is easy to compute the transition functions of the process in continuous time. Indeed, by
independence of (Y,,) and (N,),

(P f)(x)

(Ar)k ot
!

Eox[f(X)] = ) Eox [F0:N: = K] = 3 ("))
k=0 k=0

("7 f) e = (e 4 f) ()

forany r > 0,x € S and f € F,(S) where ' = Yo %(tL)k denotes the exponential of the bounded
linear operator

(LHE) = (- D) = / a(x.dY)(F(y) — f().

Standard properties of the operator exponential now show that p, f satisfies the Kolmogorov forward
and backward equation

d
E[’tf =pLf = Lpf

where the derivative can be taken w.r.t. the supremum norm. For unbounded jump intensities, the
derivation of Kolmogorov’s equations will be technically much more demanding.
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Markov property

We now want to show that the process constructed above is indeed a Markov process. We recall that
under P, x,), the process (Jn, Yn)nez, is a time-homogeneous Markov chain with transition kernel 7 w.r.t.
the filtration G, = o(Y,..., Y, E1,...,E,), and the continuous-time process (X;);>, is obtained as a
deterministic function

Xl = ®t(%’YOsg7i,Yla- . )

of the Markov chain, where

(Dt(t(),)co,h,xl,...) = (56)

X, ift €[ty t,41) forsomen € Z,,
A ift > supt,.

Let X = o(X; : s € [to,t]) denote the filtration generated by the continuous time process.

Theorem 5.1 (Markov property). The process ((X;)rz, (Pry.x,)) is an (%) Markov process, i.e.,
E(y.x0) [ F(Xs:0) <2} 7Y | = Egs.x) [F(Xs:00)] Py, xp)-2-8. 00 {s < {}

for any 0 < 7y < s5,xp € S, and any bounded measurable function F : D(R,,S U {A}) —» R.
Moreover, the Markov process is time-homogeneous.

For proving the theorem we will use the Markov property in discrete time. However, the problem is that
the relevant filtration is (G, )nen, Whereas we are interested in the conditional expectation given 7—'SX . To

overcome this difficulty let
Ky =min{neZ,: 9, > s}

denote the index of the first jump after time s. Note that K is a stopping time w.r.t. (G,,), and

{Ks; < 0o} = {s < (}.

Besides the Markov property of the chain (9;,Y,), the following fact will be crucial for the proof of
Theorem 5.1.
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Lemma 5.2 (Memoryless property). The conditional law of (Jk,,Yk,) given FX coincides with the law
of (J1,Y1) under P x ). More precisely, for any s > to, t > s and B € B,

Pi.x0) [jKS >tandYs € B | ‘7-'SX] = Pux)[J1 >tand Y € B] almost surely on {s < (}.

Proof. Let A € TSX . Then it can be verified that for any n € N, there exists an event A, € G,_1 such

that AN {s < G} = A, N {s < Yn}. This is because for s < 9, X, is a deterministic function of
Jo, Y0, - - s Jn-1,Yn—1. Therefore, by the Markov property for the discrete time chain, we obtain
P(to,xo) [«Z’l >1Y, €B | gn—l] E((%—laYn—l), (l’ Oo) X B)

/t /l(fv—Jnfl(Yn—l)) exXp (_ /:7 /l(fr—Jnfl(Yn—l)) dr) T (fv—f],,,l(Yn—l)a B) dv

= P(to,xo) [% > slgn—l] / ﬂ(fv—[fn—l(Yn—l)) eXp (_/ /l(éjr—Jn—l(Yn—l)) dr) T (fv—[fn—l(Yn—l)’B) dv

N

Et).x0) [l{s<$,}/t Aév-g,_,(Yu-1)) exp (—[ Aér—g,_, (Y1) dr) 7 (év-g,,(Yaz1), B) dv %—1} -

almost surely on {s > J,,-1}. Moreover, by the flow property,

é‘v—Jn,l(Yn—l) = fv—s(fs—jn,l(yn—l)) = &_5(Xy) on {s < Jn}.
Therefore, we obtain

Plox) [{ Tk, > 1.Yk, € By N AN (K, = n}]
= Ply.xo) HT >t,Y, e BInA, N {s € [Tn-19:)}]
= Ey) [P[F0 > 1,Ys € Bl Gnal; Au 0 {s 2 Fni}]

= E,x0) [ /t ) A(&v-5(Xs)) exp (— /S ' A(ér-5(X5)) dr) T (Ev-s(Xs), B) dv; Ay N {s € [Tn-1,T0)}
= Euyxo) [Poxo [T > 1Y € Bl ; An{K, = n}].
Summing over n gives the assertion, because {s < ¢} = |, an{Ks = n}. |
We are now ready to prove the Markov property for the continuous time process.
Proof (of Theorem 5.1). Let s > 5. Then for any t > 0,
Xorr = Oorr (8, X Ik Yie o Tk 15+ ) on {Kg < oo} ={s <},

where @y, is defined by (5.6). In other words, the process Xs..o = (Xs4¢)r>0 from time s onwards is
constructed in the same way from s, X, Jx, .. .. as the original process is constructed from #o, Yo, Ji,. ... Let
F: DR,,SU{A}) — R be bounded and measurable.

Note that FX C Gk,. Therefore, by the strong Markov property for the Markov chain (J,,Y;), we see
that for almost every w € {K < oo} = {s < {},

E(tyxo) [F © @soo(s, X, Tis» Yo - - ) Lk <oy | G, | (@)
E(jKS (m),YKS ((u)) [F ° (I)SZOO(S’ XS(UJ), \%’ I](%jal]la .. ) 1{5‘<(}]

E(to,xo) [F(Xs:OO) 1{s<§} | gKS] (w)

and thus, by the tower property of the conditional expectation and by Lemma 5.2,

E(to,xo) [F(Xs:OO) 1{s<§‘} | 7:sX] (a))
E(s,XS(w)) [E(Jl,Yl) [F 0 D00 (s, Xs(w), Jo. Yo, J1, 11, . . ) 1{s<§}”
E(s,XS(w)) [F o (Ds:oo(s’ Xf(w)’j’Yl’gjé’ YZ’ .. )] = E(s,X\(a))) [F(XSOO)]
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5.1. Piecewise deterministic Markov processes

almost surely on {s < ¢}. Here we have used the Markov property in discrete time in the last step.

This completes the proof of the Markov property for the continuous time process ((X;)r>y» Pry.x,)- More-
over, this Markov process is time-homogeneous, because by construction,

P(l‘(),xO) © (\%’Y()’gTI’YIw . ’)_1 = P(O,XQ) ° (IO + g%aY()atO + msYl’* . ')—1’

and therefore the laws of the processes ((Xy+1)r>0, Py, x,) and ((X¢)s >0, Po,x,) coincide. [ |

Generator

Theorem 5.1 shows that the process ((X;);>z, P,,x,)) constructed as above is a time-homogeneous Markov
process w.r.t. the filtration (%,%),>,. The transition function is given by

pi(x,B) = Po ) [X; € B] foranyr>0,x€ SandBe€ B.

We will now identify the generator of the process. We start with a lemma that follows by conditioning on
the first jump of the process.

Lemma 5.3. For every function f € Fp(S U {A}) with f(A) =0, and forallt > 0 and x € S,

(i f)(x) = e fo A& g (g (x)) 4 /0 t A (x))e o AN duimp  py & (x)dr.  (5.7)

Proof. Recall that G| = (%, Y0, J1,Y1). Since X; = ©(Fo, Yo, I1, Y1, 52, V2, . . .), the Markov property for
the chain (7, Y,) implies

Eox [f(X:) | G1](w) E( 5(w),v1(w)) LF (@0, x, Jo, Yo, 1, Y1, . . )]
FEX)) Lic siw) + EGiw)riw) LFXD)] 1> 51(w)

FE)) Licqiw) + (Pr-gitw)f) X1(@)) 15 giw)-

for almost every w. Here we have used that

qD[(O,X,%,YO,ﬁ,YI,. ..

) = & (x) fort < G,
@[(%,YO,j,Y],...) = Xt fOrt > %

Taking expectations w.r.t. P ), we obtain

(P )(x) = FE X)) Pooldi > 1] + Eox [(p-sn HX): 1> Ti]
The assertion follows by (5.3) and (5.4). [

The domain of the generator of a piecewise deterministic Markov process consists of functions that are
differentiable along the flow.

Definition 5.4 (Uniform continuity and differentiability along the flow).

1) A bounded measurable function f : § — R is called uniformly continuous along the flow ¢ iff
limsup | f(&(x)) - f(x)| = 0.
110 xes

We denote by UCy (&) the space of all such functions.
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2) A function f € UCp(¢) is called uniformly continuously differentiable along the flow & iff there
exists a function X f € UCp(¢) such that

d
Ef(gt(x)) = (Xf)(x) for all x € S. (5.8)
=0
In this case, the function X f is called the directional derivative of f/ along the flow. The space
consisting of all uniformly continuously differentiable functions along the flow £ is denoted by
UC}(&).
b

For a function f € U C}) (&), the flow property implies

= (X )& (x)) forall > 0and x € S, and thus
h=0

d d
TIEW) = 2 fEE )

foé = f+ /0 (Xf)olyds = [ +1XF + oft). (5.9)

where o(t) stands for a function that is of order o(¢) w.r.t. the supremum norm.

Example. Suppose that S = R and ¢ is the flow of a vector field » € C(RY,R?). Then (5.8) is satisfied
for every function f € C })(Rd) with X f = TV .

Recall that by Theorem 4.6, the transition function (p;);>o induces a strongly continuous contraction
semigroup (P;);>0 of linear operators on the Banach space

E = {f € F5(8) : limlpef = fllup = o} .
We denote the corresponding generator and its domain by (L, Dom(L)), and we define

A = {f eUCLE) i nf € UCHE)}.
Theorem 5.5 (Generator of PDMP).

1) If the intensity function A : S — [0, c0) is bounded then E = UCp(&).

2) If, moreover, A is continuous, then A € Dom(L), and
Lf =Xf+ A(nf-f) for all f € A. (5.10)

In particular, the process ((X;);>0. P(0,x)) solves the martingale problem for (L, A).

The expression (5.10) for the generator is not surprising. The first summand corresponds to the generator
of the deterministic motion, and the second part is the generator of a pure jump process with jump intensity
A and jump transition kernel 7. The theorem thus shows that we have indeed constructed a Markov process
whose generator takes the expected form on functions in (A.

Proof. 1) Lemma 5.3 shows that as ¢ | O, sup |p;f — f o &| — 0. Therefore, p; f converges uniformly
to f if and only if f is in UCp(&).
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5.1. Piecewise deterministic Markov processes

2) Now suppose that A is in UCp(£). Then as ¢ | 0, 2 o & converges uniformly to A, and so
e hEdr = 1 _ ) 4 o),

where o(¢) stands for a function with supremum norm of order o(¢). Now let f € A. Then, by 1), and
since f +— mf is a contraction w.r.t. the supremum norm,

(@pi—rf)o&r = (nf)o&r + 0o(1) = nf + o(l),

where the o(1) terms stand for different functions with supremum norm of order o(1), uniformly for
r € [0,¢]. Therefore, by Lemma 5.3 and (5.9),

pef (A =t)(f +tXf) + tAnf + o(t)

f+t(Xf+Anf = f)) + o(t).

Thus f is in the domain of the generator, and (5.10) holds.

In general, it is not trivial to identify the precise domain of the generator of a PDMP. In the case S = R?,
one can show under additional regularity assumptions, that (P;);>0 is a Feller semigroup and C& (R9) is a
core for the generator. We only state a simple result that holds under quite restrictive assumptions. Let

C'RY) = {f e C'®RY): f e CRY), 8;f € C(RY) foralli = 1,...d}.

Theorem 5.6 (Identification of Feller generator). Suppose that S = R, and ¢ is the flow generated by a
vector field b € C' (R4, R¥) with bounded derivative db. Moreover, assume that 1 € Cli (R?), and that there
exists a finite constant C such that for all g € 7, (RY),

ng € C'(RY) with sup|d(ng)| < Csuplg|. (5.11)
Then the following assertions hold.
1) P(C)(RY) € C'(RY) forallt > 0.
2) (P;);0 is a Feller semigroup.

3) The Feller generator is the closure of the operator (L, Cé (RY)) where
Lf = b'Vf + A(nf-f). (5.12)

In particular, the corresponding piecewise deterministic Markov process ((X;); >0, P(0,x,)) is the unique
solution of the martingale problem for (L, C& (R%)) with initial condition xo.

The assumption (5.11) means that the transition kernel is smoothing the function. For example, it is
satisfied if  is the convolution with a non-degenerate Gaussian measure.

Proof (Sketch). 1) Since db is bounded, the flow map &; isa C 1 diffeomorphism for every ¢ > 0, and the
derivative 0¢; is bounded uniformly on finite time intervals. Now let f € Cé (R4). By the assumptions,
it can be verified that for 0 < r < ¢, the functions f o & and (np;_,f) o & are in C'(R%), and the
functions A o & and fot Ao &, dr are in Cli(Rd). Then by Lemma 5.3, one can conclude that p; f is
contained in C'(R?) as well.

A. Eberle Markov Processes (v. July 7, 2020) 127



5. Jump processes and interacting particle systems

2)

3)

By 1) and since the subspace C& (R9) is dense in C(R?) w.r.t. the supremum norm, we can conclude
that
P,(CRY) c CRY)  foralls > 0.

This shows that (P;) is a Feller semigroup.
By Theorem 5.5, the generator of (P;) is an extension of the operator (L, Cé (R4)) defined by (5.12).
To show that Cé (R4) is a core for the Feller generator, we observe that by 1),
1nd Al d L
P:/(Cy(R?)) € C'(RY) ¢ CS(R‘Z) forall t > 0. (5.13)

Here we have used that every function in C'(R¢) can be approximated in the graph norm by functions
in C(I) (R4), because for every compact set K, there exists a finite constant Cx such that

sup |Lf] < Ck sup(lf|+IVf]).
K K

By (5.13) and Theorem 4.15, Cé (R9) is a core for the generator, and hence by Theorem 4.19, the
PDMP is the unique solution of the corresponding martingale problem.
]

We finally return to the examples that we have considered at the beginning of this section.

128

Example. 1) Time inhomogeneous jump processes. The time-space process (¢, X;);>o of a time
inhomogeneous jump process on R? is a PDMP with state space [0, c0) x R4 and characteristics
ft(ssx) = (S + t,x)9
A(S’ -x) = ‘Is(X, Rd),
w((s,x), didy) = 85(di) A(s,x)”" qs(x,dy).
The flow is generated by the constant vector field b(z, x) = (1,0, ... ,0)T. Tt can be verified that if

the jump intensity function A is bounded and measurable, then the full generator of this process
is given by

e = L / (Fy) - f.2) @iledy).  f € Dom(L)

where the domain consists of all functions f € 73([0,c0) x R?) such that r — £ (¢, x) is absolutely
continuous for every x with derivative =~ 6 € F5([0,00) x R¥).

In particular, the time-space process is the unique solution of the martingale problem for this
generator. Under additional regularity conditions, this also follows from Theorem 5.6.

Since the first component of the PDMP (¢, X;) is deterministic, the process (X;) is also a Markov
process on its own. This process is time inhomogeneous, and its transition function is given by

ps.i(x,B) = p,_s((s,x),RxB)  forall0 <s <tand B € B(RY).
The process solves the time dependent martingale problem for the operators

(Lig)x) = / (8(y) — 8(x)) gs(x, dy),

i.e., for every function f € Dom(L) and for every s > 0 and x € R<, the process

= f(t. X)) - /t (2—{ + .l:rf) (r, X)) dr, t>s,

is an (7;X) martingale under P(s,x). Furthermore, the forward and backward equations for the
semigroup of the time-space process imply the corresponding equations

%ps,,f(t,~) = (af(t )+ L f(2, )) fort > sand f € Dom(L), (5.14)
L) = Lopof  fors <and f € FH(R) (5.15)
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5.1. Piecewise deterministic Markov processes

2) Compensated Poisson process. A compensated Poisson process with constant intensity A is a
PDMP with state space R and full generator

(LHx) = A(fG&+D=-f(x)-f'(x), f € Dom(L),

where the domain consists of all bounded absolutely continuous functions f on R with bounded
measurable derivative f’. The proof is left as an exercise.

3) Andersen dynamics. Here the state space is RY x R4 where d = mn, and the vector field
generating the flow is b(x,v) = (v,~VU(x))T, i.e., b is the gradient of the Hamiltonian

H(x,v) = U(x)+|v[*/2.
The corresponding PDMP is a Feller process with generator
Lf = vIVof = VU@'Vof + A(xf = f).  f € Dom(L),

where the intensity A is constant, and x is given by (5.2). Note that Theorem 5.6 can not
be applied, because the kernel & is smoothing only in the v-component but not on in the x-
component. Nevertheless, it can be shown that Cé (R4 x R?) is a core for the generator, see

e.g. [23]. Consequently, by Theorem 4.18, a probability measure x on R? x R? is invariant for
Andersen dynamics if and only if [ Lfdu = 0 forall f € C& (R4 x RY). 1t can be checked by
integration by parts, that this condition is indeed satisfied for the Boltzmann-Gibbs distribution

upc(d(x,v)) o« exp(—H(x,v))dxdv.

Localization

To identify the generator, we have assumed above that the jump intensity function A is bounded. Moreover, we
have assumed in our construction that the flow is non-explosive and defined on all of R?. These assumptions
can be relaxed substantially by a localization procedure.

For example, suppose that the state space S is an open subset of R?, the flow & is generated by a smooth
vector field b : § — R?, and A is a continuous non-negative function on S. Then for every compact subset
K C S, there exist a smooth vector field bx : R — R and a bounded continuous function Ag : R — [0, c0)
such that bx = b and Ax = 4 on K. For a given transition kernel 7 on R4, we can then construct a PDMP
((XS)s 50, Po.x)) corresponding to bk, Ak and x in the same way as above for every compact set K C S and
every initial value x € R<. Moreover, the construction ensures that for any two compact sets K, K C S, the
processes XX and XX coincide up to the minimum of the exit times from the sets K and K, respectively.
Therefore, for x € S, we obtain a well-defined process ((X;);>0,P0,x)) on S by choosing an increasing
sequence (K, ),en of compact subsets of S such that § = |J Kj,, and setting

X; = xKn fort <T,, { = supT,,

t
where T, := inf{s > 0 : XX ¢ K,,}.

Exercise (Martingale problem and generator for PDMP with unbounded coefficients). 1) Show
that the process ((X;);»0, P(0,x)) solves a local martingale problem for the operator (L, A) where
L is given by (5.10) with X f = b V£, and A is an appropriate class of test functions.

2) Conclude that all functions in Cé (S) are contained in the domain of the full generator of the
process.

3) Show that if the process is non-explosive then it solves a global martingale problem, and for an
appropriate class of functions f, the transition function p; f satisfies the forward equation.

In particular, the construction above can be applied to construct jump processes with unbounded and
time-dependent jump rates.
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Example (Time-dependent branching). Suppose a population consists initially (¢ = 0) of one particle,
and particles die with time-dependent rates d; > 0 and divide into two with rates b, > 0 where
d,b: R* — R* are continuous functions, and b is bounded. Then the total number X, of particles at
time ¢ is a birth-death process with rates

n-b, if m=n+l,
qt(n,m) = n‘dt if m=n- l, /l,(n) =n- (bl +dl)'

0 else,

The generator is

0 0 0 0 0 0
di  —(d; + by by 0 0 0

z, =0 2d, ~2(d, + by) 2b, 0 0
by 0

0 0 3d, -3(d; +b;) 3

Since the rates are unbounded, we have to test for explosion. To this end we consider the Lyapunov
function (n) = n. We have

(Lwy)m) =n-b,-n+1-n)+n-d,-(n—1-n) = n-(by —d;) < nsupb,

t>0

Since the individual birth rates b;, t > 0, are bounded, we can conclude that the process is non-explosive.
To study long-time survival of the population, we consider the generating functions

Gi(s) = E [sX] = ZS"P[X, =n], O0<s<I,
n=0

of the population size. For f;(n) = s we have

(L:f) (n) = nbys™' — n(b; + d;)s™ + ndy s

0
= (bis? = (b + d)s + ;) - o= fi()

Since the process is non-explosive and f; and L; f; are bounded on finite time-intervals, the forward
equation holds. We obtain

0 0
5,010 = 2 Efs(X0)] = E [(L f)(X1)]

0 x,
7

= (btsz - (b[ + dt)S + d[) . E

0
=(b;s—di)(s—1)- 6—G,(s),
s
Go(s) = E [sXO] =5
The solution of this first order partial differential equation for s < 1 is
‘ -1
th
Gi(s)=1—-—+ /bue'g“ du)
l-s
0

where o; := fot (d, — by,) du is the accumulated rate of decay. In particular, we obtain an explicit formula
for the extinction probability: Since b = d - o',

t -1 t -1
P[X; =0] = li?olG,(s) =|[e% + /bneg” dul =1-|1+ /due'Q“ du
‘ 0 0
Thus we have shown:

P[X; = 0eventually] = 1 /dueg“ du = oo.
0
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5.2. Interacting particle systems on finite graphs

Let G = (V, E) be an (undirected) graph with V the set of vertices and E the set of edges. We write x ~ y if
and only if {x,y} € E. We call

S=TV ={n: V> T}

the configuration space. 7 can be the space of types, states, spins etc.
E.g.

1 particle at x
7= {01}, 1(x) = |
0 no particle at x

no particle

particle

Markovian dynamics: n(x) changes to state i with rate
ci(xm) = gi ((7(x), @(y))y~x)
ie.

ci(x,m) if & =n*!
0 otherwise

qn,é) = {

where

iy n(y) fory#x
7o) {i fory=x

Example. (i) Contact process: (Spread of plant species, infection,...) 7 = {0,1}. Each particle
dies with rate d > 0, produces descendent at any neighbor site with rate » > 0 (if not occupied)

co(x,n) =d
c1(x,n) = b Ni(x,m); Ni(x,m) == {y ~x : n(y) = 1}|

Spatial branching process with exclusion rule (only one particle per site).

(ii) Voter model: 7(x) opinion of voter at x,
ci(x,m) = Ni(x,n) := {y ~x : n(y) =i}l

changes opinion to i with rate equal to number of neighbors with opinion i.
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(iii) Ising model with Glauber (spin flip) dynamics: 7 = {-1,1}, 8 > 0 inverse temperature.
a) Metropolis dynamics:

A(x,n) = Z n(y) = Ni(x,n) — N_1(x,n) total magnetization

y~x

c1(x,m) := min (ezB'A(x’”), 1) , c_1(x,n) := min (6_2'8'A(X"7), 1) .

b) Heath bath dynamics:

ePAx.m) e PAx.)
alem = e VO = R A
B = 0 (infinite temperature): c¢; =c_| = % Random walk on hypercube {0, 1}V
B — oo (zero temperature):
1 ifA(x,n) >0 1 ifA(x,n) <0
ci(x,m) = % if A(x,n) =0, co(x,m) = % if A(x,n)=0.
0 ifA(x,n)<0 0 ifA(x,n)>0

Voter model with majority vote.

We now assume at first that the vertex set V is finite. In this case, the configuration space S = TV
is finite-dimensional. If, moreover, the type space T is also finite then S itself is a finite graph w.r.t. the
Hamming distance

d(n,&) = {x e V5 n(x) # £(0)}

Hence a continuous time Markov chain (7;, P,) on the configuration space can be constructed as above from
the jump rates g;(£,17). The process is non-explosive, and the asymptotic results for Markov chains with

finite state space apply. In particular, if irreducibility holds then there exists a unique invariant probability
measure, and the ergodic theorem applies.

Example. (i) Ising Model: The Boltzmann distribution

ps(n) = Zﬁ-l e BH), Zs = Ze—ﬁH(n)’
n
with Hamiltonian
1 2
Ha) = 5 ) )=n0)F = > n@m0)+E|
{x.y}eE {x.y}eE

is invariant, since it satisfies the detailed balance condition

up(maqn,&) = up(é)qén) YéEneSs.

Moreover, irreducibility holds - so the invariant probability measure is unique, and the ergodic
theorem applies.

(ii) Voter model: The constant configurations i(x) = i, i € T, are absorbing states, i.e. cj(x,i) =0
for all x € V and j # i. Any other state is transient, so

P

U{Uz =L'eventually}l = 1.

ieT

Moreover, the integer valued process

Ni(ne) == Hx eV 1 mi(x) = i}
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is a martingale (Exercise), so

t—00

Ni(§) = E¢g[Ni(n)] — Eg[Ni(n)] = V|- Pgln, =i eventually], ie.,
Pln; = i eventually] = N;(n)/|V].

The invariant probability measures are the Dirac measures §;, i € T, and their convex combina-
tions.

(iii) Contact process: The configuration z is absorbing, all other states are transient. Hence ¢ is

the unique invariant measure and ergodicity holds.

We see that on finite graphs the situation is rather simple as long as we are only interested in existence and
uniqueness of invariant measures, and ergodicity. Below, we will show that on infinite graphs the situation
is completely different, and phase transitions occur. On finite subgraphs of an infinite graph these phase
transitions effect the rate of convergence to the stationary distribution and the variances of ergodic averages
but not the ergodicity properties themselves.

Mean field models

Suppose that G is the complete graph with n vertices, i.e.

V=AIl,...,n} and E ={{x,y} : x,y eV}

Let
1 n
Ln(n) = Z Z 677(x)
x=1
denote the empirical distribution of a configuration : {1,...,n} — T, the mean field. In a mean-field

model the rates

ci(x1) = fi(Ln(1))
are independent of x, and depend on n only through the mean field L, (n).

Example. Multinomial resampling (e.g. population genetics), mean field voter model.
With rate 1 replace each type n(x), x € V, by a type that is randomly selected from L, (7):

(o) = L)) =+ {x € V = () =}

As a special case we now consider mean-field models with type space T = {0,1} or T = {-1,1}. In this
case the empirical distribution is completely determined by the frequence of type 1 in a configuration:

La(n) «— Ni(n) = [{x : n(x) = 1}|
ci(x,y) = fi(Ni(m))

If (1;, Py ) is the corresponding mean field particle system, then (Exercise) X; = Ni(r) is a birth-death process
on {0, 1,...,n} with birth/death rates

b(k) = (n— k) - fi(k), d(k) = k - fo(k)

where (n — k) is the number of particles with state 0 and ﬁ(k) is the birth rate per particle.
~~ Explicit computation of hitting times, stationary distributions etc.!
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For multinomial resampling with T = {0, 1} we obtain

(i) Binomial resampling:
bk = d(k) = £ =k
n

Example.
For the Ising model on the complete graph with inverse temperature

(ii) Mean-field Ising model:
B and interaction strength % the stationary distribution is
pp(n) o e i Zro @D TON o o Tu 0By n0) = o drmCr?
n
m(n) = )" n(x) = Ni(n) = N-1(7) = 2Ni(og) = n

n

where
x=1
is the total magnetization. Note that each n(x) is interacting with the mean field % > n(y), which
explains the choice of interacting strength of order % The birth-death chain N} (7,) corresponding
n-k
d(k) =k - =
P+ B

P
k -k’
P +eB"T

n\2
up(n) o (Z)Z‘"ezf(k‘2) , 0<k=<n

to the heat bath dynamics has birth and death rates
k
blk)=n-k)-

and stationary distribution

2

ap(k) =
1 : Ni(p)=k
The binomial distribution Bin(n, %) has a maximum at its mean value %, and standard deviation

‘/TE. Hence for large n, the measure fig has one sharp mode of standard deviation O(v/n) if 8 is

small, and two modes if § is large:

0
B>1

INIEE

®
A
—

lim 8, =1 (Exercise)
n—oo

The transition from uni- to multimodality occurs at an inverse temperature 3, with
The asymptotics of the stationary distribution as n — oo can be described more accurately using
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Now consider the heat bath dynamics with an initial configuration ng with Ni(19) < 7, n even, and let
n
T := inf{t >0 : Ni(ng,) > 5} .

By the formula for mean hitting times for a birth-and-death process,

({03}

1
E[T] > = > 2 >
ag(3)-b(3) ~As(3) -5  n2"

since
Ag (g) = (Z) LT p(0) < 2"
2

Hence the average time needed to go from configurations with negative magnetization to states with positive
magnetization is increasing exponentially in n for 8 > 21log2. Thus although ergodicity holds, for large n
the process gets stuck for a very large time in configurations with negative resp. positive magnetization.

~~ Metastable behaviour.

More precisely, one can show using large deviation techniques that metastability occurs for any inverse
temperature S > 1, cf. below.

5.3. Interacting particle systems on Z¢

In this section we consider an explicit construction for a class of continuous time Markov processes with
unbounded jump intensities. Since these processes may have infinitely many jumps in a finite time interval,
the construction can not be carried out as easily as for processes with finite jump intensity. This section is
partially based on the lecture notes [14] by R. Durrett and the monograph [35] by T. Liggett.

Graphical construction of interacting particle systems

In the setup introduced above, we now consider the case where V = Z¢ and E = {(x,y) : |x — y| = 1} is the
usual graph structure on Z¢. The state space T for each particle is a finite set. We endow the configuration
space

S =717 = {n:Zd—>T}

with the product topology, i.e., a sequence (77x ))xen Of configurations in S converges to a limit configuration
1 if and only if 75 (x) — 5(x) for any x € Z¢. Since T is finite, this means that locally (on finite subsets of
Z4), convergent sequences of configurations are eventually constant:

nk » n & Forevery x € Z% ni(x) = n(x) eventually.

Throughout this section, we impose the following assumptions on the jump rates:
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(A1) Uniformly bounded jump rates: There exists A € (0, c0) such that

ci(x,m) <A foralli e T,x € Z% and 5y € S.

(A2) Translation invariance and nearest neighbour interactions: There exist functions g; : T24*! — [0, o)
such that

ci(x,m) = g (7(x), @())y~x) foralli € T, x € Z% and 5y € S.

Note that since there are infinitely many particles, the total jump intensity is usually infinite. We now give
an explicit construction of an interacting particle system corresponding to the given jump rates. To this end,
we introduce a family (Nt’"i)tzo (x € Z4, i € T) of independent Poisson processes with rate 1. At each of
the arrival times

n

75 = inf{tZO:Nf’izn} (neN xezd ieT),

a jump of the particle at x to state i is proposed. Note that almost surely, all the arrival times are different,
and thus there is no ambiguity about which of two proposed jumps should be taken into account first. To
obtain the correct transition rates, proposed jumps are carried out with probability c;(x,7)/A. To decide
whether the jumps are carried out, we introduce an independent family of independent random variables
UX' (x € Z4,i € T) that are uniformly distributed on (0, 1). Now, we would like to carry out transitions
according to the following rule:

Recipe: At time 7."*", change 5(x) to i provided UX"" < ¢;(x,n)/A.

The problem with this approach is however, that since there are infinitely many Poisson processes, there
will be infinitely many proposed transitions in each finite time interval. In particular, there is no first
transition, and so it is not possible to construct the transitions sequentially!

So how can we nevertheless consistently define a process from the jump times? The idea is to use that
during a small time interval, the state 7;(x) at position x is only influenced by the particles in a finite
neighbourhood of x. More precisely, we will see that if # — s > 0 is sufficiently small, then Z¢ splits into
almost surely finite random components that do not influence each other between times s and ¢. Then the
construction of 7; from 7, can be carried out independently on each of these components.

For a finite subset A ¢ Z¢ and £ € S, the restricted configuration space
Sea = {neS:n=¢EonA}

is finite. Hence for all s > 0, there exists a unique Markov jump process (nis’é’A)), >s on Sg 4 with initial
condition nis’f’A) = ¢ and transitions n — n™' at times T, ' whenever x € A and U,)f’i < ¢i(x,m)/A. Our
goal is now to define a Markov process nis’f) on S for t — s small by setting

s, s,&,A
7o) = ()

where A is an appropriately chosen finite neighborhood of x. The neighborhood should be chosen in such a
way that during the considered time interval, the configuration ngs’f) restricted to A has only been effected
by previous values on A. That this is possible is guaranteed by the crucial observation in the next lemma.

For 0 < s < t we define a random subgraph (Z%, E, ,(w)) of (V, E) by setting
Es; = {{x,y} € E : ForsomeneNandieT, T} € (s,t]or T,f’i € (s,t]}
If the state of the particle at x effects the state of the particle at y during the time interval (s, ] or vice versa

then {x,y} € Es ;.
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Lemma 5.7. If
1
-5 < ———— =16
8-d?-|T|- A
then
P [all connected components of (Z¢, Es ;) are ﬁm'te] = 1.

Proof. By translation invariance it suffices to show
P[IC)"| < 0] =1

where CS ! is the component of (Z¢, E s.+) containing 0. If x is in Cg’t then there exists a self-avoiding path
in (24, E, ;) starting at O with length > ||x||;;. Hence

P[ExeCy" : |lxllp =2n—1]
< P[3 self-avoiding path zg = 0, zy,. .., 220-1 S-t. (2k, 2k+1) € Ess Vi]

n—1

2d(2d = 1" [ | Pl(zak 22k41) € ]
i=0

IA

Here we have used that the events {(z2«, 22k+1) € Es¢}, k = 0,1,...,n—1, are independent, and 2d(2d -1 )2n=2
is an upper bound for the number of self-avoiding paths zg, 71, . . . 22,1 in Z¢ starting at 0. Hence,

2d

S,t .
P[EXGCO Sl 2211—1] < m

((2d _ 1)2(1 _ e—2|T|/l(t—s)))n

where ¢ 2IT11=5) jg the probability that no arrival occurs during [s,7] in the 2|T| independent Poisson
processes N2+ and N@k+1+{ i € T. Using the upper bound 1 — e™ < x, we see that for  — s < ¢, the right
hand side converges to 0 as n — co. Hence in this case, C; ' is almost surely finite. |

Remark (Connection to percolation). The random graphs (Z¢, E; ;) actually form a dynamic percolation
model. One can show that there is a phase transition: If # — s is large then the random graph almost surely
contains an infinite component.

As a consequence of the lemma, for time intervals [t,¢ + k] of length & < &, we can construct the
configuration up to time ¢ + /& from the configuration at time ¢ in each component of the random graph by
the standard construction for jump processes with finite state space. Iterating this procedure, we obtain the
dynamics for all times.

Theorem 5.8 (Construction of IPS on Z%). Let s € [0,00) and & € TZ". Then there exists a unique (up

to equivalence) stochastic process (nﬁs’f)),z s With state space TZ such that almost surely,

) 0o = ¢

(ii) For every t € [s,o) and & € [0,6], and for each connected component C of (Z%,E, ;,1), the

(s,8) (s,£)
t+h C t

of transitions in C during [z,1 + h].

configuration n is obtained from 7 c by subsequently taking into account the finite number

We do not carry out the relatively straightforward details of the proof. Note that the theorem allows not
only to construct the process for a given initial configuration, but indeed we obtain the processes starting
from arbitrary initial configurations on a joint probability space. In other words, we have really constructed
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the stochastic flow of the interacting particle system. More generally, we can even realize the dynamics for
different jump rates that are bounded by A on a joint probability space, i.e., the construction automatically
provides a coupling between interacting particle systems with different transition rates. Let

0,
if o=
denote the process started at time 0. The cocycle property
&
nf = ") forall0<s <t (5.16)
follows directly from of our construction of the process. As a consequence, one can verify that the interacting

particle system is a Markov process.

Corollary 5.9. The stochastic dynamics constructed in Theorem 5.8 has the following properties.
N Time- ‘o (s,f)) N ( §)
(i) Time-homogeneity: (ns o R U B,

(ii) Markov property: (nf, P) is a time homogeneous Markov process with transition semigroup

(P f)E) = ELf(})]

(iii) Feller property: f € Cp(S) = p:f € Cp(S) YVt =0

(iv) Spatial homogeneity: Let £: Q — S be a random variable that is independent of the Poisson
processes (N;') and the random variables U, for all x,i and n. If the law of ¢ is translation
invariant, i.e., &(x + @) ~ & for all x € Z¢, then the law of nf is translation invariant for all t > 0.

We remark that by compactness, functions on S that are continuous w.r.t. the product topology are
automatically bounded. Thus the Feller property means that p, maps continuous functions to continuous
functions.

Proof (Sketch). (i) follows from the time homogeneity of the Poisson processes (Nzx ’i) and the fact that
the random variables U;,"" are i.i.d.
(ii) Let0 < s <rand f € F.(S). Then by the cocycle property (5.16),
& £
$,175 5,175 (W)
f (nt( )) f (m( ))]

E[f(2)] = @eeh) (nf@)

'3

SUE
Here we have used in the second step that n( )
process after time s which are independent of 7.

E|lf(nf)| 7] @ = E

is a function of nf and the arrivals of the Poisson

(iii) We want to show that for f € Cp(S)andz > 0, & — (p; f)(&) is continuous. Hence let &, be a sequence
in S such that &, — & w.r.t. the product topology. Then for every x € Z4, &,(x) — &(x). Since T is
finite, this implies that &, = & eventually on each finite set C ¢ Z¢, and hence on each component of
(Zd, Ey ). Thus if 7 < & then by the componentwise construction of the dynamics up to time 6,

ne"(x) = nf(x) eventually
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holds with probability one for every x € Z4, i.e.,

nf" — nf almost surely.

Thus for f € Cp(S)and ¢ < 6, f (nf") S f (nf ) and hence

&) = E [ (n)] — wp©

follows by dominated convergence. Thus the Feller property holds for ¢+ < ¢. Finally, for arbitrary

t > 0, the Feller property holds since by the semigroup property, p; = p;_s|1/s] pg/ ol

(iv) Spatial homogeneity follows from the assumption that the transition rates c;(x,7) are translation
invariant (A2), and the fact that the random variables

((T,;w) (v ) xezd
n,i n,i

are identically distributed. n

Identification of the generator

By Corollary 5.9, the interacting particle systems constructed above induce Feller semigroups on the Banach
space £ = C (TZd) endowed with the supremum norm. Our next goal is to identify the corresponding
generators L. Although the formal expression for the generator is easy to guess, it will be a bit tricky to
identify the correct domain. In infinite dimensions, the réle of smooth test functions is often taken over by
cylinder functions, i.e., finitely based functions. On the configuration space TZd, these take the form

F(€) = o(E(x1).&(x2), . . ..&(xk)) (5.17)
for some k € N, x1,...x; € Z¢ and a function @ T > R.

Lemma 5.10. The linear subspace C consisting of all cylinder functions is dense in C(TZd) w.r.t. the
Supremum norm.

Proof. Let A, = [-n,n]? NZ4. For ¢ € TZ' and n € N, we define & € TZ! by

£,(x) = {f(x) for x € A,,

to for x ¢ A,,

where 1y is an arbitrary fixed element in 7. Since for every fixed x € Z<¢, &,(x) = &(x) eventually, the
sequence (&, )nen converges pointwise to &.

We now approximate an arbitrary function f € C(TZd) by the cylinder functions f,(¢) := f(&,), n € N.
By continuity of f (w.r.t. the product topology, i.e., pointwise convergence),

fu@) = f(&)  forallé e T,

. d . . . o . d
Since 7% is compact, and all the functions are continuous, this pointwise convergence of functions on 7%
implies uniform convergence. Thus f is indeed a uniform limit of cylinder functions. |

In a first step, we now identify the generator on cylinder functions. The advantage of cylinder functions is
that the infinite sum over all possible jumps occurring in the formal expression (5.18) for the generator has
only finitely many non-zero entries.
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5. Jump processes and interacting particle systems

Theorem 5.11 (Generator on cylinder functions). Every cylinder function f of the form (5.17) is in the
domain of the Feller generator L, and L f = L f where

(LNE) = Y, s (fE - 1©). (5.18)

xez4
ieT

Proof. The process N; := Z;f: | ZieT Ntx 7' counts all possible jumps that can change the value of the cylinder
function f. By the superposition principle for Poisson processes, this process is again a Poisson process
with finite intensity k|7'|A. Thus as ¢ | 0, the probability P[N, > 1] is of order O(z?). Therefore,

ELf0if) - f&)] = E[f(nf)—f@)-m = 1] + 0(?)
- Z(f(f"' V- £©) PN =1L U < axg)/a] + o)

(P f)E) = f(£)

= Za WD (pe) - 1) + o)

= f(é’) +1-(LF)E)+0()

where the constants of order O(z%) can be chosen independently of &. |

Since the space C of all cylinder functions is dense in the Banach space E = C (TZd), Theorem 5.13
implies in particular that the transition function (p;);>o induces a strongly continuous contraction semigroup
(Py);»0 of linear operators on E. Moreover, the generator (L, Dom(L)) extends the operator (£, C). In order
to identify the precise domain of the generator, we introduce another norm on functions f : TZ' — R. For
x € Z4 let

Af(x) = sup {If(€) - f©) : i €T, & e T}

denote the maximal change of the value of f if only the state of the particle at x is varied. Then the triple
norm of f is defined as

A = ) AfG) = IAfllozay

xezd

The triple norm has some similarity to a Lipschitz norm, although the supremum and the sum are taken in a
reverse order. Let

d
= {reca™) sl < w}.
Lemma 5.12. The following bounds hold for every f € A.
(i) Foreveryé¢ € TZd, the series (5.18) defining (L f)(&) is absolutely convergent, and

1L S llsep < AT SN

(ii) Foreveryt € [0,0],
el < £ [ic 1| s

Proof. (i) holds since by Assumption (A1),

SN @ IFE - fE < AT Af).

xezd ieT xezd
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(ii) By construction, for t < ¢, a modification of the initial configuration at position x only effects the

configuration at time ¢ on the component CS”. Therefore,

(e =@ < E|lfr = rad| < E| Y Af)

yng’t

holds for all x, i and £. Since y is in c;” if and only if x is in C%', we obtain

IPfll < D EL D AfO| = D El > AfO| = Do AfME[ICY ]

xezd  |yecdt yezd xeCy! yezd

The assertion follows, because by translation invariance, E [|C;)’t |] does not depend on y. |

We are now ready to identify the generator of the particle system.

Theorem 5.13 (Domain of the generator). The generator (L,Dom(L)) of the semigroup (P;);>0 on the
Banach space C (TZd) extends the operator (£, A) defined by (5.18). Furthermore, both A and C are cores
for the generator.

Proof. By Lemma 5.12, we can control the graph norm of £ by the triple norm. More precisely, for any
feA,
£l = Ifllsup + 1L S llswp < M fllsup + AT £ - (5.19)

This bound implies that the cylinder functions are dense in A w.r.t. the graph norm. To verify this, we
approximate an arbitrary function f € A by the same sequence (f;;)nen of cylinder functions as in the proof
of Lemma 5.10. We already know that f, — f uniformly. Hence for every x € Z¢,

A= 1)) < 50D (107 = FXEDI+I = ) < 207 = Sl = O

as n — oo, Moreover, Af,(x) < Af(x), and thus A(f — f,)(x) < 2Af(x). For f € A, Af(x) is summable.
Therefore, we can apply dominated convergence to conclude that

IF=fll = D AGF=fdx) > 0 asn— .

Thus the space C of cylinder functions is dense in A w.r.t. the graph norm. By Theorem 5.13, the generator
(L,Dom(L)) extends the operator (£, C), and thus it also extends (L, A).

Furthermore, by the second assertion in Lemma 5.12, P;,(A) € A holds for ¢t € [0,6], and hence for
arbitrary + > 0 by the semigroup property. Therefore, by Theorem 4.15, A is a core for the generator.
Finally, since C is dense in A w.r.t. the graph norm, C is a core as well. |

5.4. Attractive particle systems and phase transitions

In this section, we consider attractive interacting particle systems over Z¢. These particle systems preserve
stochastic order, and therefore comparison methods can be applied to study ergodic properties. As a
consequence, it will turn out that ergodicity is closely related to the absence of phase transitions. An
additional reference for this section is the monograph [35] by Liggett.
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Attractive particle systems

We consider an interacting particle system over Z¢ with state space T = {0, 1}. Here 77(x) = 1 and n(x) = 0
stand for the presence or absence of a particle at position x. Then a partial order on the configuration space
S = {0,1}2 is defined by

n<n =3 n(x) < 7(x) forall x € <.
Correspondingly, a function f: S — R is called increasing if and only if

f(n) < f(n) whenever n < 7.

Definition 5.14 (Stochastic dominance). For probability measures u, v € P(S) we set

u=<v =3 / fdu < / f dv for every increasing bounded function f: § — R.

Exercise (Stochastic dominance I). Let 2 and v be probability measures on R. Prove that the following
statements are equivalent.

() p=<v,ie., [ fdu< [ fdvforevery increasing function f € %, (R).
(ii) Fu(c) = p((=oo,c]) = F,(c) forallc € R.

(iii) There exists a coupling realized by random variables X and Y with distributions x and v, respec-
tively, such that X <Y almost surely.

Exercise (Stochastic dominance II). Let u and v be probability measures on the configuration space
S = {0, I}Zd, endowed with the product topology.

a) Prove that i = v if and only if
/ fdu = / fdv for any increasing, bounded and continuous function f : S — R.

b) Conclude thatif y < vandv < pthen yu =v.

Now consider again the stochastic dynamics constructed in the last section with transition rates co(x,1n)
and ¢ (x,n) satisfying Assumptions (A1) and (A2).

Definition 5.15 (Attractive particle system). The Markov process ((nf), >0s P) is called attractive if and

only if for all x € Z4,

n< 77’ U(x) = ﬁ(x) = Cl(x,ﬂ) < Cl(-x’ﬁ) and CO(X’U) 2 CO(x’ ﬁ) (520)

Example. The contact process, the voter model, as well as the Metropolis and the heat-bath dynamics
for the (ferromagnetic) Ising model are all attractive particle systems.

Theorem 5.16 (Attractive particle systems preserve stochastic order). If the dynamics is attractive then
the following statements hold.
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(1) Ifé < E then almost surely, nf < nf": forall > 0.
(ii) If f: S — R, is an increasing function then p;, f is increasing for every ¢ > 0.

(iii) Monotonicity of p;: If u < v then up; < vp, forall ¢ > 0.

Proof. (i) It can be easily checked that attractiveness implies that for the dynamics constructed in the
last section, every transition at a fixed position x € Z¢ is order preserving. If, for example, before
a possible transition at time T;*', < 7 and 5(x) = 7(x) = 0, then after the transition, 7(x) = 1 if
UX! < ¢1(x,m)/4, but in this case also 7(x) = 1 since ¢;(x,n) < ¢1(x,7) by attractiveness. The other
cases are checked similarly.

The claim now follows from the componentwise construction of the dynamics on time intervals of
length < 4.

(ii) Suppose that f is increasing and ¢ < &. Then by (i),
)€ = E|faD] < E[rmD] = pn®.

(iii) Suppose that u < v. If f is bounded and increasing, then p; f is increasing as well. Therefore, by

Fubini’s lemma,
[raw) = [pisaus [pirav = [ raom.

This implies up; < vp;. |

The minimal respectively maximal probability measure on S w.r.t. stochastic order are the Dirac measures
0o and 6; where 0 and 1 denote the corresponding constant configurations in S.

Theorem 5.17 (Extremal invariant probability measures). For an attractive particle system on {0, l}Zd,
the following assertions hold.

(i) The functions ¢ — dpp; and t — 9 p, are increasing respectively decreasing w.r.t. <.
(i) The limits y := lim;_ Sop; and f := lim,_, 8 p; exist w.r.t. weak convergence in P(S).
(iii) Both u and j are invariant probability measures for (p;); 0.

(iv) Every invariant probability measure 7 satisfies

I T

Proof. (i) LetO < s <. Since dp < dop:—s, the monotonicity of pg implies

O0ops <X 00Pt—sPs = O0P:.

(i) This follows by monotonicity and compactness: Since S = {0, I}Zd is compact w.r.t. the product
topology, P(S) is compact w.r.t. weak convergence. Thus it suffices to show that any two subsequential

A. Eberle Markov Processes (v. July 7, 2020) 143



5. Jump processes and interacting particle systems

limits u; and wy of dpp, coincide. Suppose that f is an increasing continuous function. Then by (i),
[ f d(Sop;) is increasing in 7, and hence

/f@u=gg/fﬂ%m)=/fwm

By the exercise above, this implies y; = p.

(iii) Letr > 0. By Corollary 5.9, p; is Feller. Therefore, for all f € Cp(S),

[ rawpd = [pirau=tim [ oo = tim [ rdepp = tim [ raen) = [ rau

and thus u = up;. Similarly, i = fp;.

(iv) Since & is invariant,

Oopr X TPy = <X 01P¢

for all # > 0. Considering the limit as t — oo, we obtain u < 7 < fi. |

Corollary 5.18 (Invariant probability measures and ergodicity for attractive IPS). For an attractive
particle system, the following statements are equivalent:

(i) There is a unique invariant probability measure.
(i) p=p.

(iii) There exists a probability measure u on S such that vp, — u for any v € P(S).

Proof. By Theorem 5.17, (i) and (ii) are equivalent.
Moreover, for every v € P(S), we have 6y < v < J1, and hence

00pr X Vpr X 01Dy for all r > 0. (5.21)

If (ii) holds then dgp; and 6 p; both converge weakly to M. Using (5.21) and the exercise above, one can
now conclude that every subsequential limit of vp; coincides with . By compactness of P(S), this implies
that vp, converges weakly to u. This proves “(ii)=(iii)”, and the converse implication is obviously true as
well. B |

Contact process on Z4

For the contact process, co(x,n7) = ¢ and c¢;(x,n) = b - Ni(x,n) where the birth rate b and the death rate §
are positive constants. Since the zero configuration is an absorbing state, u = d¢ is the minimal invariant
probability measure. The question now is if there is another (non-trivial) invariant probability measure, i.e.,

if g # p.

Theorem 5.19. If 2db < 6 then ¢y is the only invariant probability measure, and ergodicity holds.
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Proof. By the forward equation and translation invariance,
d
—Pni=1] = =6P[njm=1]+ > b-P[jx0)=0.70)=1]
Y lx=yl=1
< (=6 +2db)- P [n}(x)=1]

for all x € Z9. Hence if 2db < ¢ then

A{n : n(x)=1}) = lim@p)({n : n(x) = 1}) = lim P [5;(x) = 1] = 0
for all x € Z4, and thus ji = 6. |

Conversely, one can show that for b sufficiently small (or ¢ sufficiently large), there is a nontrivial invariant
probability measure. The proof is more involved, see Liggett [35]. Thus a phase transition from ergodicity
to non-ergodicity occurs as b increases.

Ising model on Z¢

We consider either the heat bath or the Metropolis dynamics for the Ising model on S = {-1, +1}Zd with
inverse temperature 8 € [0, o).

Finite volume

Let A C Z< be finite. Then the restricted configuration spaces
Sia i ={neS:n=+1onA°} and S_a={neS:n=-1onA°}
corresponding to “+” and “-” boundary conditions outside A are finite. For initial configurations & € S;

or ¢ € S_ 4, we denote by nf’A the dynamics constructed as above, but taking into account only transitions

in A. Then (nf’A, P) is a continuous time Markov chain on S, 4, S_ 4, respectively, with generator

(LHm = Y atwm- (£ - o).

XEA
ie{-1,+1}

Let !
Hm) = 3 ), @) =70y

x,yezd
Ix=yl=1

denote the Ising Hamiltonian. Note that for n € S. 4 or 5 € S_ 4, only finitely many summands do not
vanish, and so H(n) is finite. The probability measures

1

A — A —

[,l-g,’ (7]) = Te ’BH(U), ne ‘;+,4, where Z;’ = E e BH (1)
Zﬁ neS, A

on S; A, and ,u[;’A on S_ 4 defined correspondingly satisfy the detailed balance conditions

M,Z’A(f)ll(f, m) #;’A(n)ll(n, &) forallénpe S, a,
pz O LEN py L) forallén e S a.

Since Sy 4 and S_ 4 are finite and irreducible this implies that u;’A and ,u;’A are the invariant probability

measures of (nf’A,P) for & € Si 4, & € S_ 4, respectively. Thus in finite volume there are several processes
corresponding to different boundary conditions (which affect the Hamiltonian) but each of them has a unique
invariant probability measure. Conversely, in infinite volume there is only one process, but it may have
several invariant probability measures.
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Infinite volume

To identify the invariant probability measures for the process on Z¢, we use an approximation by the dynamics
in finite volume. For n € N let
Ay = [-n,n]¢nZ4.

The sequences ,u;;’A" and ,u;’A" (n € N), are decreasing respectively increasing w.r.t. stochastic dominance.

Hence by compactness of {—1, +1}Zd, there exist weak limits
+ 1 +,An - 1i —An
Mg = }llTr?O Hg and  pg = }llTI(I)lO Hg "

For a finite set A ¢ Z¢ and ¢ € S, the Boltzmann-Gibbs distribution with boundary condition & on Z¢ \ A is
defined by

1
pE ) = ZEA° PHOD. 5 € Sea = {neSin=Eon Ay,
5

where ZE’A is the corresponding normalizing constant. For & = +1 and ¢ = —1, we recover the measures

u;’A and ,uEA introduced above.

Definition 5.20 (Gibbs measure). A probability measure ug on S is called a Gibbs measure for the Ising
Hamiltonian on Z¢ at inverse temperature 3 > 0 if and only if for every finite set A ¢ Z¢, a regular version
of the conditional probability given &(x) for all x € Z¢ \ A is given by

,Uﬁ(' |77=§0nZd\A) = w5,

For B = 0, the components are independent, and hence the product measure (X), .« Unif{—1,+1} is the
unique Gibbs measure. In general, one can show that ﬂ; and Mg are the extremal Gibbs measures for the
Ising model w.r.t. stochastic dominance, see e.g. [41]. We say that a phase transition occurs if for some
inverse temperature S > 0, there are several Gibbs measures. This is the case if and only if ,u;; # Hg-

The following theorem shows that phase transitions occur for Ising models in dimension d > 2.

Theorem 5.21 (Phase transition for two dimensional Ising model; Peierl). For d = 2 there exists 8. €
(0, o0) such that for 8 > S,

g ({n = n(0) = -1}) < % < g ({n : n(0)=-1}),

and thus u; # g,

The cluster swapping argument in the following proof goes back to Peierl.

Proof. Let Cy(n7) denote the connected component of 0 in {x € Z¢ : n(x) = —1}, and set Co(y7) = @ if
n(0) = +1. Let A C Z4 be finite and non-empty. For € S with Cy(r7) = A let 77 denote the configuration
obtained by reversing all spins in A. Since the energy of a configuration is twice the length of the boundary
between the plus and minus spins,

H(n) = H(n) - 2|04
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Therefore, for any n € N,

up'(Co=A) = > ) < PN () < e PI0AL
n = Co(n)=A 17 : Co(n)=A

<1

Thus we obtain

(9]

D " (Co=A) < Y e P {Aczd  0e A oAl = LY

Acz4 L=4
A+D

wg" ({n : m(0) = -1})

(59

el g3
L=4

IA

Here we have used that dA is a self-avoiding path in Z? of length L, starting in (-5, %)2 and the number of
such paths is bounded by L2 - 4 - 351,
As n — oo, we see that there exists 8. € (0, 00) such that for all 8 > 8.,

1

pg (0 = m(0)= -1} < 5.

Similarly, by symmetry,

W (n = mO) = =11) = 3 (n = n©)=+1) > 3
for B > B.. |

We now want to link the existence of a phase transition to the non-ergodicity of the stochastic dynamics.
We start with a preparatory lemma. For & € S, we define &, € S, 4, by

_Jé(x) forx € Ap,
§n(x) := {+1 for x € Z9\ A,.

Lemma 5.22. Forall x € Z9,

lim P nf(x) # m"’A”(x) for some ¢ € S and some ¢ € [0, 5]] = 0. (5.22)
n—oo

Proof. Let C)?"s denote the component containing x in the random graph (Zd, Eys). If c§}5 C A, then the
modifications in the initial condition and the transition mechanism outside A, do not affect the value at x
before time 6. Hence the probability in (5.22) can be estimated by

P[CY° N A; + 2],
which goes to 0 as n — oo by Lemma 5.7 above. |
Let p; denote the transition semigroup of the process on {-1, I}Zd. Since the dynamics is attractive,
fg = tlgr;) 0+1p: and By = tll)r{)lo O_1P:

are extremal invariant probability measures w.r.t. stochastic dominance. The following theorem identifies
fig and Hy as the extremal Gibbs measures for the Ising Hamiltonian on Z¢.
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5. Jump processes and interacting particle systems

Theorem 5.23 (Phase transitions and ergodicity). The upper and lower invariant probability measures
coincide with the extremal Gibbs measures, i.€.,

Ag = /JE and Ky = Hg-

In particular, ergodicity holds if and only if there is a unique Gibbs measure (i.e., if and only if ,u;; = ,u[;).

Proof. We show the following:
W) Ap < pg,
(ii) ,ug is an invariant probability measure for (p;);>o.

This implies fig = ,u;;, since by (ii) and the corollary above, ,ug < fig, and thus pg = fig by (i) and the
exercise above. Mg = Hy follows similarly. It remains to prove (i) and (ii).

(i) It can be shown by a similar argument as in the proof of Theorem 5.16 that the attractiveness of the
dynamics implies that almost surely,

nt < phtn foralln e Nand ¢ > 0. (5.23)

D D
Ast — oo, ! = g, and, by ergodicity of the dynamics in finite volume, ntI’A” — ,ug’A".
Therefore, (5.23) implies that

g =< ug’A” foralln € N.
The assertion follows as n — co.
(i) By the semigroup property of (p;); >0, it is enough to show
pppe = pp forallr <6. (5.24)

Hence fix ¢ € [0,6) and consider the transition semigroup
n nsAn
(7 1) © = E [ e
on Sg, A, - By detailed balance, we know that for all n € N,
Pl = " (5.25)

We want to pass to the limit as n — oo. Let f(n7) = ¢ (7(x1), . ..,n(xx)) be a cylinder function on S.
Then by (5.25),

/ pof dug" = / pif dug" + / (Pff = pef) duy™ = / [ dpg" + / (P f = pef) dug". (5.26)
Butforzr < dand ¢ € S,

@0 = )| < E |1 (n*) - 1 (o)

| <2supif1- P30 < ko nf e # f ()

and by Lemma 5.22, this expression converges to 0 uniformly in & as n — oco. Since ;1;’" 5 ,u;g, and

f and p, f are continuous by the Feller property, taking the limit in (5.26) as n — oo yields

[ralgn) = [prans = [ rau

for all cylinder functions f, which implies (5.24). |
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6. Limits of martingale problems

In this chapter, we give constructions for solutions of several important classes of martingale problems. In
Section 6.1 the necessary tools for weak convergence of stochastic processes are developed and applied to
obtain Brownian motion as a universal scaling limit of random walks. In Section 6.2, the techniques are
generalized and applied to prove an existence result for diffusion processes in R¥.

6.1. From Random Walks to Brownian motion

Limits of martingale problems occur frequently in theoretical and applied probability. Examples include
the approximation of Brownian motion by random walks and, more generally, the convergence of Markov
chains to diffusion limits, the approximation of Feller processes by jump processes, the approximation of
solutions of stochastic differential equations by solutions to more elementary SDEs or by processes in discrete
time, the construction of processes on infinite-dimensional or singular state spaces as limits of processes on
finite-dimensional or more regular state spaces etc. A general and frequently applied approach to this type
of problems can be summarized in the following scheme:

1. Write down generators £, of the approximating processes and identify a limit generator £ (on an
appropriate collection of test functions) such that £,, — £ in an appropriate sense.

2. Prove tightness for the sequence (P,,) of laws of the solutions to the approximating martingale problems.
Then extract a weakly convergent subsequence.

3. Prove that the limit solves the martingale problem for the limit generator.

4. Identify the limit process.

The technically most demanding steps are usually 2 and 4. Notice that Step 4 involves a uniqueness
statement. Since uniqueness for solutions of martingale problems is often difficult to establish (and may not
hold!), the last step can not always be carried out. In this case, there may be different subsequential limits of
the sequence (P,,).

In this section, we introduce the necessary tools from weak convergence that are required to make the
program outlined above rigorous. We then apply the techniques in a simple but important case: The
approximation of Brownian motion by random walks.

Weak convergence of stochastic processes

An excellent reference on this subject is the book by Billingsley [3]. Let S be a polish space. We fix a metric
d on S such that (S, d) is complete and separable. We consider the laws of stochastic processes either on the
space C = C([0, ), S) of continuous functions x : [0,00) — § or on the space D = D([0, ), S) consisting
of all cadlag functions x : [0,00) — S. The space C is again a polish space w.r.t. the topology of uniform
convergence on compact time intervals:

Xn A x :© VT eR, :x, — x uniformly on [0,T].
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6. Limits of martingale problems

On cadlag functions, uniform convergence is too restrictive for our purposes. For example, the indicator
functions 1y ;,-1) do not converge uniformly to I}, 1) as n — co. Instead, we endow the space D with the
Skorokhod topology:

Definition 6.1 (Skorokhod topology). A sequence of functions x,, € D is said to converge to a limit
x € D in the Skorokhod topology if and only if for any 77 € R, there exist continuous and strictly
increasing maps A, : [0,7] — [0,T] (n € N) such that

Xn(Ay(t)) = x(t) and A,(t) — ¢t uniformly on [0,T].

It can be shown that the Skorokhod space O is again a polish space, cf. [3]. Furthermore, the Borel
o -algebras on both C and D are generated by the projections X;(x) = x(¢), t € R,.

Let (P,)nen be a sequence of probability measures (laws of stochastic processes) on C, D respectively.
By Prokhorov’s Theorem, every subsequence of (P,) has a weakly convergent subsequence provided (P,,)
is tight. Here tightness means that for every € > 0, there exists a relatively compact subset K € C, K € D
respectively, such that

sup P,[K€] < e.
neN

To verify tightness we need a characterization of the relatively compact subsets of the function spaces C and
P. In the case of C such a characterization is the content of the classical Arzela-Ascoli Theorem. This result
has been extended to the space D by Skorokhod. To state both results we define the modulus of continuity
of a function x € C on the interval [0,7] by

ws,r(x) = sup d(x(s),x(1)).

s,t€[0,T]
|s—t|<8
For x € D we define
wj (x) = inf max sup  d(x(s),x(t)).
O=tg<ty<-<t,_1<T<tn 1 S tE[tio1,ti)

|ti—ti—1|>6

For any x € C and T € R, the modulus of continuity ws 7(x) converges to 0 as § | 0. For a discontinuous
function x € D, ws,7(x) does not converge to 0. However, the modified quantity wj ,-(x) again converges
to 0, since the partition in the infimum can be chosen in such a way that jumps of size greater than some
constant & occur only at partition points and are not taken into account in the inner maximum.

Exercise (Modulus of continuity and Skorokhod modulus). Let x € D.

1) Show that 151?01 ws r(x) =0 for any T € R, if and only if x is continuous.

2) Prove that laiﬁ)l wj p(x) =0forany T € R,.

Theorem 6.2 (Arzela-Ascoli, Skorokhod). 1) A subset K C C is relatively compact if and only if
(1) {x(0) : x € K} is relatively compact in S, and

(ii) sup wsr(x) = 0asd | Oforany 7T > 0.
xeK

2) A subset K C DDD is relatively compact if and only if
(1) {x(?) : x € K} is relatively compact for any ¢ € Q., and

(ii) sup wj ,(x) > 0aso | 0forany T > 0.
xeK ?
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6.1. From Random Walks to Brownian motion

The proofs can be found in Billingsley [3] or Ethier/Kurtz [19]. By combining Theorem 6.2 with
Prokhorov’s Theorem, one obtains:

Corollary 6.3 (Tightness of probability measures on function spaces).

1) A subset {P, : n € N} of P(C) is relatively compact w.r.t. weak convergence if and only if

(i) For any € > 0, there exists a compact set K C S such that

sup P,[Xo ¢ K] <&, and
neN
(ii) Forany T € R,
sup Pylwst >€] -0 asod 0.
neN

2) A subset {P, : n € N} of P(D) is relatively compact w.r.t. weak convergence if and only if

(i) For any € > 0 and ¢t € R, there exists a compact set K C S such that

sup P,[X; ¢ K] <&, and
neN

(i) Forany e > 0and T € R,

sup Pplws 7 > €]l —>0 asd |0.
neN

In the sequel we restrict ourselves to convergence of stochastic processes with continuous paths. We
point out, however, that many of the arguments can be carried out (with additional difficulties) for pro-
cesses with jumps if the space of continuous functions is replaced by the Skorokhod space. A detailed study
of convergence of martingale problems for discontinuous Markov processes can be found in Ethier/Kurtz [19].

To apply the tightness criterion we need upper bounds for the probabilities P,[wsr > €]. To this end
we observe that ws 7 < g if

sup d(Xgs+e, Xxs) < i for any k € Z, such that k6 < T.
1€[0,5] 3
Therefore, we can estimate
[7/s]
Pplwsr > €] < Z Py, |sup d(Xis41, Xks) > €/3]| . (6.1)
k=0 t<6

Furthermore, on R” we can bound the distances d(Xgs+¢, Xxs) by the sum of the differences |X]i Sar T X]i 5|
of the components X', i = 1,...,n. The suprema can then be controlled by applying a semimartingale
decomposition and the maximal inequality to the component processes.

Donsker’s invariance principle

As a first application of the tightness criterion we prove Donsker’s invariance principle stating that rescaled
random walks with square integrable increments converge in law to a Brownian motion. In particular, this
is a way (although not the easiest one) to prove that Brownian motion exists. Let (¥;);cn be a sequence of
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6. Limits of martingale problems

i.i.d. square-integrable random variables on a probability space (€, 2, P) with E[Y;] = 0 and Var[Y;] = 1,
and consider the random walk

Sn:ZnZYi (n e N).

i=1
We rescale diffusively, i.e., by a factor n in time and a factor 4/n in space, and define

1
Xt(") = — for t € R, such that nt € Z.

\/ﬁnt

In between the partition points t = k/n, k € Z., the process (Xt(")) is defined by linear interpolation so that
X has continuous paths.

(m)
t

m 1

Figure 6.1.: Rescaling of a Random Walk.

The diffusive rescaling guarantees that the variances of Xt(") converge to a finite limit as n — oo for any
fixed t € R;. Indeed, the central limit theorem even shows that forany k € Nand0 <1y <t <fr <--- < ty,

T

k
D
X" =X X - x5 =X ) = (NO8 — 1), (6.2)
i=1
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6.1. From Random Walks to Brownian motion

This implies that the marginals of the processes X" converge weakly to the marginals of a Brownian motion.
Using tightness of the laws of the rescaled random walks on C, we can prove that not only the marginals but
the whole processes converge in distribution to a Brownian motion:

Theorem 6.4 (Invariance principle, functional central limit theorem). Let P, denote the law of the
rescaled random walk X on C = C([0,),R). Then (P,),cn converges weakly to Wiener measure,
i.e., to the law of a Brownian motion starting at 0.

Proof. Since by (6.2), the marginals converge to the right limit, it suffices to prove tightness of the sequence
(Pn)nen of probability measures on C. Then by Prokhorov’s Theorem, every subsequence has a weakly
convergent subsequence, and all subsequential limits are equal to Wiener measure because the marginals
coincide. Thus (P,) also converges weakly to Wiener measure.
For proving tightness note that by (6.1) and time-homogeneity,

([5]+1) 7|
— . su
5 s

(Z +1)- [max |Sk|>3x/ﬁ}

P,lwsT > €]

IA

(n) (n) €
Xz - XO > §

IA

0 k<[nd]

for any £,0 > 0,7 € R, and n € N. By Corollary 6.3, tightness holds if the probability on the right hand
side is of order o(6) uniformly in n, i.e., if

lim sup P

m-—oo

[maxlSkl > g%} = 0(9). (6.3)

For the simple random walk, this follows from the reflection principle and the central limit theorem as
maxSkZE@} > \/_ 5 N, 1)[| |>_}’
k<m 345 3 \/_ 36

cf. e.g. [15]. For general random walks one can show with some additional arguments that (6.3) also holds,
see e.g. Billingsley [3]. |

P

[lSml

In the proof of Donsker’s Theorem, convergence of the marginals was a direct consequence of the central
limit theorem. In more general situations, other methods are required to identify the limit process. Therefore,
we observe that instead of the central limit theorem, we could have also used the martingale problem to

identify the limit as a Brownian motion. Indeed, the rescaled random walk (XIE';) ) is a Markov chain

(in discrete time) with generator

(L™ f)x) = / (f (x+ 7) f(x)) v(d2)

where v is the distribution of the increments ¥; = S; — S;_;. It follows that w.r.t. P,, the process

nt—1

k
_ (n) _ ks
f(Xy) E (nL f)(Xl/n) t = - with k € Z,,

is a martingale for any function f € C;’(R). Asn — oo,

f(x+7) F0) = f1()- / = 2+ 5700 / Z,;—Zv<dz>+o<n‘l>

— -1
= o /() + ol™)
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6. Limits of martingale problems

by Taylor, and
1
(nL™ F)(x) - 3 f”(x)  uniformly.

Therefore, one can conclude that the process

£ - [ 547 00ds

is a martingale under P, for any weak limit point of the sequence (P,). Uniqueness of the martingale
problem then implies that P, is the law of a Brownian motion.

Exercise (Martingale problem proof of Donsker’s Theorem). Carry out carefully the arguments sketched
above and give an alternative proof of Donsker’s Theorem that avoids application of the central limit
theorem.

6.2. Limits of general martingale problems

A broad class of diffusion processes on R" can be constructed by stochastic analysis methods. Suppose that
((B¢)>0, P) is a Brownian motion with values in R" for some n € N, and ((X;);<z, P) is a solution to an Itd
stochastic differential equation of the form

dX[ = b(l, Xt)d[ + O'(t, Xt)dBt, X() = X0, (64)

up to the explosion time ¢ = sup Ty where T} is the first exit time of (X;) from the unit ball of radius k, cf.
[16]. We assume that the coefficients are continuous functions b : Ry x R” — R”, o : Ry x R" — R4,
Then ((X;);<¢, P) solves the local martingale problem for the operator

n 2

1 a . T
L =b(t,x) -V, + 3 i]ZZ:I aij(t’x)(?xiaxj’ a: =00,

in the following sense: For any function f € C2(R, x R"),

Lo
sz = f(t’ Xt) - / (a_f + -Ls'f) (saXs) ds
0 N
is a local martingale up to {. Indeed, by the Itd6-Doeblin formula, Mtf is a stochastic integral w.r.t. Brownian
motion:

M/ :f(O,X0)+/t (o-TVf) (s, X,) - dB,.
0

If the explosion time £ is almost surely infinite then M/ is even a global martingale provided the function
o'V f is bounded.

In general, a solution of (6.4) is not necessarily a Markov process. If, however, the coefficients are Lipschitz
continuous then by Itd’s existence and uniqueness result there is a unique strong solution for any given initial
value, and it can be shown that the strong Markov property holds, cf. [17].

By extending the methods developed in 6.1, we are now going to sketch another construction of diffusion
processes in R” that avoids stochastic analysis techniques to some extent. The raeson for our interest in this
method is that the basic approach is very generally applicable — not only for diffusions in R”.
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6.2. Limits of general martingale problems

Regularity and tightness for solutions of martingale problems

We will extend the martingale argument for proving Donsker’s Theorem that has been sketched above to
limits of general martingale problems on the space C = C([0,0),S) where S is a polish space. We first
introduce a more general framework that allows to include non-Markovian processes. The reason is that it is
sometimes convenient to approximate Markov processes by processes with a delay, see the proof of Theorem
6.8 below.

Suppose that A is a linear subspace of ¥5(S), and
fe (Lo

is a linear map defined on (A such that
(t,x) — (L f)(x) isa function in L>([0,T] X C,A ® P)

forany T € R; and f € A. The main example is still the one of time-homogeneous Markov processes with
generator £ where we set

Lif = (LX)

We say that the canonical process X;(w) = w(r) solves the martingale problem MP(/L, A) w.rt. a
probability measure P on C iff

M = £ - f(Xo) - / L,fdr
0

is a martingale under P for any f € A. Note that for 0 < s < ¢,

FX) = f(Xs) = M) - M + /Z L fdr. (6.5)

Therefore, martingale inequalities can be used to control the regularity of the process f(X;). As a first step
in this direction we compute the angle-bracket process (M”), i.e., the martingale part in the Doob-Meyer
decomposition of (M7)?. Since we are considering processes with continuous paths, the angle-bracket
process coincides with the quadratic variation [M7]. The next theorem, however, is also valid for processes
with jumps where (M/) # [M/]:

Theorem 6.5 (Angle-bracket process for solutions of martingale problems). Let f,g € A such that
f g €A Then

t
Mtf -ME = N;f’g +/ I,(f,g)dr foranyz >0,
0
where N/>2 is a martingale, and

Ii(f.8) = Li(f-8)— f(X0)Lig — 8(Xe) Li f .

Thus .
(M7, M%), = / Gt
0

Example (Time-homogeneous Markov processes, Carré du champ operator).
Here £, f = (Lf)(X;), and therefore

I(f.g) = T(f,8)(X),
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6. Limits of martingale problems

where I' : A X A — F(S) is the Carré du champ operator defined by

[(f,g)=L(f-8)-fLg-8Lf.
If § = R%, A is a subset of C*(R?), and

(LF)(x) = ZZ l,<> <>+Zb<x

i,j=1

with measurable coefficients a;;, b; then

d
(f.g)x) = > a,,<x> (x)—(x) Vf.geA.
i,j=1
In particular, for a;; = 6;;,I'(f, f) = |Vf |> which explains the name “carré du champ” (= square field)
operator. For general symmetric coefficients a;; with det(a;;) > 0, the carré du champ is the square of
the gradient w.r.t. the intrinsic metric (g;;) = (a;;)7':

T(f.f) = llgrad, f1I3.

Proof (Proof of Theorem 6.5). We may assume f = g, the general case follows by polarization. We write
“X ~; Y7 if E[X|Fs] = E[Y|¥5] almost surely. To prove the claim we have to show that for 0 < s < ¢ and
feA,

(MIY? = (MY ~, /t L.(f, f)dr.

Since M/ is a square-integrable martingale, we have
' 2
(M) = (ML)~ (M) - My = (f(Xz) - f(Xy) - / L f dr)
S

t t 2
= (f(Xe) = f(X9)* = 2(f(X:) —f(Xs))/ L fdr+ (/ L f dr)
=I+1T+1IT+1V

where
L JO0R = SO ~ [ £, par
11 := —2f(XS) (f(Xt) - f(Xs) - / er di") ~s Oa

I := -2f(X;) /l L, fdr= —2/t f(X)L, fdr, and

IV := (/;erdr)z=2/St/rt£rf£ufdudr.

Noting that f(X;)L,f ~, (f(Xr) + frl Luf du) L, f, we see that for s < r < t also the conditional
expectations given 7 of these terms agree, and therefore

t t t
T ~ _2/ f(Xr)erdr _2/ / erﬁufdudr

Hence in total we obtain

(M) = (M])? ~, / ’ L f2dr -2 / )Ly f dr = / I fdr.
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We can now derive a bound for the modulus of continuity of f(X;) for a function f € A. Let

Wi =wsp(foX) Vi = sup [£(X) - F(Xo).

rels,t]

Lemma 6.6 (Modulus of continuity of solutions to martingale problems). For p € [2, o) there exist uni-
versal constants Cp,, Cp, € (0,00) such that the following bounds hold for any solution (X;, P) of a martingale
problem as above and for any function f € A such that the process f(X;) has continuous paths:

1) Forany0 < s <t,

1/2
IV oy < Cplt = )2 sup ITH(F DIy + (= 5) sUp (1L flloce):
rels,t] rels,t]

2) Forany 6,&,T € (0,00),

P [w{;I > s] <Cpe® (1 +

.| sp/2 p/2 p
) (6 f:gllrr(f,f)lle/z(P)'i"s ﬁtgllﬁrfllmp) -

Proof. 1) By (6.9),
t
VS{, < sup |Mf—M{|+/ | Ly f| du.
S

rels,t]

Since f(X,) is continuous, M7 is a continuous martingale. Therefore, by Burkholder’s inequality,

f ot . omfy |1V
rztlsl’)t] M; — M; ’LP(P) < Cp||<M e =M >S”Lp/2(P)
t 1/2
=Cp /r,(f,f)dr
s LPI2(P)
1/2
< Cpt =)' sup IT(F NIV

rels,t] LPR(P)’

For p = 2, Burkholder’s inequality reduces to the usual maximal inequality for martingales - a proof
for p > 2 can be found in many stochastic analysis textbooks, cf. e.g. [17].

2) We have already remarked above that the modulus of continuity cu{;  can be controlled by bounds for
qu . onintervals [s,7] of length 6. Here we obtain

[T/s]
P [w{;j >el< P [Vlfa,(kﬂ)d > 5/3]
k=0
3 HET.
= H\e k8. (k+ D3| 1p(p)
The estimate in 2) now follows from 1). |

Remark. 1) The right-hand side in 2) converges to 0 as ¢ | O if the suprema are finite and p > 2.

2) If f(X;) is not continuous then the assertion still holds for p = 2 but not for p > 2. The reason is that
Burkholder’s inequality for discontinuous martingales M; is a bound in terms of the quadratic variation
[M]; and not in terms of the angle bracket process (M ),. For continuous martingales, (M), = [M];,.

Example (Stationary Markov process).
If (X;, P) is a stationary Markov process with generator extending (£, A) and stationary distribution

Xi ~ pthen L, f = (L) Xe), Ti(f, f) = T(f, £)(X,), and therefore
WL flleepy = 1L lLpqs  WTCfs Ollizerey = 10 Pllpergy  forany > 0.
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6. Limits of martingale problems

Construction of diffusion processes

The results above can be applied to prove the existence of diffusion processes generated by second order
differential operators with continuous coefficients on R?. The idea is to obtain the law of the process as
a weak limit of laws of processes with piecewise constant coefficients. The latter can be constructed from
Brownian motion in an elementary way. The key step is again to establish tightness of the approximating

laws.

Theorem 6.7 (Existence of diffusions in RY). For1 < i, Jj <dleta;;,b; € Cp(RxR?) such that a;j = aj;.
Then for any x € R there exists a probability measure P, on C([0, %), R?) such that the canonical process
(X;, Px) solves the martingale problem for the operator

d

2
Lif = % Z aij(f’Xz) g f (Xz) Zb (t, Xy) af.(Xt)

ij=1

with domain

= {feC‘x’(Rd):% e C(RY) fori = 1,...,d}

and initial condition Py[Xp = x] = 1.

Remark (Connections to SDE results). 1) If the coefficients are locally Lipschitz continuous then the

existence of a diffusion process follows more easily from the Itd existence and uniqueness result for
stochastic differential equations. The point is, however, that variants of the general approach presented
here can be applied in many other situations as well.

2) The approximations used in the proof below correspond to Euler discretizations of the associated SDE.

Proof.

158

1) We first define the approximating generators and construct processes solving the corresponding
martingale problems. For n € N let

al’(t,X) = aij(lth Xpey,), BF(6X) = bi(lt]n X1,
where |7], := max {s € %Z 15 < t}, ie., fort € [%, ’%1), we freeze the coeflicients at their value at

time % Then the martingale problem for

Ly = 22 0.3 2L <X:>+Zb<"><t 050

lj—

can be solved explicitly. Indeed let (B;) be a Brownian motion on R defined on a probability space
(Q, A, P), and let o : Ry x RY — R*4 be measurable such that oo’ = a. Then the process Xt(")
defined recursively by
1
07 _] 5
n

solves the martingale problem for (Lg"),ﬂ) with initial condition dx. Hence the canonical process
(X;) on C([0, c0),R¥) solves the same martingale problem w.r.t.

k k k
Xé") = X, X(n) X(r/l) + 0 ( XIEY/LL) (Bt = Bjn) + b( X(y/l)) forz e

P _ po (X(m)‘l
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2) Next we prove tightness of the sequence {P™ : n € N}. Fori = 1,...,d let fi(x) := x;. Since
|[x —y| < Zflzl | fi(x) = fi(y)| for any x,y € R4, we have

d
wsT < Z w](;"’T for any 6,7 € (0, ).

Furthermore, the functions
L =670X) and  T(hf) = aP(1.X)

are uniformly bounded since the coefficients a;; and b; are bounded functions. Therefore, for any
e, T € (0,00),

d
P [wé,T = 8] < ZP(") [wé’:T > S/d] -0
i=1

uniformly in n as § | 0 by Lemma 6.6.
Hence by Theorem 6.4, the sequence {P") : n € N} is relatively compact, i.e., there exists a
subsequential limit P* w.r.t. weak convergence.

3) It only remains to show that (X;, P*) solves the limiting martingale problem. We know that (X,, P")
solves the martingale problem for (L;"), A) with initial law . In particular,

E™ [(f(xa - f(Xo) - / L dr) 8(Xs,, - -,Xs&] =0

forany 0 < sy < 55 <--- < s < s <tand g € Cp,(R¥). The assumptions imply that Lﬁ”)f - L. f
pointwise as n — oo, and Lﬁ") f is uniformly bounded. This can be used to show that (X;, P*) solves
the martingale problem for (L, f) - the details are left as an exercise. |

Remark (Uniqueness). The assumptions in Theorem 6.7 are too weak to guarantee uniqueness of the
solution. For example, the ordinary differential equation dx = b(x)dt does not have a unique solution with
xo = 0 when b(x) = 4/x. As a consequence, one can show that the trivial solution to the martingale problem
for the operator b(x)d% on R! is not the only solution with initial law §y. A uniqueness theorem of Stroock
and Varadhan states that the martingale problem has a unique solution for every initial law if the matrix
a(x) is strictly positive definite for each x, and the growth of the coeflicients as |x| — oo is at most of order
a;j(x) = O(]x|?) and b;(x) = O(|x|), cf. (24.1) in Roger&Williams II [48] for a sketch of the proof.

The general case

We finally state a general result on limits of martingale problems for processes with continuous paths. Let
(P™), e be a sequence of probability measures on C([0, o), S) where S is a polish space. Suppose that
the canonical process (X;, P™) solves the martingale problem for (LE"), A) where A is a dense subspace of
Cp(S) such that f2 € A whenever f € A.

Theorem 6.8. Suppose that the following conditions hold:

(i) Compact containment: For any 7 € R, and y > 0 there exists a compact set K C S such that

P(”)[Elt € [0,T]: X; QEK] <vy foranyn €N,
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(i) Uniform LP bound: There exists p > 2 such that for any 7’ € R,

r"(f, f)

Jers

sup sup (| LP(P(n))) < o0

neN¢<T LP/2(P(m)

Then {P"™ : n € N} is relatively compact. Furthermore, if

(iii) Convergence of initial law: There exists u € $(S) such that

P(")OXO_1 K’M asn — oo, and

(iv) Convergence of generators:

Lfn) f— L;f uniformly for any f € A,

then any subsequential limit of (P"),,cx is a solution of the martingale problem for (£, A) with initial
distribution .

The proof, including extensions to processes with discontinuous paths, can be found in Ethier and Kurtz
[19].
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Markov Processes with given invariant
measures
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In this part we will study Markov processes that have a given probability measure u as their invariant
measure. The first important class of such processes are processes that are reversible when started with
initial law . A reversible Markov process induces a strongly continuous contraction semigroup consisting
of self-adjoint linear operators P; on L>(S, i), and the corresponding generator is self-adjoint as well. This
allows to describe and analyse reversible Markov processes efficiently in terms of the corresponding quadratic
forms, which are called Dirichlet forms.

Beyond the reversible case, we will see that Markov processes with invariant measure yu induce C°
contraction semigroups on LP (S, i) for any p € [1, 00), and the corresponding generators can be decomposed
into a symmetric part and an anti-symmetric part. In the diffusion case, the latter corresponds to a first
order differential operator, i.e., to the generator of a deterministic flow. We will see that besides reversible
Markov processes in the sense above, this class also includes processes satisfying a generalized reversibility
condition. Typical examples are given by certain kinetic models such as the second order Langevin process.

Besides processes in continuous time, we will also consider Markov chains with a given invariant measure.
These form the basis for Markov chain Monte Carlo methods. Moreover, we will consider measure preserving
Markov processes on infinite dimensional state spaces.
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7. Reversible Markov processes

In this chapter we will study Markov processes that are reversible when started with in equilibrium. Re-
versibility is equivalent to a detailed balance condition for the transition function. Therefore, a reversible
Markov process induces a strongly continuous contraction semigroup consisting of self-adjoint linear op-
erators P, on the L? space w.r.t. the invariant measure, and the corresponding generator is self-adjoint as
well. This allows the use of spectral theory. Moreover, it allows to describe and analyse reversible Markov
processes efficiently in terms of the corresponding quadratic forms, which are called Dirichlet forms.

Besides processes in continuous time, we will also consider reversible Markov chains which form the
basis for Markov chain Monte Carlo methods.

7.1. Reversibility and symmetry

Let S be a Polish space endowed with its Borel o-algebra 8. By F(S) and #,(S) we denote the linear spaces
of all measurable, bounded measurable functions f: S — R, respectively. Let A be a linear subspace of
Fp(S), and let E C F5(S) denote the closure of A with respect to the supremum norm. Then E is a Banach
space. For example, if S = R and A = (O (R4) then E = C(RY).

We assume that we are given a linear operator
L:ACE —>E,

and a right continuous time-homogeneous Markov process ((X;):»>0,(Px)xes) With transition semigroup
(p¢)r=0 such that for every x € S, (X;);>0 is under Py a solution of the martingale problem for (L, A) with
Py [Xo = x] = 1. Thus for every x € S and f € A, the process

M = X)) - / (LF)(X)ds
0

is an (7,X) martingale under P,.

Moreover, we impose the following assumptions on the subspace A and the transition function (p;).
(Al) Foreveryt >0and f € A, p:f € E.
(A2) If uis a signed measure on S with finite variation such that [ f du = 0 for all f € A, then p = 0.

Note that since p, is contractive w.r.t. the sup norm, and A is dense in £, Assumption (A1) holds if and
only if p;(E) C E for all + > 0. Assumption (A2) means that the subspace A is separating.

By Theorem 4.12, the assumptions (A1) and (A2) imply that (p;) induces a Cy contraction semigroup (P;)
of linear operators on the Banach space E such that the generator (L, Dom(L)) is an extension of the operator
(L, A). In particular, the forward equation

d
o1l = pLf (7.1)

holds for any function f € A, and the backward equation

d
Eptf = Lpf (7.2)
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7. Reversible Markov processes

is satisfied for any function f € A such that p, f is contained in the domain of L, which includes the
completion of A w.r.t. the graph norm of £. The derivatives in the forward and backward equation are taken
on the Banach space E, i.e., they are defined as limits of difference quotients w.r.t. the supremum norm.

Notice that the backward equation is valid only on a restricted class of functions. This will cause technical
difficulties in the proofs below. A common way to avoid these difficulties is to assume that p,(A) € A
for any ¢ > 0. However, this assumption is too restrictive for many applications. We will replace it by less
restrictive conditions below, in particular we will assume that A is a core for the generator, see Definition
4.14 and Theorem 4.15. Often, it is still not easy to verify such an assumption in applications. In this case,
one common strategy is to approximate the Markov process and its transition semigroup by more regular
processes (e.g., by non-degenerate diffusions on R¢), and to apply the results below to the approximating
regularized processes. Unfortunately, there is no universal way how to implement this strategy. In the end,
one has to decide on a case by case basis how to apply the techniques to a specific model.

Characterizations of reversibility

Theorem 7.1 (Characterizations of reversibility). Suppose (A1) and (A2) hold, and let 4 € $£(S). Then
the following assertions are equivalent.

(i) The process (X;, P,) is invariant with respect to time reversal, i.e., for every t > 0,

(XS)OSSS[ ~ (XZ—S)OSSSI under PIJ.

(ii) The transition function (p;) satisfies the detailed balance condition
pldx) pi(x,dy) = p(dy) pi(y,dx) forallz > 0.

(iii) The transition semigroup (P;) is u-symmetric, i.e.,
/fP,g du = /P,fg du forall f,g € F,(S) and ¢ > 0.
(iv) The generator (L,Dom(L)) is u-symmetric, i.e.,
/ng du = /Lfg du forall f,g € Dom(L).

Moreover, is A is a core for the generator, then these conditions are also equivalent to:

(v) The operator (L, A) is u-symmetric, i.e.,

/flgd,u = /Lfgd,u forall f,g € A.

Remark (Reversibility and stationarity). A reversible process (X;, P,) is stationary, since applying re-
versibility consecutively on the time intervals [0, s + u#] and [0, u] shows that for all s,u > 0,

(Xs+t)o<t<u ~ Xu—r)o<r<u ~ (Xi)o<t<u With respect to P,.
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7.1. Reversibility and symmetry

Similarly, the detailed balance condition (ii) implies that u is an invariant probability measure for (p;), since
for any B € B,

Guo® = [

SXx

uldpi(r.dy) = /

Sx

sz(y,dX)u(dy) = u(B).

In particular, if reversibility holds then the transition function (p,) induces strongly contraction semigroups
on LP(S, u) for every p € [1,00), see Section 4.1 above.

Proof (of Theorem 7.1).

()=(ii):

(i) = (i):

(i) (iii):

(iii)=(iv):

(iv)=(ii):

Reversibility implies that for every ¢ > 0,
(dx)p;(x, dy) = Py o (X0, X;) ™' = Py o (X1, Xo) ™ = pu(dy)pi(y, dx).
Let ¢ > 0. By induction, (ii) implies

:u(de)ptl—to(an dxl)ptz—tl (xla de) o Pty—tn (xn—la dxn)
= ,U(dxn)Ptn—z,,,l (xn’ dxn—l) o Ph-n (XZ’ d)C1 )pt1—to ()Cl, de)
foralln e NandO =1 <t <---<t, =t,and thus
Ell[f(XO’ th, ti LR} Xl‘n,la Xt)] = E/.l [f(XI’Xl—tl’ LR} Xt—ln,pXO)]

for all measurable functions f > 0. Hence the time-reversed distribution coincides with the original
one on cylinder sets, and thus everywhere.

By Fubini’s Theorem, for allz > 0 and f,g € F5(S),

(. Pe)oge = / Frigdu = / £ 80) u(dx) pa(x.dy) (1.3)

This expression is symmetric in f and g if and only if u ® p; is a symmetric measure on S X S.

Suppose that (P;) is symmetric on L*(u), and let f,g € Dom(L). Then

d
(Lo = (Lh D = [Le-sLidu = 5 [(FPg-gPpd = o

=0+
Here we have used that the functions are bounded, and for g € Dom(L), Lg is a uniform limit of the
difference quotients (P;g — g)/t ast | 0.

Fix ¢t > 0, let f,g € Dom(L), and consider the function
M(S) = (Psfs Pl‘—Sg)LZ(/J)9 s € [Ov t]'
Then the backward equation implies that u is differentiable, and
d
au(s) = (LPsf, Pl—Sg)Lz(p) - (P f, LPt—Sg)Lz(y) .
If (iv) holds then the right hand side vanishes, and hence u is constant. Thus

(fs Pe8)oy = u0) = u(®) = (Prf,8) 2y -
Hence by (7.3), the identity

// f(x) g(y) uldx) p:(x,dy) = / f(x)g(y) u(dy) p:(y,dx)

holds for all functions f,g in the domain of the generator, and thus, in particular, for all f,g € A.
Applying the separability assumption (A2) twice, one concludes that detailed balance holds, and hence
(iii) is satisfied for all f,g € F3(S).
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7. Reversible Markov processes

(iv)e(v): If A is a core for the generator then any function f € Dom(L) can be approximated in the graph norm
by functions in A. Therefore, in this case, the symmetry of the generator extends from function in A
to general functions in the domain of the generator. |

Now suppose that u is an invariant probability measure for the transition semigroup (p;). Then (p;)
induces a strongly continuous contraction semigroup of linear operators on the Hilbert space L*(u), and the
corresponding generator is an extension of the operator (£, A). Instead of considering this operator, we can
also consider the corresponding bilinear form

d
S(f’g) = _(f’ Lg)Lz(y) = _E(f’ Ptg)Lz(y) ’ f,gEﬂ.
=0+

By Theorem 7.1, if A is a core for the generator, then this bilinear form is symmetric if and only if the
corresponding Markov process with initial law u is reversible. (&, A) is called the (pre-) Dirichlet form
associated to the operator (L, A). Later, we will see that a reversible Markov process can be characterized by
an extension (&, Dom(&)) of the symmetric bilinear form (&, A). This extension will be called the Dirichlet
form associated to the Markov process.

We conclude this section with several examples of pre-Dirichlet forms (&, A), the associated symmet-
ric linear operators (£, A), and corresponding reversible Markov processes whose generator extends this
operator.

Jump processes and Dirichlet forms on finite state spaces

If S is finite then F(S) = RS is a finite dimensional vector space. A Markov process on S is a pure jump
process with non-negative jump rates £(x,y), y # x. The corresponding generator L is defined on the full
space A = F(S), and it can be identified with the matrix (£(x,y))x,yes, where L(x,x) = = Xy L(x, ).
The associated bilinear form on L?(y) is then given by

E(f:8) = = ) FO) (L) p(x) = = > > p(0)L(xy) F(0) () — g(x)). (7.4)
xeS Xy

Since the space of all functions f : § — R is spanned by the indicator functions 1, with a € S, a Markov
process (X;, P,,) with generator £ and initial law u is reversible if and only if for all a,b € S, we have
E(l4,1p) = E(1p, 1,), or, equivalently, iff

wa)L(a,b) = u(b)L(b,a) forall a,b € S.

This is a detailed balance condition for the generator. If it is satisfied then the Dirichlet form (&, A) can be
rewritten in a symmetric form:

E(f.8) = = D pO)L(Y) F() (g(x) (), and thus (7.5)
x,yeS
&(f.8) = % D HELEY) (FO) = F() (2() = 8(x)). (7.6)
x,yeS

Here the identity (7.6) follows by taking the average of (7.4) and (7.5). For x # y, the coefficient u(x)L(x,y)
is called the equilibrium flow from x to y.

Gradient Dirichlet forms and overdamped Langevin dynamics

Next, we consider the prototype of a (pre-)Dirichlet form corresponding to a diffusion process. We assume
that y is an absolutely continuous probability measure on R¢ that can be written in the form

() = 7 expl(~U() A (d)

168 University of Bonn



7.1. Reversibility and symmetry

with a function U € C*(R?) and a normalizing constant Z € (0, o), and we consider the symmetric bilinear
form

1
£/.9) = 5 /IR VfVedu,  fige GRS,

The corresponding symmetric linear operator (£, A) can be computed by integration by parts. Since f and g
are compactly supported functions, there is no boundary term, and we obtain &E(f, g) = —(f, £g)12(,) where
1

1
Lg = 5A¢ - ;VU-Vg, g€ Cy(RY).

Solving the corresponding martingale problem is equivalent to finding weak solutions for the stochastic
differential equation

1
A diffusion process solving this equation is called Kolmogorov process or overdamped Langevin dynamics.
It can be constructed by applying Girsanov’s Theorem, see for example [16, 17].

Theorem 7.2 (Existence and reversibility of overdamped Langevin dynamics). Let C = C([0, co); R¥)
denote the space of continuous paths on R4, endowed with the canonical o-algebra 8 = o(X; : € [0, 0)),
where X;(w) = w(t). Suppose that either

liminf = V0% o o (7.8)
x| [x]2
Jim U(x) = eo and llirrllinf(|VU(x)|2—AU) > oo, (1.9)
X|—>00 X|—00

Then there exists a probability kernel (x, A) — Py[A] defined on R x B such that for every x € R, the
canonical process (X;, Py) is a non-explosive Markov process that solves the martingale problem for the
operator (L, C° (R9)) wit initial law 8. Moreover, if we define P,[A] := [ Px[A] u(dx), then the process
(X;, P,) is a reversible Markov process that solves the martingale problem with initial law .

We give an outline of the proof, for more details see for example [17, Chapter 1].

Proof. 1) Construction of Py by change of measure. Let Q, denote the law on C of Brownian motion
starting at x, and let

t 1 t
Z, = exp (/ b(X;) - dXg — 5/ |b(Xs)|2ds),
0 0

where the integral is an Itd stochastic integral. An application of Itd’s formula shows that the process
(Z;)>0 is a martingale under Q, if b is bounded. Since we do not assume boundedness of b, we
need a localization procedure. For n € N let 7,, := inf{s > 0 : |X;| > n}. Then the stopped process
b(X.at,) is bounded, and hence Z.,7, is a martingale under Q for every x € RY and n € N. In
particular, f ZiaT, dQx = 1 for all ¢+ > 0. Therefore it can be shown that for every x, there exists a

unique probability measure P, on o (Un 7—}’5 ) such that

dPy
dQx
Furthermore, Girsanov’s Theorem implies that under the measure P,, the canonical process (X;) is a

weak solution of the SDE (7.7) for t < sup7,,. Let { := supT,,. We will show that our assumptions
imply that

= ZiAT, forallt > Oand n € N.

TX

tATn

Pyl =c0] =1  forallx e RY, (7.10)
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i.e., the process is almost surely non-explosive. Then for every x, the process (Z;, Q) is a martingale
for r € [0,00), and the measures P, can be extended to 8B in such a way that (x,A) — P,[A] is a
probability kernel, and for every x € R?, the process (X;, Py) is a weak solution of the SDE (7.7) with
initial law d,, and hence a solution of the martingale problem for (£, C’ RD)).

To show non-explosiveness, we apply Hasminskii’s criterion with the Lyapunov function
lx|> + 1 if (7.8) is satisfied,
V(x) =
U(x)-minU + 1 if (7.9) is satisfied,

respectively. One easily verifies that the drift conditions (7.8) and (7.9) imply LV < aV for some real
constant a. Therefore, by Corollary 1.21, { = oo holds Py-almost surely, and

/Z, dQyx > lim Zipnt, dQx = lim Py[T, >1t] = 1. (7.11)
n—00 TnZI n—00

By Itd’s formula and Fatou’s lemma, the process (Z;, Q) is a non-negative supermartingale with

f ZodQy =1, and thus (7.11) implies that it is a martingale satisfying f Z: dQy = 1 for every x.

2) Markov property. Let x e R?,0 < s < t,and let f : R — R, be a non-negative measurable function.
Then, by the Markov property for Brownian motion,

Ep [f(X)IF*] Eo [f(X)ZFX1/ Zs

Eg, [f(Xz)exp (/t b(X,) - dX, — %/f |b(X,)]? dr)

EQXS [f(Xt—s)Zt—s] = EPXS [f(Xt—S)]

holds Q,-almost surely, and hence also P.-almost surely. This shows that (X;, P,) is again a time-
homogeneous Markov process.

7|

3) Reversibility. This follows from the reversibility of Brownian motion w.r.t. Lebesgue measure. Indeed,
since b(x) = —=VU(x)/2, an application of 1td’s formula for Brownian motion shows that Q,,-almost

surely,

U(XO)_U(Xt) l/l 1 2

—_—+ - AU - |V X .
Tty ) AU IVUPX) ds

Therefore, for any ¢ > 0 and any non-negative measurable function F : C([0,7],R?) — R, we obtain
EP” [F(Xo:)] = EQﬂ [F(Xo:1)Z:]

/ Eo. [F(Xo;,) exp(w N i /f(AU_ % S ds)} xp(-U) |
0

Z, = exp(

2 Z

1 1 1 I 1 )
7 Eo [F(Xo;,)exp (_EU(XO) - EU(X,) *37 /O (AU - 5|VU| )(Xs) ds)] ,
where Xo; = (Xs)se[0,] and Oy = J Oy A(dx) is the o-finite measure obtained by integrating Q,
w.r.t. Lebesgue measure. By the definition of Brownian motion, it can be verified that Q , is reversible
in the sense that Q, o (XS);é[O,t] = Q0,0 (XI_S);é[O,t] for every t > 0. Since also the expression
—%U(Xo) - %U(X,) + ifot(AU - %|VU|2)(XS)1ds in the exponent of the density is invariant under
time-reversal, we can conclude that P, o (Xs); cl0.1] = Py o (X,_S);é [0.1] holds for every ¢ > 0. .
Remark (Non-gradient drifts). The construction of a Markov process solving the martingale problem for
Lf= %A f +b-V f by change of measure can also be applied in a similar way if the drift 4 is not a gradient.
However, in this case, the stochastic integral in the Girsanov density can not be eliminated by an application
of Itd6’s formula, and so the argument used for proving reversibility fails. Indeed, it has been shown by
Kolmogorov [30] that reversibility holds if and only if the drift is a gradient.
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7.1. Reversibility and symmetry

Non-constant diffusion coefficients and intrinsic metric

We now show that Dirichlet forms corresponding to more general reversible diffusion processes can be
represented in a similar form as above if one introduces an appropriate Riemannian metric that is associated
to the diffusion process. Because of this, it is often possible to carry over results for overdamped Langevin
dynamics to other reversible diffusion processes.

Suppose that a;; : RY 5 R, 1<, Jj < d, are smooth functions such that for every x € R4, the matrix
a(x) = (a;j(x))1<i,j<a is symmetric and positive definite with det(a(x)) > 0. We consider the symmetric
bilinear form

3 af .0
s = 5 [ Yoo twua.  phecres (.12

i,j=1
In order to give a geometric interpretation, we define a Riemannian metric on R by setting
(v,w)y = v-g(x)w forallx e RY, where g(x) := a(x)™\.

In this case, a Riemannian metric is just a map that assigns to every x € R an inner product (-, ), such that
for every v,w € R, the map x > (v, w), is smooth. The metric defined above is called the intrinsic metric
associated to the pre-Dirichlet form &. The gradient of a function f € C'(R¢) w.r.t. the intrinsic metric is
the vector field grad f : R — R defined by the identity

(v,grad f(x))x = By f)(x) = v-Vf(x)  forall x,v € RY,

where V denotes the standard gradient w.r.t. the Euclidean metric. By definition of the metric, (v, grad f) =
v - g grad f, and hence

grad f(x) = gx)""(VA)(x) = (@Vf)(x)  forall x € RY.
In particular, for any f,h € C 1(Rd), we obtain
(grad f, gradh) = (aVf)-gaVh = Vf-aVh,

and hence the bilinear form introduced in (7.12) can be written as

E(f.h) = %/(gradf,gradh) du, f.h e CORY).

Thus we see that by introducing an appropriate Riemannian geometry, the pre-Dirichlet form & can again be
represented as a gradient Dirichlet form.

Remark (Carré du champ operator). The symmetric bilinear operator I' : C'(R?) x C'(RY) — F(R%)
defined by
I'(f,h) = (grad f, gradh) = Vf-aVh

is called the Carré du champ operator (square field operator) corresponding to the Dirichlet form &. Carré
du champ operators can be defined for a more broad class of diffusion processes, including in particular (but
not exclusively) diffusions on Riemannian manifolds. They can be used to set up a formal calculus that is
the basis for extending many results from diffusion processes on R¢ to a more general context, see [2].

We now compute the symmetric linear operator (£, Cy° (R9)) associated to the symmetric bilinear form
(7.12) on the Hilbert space L*(u). By integration by parts, we obtain

E(f,h) = —/thd,u for all f,h € CF(RY),
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where Lh is given by
Lh = Ly (¢Vava) ! > _Fh Zd:b oh
= =Ze’'V-l|le"a = = aij i
2 2 =1 ”8xl~axj J@xj

14 L0 s (Pay 0V
bj = EZeUaxi (e Uai-’) - EZ(%_QU‘TX”).

The generator L is a second-order elliptic differential operator in divergence form. Alternatively, it can be
written in a more geometric way by performing integration by parts on the Riemannian manifold (R?, g).
Let dvol, = 4/det g dA denote the Riemannian volume measure. Then

1 1
du = Ee_v dvolg, where V := U+§logdetg.

By applying the integration by parts formula with respect to the Riemannian volume we obtain

E(f,h) = %/(gradf,gradh) %e—" dvol, = —/th %e—" dvoly = —(f, L)z

where Lh is given by

1

1
2Agh - E(grad V,grad h).

1
Lh = Eevdivg (e‘vgradgh)
Here the divergence operator div, is defined as the adjoint of the gradient grad, w.r.t. the Riemannian
volume, and A, := divegrad, is the Laplace-Beltrami operator on the Riemannian manifold (R4, g).

Under appropriate assumptions on the coefficients a;; and b;, the existence of a diffusion process solving
the martingale problem for the operator (£, C;° (RY)) follows from Theorem 6.7. Alternatively, if a(x) can
be represented as a(x) = o(x)o(x)T with a locally Lipschitz continuous function o : RY — R*¢  then a
solution of the martingale problem can be obtained as a solution of the corresponding stochastic differential
equation

dX, = b(X,)dt + o(X;)dB;

driven by a Brownian motion in R¢, see for instance [17]. Under an appropriate Lyapunov type drift
condition, non-explosiveness can then be shown again via Hasminskii’s criterion, see Corollary 1.21. If
V =0 then £ = %Ag, and an associated diffusion process is (by definition) a Brownian motion on the
Riemannian manifold (R4, g).

7.2. Self-adjoint operators and spectral theory

By Theorem 7.1, a reversible Markov process induces a C° contraction semigroup (P;);»o of symmetric
linear operators on the Hilbert space L(S, ), where S is the state space and y is the invariant law of the
process at any given time 7. We will see below that the corresponding generator (L, Dom(L)) is a negative
definite self-adjoint linear operator on this Hilbert space. As a consequence, spectral theory can be applied
to study the transition semigroup and its relation to the generator. In particular, we will see that P, = exp(tL)
where the operator exponential is defined via the spectral theorem for self-adjoint linear operators. For
further background on spectral theory for self-adjoint operators see e.g. Reed and Simon [45, 46] or Yosida
[56].
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7.2. Self-adjoint operators and spectral theory

Spectral decomposition for compact symmetric operators

Before stating the spectral theorem for general self-adjoint linear operators on a Hilbert space, we consider
the case of compact operators.

Definition 7.3 (Bounded and compact linear operators). Suppose that £ and F are Banach spaces, and
let B(0, 1) denote the unit ball in E.

1) A linear operator K : E — F is called bounded ift K(B(0, 1)) is bounded. The linear space of all
bounded linear operators from E to F is denoted by L(E, F).

2) K is called compact iff the closure of K(B(0, 1)) is compact in F.

A linear operator K is bounded if and only if K is continuous, or, equivalently, if and only if there exists a
finite constant C such that |K f||r < C||f||r for all f € E. The smallest constant C with this property is the
operator norm

1Kl 2, Fy = sup{lIKfllF : f € E with || fllF = 1}.

Moreover, K is compact if and only if for every bounded sequence (f;;),en, the sequence (K f;;)nen has a
convergent subsequence. Of course, every compact linear operator is bounded, but the converse is only true
if the dimension of F is finite.

Example (Compact integral operators). Suppose that E = F = L?(S, u), and K is a Hilbert-Schmidt
integral operator given by

Kf)x) = / K(xy) () u(dy).

where K : S X § — R is a square integrable function, i.e.,

/ / K(x,)? ldx) p(dy) < oo,

Then K is compact, see for example Yosida [56, p. X.2]. This applies for example if S is a bounded
domain in R¢ with smooth boundary, and K = P, or K = G, for some t, > 0, where (P;),>0 and
(Ga)a>0 are the transition semigroup and the resolvent of Brownian motion on S with normal reflection
or absorption at the boundary.

From now on, we assume that H is a separable real Hilbert space of infinite dimension with inner product
(-,-). Later, we will usually choose H = L?(S, ). A bounded linear operator K : H — H can be characterized
by its associated bilinear form

o(f.g) = (f.Kg), f.g€H.

By definition, K is symmetric iff Q is symmetric, and K is non-negative definite ift Q(f, f) > Oforall f € H.
An element f € H is an eigenfunction of K with eigenvalue 1 iff K f = Af.

Theorem 7.4 (Rayleigh-Ritz variational principle). Suppose that K : H — H is a symmetric non-
negative definite compact linear operator. Then there exists an orthonormal basis' {e; : i € N} consisting of
eigenfunctions of K with real eigenvalues A,, where A = ||K|| £z, ) An = An41 forall n, and lim,, 00 4, =
0. The eigenvalues and eigenfunctions are given inductively by the variational characterization

A, = max{Q(f,f): f € Hwith || f||=1,f L span{ey,...,en-1}},

where e,, is a maximizer of the variational expression for A,,.
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7. Reversible Markov processes

For the proof see for example [1, p. 10.14]. The key point is to show that the maxima are achieved.
This follows by the Banach-Alaoglu Theorem (existence of a weakly convergent subsequence of a bounded
sequence in H) and compactness of K. Of course, the same result holds if H is finite dimensional, except
that in this case, there are only finitely many eigenvalues 41 > 4> > ... > A4.

Self-adjointness

Many generators of Markov processes are unbounded linear operators. Often, the resolvent is compact, and
thus it is still possible to apply the spectral decomposition for compact linear operators. However, this is not
always the case, for example the resolvent of Brownian motion on R is not compact. Moreover, it is tedious
to verify compactness in each case. Therefore, it is important to extend the spectral theorem to unbounded
linear operators. These can only be defined on a dense subspace of the Hilbert space, and it turns out that
symmetry on its own is not sufficient to obtain a spectral decomposition.

Definition 7.5 (Adjoint operator, self-adjoint operator). Suppose that L : Dom(L) € H — H is a
densely defined linear operator on H.

1) The adjoint operator (L*,Dom(L*)) is defined by

Dom(L*) = {feH: AL"f € H: (f,Lg)=(L"f,g) forall g € Dom(L)} .

2) The operator (L, Dom(L)) is called self-adjoint ift

(L,Dom(L)) = (L*,Dom(L")). (7.13)

3) The operator (L,Dom(L)) is called essentially self-adjoint iff its closure is a self-adjoint operator.

It is important to observe that self-adjointness is stronger than symmetry. Indeed, the definition of the
adjoint shows that the operator (L, Dom(L)) is symmetric if and only if

(L,Dom(L)) € (L*,Dom(L")). (7.14)

In general, however, there can be functions in the domain of the adjoint L* of a symmetric linear operator
that are not contained in the domain of L. On the other hand, (7.14) shows that a symmetric linear operator
with Dom(L) = H is also self-adjoint. In particular, this applies to densely defined bounded linear operators,
and thus to all symmetric linear operators on a finite dimensional Hilbert space.

Exercise (Generators of Brownian motions with boundary conditions on (0, 1)). ConsiderLf = f""/2
as a linear operator on the Hilbert space H = L?(0, 1). Prove the following assertions.

1) The linear operator (L,C;°(0, 1)) is symmetric but not self-adjoint. Moreover, the domain of the
adjoint operator L* is the Sobolev space

H>%(0,1) = {re C'([0,1]) : f” is absolutely continuous with f”" € L?(0, D}.

2) The operator (L, H>2(0, 1)) is not even symmetric.
3) Now consider the domains
Doirichier = {f € H**(0,1): £(0) = f(1) = 0},
Dewmann = {f € H**(0.1): f'(0) = /(1) = 0},
Dperiodic = {f € H**(0.1): £(0) = f(1) and f'(0) = f'(1)} .

Show that the operator L is self-adjoint on each of these domains. Which reversible Markov
processes correspond to these generators?
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7.2. Self-adjoint operators and spectral theory

4) Give more examples of self-adjoint extensions of the operator (L, C°(0, 1)). Are all these exten-
sions generators of transition semigroups of reversible Markov processes?

Theorem 7.6 (Generators of reversible Markov processes are self-adjoint). Suppose that (P;);>q is a
symmetric C° contraction semigroup of linear operators on H. Then the following assertions hold.

1) Forevery ¢ > 0, P; is a self-adjoint contraction.

2) The generator (L, Dom(L)) is self-adjoint and negative definite, i.e., (f, L f) < 0for any f € Dom(L).

Proof. 1) This follows from the remark above since P, is symmetric and defined on all of H.

2) We first observe that L is symmetric and negative definite, since for any f,g € Dom(L),

(f.Lf)

13301%{(f,af>—(f,f>} <0, and

(f.Lg) = (Lf.g)

d
-\ Prg) = (Puf.8)} = 0.

t=0+
Hence (7.14) is satisfied, and it “only” remains to show Dom(L) 2 Dom(L*).

To this end, let g € Dom(L*), and fix an arbitrary real & > 0. By the Hille-Yosida Theorem, the range
of al — L is the whole Hilbert space H. Hence there exists f € Dom(L) such that

ag—-L'g = af-Lf = af -L"f. (7.15)

Here the last identity holds by (7.14). Equation (7.15) shows that f — g is contained in the kernel of
the operator al — L*. It can be verified that this kernel is the orthogonal complement of the range of
the operator o — L.. But by the Hille-Yosida Theorem, this range is the whole Hilbert space, and thus
f — g = 0. Hence we have shown that g = f, and thus g € Dom(L).
|
The spectral theorem for self-adjoint operators

We will now state a version of the spectral theorem for self-adjoint operators. The next definition is crucial.

Definition 7.7 (Resolution of the identity). A resolution of the identity on the Hilbert space H is a family
of symmetric linear operators E, : H — H (A € R) satisfying the following properties.

(i) Projectivity: Forany A,u € R, E E, = Enin(a,p)-
(ii) Normalization: Forany f € H, limy|_o Eaf =0 and limy Eaf = f.

(iii) Right continuity: Forany f € H and A € R, limy, o Exsnf = Eaf.

Notice that Condition (i) implies that each linear operator E, is a self-adjoint projection, i.e., Eﬁ =E,.
Furthermore, if (E;),cr is a resolution of the identity, then for every f € H, the function A — (f,E,f) is
the distribution function of a positive measure uy on (R, B(R)), and, correspondingly, for every f,g € H,
A+ (f,Epg) is the distribution function of a signed measure uy o on (R, B(R)). We write

ppdd) = d(f.Exf)  and  ppe(dd) = d(f,Eag).
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7. Reversible Markov processes

In this sense, one can view a symmetric resolution of the identity as the distribution function of a projection-
valued measure dE, on (R, B(R)).

The spectral theorem states that for every self-adjoint operator on H there is a resolution of the identity
that provides a spectral decomposition of the operator. We first consider the special case of an operator with
discrete spectrum. In this case, the spectral measure dE, is also discrete.

Example (Discrete spectrum). Suppose that (L,Dom(L)) is a self-adjoint linear operator with discrete
spectrum, i.e., there is an orthonormal basis {e; : i € N} consisting of eigenfunctions of L. Since the
operator is self-adjoint, the eigenvalues A; are real, and a resolution of the identity is given by

Exf = ) eilenf), A€R.

i:d; <A

Here, E, is the orthogonal projection onto the closed subspace H_. 1 € H that is defined as the
completion of the linear span of all eigenfunctions with eigenvalues < 1. Moreover,

(frEag) = ). (fTlag),

<A

where the sum is over all eigenvalues «, and I, denotes the orthogonal projection onto the eigenspace
ker(al — L) corresponding to the eigenvalue a. Thus, for f,g € H, iy  is the discrete measure given by

Mf.g = Z (f-1ag) ba

aespec(L)

and the projection-valued spectral measure is formally given by

dEy = > Ty 6a(dd).
aespec(L)

Finally, the operator L can be recovered from the spectral measure by the identity

(f,Lg) = Z a(f,l,g) = /A/Jf’g(d/l) for all f € H and g € Dom(L),
aespec(L) R
Dom(L) = {feH://lzyf(d/l)<00}.
R

Exercise. Complete the missing details in the last example.
Although it is not always straightforward to verify, many generators of Markov processes that we are
interested in actually do have a discrete spectrum. On the contrary, the generator of Brownian motion on
the Hilbert space H = L*(R?) is (A/2, H>?(R?)). This operator does not have a discrete spectrum, and

its spectral decomposition is given by the Fourier transform. Because of this and other examples, the next
theorem is crucial.

Theorem 7.8 (Spectral theorem for self-adjoint linear operators).

7.3. Symmetric Markov semigroups and Dirichlet forms

Closed quadratic forms

176 University of Bonn
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Definition 7.9 (Closed form; closability and closure).

Lemma 7.10 (Conditions for closability).

Example ().

From the quadratic form to generator and resolvent

Theorem 7.11 (Resolvent and generator of a quadratic form).

Self-adjoint extensions

Theorem 7.12 (Friedrichs extension).

Example (Overdamped Langevin dynamics).

From semigroup and resolvent to the quadratic form

Lemma 7.13 (Monotonicity).

Theorem 7.14 (Regularization of quadratic forms via the semigroup).

Exercise (Regularization via the resolvent).

One-to-one correspondences

Theorem 7.15 (Closed symmetric forms, self-adjoint operators and symmetric contraction semigroups).

Definition 7.16 (Dirichlet form; Dirichlet operator).

Theorem 7.17 (Dirichlet forms, Dirichlet operators and symmetric sub-Markov semigroups).

The assertion in the following exercise is often useful to verify in concrete examples that a given closed
quadratic form is a Dirichlet form.
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7. Reversible Markov processes

Exercise (Checking the Dirichlet property in practice). Show that a closed densely defined quadratic
form (&,Dom(&)) on L2(S, u) is a Dirichlet form if and only if there is a dense subspace A C Dom(&)
such that for any f € A and for any function ¢ € C;’(R) with ¢(0) = 0 and 0 < ¢” < 1, it holds

pofeDom(E) and &E(po f,po f) < &, f).

Usually, the form & and the generator L are first given on an appropriate space A of smooth functions.
Closability can then be verified by Lemma 7.10, and the exercise above can be applied to show that the
closure is a Dirichlet form, and the associated Friedrichs extension of (L, A) generates a sub-Markovian
semigroup (P;);>0. The Markov representation theorem then ensures that each P; is almost surely given by
integration w.r.t. a sub-probability kernel p;(x, dy).

Theorem 7.18 (Markov representation theorem). Let u be a probability measure on a Polish space S
endowed with its Borel o-algebra 8, and suppose that P : F.(S) — F.(S) is a sub-Markovian linear
operator.

1) Suppose that P is bounded on L!(u), i.e., there exists a finite constant C such that
IPfllLiw < C NIl for all f € F4(S). (7.16)

Then there exists a sub-probability kernel p(x, dy) on (S, 8) such that for any f € F.(S),

(Pf)(x) = /f(y) p(x,dy) for p-almost every x € S. (7.17)

In particular, this is the case if u is sub-invariant for P.

2) If P is even bounded as an operator from L'(u) to L* (), i.e., there exists a finite constant M such
that
IP oy < M N fllpi for all f € F.(9), (7.18)

then there exists a non-negative measurable function p : S X S — [0, M] such that for any f € 7.(S),

(Pf)(x) = /f(y) p(x,y) u(dy) for pu-almost every x € S. (7.19)

Exercise (Proof of Markov representation theorem). Prove Theorem 7.18 by proceeding in the fol-
lowing steps.

a) Show that it suffices to prove the result under the additional assumption that P is Markov, i.e.,
P1 = 1. To this end extend a given sub-Markovian linear operator P on ¥.(S) to a Markovian
linear operator P on 7, (SU{A}).

b) Show that if (7.16) holds then
Q(A,B) = /IA Plg du, A,B e 8B,

is a bimeasure with total mass 1, i.e., Q is a measure in each of its variables if the other variable
is fixed, and Q(S,S) = 1.

¢) You may assume without proof that for every such bimeasure, there is a probability measure g on
the product space S X S such that

Q(A,B) = g(AXB) for all A,B € B,
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see [42, 11]. Conclude that under (7.16), there exists a probability kernel p(x, dy) such that

/ng du = /fpgd# forall f.g € Fo(S),

and show that (7.17) holds.

2) Since S is a Polish space, there exists a filtration (), ey such that 8 = o (|, %) and each 7,
is generated by a finite partition of S. Let P, f denote the conditional expectation given 7, of Pf
w.r.t. u. Show that if (7.18) holds then for every n € N, there exists an 7, ® f;, measurable function
Pn 2 S XS — [0, M] such that (7.19) holds with P and p replaced by P,, and p,,. Moreover, show
that p, is an 7, ® ¥,, martingale under u ® u. Conclude that p = lim,,_, p,, exists u ® u-almost
surely, and (7.19) holds.

7.4. Model examples of reversible diffusions

Brownian motion on a flat torus
Brownian motion on a bounded domain
Standard Ornstein-Uhlenbeck processes
General Ornstein-Uhlenbeck processes

Brownian motion on the unit sphere
7.5. General reversible diffusions and transformations

One-dimensional diffusions
Overdamped Langevin dynamics
Sub-Markov semigroups and /-transform
Additive functionals

Time change
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8. Markov Chain Monte Carlo methods

8.1. General Metropolis-Hastings method

Metropolis-Hastings algorithm
Two examples

Independence Sampler
8.2. Random Walk Metropolis

Gaussian case
General case

Examples
8.3. Langevin algorithms

Unadjusted Langevin Algorithm
ULA in the general case
Metropolis Adjusted Langevin Algorithm

Conductance bound for Metropolis-Hastings algorithms
8.4. “Dimension-free” Metropolis-Hastings

Gaussian measures on Hilbert spaces
Preconditioned Crank-Nicholson

Preconditioned MALA
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9. Functional inequalities and convergence to
equilibrium

Our goal in the following sections is to relate the long time asymptotics (¢ T o) of a time-homogeneous
Markov process and its transition semigroup to its infinitesimal characteristics which describe the short-time
behavior (¢ | 0):

Asymptotic properties o Infinitesimal behavior, generator
17T o0 tl0

Although this is usually limited to the time-homogeneous case, some of the results can be applied to
time-inhomogeneous Markov processes by considering the space-time process (z, X;), which is always time-
homogeneous. Useful additional references for this chapter are the books by Royer [50] and Bakry, Gentil,
Ledoux [2], and the lecture notes by Malrieu [38].

Let S again be a Polish space endowed with its Borel o--algebra 8. As before, we assume that we are given
a right continuous time-homogeneous Markov process ((X; ) >0, (F7)r>0, (Px)xes) With transition semigroup
(pt)r>0 such that for any x € S, (X;);>0 is under Py a solution of the martingale problem for (£, A) with
Py [Xp = x] = 1. Here A is alinear subspace of 7 (S), and L : A — F(S)is alinear operator. Furthermore,
we assume from now on that g is an invariant probability measure for (p;);>9. Then p; is a contraction on
LP(S, u) for all p € [1,00] since

/ P fIP du < / polf1P dua = / FIP du Y f € Fo(S)

by Jensen’s inequality and invariance of y. The assumptions on Ay and A imposed above can be relaxed in
the following way:

(A0) If 4 is a signed measure on S with finite variation such that | f du = 0 for any f € A, then u = 0.
AY) f, Lf e LP(S,u)forall 1 < p < o0

(A2’) Ay is dense in A with respect to the LP(S, u) norms, 1 < p < oo, and p, f € A forall f € A

In addition, we assume for simplicity

A3) 1e A

Remark. Condition (AO) implies that A, and hence Ay, is dense in LP (S, u) for all p € [1,00). In fact, if
g € LS, p), 5 + Il, = 1, with [ fgdu = 0 for all f € A, then g du = 0 by (A0) and hence g = 0 p-a.e.
Similarly as above, the conditions (A0), (A1’) and (A2’) imply that (p;);>¢ induces a Cy semigroup on
LP(S, ) for all p € [1,00), and the generator (L), Dom(LP))) extends (£, A), i.e.,

A CcDom(LP) and LY f=Lf pae. foralfeA

In particular, the Kolmogorov forward equation

d
Eptfzptﬁf VieA

Eberle Markov Processes 183



9. Functional inequalities and convergence to equilibrium

and the backward equation
d
Eptf =Ipf VfeHA
hold with the derivative taken in the Banach space L?(S, u).

Example. (i) Finite state space: Suppose u(x) > Oforall x € S.

Generator:
(LAHX) =D LENFO) = Y LOYFG) = £(x)
y y
Adjoint:
£33 = 29 )
1)
Proof.

(Lf.8)u = Z R L(x, ) F()8(x)

= DA £

= (i LY u
Symmetric part:
£n3) = 3 (£3)+ L4030 = 3 [ £609) + 525 26
H(x) Ls(x,y) = % () L(x, ) + p(y) Ly, x))

Dirichlet form:

Es(f,8) = ~(Lf,8) = = Y p() Ls(x,) (f(3) = F(x)) ()
X,y

= = > H) Loy 0) (F) = F() g(y)
X,y

_ _% D) Ly ) () = £()) (8(y) - g(x)

Hence

E.1) = 81 ) = 5 3 QN ()~ ()
X,y

where

O(x,y) = pu(x)Ls(x,y) = % (u(x)L(x,y) + p(y)L(y, x))

(ii) Diffusions in R™: Let
1 9?
==Y aj——+b-V,
£=3 Z] U xi0x;

and A = C, p = odx, Q,aijecl, beCp=>0,

&0 =5 /Z e

S(fug):as(f’g)_(f’ﬁvg)’ ﬁzb__g+((9aij)
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Running example: Kolmogorov diffusions
9.1. Divergences and relaxation times

f-divergences

Definition 9.1 ("'Distances' of probability measures). p, v probability measures on S, u — v signed

measure.
(i) Total variation distance:
lv = pliry = sup [v(A) — u(A)|
AeS
(i) y?-divergence:
du 1 2 _ dv 2 1 if
/\/2(/1|V): I(E_ ) d,u—f(@) d,u— nmHy << u
+00 else

(iii) Relative entropy (Kullback-Leibler divergence):

Z—;logj—;du:flogg—;dv ifv<u

+00 else

H(v|p) = {

(where 0log0 := 0).

Remark. By Jensen’s inequality,
d d
Hv|w) = /—vd,ulog/—vd,u -0
du du

Properties of f-divergences

Bounds on the variation norm:

Lemma 9.2. (i)
2 15,
Iy = ulizy < o (vIw)

(ii) Pinsker’s inequality:

1
Iv—ulidy < HOAR) Yy € My(S)

Proof. If v <« u, then H(v|u) = y*(v|u) = oo.
Now let v <« u:

@)

1 1 1 1
lv = pliry = §||Q— g < §||Q— Uiz = EXQ(VLU)Z
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(ii) We have the inequality
3(x—172 < (@ +2x)(xlogx—x+1) Vx>0
and hence
V3lx—1] < 4+ 2x)%(xlogx -x+ 1)%

and with the Cauchy Schwarz inequality

@/Ig—lldus (/(4+29)du)2 (/(QIOgQ—QH)du)2

=6 H(v|p)? u

Remark. If S is finite and p(x) > O for all x € S then conversely

v(x) 2
2 — v(x) 2 (ers 2 1| /l(x))
X (vlp) = );q (m - 1) ulx) < i )
_ 4 mlhy
- min g

Variational characterizations

Lemma 9.3 (Variational characterizations).

(i
Iv—pll =5 sup (/fdv—/fdu)
f\efq?;(lS)

(ii)
2
X°(vlw) = sup (/fdv—/fdy)
fEF(S)
[ f?dus<1
and by replacing f by f — [ f du,

Lol = s ( / £dv

[ frdus<i
ffdu 0
(iii)

H(v|p) = sup /fdv: sup /fdv—log/efd,u
FeFp(S) FeFp(S)
Jef du<i

Remark. [ e/ du < 1,hence [ f du < 0 by Jensen and we also have

L (/fdv—/fdﬂ) < HvIp)
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Proof. ()" <”

VA= () = 5 O0) - )+ a) = va) =3 ([ rav= [ raid

and setting f := [4 — I4c leads to

- = A A — dv — d
Iy = kllry = sup (1) - () < l;lllfl(/f y /f u)

? > If |f] < 1 then
/fd(v—u)=/fd(v—u)+/fd(v—u)
S S

< (v =p(S:) — (v — pu)(S-)
=2(v —p)(S+)  (since (v — p)(S+) + (v — @)(S-) = (v — w)(S) = 0)
< 2[|v — ullry

where S =S, |JS_, v—pu>0onS,, v—pu < 0onS_ is the Hahn-Jordan decomposition of the
measure v — y.

(ii) If v < u with density o then
1
POt =llo- g = sup /f(@ “Ddu=  sup (/fdv - /fdu)

FeL(u) FEFL(S)
1F 1l 2 <1 11l 20 <1

by the Cauchy-Schwarz inequality and a density argument.

If v « u then there exists A € S with u(A) = 0 and v(A) # 0. Choosing f = A1 - I4 with 2 T oo we
see that

2
sup (/fdv - /fdﬂ) = oo = x2(vI1).
feFB(S)
”f”LZ(”)Sl

This proves the first equation. The second equation follows by replacing f by f — [ f du.

(iii) First equation:

> " By Young’s inequality,
uv < ulogu —u+ e’

forall u > 0 and v € R, and hence for v <« u with density p,

[rav=[ rodu
S/Qloggdu—/gdp+/efdp

:H(v|u)—1+/efdu Y f e Fp(S)

< H(v|u) if /efdu <1
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” <7 v <« pwith density o:

a) e<p< é for some & > 0: Choosing f = log o we have

H(v|u):/loggdv:/fdv

/efd,u:/ga’,uzl

b) General case by an approximation argument.

and

Second equation: cf. Deuschel, Stroock [12]. |

Remark. If v <« u with density o then

Iv= sy = 5 sup [ flo= D=5l 1l
2| |<1
However, ||v — ullrv is finite even when v « pu.

Relaxation times and mixing times
9.2. Poincaré inequalities and L? relaxation

We first restrict ourselves to the case p = 2. For f,g € L%(S, ) let

(f & =/fgdu

denote the L? inner product.

Definition 9.4. The bilinear form
d
&E(f.g) :=-(f, [g)u = _E(f,]?tg)u 0

f.g € A, is called the Dirichlet form associated to (£, A) on L?(u).

E:(£.8) = 5 E(1,8) + (s, /)

is the symmetrized Dirichlet form.

Remark. More generally, E(f,g) is defined for all f € L*(S, u) and g € Dom(L®) by

d
&(f.g) =—(f,.LPg), = = (Fopi8u|

Decay of variances and y” divergences
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9.2. Poincaré inequalities and L? relaxation

Theorem 9.5. For all f € Apandt >0

d 5 d 9 _ _
 Nar(puf) = < / @S du = —26fopef) = ~265(pef o2 f)

Remark. (i) In particular,

1 1d
& =—= 2du=—-=—V
(f:f)=-5 /(ptf) p=—5 o Varpdf))
infinitesimal change of variance

(ii) The assertion extends to all f € Dom(L®) if the Dirichlet form is defined with respect to the L>
generator. In the symmetric case the assertion even holds for all f € L%(S, u).

Proof. By the backward equation,

d
- / (P du =2 / peLpef dii = ~26(pefopof) = ~285(pe fope f)

/Ptfdﬂ:/fd(ﬂpt):/fdﬂ

d L d )
& Na(pif) = 5 / (P f) du n

Moreover, since

is constant,

Remark. (i) In particular,
1d 5 1d
=—-=— =—=—YV
BUS) =555 [ @ di] = =3 5 Varu (o)

1 1d
Es(f:8) =7 (Es(f+8. [ +8)+ E(f —8.f = 8)) = =5 Covupe f. P18)
Dirichlet form = infinitesimal change of (co)variance.

(ii) Since p; is a contraction on £2(u), the operator (£, A) is negative-definite, and the bilinear form
(&, A) is positive definite:

(f LW =8 = lim ( / (prf ) dyt - / £ dﬂ) 50

Corollary 9.6 (Decay of variance). For A > 0 the following assertions are equivalent:
(i) Poincaré inequality:
Var,(f) < 28(f.f) V€A
(ii)) Exponential decay of variance:

Var,(p.f) < e7*Y Var,(f) Vf e L*S,u) 9.1)

(iii) Spectral gap: (Only equivalent in reversible case!)

Reale > 1 Va € spec (—L<2)

span{l}i)
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9. Functional inequalities and convergence to equilibrium

Remark. Optimizing over A4, the corollary says that (9.1) holds with

e 3 S(f’f) _ . (fa_Lf)/-l
'_flgéfq Var,(f) - flg;l (fs Fu
FLlin L?(u)

Praof.= (ii)

E(f,f)=a-Var,(f) VfeA

By the theorem above,

d
T Var,(p: f) = —28(p: f.pr f) < =22 Var,(p, f)

forallt > 0, f € Ay. Hence

Var, (p; f) < e”>Y Var,(pof) = e Var,(f)

for all f € Ay. Since the right hand side is continuous with respect to the L?(u) norm, and Ay is
dense in L?(u) by (A0) and (A2), the inequality extends to all f € L?(u).

(ii) = (iii) For f € Dom(L®),

d
T Van(pef)| = -28(£.5).

Hence if (9.1) holds then
Var,(p.f) < e7*Y Var,(f) Vt>0
which is equivalent to
Var,(f) — 2tE(f, f) + o(t) < Var,(f) — 24t Var,(f) +o(t) VYt >0
Hence

E(f.f) z A Varu(f)

and thus
~(LPf, =2 / f2du  for fi11
which is equivalent to (iii) if reversibility holds.

(iii) = (i) Follows by the equivalence above. |

Remark. Since (£, A) is negative definite, 4 > 0. In order to obtain exponential decay, however, we need
A > 0, which is not always the case.

Corollary 9.7. The assertions (i) — (iii) in the corollary above are also equivalent to

(iv) Exponential decay of y? divergence w.r.t. equilibrium measure:

X Opelp) < e (vip) Vv e My(S)
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9.2. Poincaré inequalities and L? relaxation

Proof. We show (ii) © (iv).

» =" Let f € L£2(u) with [ f du = 0. Then

[rave- [ sau= [ raopo= [ pras

1

<P fllzg) - X (w2
_ 1
< e Y fllrzg - X (0Iw)?

where we have used that [ p,f du = [ f du = 0. By taking the supremum over all f with [ f?du < 1
we obtain

I 1
Xpilp)? < e P (vl
"« For f € L*(u) with [ fdu =0, (iv) implies

/ pofgdu” =" / £ dovpo) < 11l X2 prl)}

— 1
< eV fllagox*(lw)?
= eI fll2golglog

for all g € L*(u),g > 0. Hence
1PNl < €N 2 [ |

Example (Gradient type diffusions in R").
dXt = dB[ + b(X[) dt, b (S C(Rn,Rn)

Generator:
Lf=3Af+DVf, [ eGP

symmetric with respectto u = odx, o€ C! & b= %V log o.
Corresponding Dirichlet form on L?(o dx):

1
&(f.8) = —/-Efgpdx = E/Vngde
Poincaré inequality:
1
Vaa(f) < 57 [ 191 ods

24

The one-dimensional case: n=1,b= %(log ©)" and hence

o(x) = const. elo 260y

e.g. b(x) = —ax, o(x) = const. e’“xz, 1 = Gauss measure.

Corollary 9.8. (i) If the Poincaré inequality

1
Var,(f) < ZS(f,f) VfeA
holds then

1 1
lvpe = pliry < Se™ X (vIp)2 92)
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9. Functional inequalities and convergence to equilibrium

(ii) In particular, if S is finite then
1 -t
lvp: = plirv £ —————e "Iy — pllrv
minyes p(x)?

where ||v — ullrv < 1. This leads to a bound for the Dobrushin coefficient (contraction coefficient
with respect to || - ||tv).

Proof.

e Yly = pliry

_ 12
e (v|p? < 3

N —

1 1
lvp: = pllrv < zxz(vmlu)z <
if S is finite. n

Consequence: Total variation mixing time: € € (0, 1),

Thix(e) =inf{t =0 : ||lvp, — ulltv < e forall v € M(S)}

1 1 1
log — + —log
€

< -
24 min u(x)

1

where the first summand is the L? relaxation time and the second is an upper bound for the burn-in time,
i.e. the time needed to make up for a bad initial distribution.

Remark. On high or infinite-dimensional state spaces the bound (9.2) is often problematic since y>(v|u)
can be very large (whereas ||v — u|ltv < 1). For example for product measures,

2 2 n
)(Z(V"Iu")=/(Z;n) du" = 1= (/(j—;) du) -1

2
where [ (Z—;) du > 1 grows exponentially in n.

Are there improved estimates?

[oav= [ rau= [ pirae - < peslan - 1y = ey
Analysis: The Sobolev inequality implies

Hptf”sup <c- Hf”LP

However, Sobolev constants are dimension dependent! This motivates a replacement by the log Sobolev
inequality, see Section 9.4 below.
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9.3. Lower bounds for spectral gaps

Spectral gap and relaxation time
Upper bounds for Ap

The one-dimensional case
9.3. Lower bounds for spectral gaps

Factorization
Comparison
Isoperimetric bounds

Coupling bounds
9.4. Log Sobolev inequalities and entropy decay

We consider the setup from section 4.3. In addition, we now assume that (£, A) is symmetric on L2(S, u).

Decay of relative entropy
Theorem 9.9 (Exponential decay of relative entropy). (i) H(vp;|u) < H(v|u) forallt > 0 and v €
M (S).

(ii) If a logarithmic Sobolev inequality with constant @ > 0 holds then

_2
H(vpi|p) < e a"H(v|p)

Proof (Proof for gradient diffusions). £ = JA+bV,b = 1Vlogo € C(R"), u = o dx probability measure,
Ay = span{C*(R"), 1}
. The Logarithmic Sobolev Inequality implies that

2
N e B
/f Og”f”iz(#) u 2/Ifl u=a&(f,f)

(i) Suppose v =g-pu, 0 <e<g< é for some € > 0. Hence vp; < p with density p;g, € < p;g <
(since [ fd(vp;) = [ p:fdv=[p:fgdu= [ fp:g duby symmetry). This implies that

1
&

d d
AP = E/ptglogng du = /lﬁptg(l +logpig)du
by Kolmogorov and since (xlog x)’ = 1 + log x. We get
d 1
5 HOPidu) = ~8(pig.log prg) = =5 | Vpig - Vlogpig du

Vp:g H
. Hence
Pt8

where Vlog p,g =
d 2
S HOPW = —2/|Vx/ptg| dp (9.3)

Q) =2 [|Vyprg| du<0
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9. Functional inequalities and convergence to equilibrium

(ii) The Logarithmic Sobolev Inequality yields that

2 4
—2/|V\/ng| dy < ——/pthOngu
@ [ pig du

where [ p;gdu = [ gdu =1 and hence
2 4
—2/|Vw/ptg| dp < ——H(vp:|)

(ii) Now for a general v. If v <« u, H(v|u) = co and we have the assertion. Let v = g - u, g € L'(u) and
8ab =(@Va)Ab, 0<a<b,
Ya,b := 8a,b " K-
Then by (i),
Haopi|0) < €% Hvapl10)
The claim now follows for a | 0 and b T co by dominated and monotone convergence. |

Remark. (i) The proof in the general case is analogous, just replace (9.3) by inequality
48(WfNf) < &(f.log f)

(i) An advantage of the entropy over the y? distance is the good behavior in high dimensions. E.g. for
product measures,

HOA ") = d - H(v|w)

grows only linearly in dimension.

Corollary 9.10 (Total variation bound). For all ¢ > 0 and v € M;(S),

.
Ivp: — pllry < —e” & H(v|p)?
V2

1 1 r
< —log——e @ ifSis ﬁnite)
( v2 7 min u(x)
Proof.
Ivpr = lhy < —=HOplw? < e & Hlw?
vpr = pliry < —=H(vp|p)? < —e "« H(v|p
' v V2

where we use Pinsker’s Theorem for the first inequality and Theorem 9.9 for the second inequality. Since S
is finite,

1
H(o =log—— <1 VxelS
which leads to
H < H(6 <1 A4
(V140 £ D vOH@:lw) < log oV
since v = > v(x)d, is a convex combination. |

Consequence for mixing time: (S finite)

Tmix(e) =inf{t >0 : ||lvp; — u|ltv < € for all v € M(S)}
< a-log ! + log log
<a- — _
V2e minyes p(x)

Hence we have log log instead of log !

194 University of Bonn



9.4. Log Sobolev inequalities and entropy decay

Extensions

Log Sobolev implies Poincaré

Theorem 9.11 (Rothaus). A logarithmic Sobolev inequality with constant & implies a Poincaré inequality
with constant A = %

Proof. Apply the logarithmic Sobolev-inequality to f = 1 + eg where [ gdu = 0. Then consider the limit
s—>0andusethatxlogx:x—1+%(x—1)2+0(|x—1|3). |

Hypercontractivity

Theorem 9.12. With assumptions (A0)-(A3) and @ > 0, the following statements are equivalent:

(i) Logarithmic Sobolev inequality (L.SI)

2
/f21og f2 du <2e8(f.f) VfeA
s 112,

(ii) Hypercontractivity For 1 < p < g < oo,

q-—1

@
I fllag < I fllrgy Y € LPGo), 12 5 log - —

(iii) Assertion (ii) holds for p = 2.

Remark. Hypercontractivity and Spectral gap implies

||Ptf||L‘7(/x) = ||pl‘()pl‘ft0f L4 () < ”pl‘fl‘()f“LZ(ﬂ) < e_/l(t_t())”fllLZ(H)
forall t > #y(q) := ¢ log(g — 1).
Proof. (i)=(ii). Idea: WLOG f € Ay, f = 6 > 0 (which implies that p; f > § Vt > 0).
Compute
d +
E”Ptf”m(t)(ﬂ)’ q: R™ — (1,00) smooth:

(i) Kolmogorov:

d
= p:f = Lp:f derivation with respect to sup-norm

implies that
G @™ du=a) [ @ Lot dus a0 [ @i 10g s du

where

[ s d =6 (e i)
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9. Functional inequalities and convergence to equilibrium

(ii) Stroock estimate:
4(q De

q

ort.1)

&(rs)z
Proof.

o) == (117 L) =time (s - pf)

lim > // F) = F70) () = F00) prC, dy) )

«
> M D iim o ] (£40)= 7 20) putdy) e
_Ha-Dg
(st st

where we have used that
4, q)\? 9> ( -1 _1)
— p= < — 2 g9 ' = p4 — > 1
(az b2) < IG-D a b (a-b) Ya,b>0,qg=>
Remark.

* The estimate justifies the use of functional inequalities with respect to & to bound L?
norms.

* For generators of diffusions, equality holds, e.g.:

/qu‘IVfd,u - 4(‘161; D /‘vfé’ * du

by the chain rule.

(iii) Combining the estimates:

o d d ,
4@ - P fIGe) ™ =P fllao = = / (P )P d = g’ (1) / (e /)T Tog l1p: fllgqr) die

where
[ a = o

This leads to the estimate
1 d
4 Npef ) —lpeSllaco

_Aa-D q<> L 40 o (10
q(t) ((p’f) pef)E q(t) / (pe )" log f(pl )40 dyy du

(iv) Applying the logarithmic Sobolev inequality: Fix p € (1,00). Choose ¢(t) such that

aq'(t) =2(q(t)-1), q0)=p

ie. ,

gty =1+ (p= De¥
Then by the logarithmic Sobolev inequality, the right hand side in the estimate above is negative,
and hence ||p; fl4(;) is decreasing. Thus

Ipe fllgay < N fllgoy = £l V2=0.

Other implication: Exercise. (Hint: consider dt||p, f ||Lq(t)(#)) |
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9.4. Log Sobolev inequalities and entropy decay

Basic examples

Example. Two-point space. S = {0,1}. Consider a Markov chain with generator

-9 q
L= , ,g€(0,1), p+g=1
(p _p) p.q€(0,1), p+gq

which is symmetric with respect to the Bernoulli measure,

u0)=p, wu(l)=gq

Dirichlet form:

E(f.) = 3 2 (F0) = FY 4 £(x,)
X,y
= pg - 1£(1) = FOP = Var,(f)

Spectral gap:

) - EF. ) _

= =1 ind dentof p!
fnollrionsL Var,,(f) independent ot p

Optimal Log Sobolev constant:

[ PlogfPdu |1 ifp=1
a(p)= SUp T = { | logg-logp
]f{zl l 28(f,f) ET else
=

goes to infinity as p [ Oorp T co !
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9. Functional inequalities and convergence to equilibrium

9.5. Derivation of Log Sobolev inequalities

Factorization

Spectral gap and Logarithmic Sobolev Inequality for product measures:

Ent,(f) ::/flogfd,u, f>0

Theorem 9.13 (Factorization property). (S;,S;, u;) probability spaces, u = ®' | u;. Then
(i)

Va () < 3 £, [Vard()|
i=1

where on the right hand side the variance is taken with respect to the i-th variable.

(ii)

Ent, (f) < Zn: Ey [Eni)(1)]
i=1

Proof. (i) Exercise.
(ii)

Ent,(f)= sup E,[fg], cf. above
g Eyled]=1
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9.5. Derivation of Log Sobolev inequalities

Fix g: 8" — R such that E, [e¥] = 1. Decompose:

g(xy,...,x,) = log e8(X15-Xn)
€g(XI ..... Xn) N log feg(yl,xz ..... Xn) ,ul(dyl)
[ e80rx ) 11y (dyy) [T es0rmsin) oy (dy1)pea(dys)

n
=: Zgi(xly- s Xp)

= log

and hence

El [e%]=1 V,1<i<n

= Eulfsl =) Eulfs= ZE |E8 Ufel] < Enel)(r)

= Ent[f]= sup E,[fg]< ZE [Ent(l)(f)] [ |

Corollary 9.14. (i) If the Poincaré inequalities

Var, () < T8 ) VS €A
hold for each y; then
Var () < 18(1 1) VF € QA
i=1

where ;
E(f.1) = Y B |60, 1)]
i=1
and
A= i, A

(ii) The corresponding assertion holds for Logarithmic Sobolev Inequalities with @ = max «;

Proof.

Var,(f) < ZE [Va (l)(f)] <

since

; 1
Var)(f) < —&i(f.f)

Example. S = {0,1}", u" product of Bernoulli(p),
Ent,n (f2)
n
s2a(p)-p-q~2/|f(x1,...,x,~_1,1,x,-+1,...,xn>—f(x1,...,xi_l,o,xm,...,xn)F ' (dx)
i=1

independent of n.
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9. Functional inequalities and convergence to equilibrium

Example. Standard normal distribution y = N(0, 1),

On: {07 1}n - R, ¢n(x) =

The Central Limit Theorem yields that u = Bernoulli(%) and hence
Wog, Sy
Hence for all f € C;°(R),
Enty(f?) = lim Entyn(f> © )
< liminf%ii/ |A; f o n|? d”

< ~-s2-/|f’lzdv

Comparison

Theorem 9.15 (Bounded perturbations). w,v € M;(R™) absolut continuous,

d 1
—V(x) = ze_U(x).

If
/f log ——— 2 du <2« - /|Vf|2d,u Vfecy
”f”Lz(,u)
then
/f log v_2oz-e°s°(U)-/|Vf|2dv VfecCy
||f||L2(V)
where
osc(U) := sup U — inf U
Proof.
2 IfI? 2 2 2 2 2 2
f*1og dv < [ (210812 = P1ogllfIRs, = £+ 112, dv ©4)
1125,
since
2 Fis 2 2 2002 22
/fl vﬁ/flogf—flogt—f+tdv Vt>0
17125,
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9.5. Derivation of Log Sobolev inequalities

Note that in (9.4) the integrand on the right hand side is non-negative. Hence

Tk Lo
/ Prog I av < ™Y [ (log £ = P log Iy, ~ 2+ 11, ) di

112,

2
= —e_infU . /f2 IOg —f2 dﬂ
||f||L2(”)

IA

1
Zz
E —infU 2

Z e e [ [Vl du

2esupU—infUa,/|Vf|2 dv ]

IA

Example. We consider the Gibbs measures u from the example above

(i) No interactions:

(ii)

(iii)

A. Eberle

x2
H(x) = Z S +V(@)|. ViR Rbounded
ieA

Hence

i= Qo

ieA
where
py (dx) o< e™V Wy (dx)

and y(dx) is the standard normal distribution. Hence u satisfies the logarithmic Sobolev inequality
with constant

osc(V) osc(V)

a(p) = apy) < e a(y) =e
by the factorization property. Hence we have independence of dimension!

Weak interactions:

H(x) = Z (%’2 + V(x,-)) -9 Z xixj — 9 Z XiZjs

ieEA i,jeA ieA
li-jl=1 JEN
li-jl=1

¥ € R. One can show:

Theorem 9.16. If V is bounded then there exists 8 > 0 such that for J € [, 8] a logarithmic
Sobolev inequality with constant independent of A holds.

The proof is based on the exponential decay of correlations Cov,(x;, x;) for Gibbs measures.

Discrete Ising model: One can show that for 8 < S, a logarithmic Sobolev inequality holds
on{—N,. .., N} with constant of Order O(N?) independent of the boundary conditions, whereas
for 8 > B, and periodic boundary conditions the spectral gap, and hence the log Sobolev constant,
grows exponentially in N, cf. [777].
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9. Functional inequalities and convergence to equilibrium

Isoperimetric bounds
LSI for log-concave probability measures
Stochastic gradient flow in R":
dX; = dB, — (VH)(X;)dt, H € C*(R")
Generator:
L=3A-VH-¥
w(dx) = e X gx satisfies L =0
Assumption: There exists a k > 0 such that

PH(x)>k-1 YxeR"
ie. 07.Hx=«k-|é7 VEeR"

Remark. The assumption implies the inequalities
x-VH(x) >« |x]* —c, 9.5)

H@)Z%MF—E (9.6)

with constants ¢,c € R. By (9.5) and a Lyapunov argument it can be shown that X; does not explode in finite
time and that p,(Ag) € A where Ay = span (C(;>o (R"),1), A = span(S(R™),1). By (9.6), the measure y is
finite, hence by our results above, the normalized measure is a stationary distribution for p;.

Lemma 9.17. IfHessH > «lI then
IVpifl < e 'piIVfI f € CyRY
Remark. (i) Actually, both statements are equivalent.
(ii) If we replace R" by an arbitrary Riemannian manifold the same assertion holds under the assumption
Ric + HessH > k-1

(Bochner-Lichnerowicz-Weitzenbock).

Proof (Informal analytic proof:).

VLf=V(A-VH-V)f
:(A—VH-v—a%ﬂVf

—

=:L operator on one-forms (vector fields)

This yields the evolution equation for Vp;, f:

0 0 -
Eme=Vamf=V£mf=£me
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9.5. Derivation of Log Sobolev inequalities

and hence

(29pif)-Vous
IVp: £l

0 0 1
5 VP = = (Vpef - Vpif)? =

IV )-V

( PI) T e n VpP
IVp: fl B IVp: fl [Vp: fl

- < LIVpifl = k|Vp: £l

We get that v(z) := e¥' ps_, |Vp, f| with 0 < ¢ < s satisfies

Vi(t) < kv(t) = ps—t LIVpi f| + ps—t LIVDPi f| = kps— [Vp: f1 = 0

IA

and hence
e’ vasf| = V(S) < V(O) = PDs IVfl [ |

* The proof can be made rigorous by approximating | - | by a smooth function, and using regularity

results for p,, cf. e.g. Deuschel, Stroock[12].

* The assertion extends to general diffusion operators.

Proof (Probabilistic proof:). p,f(x) = E[f(X;")] where X" is the solution flow of the stochastic differential
equation

dX, = V2dB, - (VH)(X,) dt, ie.,

X*=x+V2B, - / (VH)(XY) ds
0

By the assumption on H one can show that x — X;* is smooth and the derivative flow ¥,* = V,X; satisfies
the differentiated stochastic differential equation

dY* = —(8*H)(XX)Y/ dt,
Yy =1

which is an ordinary differential equation. Hence if 9°H > «I then for v € R",
d
A v = =2 (Y v, @HXOY - v) <2 1Y v
dt R

where Y; - v is the derivative of the flow in direction v. Hence

Y, - v]> < ey

= Y -v| <e ™|y
This implies that for f € C }17 (R™), p, f is differentiable and

v-Vpif(x) = E [(VAXY)- Y -v)]
SE[IVFXO)]-e™ - v| YveR"

i.e.
IVp f(x)| < e pi|V fl(x) [
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9. Functional inequalities and convergence to equilibrium

Theorem 9.18 (Bakry-Emery). Suppose that
O°H > k-1 withk >0
Then
f2

2 .
/leog”fH—zdu <2 [19Pan viecr@n
L2(u)

Remark. The inequality extends to f € H'?(u) where H'?(yu) is the closure of Cy’ with respect to the
norm

Iflhz = ( / P 4|V f|2d,,)2

Proof. g € span(C°, 1), g > 6 > 0.

Aim: .
2
/gloggdys ;/|V\/§| dy+/gdplog/gdp

Then g = f? and we get the assertion.
Idea: Consider

u(r) = / piglogpig du
Claim:
(i) u(0) = [ gloggdu
(ii) limypeo u(t) = [ gdulog [ g du
(iil) —u'(t) < 4e72 [ |V\/§|2 du

By (i), (ii) and (iii) we then obtain:

/ gloggdu- / g dulog / g dp = lim (u(0) — u(r))

t
tlim /—u'(t)ds
0

2
- [ 19va du

IA

since 2 fooo e 2K ds = %

Proof of claim:
(i) Obvious.

(ii) Ergodicity yields to
prg(x)%/gdu Vx

fort T co.
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9.5. Derivation of Log Sobolev inequalities

In fact:
|Vpigl < e p,|Vg| < e™|Vg|

and hence

—Kt

|prg(x) — prg(y)| < e sup|Vg| - |x -y

which leads to

prg(x) - / gdﬂ’ - ‘ / (Prg(x) - prg(») ﬂ(d)’)’

<o sup|Vg|-/|x—y|u<dy) =0

Since p;g > ¢ > 0, dominated convergence implies that

/lbglogprédu—> /ngIOg/gdu

(iii) Key Step! By the computation above (decay of entropy) and the lemma,

\vj 2
/thg~V10gngdu=/@d
P8

2 2
e—ZKt (pt |Vg|) d,u < €—2Kl‘ /pt |Vg| d
P8 8

\vj 2
= / V8P = 40 / V| du u
8

Example. An Ising model with real spin: (Reference: Royer [50])
S =RA = {(x;)iea | xi € R}, A c Z¢ finite.

—u' (1)

IA

() = 7 expl- H(x)) dx

H(x) = Z V(x) -5 Z Oi—j)xxi = . Bi- iz,
ieh ™ 1jeA — ieA,jeZd\A
potential interactions

where V: R — R is a non-constant polynomial, bounded from below, and #: Z — R is a function such
that 9(0) = 0, 9(i) = 9(~i) Vi, (symmetric interactions), #(i) = 0V |i| > R (finite range), z € RZ\A
fixed boundary condition.

Glauber-Langevin dynamics:

. OH .
dx! = —E(X,)dt +dBl, i€A 9.7
2

Dirichlet form:

of o
&(/. )—22/6fai

Corollary 9.19. If
inf V"(x) > ZZ; 19(0)|

then & satisfies a log Sobolev inequality with constant independent of A.
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Proof.
9*H . o
Axi0%, (x) =V"(x;) - 6;; =9 — )
= 0°H> (ian” - Z |1?(i)|) I
5
in the sense of forms. ]

Consequence: There is a unique Gibbs measure on Z¢ corresponding to H, cf. Royer [50].
What can be said if V is not convex?

9.6. Concentration of measure

(Q, A, P) probability space, X;: Q — R? independent identically distributed, ~ .
Law of large numbers:

N
1
N Z;U(Xi) - /Udﬂ Ue L
Cramér:

<2. e—NI(r),

P >r

1 N
N;U(X,-)—/Udu

I(r) = sup (tr — log / e’V d,u) LD rate function.
teR

Hence we have

» Exponential concentration around mean value provided I(r) >0V r # 0

N2 2

P >r|<e e provided I(r) > .
c

1 N
N;U(X,-)—/Ud,u

Gaussian concentration.

When does this hold? Extension to non independent identically distributed case? This leads to:
Bounds for log [ e’V du!

Theorem 9.20 (Herbst). If u satisfies a logarithmic Sobolev inequality with constant @ then for any
function U € C}(R?) with ||U]|uip < 1:

@)
1 U a
;log e du$§t+ Udu Vt>0 (9.8)

where %log f e’V du can be seen as the free energy at inverse temperature ¢, 5 as a bound for
entropy and [ U du as the average energy.
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9.6. Concentration of measure

(ii)
2
,u(UZ/Ud,u+r) <e 2

Gaussian concentration inequality

In particular,

(iii)

1
/eﬂxlzd,u <oo Vy< —
2a

Remark. Statistical mechanics:

where F; is the free energy, ¢ the inverse temperature, S the entropy and (U) the potential.

Proof. WLOG,0<e<U< é Logarithmic Sobolev inequality applied to f = e

12
/tUetU du SZa//(i) IVU|? 'Y d,u+/etUdplog/etUdp

For A(t) := log [ ¢V du this implies

tue'V d 2 [|VU|?e'Y d 2
tA/(t):f 'usa—f' | 'u+A(t)sa—+A(t)
[ etV du 2 [eVdu 2

since |VU| < 1. Hence

d A1) tN@)-Al) «
— = <— V>0
dt t 12 2 ~
Since
A@D) = A) +1-A(0) +O(%) =t / Udu + 0(t%),
we obtain
A(1) a
— < | Udu+ —=t,
r / a 2
i.e. (i).
(ii) follows from (i) by the Markov inequality, and (iii) follows from (ii) with U(x) = |x|. [ |

Corollary 9.21 (Concentration of empirical measures). X; independent identically distributed, ~ u. If
u satisfies a logarithmic Sobolev inequality with constant @ then

_er
<2-¢ 2

P >r

1 N
¥ Zl U(X;) - E[U]

for any function U € C;(Rd) with ||Ul|ip £ 1, N € Nand r > 0.
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Proof. By the factorization property, u'¥ satisfies a logarithmic Sobolev inequality with constant a as well.
Now apply the theorem to

_ 1 X
U(x):= — U(x;)
W&
noting that
. VU(x1)
Vﬁ(xl,...,xn)z— :
4 VU(xn)

hence since U is Lipschitz,

1
2

<1 |

_ 1 (&
VO = = (Z VU)

i=1

9.7. Central Limit Theorem for Markov processes in continuous time

When are stationary Markov processes in continuous time ergodic?
Let (L,Dom(L)) denote the generator of (p;);so on L>(p).

Theorem 9.22. The following assertions are equivalent:
(i) Py isergodic

(ii) ker L = span{1}, i.e.
h € £3(wharmonic =  h = const. u-a.s.

(iii) p; is p-irreducible, i.e.
B e Ssuchthat p;1p =1 p-as.Ve>0 = pu(B)e{0,1}

If reversibility holds then (i)-(iii) are also equivalent to:

(iv) p; is L?(u)-ergodic, i.e.

ptf—/fdu L0 VfelXw
L2(u)

CLT for continuous-time martingales

Let (M;);>0 be a continuous square-integrable (7;) martingale where (77) is a filtration satisfying the usual
conditions. Then Mt2 is a submartingale and there exists a unique natural (e.g. continuous) increasing
process (M), such that

Mt2 = martingale + (M),

(Doob-Meyer decomposition, cf. e.g. Karatzas, Shreve [28]).
Example. If N, is a Poisson process then

M[th_/lt
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9.7. Central Limit Theorem for Markov processes in continuous time

is a martingale and
(M), = At

almost sure.

Note: For discontinuous martingales, (M ); is not the quadratic variation of the paths!

(X, P,) stationary Markov process, L(Lz), LY generator on L2(u), L'(y), f € Dom(LY) > Dom(L®).
Hence

f(X) =M + / (LY f)(X,)ds  Py-as.
0

and M/ is a martingale. For f € Dom(L®) with f2 € Dom(L"),
t

(MTy, = /F(f,f)(Xs) ds P,-as.

0

where

I(f.g)=LY(f g) - fLg —gL® f e L'(n)
is the Carré du champ (square field) operator.

Example. Diffusion in R",
1 92
L=- ii(X)——— + b(x) -V
5 ,Zj“”(x) T o)

Hence

M0 = Y ap() 5L ()25 (0 = o (W7 7o)
i j

i,j

2
R

for all f,g € C°(R"). Results for gradient diffusions on R" (e.g. criteria for log Sobolev) extend to
general state spaces if |V f|? is replaced by I'(f,g)!

Connection to Dirichlet form:

o)== [ 112 au+ (5 [ 107 a)= 5 [ 15

————
=0

Theorem 9.23 (Central limit theorem for martingales). (M;) square-integrable martingale on (Q, 7, P)
with stationary increments (i.e. M;.s — My ~ M, — Myp), o > 0. If

1
;(M), — o2 inLY(P)

then .
2By 0,0%)
\t

CLT for Markov processes
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Corollary 9.24 (Central limit theorem for Markov processes (elementary version)). Let (X;,P,) be a
stationary ergodic Markov process. Then for f € range(L), f = Lg:

L[ s 2 N0
- O/ F(X0)ds 3 NO,o?)

where
o} =2 [ o-Lg du = 28(5.9)

Remark. (i) If uis stationary then

/fdu=/Lgd,u=0

i.e. the random variables f(X;) are centered.

(ii) ker(L) = span{1} by ergodicity
(ker L)* = {f €L ¢ [ fau- 0} ~ L)

If L: Lg(y) — L?(p) is bijective with G = (—L)~! then the Central limit theorem holds for all
f € L*(u) with
07 = 2Gf,(~L)G f)r24 = 20/, G2

(H~! norm if symmetric).

Example. (X;, P,) reversible, spectral gap 4, i.e.,

spec(—L) C {0} U [4,0)

. _ -1 1
hence thereisa G = (—L Lz(ﬂ)) , spec(G) ¢ [0, ;] and hence

0
2
2 2
is a bound for asymptotic variance.

Proof (Proof of corollary.).

1 XD —g(Xo) | MF
\/;O/f(Xs)dS— e

1

W), = [TeoX)ds Pras
0

and hence by the ergodic theorem

1 tToo
(M), > /F(g,g)d#=cr]%
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9.7. Central Limit Theorem for Markov processes in continuous time

The central limit theorem for martingales gives
D
ME = N(O, 0']%)

Moreover {
Vi (8(Xr) — 8(X0)) = 0

in L*(P,), hence in distribution. This gives the claim since

D D D
X >u >0 = X +Y,>5u [ |

Extension: range(L) # L2, replace —L by a — L (bijective), then @ | 0. Cf. Landim [32].
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10. Beyond reversibility

10.1. Measure-preserving Markov processes

Infinitesimal invariance and stationarity

The next theorem gives a necessary and sometimes sufficient condition for invariance that can often be
verified in concrete models:

Theorem 10.1 (Infinitesimal characterization of stationary distributions). For a probability measure
uon S, the following assertions are equivalent:

(i) The process (X;, P,) is stationary, i.e., for any s > 0, (Xj4¢)r20 ~ (Xi)r»0 W.r.t. Py, .
(ii) w is an invariant probability measure for (p;);>0.
Moreover, (i) and (ii) imply

(iii) wis infinitesimally invariant, i.e.,

/.Efduzo for any f € A.

Conversely, if Assumption (A2) is satisfied then (iii) implies (i) and (ii).

Prooft)=(ii) If (i) holds then for any s > 0,

pps = PyoX;' = P,oX)' = p
(i))=(i) By the Markov property, for any measurable subset B C D(R*,S),
P, [(Xs+t)iz0 € B| Fs] = Px,[(Xi)i>0 € B] Py-almost surely.
Thus if (ii) holds then
Pu[(Xs41)i>0 € B] = E [Px,[(Xi)i>0 € Bl] = Pup, [(Xi)i>0 € B] = Pu[X € B]
(ii)=(iii) By Theorem 4.12, for any f € A,
@ - Lf uniformly as ¢ | 0.

Thus if u is invariant for (p;); >0 then

[ £ran - %M [ Fdep) = [ fde

t t10 1t
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10. Beyond reversibility

(iii)=(i) Suppose that (A2) holds, and let f € Ay. Then p,f € A for any ¢t > 0. Hence, by the backward
equation and (iii),

d
7 piefdu = /Lptfd,u =0, and thus
/fd(yp,) = /p,fd,u = /fdy for any t > 0. (10.1)

Since Ay is dense in A with respect to the supremum norm, (10.1) extends to all f € A. Hence by
(A0), up; = pforanyt > 0. [ |

Next, we apply Theorem 10.1 to diffusion processes on R?. Suppose that we are given non-explosive
weak solutions (X;, Py), x € R, of a stochastic differential equation

dXt = O'(Xz)dBl + b(Xt) dt, XO =X Px'a.s.,

where (B;);>0 is a Brownian motion on R¢, and the functions o: R” — R and b: R” — R” are locally
Lipschitz continuous. We assume that the diffusion coefficients a(x) = o(x)o(x)" and b(x) are growing
at most polynomially as |x| — oo. Then by Itd’s formula, (X;, P,) solves the martingale problem for the
operator (£, A) where

oo ] Z": ) 0?
B Zijzlal]x axiaxj

+b(x) -V, and

A=8SR")={f e C”R"): | llim |x[¥(8% f)(x) = 0 for any k > 0 and any multi-index a}.

Moreover, the local Lipschitz condition implies uniqueness of strong solutions, and hence, by the Theorem of
Yamade-Watanabe, uniqueness in distribution of weak solutions and uniqueness of the martingale problem
for (L, A), cf. e.g. Rogers and Williams [49]. Therefore by Theorem 4.20, (X;, Py) is a Markov process.

Corollary 10.2 (Infinitesimal characterization of stationary distributions for diffusions on R").
Suppose that u is an absolutely continuous probability measure on R” with density o = du/dx. If u is
invariant for (X;, Py) then

1 v 82
Lo = 3 i; Ix0%; (aijo) — +(bo) = 0 in the distributional sense. (10.2)

Conversely, if (10.2) holds and p,(C5°(R")) € S(R") for any ¢ > 0, then y is invariant.

Proof. If u is an invariant probability measure, then by Theorem 10.1,

0 = /Lfd,uz/Lfgdx VY f e S(RY), (10.3)
Rn

i.e., £*0 = 0 holds in the distributional sense. Similarly, the converse implication follows by applying
Theorem 10.1 with A = C°(R") and A = S(R"). [ |

Remark. Even if u is an invariant probability measure that is not absolutely continuous, it satisfies L*u = 0
in the distributional sense. This is precisely the statement of Theorem 10.1 (iii).
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By Corollary 10.2, in order to show that a given measure is invariant for a diffusion process on R", it is
sufficient to verify that it is infinitesimally invariant and that p,;(C°(R")) € S(R"). The second condition
has two parts: For a given test function f € C°(R") and ¢ > 0, one has to check that p; f is smooth and that
its derivatives are decaying faster than any polynomial as |x| — oco. This can be achieved by considering
derivative flows if the coefficients are smooth, see the Master course on “Stochastic Analysis”. Alternatively,
even for non-smooth coefficients, smoothness of p, f follows by the regularity theory for partial differential

equations if, for example, the operator L is strictly elliptic.

Example (Deterministic diffusions).

dX, = b(X,) dt, be C*(R"Y)
Lf=b-Vf
Lio=-+(ob)=—0+b-b Vo, oeC!
Lemma 10.3.
L0=0 o +(0b)=0
o (L, Cy° (R™)) anti-symmetric on L*(p)

First Bqoofalence: cf. above

d equivalence:
[ rzedu= [ ro-Vgoax == [ +(rporgax
= —/Lfg dp - /+(9b)fg dx VfgeCy

Hence £ is anti-symmetric if and only if ~(ob) = 0

Invariant measures of one-dimensional diffusions

In the one-dimensional case,
a
szzfll_’_bf/’
and |
Lio= E(GQ)” - (bo)

where a(x) = o(x)?. Assume a(x) > 0 for all x € R.
a) Harmonic functions and recurrence:

[ 2b
Lf=3f"+bf =0 f/=c1exp—/—dx, CieRr
a
0
(=4 f=C2+C]'S, Ci,(, eR

where

_ry 2b(x)d
s::/e 0 at) gy

0
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is a strictly increasing harmonic function that is called the scale function or natural scale of the diffusion.
In particular, s(X;) is a martingale with respect to P,. The stopping theorem implies

s(b) — s(x)
s(b) — s(a)

P T, <Tp] = YVa<x<b

As a consequence,
(i) If s(c0) < o0 or s(—00) > —oco then Py[|X;| — oo] = 1 forall x € R, i.e., (X;, Py) is transient.
(ii) If s(R) = R then P, [T, < oo] = 1 for all x,a € R, i.e., (X;, Py) is irreducible and recurrent.

b) Stationary distributions:

(i) s(R) # R: In this case, by the transience of (X;, Py), a stationary distribution does not exist. In fact,
if u is a finite stationary measure, then for all ¢, > 0,

px = x| <r}) = (up){x = |x[ < r}) = Pu[lX:] < r].
Since X, is transient, the right hand side converges to 0 as ¢ T co. Hence
p({x = [x[<r}) =0
forall» > 0,i.e., u=0.

(i) s(R) =R: We can solve the ordinary differential equation £*o = 0 explicitly:

1 7’
Lo= (i(ag)’ - b@) =0

1 b

S E(ag)’ - —ap=C with C; € R
a
= %(e_f().%dxag),:cl.e_fo.%dx
= s'ap=Cr+2Cy - s with C;,C; € R
C G
= o(y) = 2, = 2ol @ax with Cy > 0
a(y)s’(y) a(y)

Here the last equivalence holds since s’ap > 0 and s(R) = R imply C; = 0. Hence a stationary
distribution u can only exist if the measure

Ly ax dy
a(y)

is finite, and in this case y = ﬁ. The measure m is called the speed measure of the diffusion.

m(dy) :

Concrete examples:

(i) Brownian motion: a = 1,b =0, s(y) = y. There is no stationary distribution. Lebesgue measure is
an infinite stationary measure.

(ii) Ornstein-Uhlenbeck process:

dXt = dBt - ’yX[ d[, Y > 0,
1 d? d .
= - —YX5, a=l1,
22 Vx
y y
b(x) = —yx, s(y) = /ef()y Zyxdx gy = /e7y2 dy recurrent,
0 0
—yy? m 2\ . . . o
m(dy) = e dy, pu=——=N|[0,—] is the unique stationary distribution
m(R) Y
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10.1. Measure-preserving Markov processes
(iii)
1
dX, = dB; + b(X,) dt, beC? b(x) = — for |x| > 1
X

transient, two independent non-negative solutions of £*o = 0 with [ o dx = co.

(Exercise: stationary distributions for dX; = dB; — ﬁ dt)

Diffusion processes with a given invariant measure

o’ 00T
8xi6xj+biv’ A = Cy(R")

1 n
L= 3 a;j(x)
i,j=1

1 probability measure on R” (more generally locally finite positive measure)

Question: For which process is u stationary?

Theorem 10.4. Suppose p = o dx with g;a;; € C',b € C,0 > 0. Then

(i) We have
Lg=Lg+Laug

for all g € C°(R") where

114 dg
HE=7 le:l 00x; (Q"ifa—x,.)
1 0
Lag=p-Vg, Bj=bj- Ei 200% (oaij)

(i) The operator (L, Cy’) is symmetric with respect to .

(iii) The following assertions are equivalent:
i L'u=0 (e. [ Lfdu=0forall f € Cy)-
(i) L;p=0
(i) +(oB) =0

(iv) (Lg, Cy) is anti-symmetric with respect to u

Proof. Let
E(f.g) = / fLodu  (figeC)

denote the bilinear form of the operator (£, C;°(R")) on the Hilbert space L*(R", ). We decompose & into
a symmetric part and a remainder. An explicit computation based on the integration by parts formula in R”
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shows that for g € C;°(R") and f € C*(R"):

2

1 0°g
S(f’g):_/f(_z l]a (9 +b Vg)th
1 g
:/EZB_x,-(Qaijf)a_xjdx_/fb'Vdex
l’]
1 of 0g o
=/§Za”a " de—/fﬁ-Vdex Vfged(

and set

&t = [ 5 S g S pdx == [ rLgd

8ulre)i= [ 18-Veodr=- [ rLog s

This proves 1) and, since & is a symmetric bilinear form, also 2). Moreover, the assertions (i) and (ii) of 3)
are equivalent, since

—/Lg di = E(1,8) = E;(1,g) + Eall,g) = —/Lag i

for all g € C°(R") since Es(1,g) = 0. Finally, the equivalence of (ii),(iii) and (iv) has been shown in the
example above. |

Example. L=3JA+b-V, be CR"R"),
00 . 1
(£,Cy) p-symmetric & S=b- 2—QVQ =0
Vo

1
& b=-S=_VI
20 = 2V loge

where log 0 = ~H if u = e~ dx.
L symmetrizable <& bis a gradient

Lu=0 & b= %Vlogg-l-ﬁ
when +(0f) =
Example (Langevin dynamics).
10.2. Non-symmetric Ornstein-Uhlenbeck processes
10.3. Couplings and Wasserstein bounds
10.4. Hypocoercive bounds

10.5. Hamiltonian Monte Carlo
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A. Conditioning and martingales

Let (Q, A, P) be a probability space, we denote by £'(Q, A, P) (L' (P)) the space of measurable random
variables X : Q — R with E[X~] < oo and L!(P) := £!(P)/~ where two random variables a in relation to
each other, if they are equal almost everywhere.

A.1. Conditional expectations

For more details and proofs of the following statements see [Eberle:Stochastic processes] [18].

Definition A.1 (Conditional expectations). Let X € L!(Q A, P) (or non-negative) and ¥ C A a o-
algebra. A random variable Z € £'(Q, 7, P) is called conditional expectation of X given F (written
Z = E[X|F)), if

e 7 is ¥ -measurable, and
e forall B € F,

/ZdP:/Xa’P.
B B

The random variable E[X|F ] is P-a.s. unique. For a measurable Space (S,S and an abritatry random
variable Y : Q — § we define E[X|Y] := E[X|o(Y)] and there exists a P-a.s. unique measurable function
g : S — Rsuch that E[X|o(Y)] = g(Y). One also sometimes defines E[X|Y = y] := g(y) uy-a.e. (uy law
of Y).

Theorem A.2. Let X,Y and X, (n € N) be non-negative or integrable random variables on (Q, A, P) and
F,G C A two o-algebras. The following statements hold:

(i) Linearity: E[AX + uY|F ] = AE[X|F | + nE[Y|F] P-almost surely for all 2, 4 € R.
(i) Monotonicity: X > 0 P-almost surely implies that E[X|F ]| > 0 P-almost surely.
(iii) X =Y P-almost surely implies that E[X|F ]| = E[Y|F | P-almost surely.
(iv) Monotone convergence: If (X;,) is growing monotone with X; > 0, then

E[sup X,,|F] = sup E[X,,|F ] P-almost surely.

(v) Projectivity / Tower property: If G C ¥, then
E[E[X|F]|G] = E[X|G] P-almost surely.

In particular:
E[E[X|Y,Z]|Y] = E[X]|Y] P-almost surely.
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(vi) LetY be F-measurable with Y - X € £! or > 0. This implies that
P

E[Y - X|F] =Y - E[X|F] P-almost surely.

(vii) Independence: If X is independent of ¥, then E[X|F | = E[X] P-almost surely.

(viii) Let (S,S and (T, 7") be two measurable spaces. If Y : Q — S is F-measurable,
X : Q — T independent of ¥ and f : S X T — [0, c0) a product measurable map, then it holds that

E[f(X,Y)|F |(w) = E[f(X,Y(w))] for P-almost all w

Definition A.3 (Conditional probability). Let (Q, A, P) be a probability space, ¥ a o-algebra. The
conditional probability is defined as

P[A|F |(w) := E[14|F J(w) YA € F,w € Q.

A.2. Regular versions of conditional laws

Let X,Y : Q — S be random variables on a probability space (Q, U, P) with polish state space S. A regular
version of the conditional distribution of Y given X is a stochastic kernel p(x,dy) on S such that

P[Y € B|X] =p(X,B) P —as. forany B € 8.

If p is a regular version of the conditional distribution of Y given X then
P[Xe AYeB]|=E[P[Y € BIX];X € A]= / p(x,B)ux(dx) forany A,B € 8B,
A

where ux denotes the law of X. For random variables with a polish state space, regular versions of conditional
distributions always exist, cf. [ XXX] []. Now let u and p be a probability measure and a transition kernel on
(S, 8). The first step towards analyzing a Markov chain with initial distribution y and transition probability
is to consider a single transition step:

Lemma A.4 (Two-stage model). Suppose that X and Y are random variables on a probability space
(Q A, P) such that X ~ u and p(X,dy) is a regular version of the conditional law of Y given X. Then

(X,Y)~pu®p and Y ~ up,
where u ® p and up are the probability measures on S X S and S respectively defined by
wopa) = [ uan| [ antatn) pracses

(up)(C) = / W(dD)p(x.C)  forC € B,
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Proof. Let A = B x C with B,C € 8. Then
P[(X,Y) € Al = P[X € B,Y € C] = E[P[X € B,Y € C|X]]
= E[1(xep)PY € C|X]] = E[p(X,C); X € B]
= /B u(dx)p(x,C) = (u® p)(A), and
P[Y € C] = P[(X,Y) € SX C] = (up)(C).

The assertion follows since the product sets form a generating system for the product o--algebra that is stable
under intersections. |

A.3. Martingales

Classical analysis starts with studying convergence of sequences of real numbers. Similarly, stochastic
analysis relies on basic statements about sequences of real-valued random variables. Any such sequence
can be decomposed uniquely into a martingale, i.e., a real.valued stochastic process that is “‘constant on
average”, and a predictable part. Therefore, estimates and convergence theorems for martingales are crucial
in stochastic analysis.

Filtrations

We fix a probability space (€, A,P). Moreover, we assume that we are given an increasing sequence
Fn (n=0,1,2,...) of sub-c--algebras of A. Intuitively, we often think of ¥, as describing the information
available to us at time n. Formally, we define:

Definition A.5 (Filtration, adapted process). (i) A filtration on (Q, A) is an increasing sequence
Ffo € F1 € F» € ...
of o-algebras F,, C A.

(ii) A stochastic process (X, )0 is adapted to a filtration (7,), >0 iff each X, is F;,,-measurable.

Example. (i) The canonical filtration (F,X) generated by a stochastic process (X)) is given by
FX = o(Xo, X1s- -, Xn)-

If the filtration is not specified explicitly, we will usually consider the canonical filtration.
(i) Alternatively, filtrations containing additional information are of interest, for example the filtration
Fn = 0(Z, X0, X15- .-, Xn)
generated by the process (X,,) and an additional random variable Z, or the filtration
Fn = 0(Xo, Y0, X1, Y15 - -, X, V)
generated by the process (X;,) and a further process (¥,,). Clearly, the process (X,,) is adapted to

any of these filtrations. In general, (X,,) is adapted to a filtration (7,) if and only if 7,X € 7, for
any n > 0.
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Martingales and supermartingales

We can now formalize the notion of a real-valued stochastic process that is constant (respectively decreasing
or increasing) on average:

Definition A.6 (Martingale, supermartingale, submartingale).

(i) A sequence of real-valued random variables M,, : Q — R (n =0, 1,...) on the probability space
(Q, A, P) is called a martingale w.r.t. the filtration (F,) if and only if

a) (M,) is adapted w.r.t. (),
b) M, is integrable for any n > 0, and
c) E[M,|Fn-1] = M,—; foranyn e N.

(ii) Similarly, (M,) is called a supermartingale (resp. a submartingale) w.r.t. (¥,), if and only if (a)
holds, the positive part M, (resp. the negative part M) is integrable for any n > 0, and (c) holds
with “=" replaced by “<”, “>” respectively.

Condition (c¢) in the martingale definition can equivalently be written as
(c) E[Muy1—M,|Fa] =0 for any n € Z,,

and correspondingly with “=" replaced by “<” or “>” for super- or submartingales.

Intuitively, a martingale is a “fair game”, i.e., M,,_| is the best prediction (w.r.t. the mean square error) for
the next value M,, given the information up to time n — 1. A supermartingale is “decreasing on average”,
a submartingale is “increasing on average”, and a martingale is both “decreasing” and “increasing”, i.e.,
“constant on average”. In particular, by induction on n, a martingale satisfies

E[M,] = E[M)y] for any n > 0.
Similarly, for a supermartingale, the expectation values E[M,,] are decreasing. More generally, we have:

Lemma A.7. If (M,,) is a martingale (respectively a supermartingale) w.r.t. a filtration (%) then

E[M, 1 | Fnl = M, P-almost surely for any n,k > 0.

Doob Decomposition

We will show now that any adapted sequence of real-valued random variables can be decomposed into a
martingale and a predictable process. In particular, the variance process of a martingale (M,,) is the pre-
dictable part in the corresponding Doob decomposition of the process (M?2). The Doob decomposition for
functions of Markov chains implies the Martingale Problem characterization of Markov chains.

Let (Q, A, P) be a probability space and (F,), >0 a filtration on (Q, A).

Definition A.8 (Predictable process). A stochastic process (A ), >0 is called predictable w.r.t. () if and
only if Ay is constant and A,, is measurable w.r.t. ¥,,_; for any n € N.
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Intuitively, the value A, (w) of a predictable process can be predicted by the information available at time
n-—1.

Theorem A.9 (Doob decomposition). Every (7,,) adapted sequence of integrable random variables Y,
(n > 0) has a unique decomposition (up to modification on null sets)

Y, = M, + A, (A.1)

into an (,,) martingale (M,,) and a predictable process (4,,) such that Ay = 0. Explicitly, the decomposition
is given by

n
Av = Y Eli-Yei|Fial  and M, = Y, - A, (A.2)
k=1

Remark. (i) The increments E[Y; — Yi—1 | Fr-1] of the process (A,,) are the predicted increments of (¥;,)
given the previous information.

(i) The process (Y, ) is a supermartingale (resp. a submartingale) if and only if the predictable part (A,)
is decreasing (resp. increasing).

Proof (Proof of Theorem A.9). Unigueness: For any decomposition as in (A.1) we have
e -Yio1 = My—Mp_ 1+ A — A for any k£ € N.
If (M,,) is a martingale and (A,,) is predictable then
ElYx = Y1 | Fac1]l = E[Axk— A1 | Fra]l = Ac—Ara P-as.

This implies that (A.2) holds almost surely if Ap = 0.

Existence: Conversely, if (A,,) and (M,,) are defined by (A.2) then (A,,) is predictable with Ay = 0 and (M,,)

is a martingale, since
E[M, — My |Fr1] =0 P-as. forany k € N. [}

A.4. Stopping times

Throughout this section, we fix a filtration (%), >0 on a probability space (Q, A, P).

Martingale transforms

Suppose that (My,),>0 is a martingale w.r.t. (¥,), and (C,),en is a predictable sequence of real-valued
random variables. For example, we may think of C, as the stake in the n-th round of a fair game, and of the
martingale increment M,, — M,,_; as the net gain (resp. loss) per unit stake. In this case, the capital I,, of a
player with gambling strategy (C,) after n rounds is given recursively by

I, = L1+C,-(M,—M,_) forany n € N,
ie.,
n
I, = I+ Z Cr - (Mg — My_y).
k=1
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Definition A.10 (Martingale transform). The stochastic process C, M defined by
n
(CoM), = Z Cr - (Mg — My_1) for any n > 0,
k=1

is called the martingale transform of the martingale (M,,), o w.r.t. the predictable sequence (Cy)x>1, Or
the discrete stochastic integral of (C,,) w.r.t. (Mp,).

t
The process CoM is a time-discrete version of the stochastic integral [ Cs dM; for continuous-time

0
processes C and M, cf. [Introduction to Stochastic Analysis].

Example (Martingale strategy). One origin of the word “martingale” is the name of a well-known
gambling strategy: In a standard coin-tossing game, the stake is doubled each time a loss occurs, and the
player stops the game after the first time he wins. If the net gain in n rounds with unit stake is given by a
standard Random Walk

M, =g +...+1, n; ii.d. with P[n; = 1] = P[g; = -1] = 1/2,
then the stake in the n-th round is
c, = 2! ifng=...=n,-1 =-1,and C, = 0 otherwise.

Clearly, with probability one, the game terminates in finite time, and at that time the player has always
won one unit, i.e.,

P[(CeM),, =1 eventually] = 1.
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At first glance this looks like a safe winning strategy, but of course this would only be the case, if the
player had unlimited capital and time available.

Theorem A.11 (You can’t beat the system!). (i) If (M,),>o is an () martingale, and (Cp),>; is
predictable with C,, - (M,, — M,,_;) € L' (Q A, P) for any n > 1, then C,M is again an (7;,)
martingale.

(i) If (M,) is an (¥,) supermartingale and (C,,), > is non-negative and predictable with C, - (M,, —
M, _1) € L for any n, then C,M is again a supermartingale.
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Proof. For n > 1 we have

E[(C-M)n - (C-M)n—l | 7_;1—1] E[Cn ' (Mn - Mn—l) | ﬂ—l]

Cn . E[Mn - Mn—l | ?n—l] = 0 P-a.s.

This proves the first part of the claim. The proof of the second part is similar. |

The theorem shows that a fair game (a martingale) can not be transformed by choice of a clever gambling
strategy into an unfair (or “superfair’) game. In models of financial markets this fact is crucial to exclude
the existence of arbitrage possibilities (riskless profit).

Example (Martingale strategy, cont.). For the classical martingale strategy, we obtain
E[(C.M),] = E[(CeM)y] = O foranyn > 0
by the martingale property, although

lim (CeM), = 1 P-a.s.

n—oo

This is a classical example showing that the assertion of the dominated convergence theorem may not
hold if the assumptions are violated.

Remark. The integrability assumption in Theorem A.11 is always satisfied if the random variables C,, are
bounded, or if both C,, and M,, are square-integrable for any n.

Stopped Martingales

One possible strategy for controlling a fair game is to terminate the game at a time depending on the previous
development. Recall that a random variable 7 : Q — {0,1,2,...} U {co} is called a stopping time w.r.t.
the filtration (F,) if and only if the event {T = n} is contained in ¥, for any n > 0, or equivalently, iff
{T < n} € F, forany n > 0.

We consider an (7,)-adapted stochastic process (M},),,>0, and an (%, )-stopping time 7 on the probability
space (Q, A, P). The process stopped at time 7 is defined as (M7, ), >0 Where

M, (w) for n < T(w),

MT/\n(Cl)) = MT(w)/\n((U) = {MT(w)(w) forn > T(a))

For example, the process stopped at a hitting time 74 gets stuck at the first time it enters the set A.

Theorem A.12 (Optional Stopping Theorem,Version 1). If (M,,),>0 is a martingale (resp. a super-
martingale) w.r.t. (%), and T is an (F;,)-stopping time, then the stopped process (Mran)n>0 iS again
an (¥,)-martingale (resp. supermartingale). In particular, we have

E[M7rn] = E[My] for any n > 0.

Proof. Consider the following strategy:

Gy = I{TZn} = 1_I{T3n—1},

i.e., we put a unit stake in each round before time 7 and quit playing at time 7. Since T is a stopping time,
the sequence (C,,) is predictable. Moreover,

Mrppan — My = (CeM), for any n > 0. (A.3)
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In fact, for the increments of the stopped process we have

M, — M, _ if T >n
MT/\n_MT/\(n—l) = { On ! ifT <n-1 } = Cp My —Myy),

and (A.3) follows by summing over n. Since the sequence (C,,) is predictable, bounded and non-negative,
the process C, M is a martingale, supermartingale respectively, provided the same holds for M. |

Remark (IMPORTANT). (i) In general, it is NoT TRUE under the assumptions in Theorem A.12 that
E[Mr] = E[My], E[Mr] < E[Mp] respectively. (A4

Suppose for example that (M,,) is the classical Random Walk starting at 0 and 7 = Ty is the first
hitting time of the point 1. Then, by recurrence of the Random Walk, T < co and My = 1 hold almost
surely although My = 0.

(ii) If, on the other hand, T is a bounded stopping time, then there exists n € N such that T(w) < n for
any w. In this case, the optional stopping theorem implies

E[Mr] = E[Mrp] € E[Mo).

Example (Classical Ruin Problem). Leta,b,x € Zwitha < x < b. We consider the classical Random
Walk

z 1
X, = x+ Z”i’ miiid with Pl = £1] = 2,
i=1

with initial value Xy = x. We now show how to apply the optional stopping theorem to compute the
distributions of the exit time

T(w) = min{n >0 : X,(w) ¢ (a,b)},

and the exit point Xr. These distributions can also be computed by more traditional methods (first step
analysis, reflection principle), but martingales yield an elegant and general approach.

(i) Ruin probability r(x) = P[Xr = a].

The process (X},) is a martingale w.r.t. the filtration %, = o°(11,. . .,7,), and T < co almost surely
holds by elementary arguments. As the stopped process Xra, is bounded (a < Xpp, << b), we
obtain

x = E[Xo] = E[Xraa] "= E[Xr] = a-r(x)+b-(1-r(x))
by the Optional Stopping Theorem and the Dominated Convergence Theorem. Hence

ra) = 27X (A5)

a-x’

(i) Mean exit time from (a, D).
To compute the expectation value E[T], we apply the Optional Stopping Theorem to the (%)
martingale
M, = X,% - n.

By monotone and dominated convergence, we obtain
x> = E[Mo] = E[Mran] = E[X7,,]- E[T An]
5 E[X2]-E[T).
Therefore, by (A.S),

E[T] = E[X}]-x*=a r(x)+b - (1-r(x)-x*
= (b-x)-(x—a). (A.6)
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(iili) Mean passage time of b is infinite.
The first passage time T, = min{n > 0 : X,, = b} is greater or equal than the exit time from the
interval (a, b) for any a < x. Thus by (A.6), we have

E[Tp] = lim (b—x)-(x —a) = oo,
a——oo
i.e., Tp is not integrable! These and some other related passage times are important examples of

random variables with a heavy-tailed distribution and infinite first moment.

(iv) Distribution of passage times.
We now compute the distribution of the first passage time 7} explicitly in the case x = 0 and
b =1. Hence let T = T}. As shown above, the process

M,’} = e /(cosh 1), n>0,
is a martingale for each 4 € R. Now suppose 4 > 0. By the Optional Stopping Theorem,
1 = E[M{] = E[M},] = E[¢"7" /(cosh 1) "] (A7)

for any n € N. As n — oo, the integrands on the right hand side converge to e*(cosh 1)~ -
I{r <} Moreover, they are uniformly bounded by e?, since X7, < 1 for any n. Hence by the
Dominated Convergence Theorem, the expectation on the right hand side of (A.7) converges to
E[e'/(cosh )T ; T < o], and we obtain the identity

E[(coshA)™T ;T <] = ¢4 for any A > 0. (A.8)

Taking the limit as A\, 0, we see that P[T < oo] = 1. Taking this into account, and substituting
s = 1/cosh A in (A.8), we can now compute the generating function of 7' explicitly:

E[sT] = e* = 1-V1-52)/s for any s € (0, 1). (A.9)

Developing both sides into a power series finally yields

[

S =al = Yy (177) 2

n=0 m=1

Therefore, the distribution of the first passage time of 1 is given by P[T = 2m] = 0 and

B ~ mi (1/2) e 11 1
P[T =2m—-1] = (-1) 1(m)_(—l) 1~§-(—§)~~~(§—m+l)/m!

for any m > 1.

Optional Stopping Theorems

Stopping times occurring in applications are typically not bounded, see the example above. Therefore, we
need more general conditions guaranteeing that (A.4) holds nevertheless. A first general criterion is obtained
by applying the Dominated Convergence Theorem:

Theorem A.13 (Optional Stopping Theorem, Version 2). Suppose that (M,,) is a martingale w.r.t. (7,),
T is an (7;,)-stopping time with P[T < o] = 1, and there exists a random variable Y € L(Q, A, P) such
that

|Mpan| € Y P-almost surely for any n € N.

Then
E[Mr] = E[My].
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Proof. Since P[T < o] = 1, we have
My = lim Mrpp, P-almost surely.
n—o0

By Theorem A.12, E[My] = E[Mran], and by the Dominated Convergence Theorem,
E[Myp,] — E[Mr] asn — oo. |

Remark (Weakening the assumptions). Instead of the existence of an integrable random variable Y dom-
inating the random variables M7, n € N, it is enough to assume that these random variables are uniformly
integrable, i.e.,

sup E[|Mrpnls IMranl 2¢] — 0 asc— .
neN

For non-negative supermartingales, we can apply Fatou’s Lemma instead of the Dominated Convergence
Theorem to pass to the limit as n — oo in the Stopping Theorem. The advantage is that no integrability
assumption is required. Of course, the price to pay is that we only obtain an inequality:

Theorem A.14 (Optional Stopping Theorem, Version 3). If (M,) is a non-negative supermartingale
w.rt. (F,), then
E[My] > E[Mr; T < oo]

holds for any (¥;,) stopping time 7.

Proof. Since My = lim My,, on {T < oo}, and My > 0, Theorem A.12 combined with Fatou’s Lemma
n—oo
implies
E[Mo] > liminf E[My,] > E [nmmem] > E[My: T < ool.

n—00 n—00

A.5. Almost sure convergence of supermartingales

The strength of martingale theory is partially due to powerful general convergence theorems that hold for
martingales, sub- and supermartingales. Let (Z,),>0 be a discrete-parameter supermartingale w.r.t. a
filtration (%), >0 on a probability space (€, A, P). The following theorem yields a stochastic counterpart to
the fact that any lower bounded decreasing sequence of reals converges to a finite limit:

Theorem A.15 (Supermartingale Convergence Theorem, Doob). If sup, ., E[Z, ] < co then (Z,) con-
verges almost surely to an integrable random variable Z,, € £(Q, A, P). In particular, supermartingales
that are uniformly bounded from above converge almost surely to an integrable random variable.

Remark (L! boundedness and L! convergence).
(i) Although the limit is integrable, L' convergence does not hold in general.

(ii) The condition sup E[Z;] < oo holds if and only if (Z,) is bounded in L'. Indeed, as E[Z;] < oo by
our definition of a supermartingale, we have

E[|Z,|] = E[Z,] +2E[Z,] < E[Zo] +2E[Z,] for any n > 0.
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For proving the Supermartingale Convergence Theorem, we introduce the number U(®?)(w) of upcrossings
over an interval (a, b) by the sequence Z,(w), cf. below for the exact definition.

b WA\
| AN

7 N\ 7/ \/AV
——

N J

1st upcrossing 2nd upcrossing

Note that if U(®-?)(w) is finite for any non-empty bounded interval (a, b) then lim sup Z,(w) and lim inf Z,,(w)
coincide, i.e., the sequence (Z,(w)) converges. Therefore, to show almost sure convergence of (Z,,), we
derive an upper bound for U'%-?). We first prove this key estimate and then complete the proof of the theorem.

Doob’s upcrossing inequality

Forn € N and a,b € R with a < b we define the number U,(,a’b) of upcrossings over the interval (a, b) before
time n by

U,(la’b) = max{kZO: F0<s1<t1<sy<t...<sg<tx<n:Zg; <alZzZ, Zb}.
Lemma A.16 (Doob). If (Z,) is a supermartingale then
(b—-a)- E[Ufla’b)] < E[(Z,—-a)"] forany a < bandn > 0.

Proof. We may assume E[Z,] < oo since otherwise there is nothing to prove. The key idea is to set up
a predictable gambling strategy that increases our capital by (b — a) for each completed upcrossing. Since
the net gain with this strategy should again be a supermartingale this yields an upper bound for the average
number of upcrossings. Here is the strategy:

e Wait until Z; < a.
* Then play unit stakes until Z; > b.

The stake Cy in round k is

1 ifZy<a,
C =
0 otherwise,

and

Cr = 1 if (Cky =1and Zx_; < b) or (Cr—1 = 0and Zx_; < a),
g 0 otherwise.
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Clearly, (Cy) is a predictable, bounded and non-negative sequence of random variables. Moreover, Cy - (Z; —
Zy-1) is integrable for any k < n, because Cy, is bounded and
E[|Z|| = 2E[Z{]- E[Z] < 2E[Z{] - E[Z,] < 2E[Z;] - E[Z,]

for k < n. Therefore, by Theorem A.11 and the remark below, the process
k
(CZ) = Zci (Zi-Zi)), O0<k<n,
i=1

is again a supermartingale.

Clearly, the value of the process C.Z increases by at least (b — a) units during each completed upcrossing.
Between upcrossing periods, the value of (C,Z); is constant. Finally, if the final time » is contained in an
upcrossing period, then the process can decrease by at most (Z,, — @)~ units during that last period (since Z
might decrease before the next upcrossing is completed). Therefore, we have

(CZ), > (b—a)-UY —(z,-a), ie.,

(b-a)- UL < (CZ)n+(Zy—a).

A NN / N\
N TN s

~ 7 Y\

Y
Gain>b—a Gain >b—a Loss < (Z, —a)~

Since C.Z is a supermartingale with initial value O, we obtain the upper bound

(b - E[USP] < E[(CaZ)n] + E[(Zn —a)7] < E[(Zy —a)]. m

Proof of Doob’s Convergence Theorem

We can now complete the proof of Theorem A.15.

Proof. Let

U“? = sup yla-)

neN

denote the total number of upcrossings of the supermartingale (Z,) over an interval (a, b) with —c0 < a <
b < oco. By the upcrossing inequality and monotone convergence,

1
E[U“P)] = lim E[U?] < 5= SUpE[(Z, ~a)] (A.10)

n—00 —da nEN
Assuming sup E[Z,] < oo, the right hand side of (A.10) is finite since (Z,, — a)” < |a| + Z,,. Therefore,

U“?) < o P-almost surely,
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and hence the event
{liminf Z, # limsupZ,} = U {U@D) = o}

a,beQ
a<b

has probability zero. This proves almost sure convergence.

It remains to show that the almost sure limit Z,, = lim Z, is an integrable random variable (in particular, it
is finite almost surely). This holds true as, by the remark below Theorem A.15, sup E[Z,] < oo implies that
(Z,) is bounded in L', and therefore

E[|Zo|] = E[lim |Z,|] < liminf E[|Z,]] < o

by Fatou’s lemma. ]

Examples and first applications

We now consider a few prototypic applications of the almost sure convergence theorem:

Example (Sums of i.i.d. random variables). Consider a Random Walk

Sn = i ni
i=1

on R with centered and bounded increments:
n; iid. with |g;| < cand E[n;]=0, c¢€R.
Suppose that P[n; # 0] > 0. Then there exists € > 0 such that P[|r;| > €] > 0. As the increments

are i.i.d., the event {|n5;| > &} occurs infinitely often with probability one. Therefore, almost surely the
martingale (S,,) does not converge as n — oo.

Now let a € R. We consider the first hitting time
T, = min{n >0 : S, > a}
of the interval [a, o). By the Optional Stopping Theorem, the stopped Random Walk (S7, rn)n >0 is again

a martingale. Moreover, as Sk < a for any k < T, and the increments are bounded by ¢, we obtain the
upper bound

St,an < a+c for any n € N.

Therefore, the stopped Random Walk converges almost surely by the Supermartingale Convergence
Theorem. As (S;) does not converge, we can conclude that P[T, < co] = 1 forany a > 0, i.e.,

limsupS,, = o almost surely.
Since (S,,) is also a submartingale, we obtain
liminfS,, = —co  almost surely

by an analogue argument.

Remark (Almost sure vs. LP convergence). In the last example, the stopped process does not converge in
LP for any p € [1,00). In fact,

lim E[Sz,n] = E[S1,] 2 a whereas  E[So] = 0.

a =
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Example (Products of non-negative i.i.d. random variables). Consider a growth process

n
z, = |]%
i=1

4

with i.i.d. factors ¥; > O with finite expectation & € (0,0). Then
M, = Z,/a"

is a martingale. By the almost sure convergence theorem, a finite limit M., exists almost surely, because
M,, > 0 for all n. For the almost sure asymptotics of (Z,), we distinguish three different cases:

(i) «a < 1 (subcritical): In this case,

converges to 0 exponentially fast with probability one.

(i) a = 1 (critical): Here (Z,) is a martingale and converges almost surely to a finite limit. If
P[Y; # 1] > 0O then there exists € > 0 such that ¥; > 1 + ¢ infinitely often with probability one.
This is consistent with convergence of (Z,,) only if the limit is zero. Hence, if (Z,,) is not almost
surely constant, then also in the critical case Z,, — 0 almost surely.

(iii) «a > 1 (supercritical): In this case, on the set { M, > 0},
Z, = M,-a" ~ Ms-ad"

i.e., (Z,) grows exponentially fast. The asymptotics on the set {M, = 0} is not evident and
requires separate considerations depending on the model.

Although most of the conclusions in the last example could have been obtained without martingale methods
(e.g. by taking logarithms), the martingale approach has the advantage of carrying over to far more general
model classes. These include for example branching processes or exponentials of continuous time processes.

Example (Boundary behaviour of harmonic functions). Let D C R? be a bounded open domain, and
let i : D — R be a harmonic function on D that is bounded from below:

Ah(x) = 0 forany x € D, inlf) h(x) > —oo. (A.11)
X€E

To study the asymptotic behavior of h(x) as x approaches the boundary 9D, we construct a Markov
chain (X,,) such that A(X,) is a martingale: Let r : D — (0, c0) be a continuous function such that

0 < r(x) < dist(x,dD) for any x € D, (A.12)

and let (X;,) w.r.t P, denote the canonical time-homogeneous Markov chain with state space D, initial
value x, and transition probabilities

p(x,dy) = Uniform distribution on the sphere {y € R? : |y — x| = r(x)}.
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R4 Xt

By (A.12), the function £ is integrable w.r.t. p(x,dy), and, by the mean value property,
(ph)(x) = h(x) for any x € D.

Therefore, the process h(X,,) is a martingale w.r.t. P, for each x € D. As h(X,,) is lower bounded by
(A.11), the limit as n — oo exists Py-almost surely by the Supermartingale Convergence Theorem. In
particular, since the coordinate functions x + x; are also harmonic and lower bounded on D, the limit
Xo = lim X, exists P,-almost surely. Moreover, X, is in dD, because r is bounded from below by a
strictly positive constant on any compact subset of D.

Summarizing we have shown:

(i) Boundary regularity: If h is harmonic and bounded from below on D then the limit lim A(X;,)
n—o0

exists along almost every trajectory X, to the boundary dD.

(ii) Representation of h in terms of boundary values: If h is continuous on D, then h(X,,) — h(X)
P-almost surely and hence

h(x) = lim Ex[h(Xy)] = E[M(X)],

i.e., the distribution of X, w.r.t. P, is the harmonic measure on dD.

Note that, in contrast to classical results from analysis, the first statement holds without any smoothness
condition on the boundary dD. Thus, although boundary values of # may not exist in the classical sense,
they still do exist along almost every trajectory of the Markov chain!
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B. Brownian motion and stochastic calculus

B.1. Brownian Motion

Definition B.1 (Brownian motion).
(i) Leta € R. A continous-time stochastic process B; : Q — R,t > 0, definend on a probability space
(Q, A, P), is called a Brownian motion (starting in a) if and only if
a) By(w)=a foreachw € Q.

b) For any partition 0 < 7o < #; < --- < t,, the increments B;,,, — B;, are indepedent random
variables with distribution
Bt[+1 - Bt,— ~ N(O’ li+1 — tl)

¢) P-almost every sample path ¢ — B;(w) is continous.

d) An R%-valued stochastic process B;(w) = (B;l)(w),. . .,B;d)(a))) is called a multi-dimensional
Brownian motion if and only if the component processes (B;l)),. .. ,(B;d)) are independent one-
dimensional Brownian motions.

Thus the increments of a d-dimensional Brownian motion are independent over disjoint time intervals and
have a multivariate normal distribution:

B; — B; ~ N(0,(t—s)-1;) foranyO <s <t.
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Herbst theorem, 206
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