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1. (Itd and Stratonovich integrals). Let (Bi)i>0 be a one-dimensional Brownian
motion starting at 0 on a probability space (£, A, P), and let 7, = {k27": k € Ny} be the
n-th dyadic partition of [0, 00).

a) Show that for any ¢ > 0,

lim > (Bone — Bane)® = lim S (SAt—snt) =t inL*(P),

SETY SETY

and for p > 2,
lim Y [Bop = Bol? = 0 in L*(P).
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b) The Stratonovich integral of a process (Hy) w.r.t. (Bs) over [0,t] is defined by

t
) 1
/0 H,odB, := lim ¥ = (Hyn+ Hne)  (Bune = Bont)
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if the limit exists in L?(P). Show that

¢ 1 t 1 1
/Bsost = _B? and /Bsst = B>~ _t.
0 2 0 2 2

¢) More generally, prove that for every m € N\ {1},
t t 1 t
B = m/ B;”_lodBS = m/ B;”_l dB, + Em(m—l)/ BQ”_QdS.
0 0 0
Hint: You can use the identity

(x+h)™—2™ = ma™ 'h+ (7;) 2™ 2h? + O(|h]?).



2. (Stieltjes integrals).

a) State the definition of the Lebesgue-Stieltjes integral

/ () dg(s)

of a locally bounded measurable function f: [0,00) — R w.r.t. a non-decreasing
continuous function g: [0,00) — R.

b) The wariation of a function g: [0,00) — R on the interval [0, ¢] is defined by
V() = sup 3 Jg(s At) — gls AD)
T senm

where the supremum is taken over all partitions of [0, 00). Show that for continuous
functions g with finite variation, both V) and V() — g are non-decreasing and
continuous. Use this fact to extend the definition of the Lebesgue-Stieltjes integral
to continuous integrators ¢ of finite variation.

c) Let (m,) be a sequence of partitions of [0, cc) with mesh(7w,) — 0, and suppose that
fyg:10,00) — R are continuous functions. Show that if g has finite variation, then
the Riemann-Stieltjes integral

[ o0as6s) = Jim 3 0(6) (5 1) = Fs 1)

exists, and the integration by parts identity

/0 f(s)dg(s) = F(B)glt) — F(0)9(0) — / o(s) df(s)

holds. In particular, [ gdf is independent of the choice of the partition sequence.

3. (Simulation of stochastic integrals).  Let (B;) be a one-dimensional Brownian
motion starting at 0 on a probability space (2, A, P).

a) Use Riemann sum approximations to simulate the stochastic processes
t R t .
I, = / B, dB; and I, = / B, dB; for t € [0, 1].
0 0

Here the first integral is an Ito integral, and the second integral is a backward Ito
integral.

b) Plot the graphs of samples from the difference process I, — I,. What do you observe?
State a conjecture.

c¢) Can you prove your conjecture?



