FLUCTUATIONS OF THE FREE ENERGY IN P-SPIN SK MODELS ON TWO
SCALES

ANTON BOVIER AND ADRIEN SCHERTZER

ABSTRACT. 20 years ago, Bovier, Kurkova, and Lowe [5] proved a central limit theorem
(CLT) for the fluctuations of the free energy in the p-spin version of the Sherrington-
Kirkpatrick model of spin glasses at high temperatures. In this paper we improve their
results in two ways. First, we extend the range of temperatures to cover the entire regime
where the quenched and annealed free energies are known to coincide. Second, we identify
the main source of the fluctuations as a purely coupling dependent term, and we show a
further CLT for the deviation of the free energy around this random object.

1. Introduction

The p-spin interaction version of the Sherrington-Kirkpatrick [[12] is a spin system de-
fined on the hypercube Sy = {—1, +1}" where the random Hamiltonian is given in terms

of a Gaussian process X. : Sy — R given by
1

N 2
X :( ) Z Jirin.... i, 00y " Oy (1.1)

p 13i1<i2,...<ipSN

where the {J;, . l-p};.’l"_“ =1 is a family of independent, standard normal random variables

defined on some probability space (Q2, ¥, P). Alternatively, X is characterised uniquely as
the Gaussian field on S y withe mean zero and covariance

E(XyXs) = fon (Ry(o,07)), (1.2)
where N
Ry(o,0) = (0, 07) = — D o (1.3)
N N & ’
is the overlap between the configurations o, 0”, and f,, y is of the form (see [3])
[p/2]
Frv @) = " dy N5 (1 + O(1/N)), (1.4)
=0
where
dyoy = (—1)’<(2’;()k!!. (1.5)
In particular,
fon(x) =x"(1+ O(1/N)) , uniformly for x € [-1,1]. (1.6)
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The model with p = 2 is the classical SK model, introduced in [12], and the general
version with p > 3, by Gardner [9]]. The Hamiltonian is given by

Hy(0) = - VNX,, (1.7)
and the partition function is
Zy(B) = By [ PIN@] =27V " VN, (1.8)
geSy
Finally, minus the free energy is
1
FN(ﬁ) = N anN(ﬂ) (19)
Form € (0, 1), let
¢(m) = ln(l —m) + m In(1 + m), (1.10)
and
ﬁf, = Oinfl(l +m P)p(m), (1.11)

for p > 3, and B, = 1. It is a well-known consequence of Gaussian concentration of
measure theorems, that the free energy is self-averaging in the sense that

lim Fy(8) = imE [Fy(8)] . as.. (1.12)

The existence of the limit on the right-hand side was established in a celebrated paper by
Guerra and Toninelli [10]. For g < B,, it is even true that the so-called quenched free
energy on the right-hand side is equal to the so-called annealed free energy, that is
1 2
hmE[FN(,B)] = 11m n InE[Zy(B)] = ﬁz (1.13)

This fact was first proven for p = 2 by Aizenman, Lebowitz, and Ruelle [1] and a very
simple proof was given later by Talagrand [13]]. The proof in the case p > 3 is also due to
Talagrand [14]. Note that

lim 8, = V2In2, (1.14)

pT+oo

which is the well-known critical temperature of the REM [§]]. It is, however, not known
whether 3, is the true critical value in general. It is natural to ask about fluctuations around
this limit. This was first done by Comets and Neveu [7], who used the martingale central
limit theorem (CLT) for the free energy in the case p = 2 for all § < 1. The case p > 3
was analysed by Bovier, Kurkova, and Lowe [5]], also using martingale methods. They
established a CLT in a range B < f3,, for some 3, < . Our first result extends this to the
entire range 8 < 3.

Theorem 1.1. Forall p > 3 and 3 < B,
2
N} (FN(,B)—’B—) ( ﬁzp ) as N 1 oo, (1.15)

The proof of Theorem [1.1|is very different from that in [S)] and in a sense closer to that
of Aizenman et al. [1] in the case p = 2. In fact, we show that the limiting Gaussian comes
from a very explicit term

1 2 2\ _ B 2
INB) = 5B o (B Hy(o)) = m 3 Z NJ“ _ (1.16)
D <i<..<ip<
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Jy(B) is a sum of independent square integrable random variables, and hence by the law

of large numbers, for all 3,
2

, _B
Jim Jn(B) =7 ,as., (1.17)

and by the central limit theorem,

2

That Jy and the Fy have the same limits is not a coincidence. In fact, we prove Theorem
[I.1]by proving that

2 4
N2(JN(ﬁ)—ﬁ—) N( Bp )asNToo (1.18)

lim N* (Fy(B) = In(B) =0, (1.19)

in probability. This naturally leads to the question whether upon proper rescaling, the
quantity Fy(8) — Jy(B) converges to a random variable. The positive answer is the main
result of this paper and given by the following theorem.

Theorem 1.2. For p > 2 and for all B < B, we have

Av(P)FB) — IvB) 2 N (u(B. p).o B. p)*). (1.20)
where
(i) For p even,
Ay(p) = N3, u,p) =0, (1.21)
and
o & ’
o (B, p) =" (Z o XP" Zk] (1.22)
k=0
(i1) For p odd,
— |
An(p) =NP"', uB,p) = '84p (1.23)
and A
ﬁg [p/2] ) ﬂgp!g
o (B, p)* = = E {; dp oy XP7 2| | - — (1.24)

(p—1)...(p—2k+1)
= (-1l

Here X is a standard normal random variable and d,_»;

Compared to (I.15)), Theorem [I.2] provides a higher-level resolution of the limiting pic-
ture. In fact, in the course of the proof we also identify exactly the terms arising in the
expansion of the partition function that converge to the Gaussian in (I.20). Thus, one
might envision that, once these terms are again subtracted, on a smaller scale, there ap-
pears yet another limit theorem. This might even continue ad infinitum. To prove such a
result appears, however, rather formidable and will be left to future research.

It is interesting to compare this picture with the p = 2 case. In that case, the variance
of the limiting Gaussian distribution blows up at the critical temperature, and thus detects
the phase transition. For p > 2, this is not the case for the Gaussian from Theorem
nor for the corrections given by Theorem[I.2] This is of course completely in line with the
predictions by theoretical physics pertaining to the so-called Gardner’s transition [9].

Results similar to Theorem have been obtained for several related models. Chen et
al. [6] obtained analogous results to [3] for mixed p-SK models, i.e. where the Hamil-
tonian is given as a linear combination of terms of type with different p where only
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even p appear, and recently this was extended to the general case by Banerjee and Belius
[3]]. For spherical SK-models, related results were obtained by Baik and Lee [2]]. We are
not aware of any results like Theorem The paper is organised as follows. In the next
section, we present the proof of Theorem Many of the results obtained in the course
of the proof are re-used in Section 3 where Theorem is proven. In the appendix we
state two frequently used facts about Gaussian random variables for quick reference.

2. Proof of Theorem 1.1l

In view of (I.I8§), to prove Theorem [I.1] it is enough to establish that (I.19) holds for
all B < B,. Setting
Zn(B) = Zy(B)e™ P, 2.1)

this amounts to showing that, for 5 < S,,,
Al]im NZ In Zn(B) =0, in probability. (2.2)

The proof of (2.2) turns out to be remarkably difficult if the entire range 8 < 3, is to be
covered. This will require a truncation. For € > 0, we set

ZNB) =72+ 72, (2.3)

where
Z£ = Bo (¢ "™ L pyirr-piiseam) e, ZZ = By (P Lo nyior-nisem ) €V
2.4)

where we dropped obvious dependencies on the parameters 5, N to lighten the notation.
We decompose

b2 _ vz, (2B b2 ZZ 22 .
N7T InZy@B) =N ln( 2 )+N ln(E[Zf])+N InE[Z5]. (2.5)

The assertion of the theorem then follows from the fact that all three terms on the right-
hand side of (2.5)) converge to zero in probability.

Proposition 2.1. (i) Forany q € N, B < 8, and small enough € = €3, p) > 0,
(ZN(B)

lim N7In >
NT+oo c

) = 0, in probability. (2.6)

(i1) For B < B, and small enough € = €3, p) > 0,

o [ ZE
$ELNanQE%):0,mpmmwmw, 2.7)
(i11) For any B, € > 0,
lim N7 InE[Z5] = 0. (2.8)
NT+oo

Remark. The fact that (2.6) holds for all g € N is not needed here, but will be used in the
proof of Theorem [.2]

The proof of Proposition [2.1] relies on computations of moments that are combinatori-
ally rather complex.

We introduce some convenient notation. First, we denote by Iy the set of all strictly
increasing p-tupels in {1, ..., N},

Iy = (i oip) € {1 NYL iy < iy <0 <) (2.9)
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For A = (iy,...,i,) € Iy we write
O'AEO'ilO'iZ"‘O'ip,aIld JAEJ,'1 ’’’’’ ipe (210)
We abbreviate
N\
ay = \/N( ) . (2.11)
p
We can thus write
2
Hy(o) = —ay Y Jaca,  and Jy(p) = i) > A (2.12)
2N
Aely A€ely

For ay, by > 0 we write ay < by if ay < Cby for some numerical constant C > 0.
Finally, we will denote by ¢ > 0 a numerical constant, not necessarily the same at
different occurrences.

2.1. First moments of Zy(B) and Z=, and proof of part (iii) of Proposition (2.1). We
will show that

Lemma 2.2. With the notation above,
4 8

E[ZvPB)] =1~ ZNaiv + ﬁNzaf‘N +0(N7). (2.13)
Proof. Interchanging the order of integration, we have
E[ZyB)] =E [Eg (e—ﬁHN<a)—NJN<ﬁ>)] - E, (]E [e—ﬁHN(a>—NJN(ﬁ)])_ (2.14)
Using (2.12)) and the independence to the Jy,
B e ] - [ gfebotin-53 . @.15)
Aely

Computing the Gaussian integral, we get

Py
2
E I:eﬁaNJAO'A—ﬁQGIZVJi] — e(z(”ﬁz“}z\/)] 1 . (216)
A1+ Bk
Since 0% = 1, this implies that
,82612 1
E[Zx(B)] = exp[lINl [% =) In(1+pa)||. (2.17)
2(1+p2a3)
Moreover, using that |Iy| = (1;)’ ), and by Taylor expansion we obtain
(11\7]) 2 2 4 6 ), Blay
E[ZyB)] = exp 3 Bray - Blay + 0S) - BPay + >
2 P2 a 3-2
= 1= Nay+ 5N ay +O(N*?), (2.18)
which is (2.13). |

From 2.13) it follows that InE [Zy(8)] = O(Nay), and Nai, = O(N*77), it follows that
NP=22InE[Zy(B)] = ON'~P/?), which tends to zero for p > 3. The next lemma states
that Z= and Zy(B) are exponentially close, which will imply (2.8),
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Lemma 2.3. For any € > 0,

E||z5 - Zn(B)|| < exp(-B°Ne¥ /2 + ON*™)). (2.19)

Proof. Since Zn(B) — Z= = ZZ, we just have to control the expectation of the latter. Inter-
changing the order of integration, we obtain, using the Holder inequality,

E(Z7) E, (E (e‘ﬂHN(“)ll“_ HN(U)_ﬁleﬁN}e—NJN(ﬁ)))

1/q1 /g2
-q18H -q2NJ
E, (]E (e ap N(U)H{I—HN(U)—ﬁNIXBN}) ]E(e o N(ﬁ)) )

B T Va1
= B (B Ly ) EENO)), @20

IA

for 1/q, + 1/g, = 1. Classical Gaussian estimates (see Fact I in the Appendix) yield that

E (eqlﬂ \/NX{T I]_ - E (eqlﬂ ‘/NXU' I]_ eqlﬁ ‘/NXU' I]_

{Xo<(1-€)8 \W})

_(I+ze)2/32N 2
< maXge-13 € 2 +q1(1+ze)B*N

(|X,~BVN|>¢p \W}) (Xo>(1+6)B W}) + E(

— e—ﬁzTN(—q1+ez+(1—q1)(1+2e)) (2.21)

for N large enough and g; < 1 + €. Note that this bound is independent of o. It remains to
calculate the second term on the r.h.s. of (2.20). By independence of the J’s,

E(e—quJN(ﬁ)) — [E (e—"zfzai,@)](g) _ (1 N qzﬁza]zv)—%(lpv)

= exp (—Q ln(l + Nﬁ—q)) = exp(-222 + ON* 7). (222)

G
Combining (2.21)) and (2.22)), we obtain, forany 1 + € > g; > 1,
E(Z) < exp(-22(€+(1 - g1 +2€) - ON'™))). (2.23)
But this implies the assertion of the lemma. O
Note that Lemma[2.3|and (2.18)) imply that
g, B By 3-2
E|zE|=1- - Nay + 5 Nay + O(N*?). (2.24)

Combining Lemma [2.2]and Lemma [2.3] proves (2.8).
2.2. The second moment of Z=, and proof of part (ii) of Proposition We set

_ Zz-E[Z3]
Bes ———————. (2.25)
E[ZZ]
(2.7) is then equivalent to the following lemma.
Lemma 2.4. For any € > 0 and 8 < 3,
lim P (v ma+zofz2)=0. (2.26)

Proof. Using the Chebyshev inequality and the fact that, for |x| < 1/10, (e* — 1)> > x?/2,
for N large enough,
E[=2 E[=2
> .9) < =2 - = - <8 NE[E2] 227)
(egN]—p/Z _ 1) (e_gN]—p/Z _ 1)

P('szz In(l +E,)
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. - E[z=2]-E[z]
Since E [:.g] = sz]
‘ (E[z]) .
precise bound on the second moment of ZZ.

We write B, = E,E, and set I'y = {-1,—1 — 2,...,1}. Then, for any function
G : R — R, one has

-1
N , ,
(p) E oL .O'ipa'ipﬂ

i1 <ip<-<ip

, and E [ZZ] is already computed, we only need to compute a

Eyo |G

Eo’,o" [G (COV(X(n Xo-’))]

D Gl mlpy(m),  (2.28)

meFN

where py(m) = Py (Ry(0, ') = m).
With this in mind, we split the second moment according to the value of the overlap

=[]

N(Xp+X,s ~2NJ
Em'E(eﬂ W) Dy 01-pvizesn) Li-Hyo)-pVIepme N(ﬁ))

_ VN(Xy+X, -2NJ,
= EoorB( C X)Ly or-pvizesms Ly -pizepmpe 2O ﬂ{|RN<a,a'>|<6})

+Eq B (eﬁ (o) ]l{|x(,—ﬂ VN|<eB VN ]1{|X(,/ -BVN|<eB x/N}e_ZNjN(ﬁ) ]l{IRN(rr,cr'nzé})
= A+ B, (2.29)

where 2¢ < 67 and 6772 < 2‘%
P

subexponentially small and compute the leading orders of the A-term.

We will now prove that the B-term (large overlap) is

Lemma 2.5. For all B < 8, there exists €y > 0 and a constant ¢ such that, for all 0 < € <
€0,

B <exp(—cN). (2.30)
Lemma 2.6. For any S,

A=1-

4N 2
F ZaN +O(N1), 2.31)

Proof of Lemma To simplify the notation, set By = {|Ry(c, 0”)| > 6}. We simplify the
constraints by using that

Lix, s vi|<ep Vi L, s VN|<ep VA < Lijx,4x, 28 VR|<268 VY- (2.32)
By Holder’s inequality, we then get

€1 €1
B <E,, (E (eth,B W(XU+XJ,)1{|X(,+X(H—2,8 W28 W})ql E (e—2q2NJN(ﬁ))q2 lBN)’ (2.33)

with g, g> > 1 satisfying 1/g; + 1/g, = 1. Since X, + X, is a Gaussian random variable
with mean zero and variance 2(1 + f, v(Ry(c, o)), the right hand side can be written as

1

})ql E (e_2Q2N~IN(ﬂ))é ILBN

(2.34)

QBNN(2+2fp N (RN (0.07) )é
E(r,a" (E (e \/ p II_{'{: 2(l+fp,N(RN(0'so-/)))_2ﬁ \/N‘SZGﬁ\/N

where £ is a standard Gaussian. As in (2.22)),

E(e_zqzmm)é < e FPNTO(NT), (2.35)
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and for the first term, we use the following decomposition

E (6‘11,3 VNQ+2f,nRy(o.07))é 1

{le V(o Ra () -2p VN <265 ‘W}) (]lf"'N(RN(‘T’“'»SO - ]lfP~N<RN<""T’>>>°)

< B|enB VN 2/ xRy (@ )é

{ 28 VN(1-¢€) <&

Ly vRy(@o)<0
2(1+/, N (Ry(@0")) B

+E | etBVNCR2hn Ry )é
£< 28VN(1+e)
2(1+£, N (Ry(@0"))

} L, v(Ry(o0)>0 (2.36)

where we use the fact that

1 =1 1
{‘é’ v 2(1+fp,N(RN(<T,<r’)))—2ﬁ ‘/N‘Skﬁ ‘/N} { 2BVN(1-€) <§} {f< 28VN(1+€) }
) o

2(1+fp N (R @) 2(1+f, N (Ry(@0"))

for the second line and by estimating one of the indicator function by 1 in both cases. On
By, we can now use the first Classical Gaussian estimate of the Appendix (see Fact I in
the Appendix) for the term in the second line of (2.36) because

28VN(1 - €)
V2(1+ fo Ryt o)

for g, small enough. On By, we can use the second Classical Gaussian estimate of the
Appendix (see Fact I in the Appendix) for the term in the third line of (2.36). The two
Gaussian estimates yield

> BN (24 2 (Rule.07)

1

{l «/W—zm\<zem}) Lo (2.37)
< 2* max exp {— (+ 2 BN
-1 a1 (1 + fov Ry(,07))
Combining these two steps, we obtain
[ (1 + ze)8°N
a1 (1 + fov Ry(,07))

E (efhﬁ VN(2+2f, Ry D)é

+(1+ ze)ZﬁzN] 1g,. (2.38)

B < 2"11Eu-,0"( max 1p, exp +(1 +z6)28*°N-B°N + 0O (N2”’))).

ze{~1,1}

(2.39)
Since this holds for all ¢; > 1, one sees that the exponential term in (2.39) is bounded by
2-(1+2 Ry(o, 0
max exp [—ﬁ N(6 ( €2 fpn Ry(c,07)) + 0 (Nl_”)]]. (2.40)
=Ll (1+ fov Ru(o, )
By Stirlings estimate, we have
N\,
pr(m) = (o |27 < exp (-Ng(m). (2.41)
2
Using (2.28)) and plugging (2.40) and (2.41) into (2.39) gives
2-(1+2
Bs Y max exp[ [—,826 1+ 226 fpwv (m) _ ¢(m)]}. (2.42)
ey, =) (1+ fow (m))

lm|=6
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We write
2-(1+2
by = —,82N€ ( 2€) fpn (m) SN
(1+ S (m))
2
2 € Spnm)N -
= BN + (2ze+ 1) = (1 + fyn(m)™ ) p(m)
N o T fonn P (14 fparen™) gt
fp N(m)N v} -1
- 2ze + 1) — (1 + . 2.43
T4 Fo () |8 2ze + 1) = (1+ fow(m) ™) ¢(m)| (2.43)
If p is even or m > 0, recalling that ﬁf) = infyuei (1 + m™P)p(m), the last line in 1} is
Spnm)N 2
<= - 2e+ 1) — .
T+ fn(m) g+ 1) -5
Since f, n(m) = m” + O(1/N), for |m| > 0,
No6P + O(1)
oy < ————— (B, - B(1 + 2e)). (2.44)
This gives
B < Ne- 20120, 2.45)
If pisoddandm <0, 1 + fp,]\,(m)‘1 < 0, and we immediately obtain
NoPS?
oy < — 2ﬁ , (2.46)
which is even better. This proves Lemma [2.5] o
Next we prove Lemma

Proof of Lemma We have to decompose the term A further according to the value of

the overlap. For a satisfying
1 1
—-<a< -, (2.47)
p 2

we set A = A; + A,, where

A1 = Eor B (eﬁ W(Xﬁxtr')ﬂ{l&r—ﬁ VF|<es VR L ([, - VR|<ep W}e_ZNJN(ﬁ)ILN*”SIRN(N’M) ’
(2.48)
and

Ay = E(r,o" (E (eﬁ WN(Xer+Xo) ]l{lXa—ﬁ VN|<e8 YN} IL{|XJ1 -BVN|<eB \/N}e_ZNJN(ﬁ)) ILIRN(O',O")|<N*O‘) .
(2.49)
The point is that A, is very small, even if we drop the constraints on X, and X,-, whereas
A, has to be computed precisely.
Thus, we bound A; by

0 < A] < E(r’(r/E (eﬁ W(X“+X”')C_ZNJN('B)]]_{N—aS|RN(O—’O—/)|<5}) . (250)
Using the independence of the Gaussian variables
E (eﬁ \/N(XJ+XU/)C—2NJN(B)) _ 1_[ E (eﬁaNJK(a—K+o—}()_52a}2VJ,2() _ (2.51)
Kely

Computing the Gaussian integrals,

(1+ /) ,82a]2\, _1n(1+2ﬁ2a]2V)
E(eﬁuNJK((TKHT;()—,Bza[zVJIQ() —e TkTk 2/32“12\/” 2

) (2.52)
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and so
a2

, 2 w[ A _1n(l+2,82a%]))
E (eﬁ \/IT/(X(T+X(T/)6—2N]N(5)) — e(z’“’N GK‘T’()(%%?VH )e(")(mzﬂﬁz“ o (2.53)
As in (2.22), we have

2 2 2 2
exp ((N)( ﬁ aN ln(l + zﬂ aN )) = exp (_ﬁélNa[Zv + 0<N3—2p))‘ (254)

p)\2g2ad +1 2
Thus
BN fyn (m) Bhowm)
A] < Z ceXp (m pN(WL) < Z exXp (N(ZBZPLJ]]Z\\]/H - 7)) s (255)
mely N mely
N=<|m|<é N=<|m|<s
where the last inequality uses (2.41). Using the asymptotics for f,, y, we get that
2 (262mP2 (1 + oy(1
Ars Y exp (Nm?( pom U+ o) 1)) (2.56)
- 2B%ay + 1
N™*<|m|<é
In the range of summation,
2B2mP~2 (1 + op(1
prm (A + oy ppgr2 g, (2.57)
2B%ay + 1
by assumption on ¢, and thus, using also the lower bound on |m],
Ay $ Nexp(—cN'™/2), (2.58)

where ¢ > 0.
For A,, the constraints on the X, X,» can also be dropped, but this is more subtle. We
write A, = A,y + R,, where

Agy = B (B (S WEAXANNE) 1 jane) (2.59)
We first compute Ay;. We set I'y, = {m € I'y, [m| < N™*}. Using (2.28), we have

Ay exp (+,84Na]2V +0 (N3—2p)) = A = Z exp ([M

pn (m). (2.60)
e 2B%a% + 1 )

To deal with this term, we use the following standard bound for the exponential,

1
< Zf“ exp €], (2.61)

1 1
exp(§) = 1 —¢ =58 - =&

2
with & = BN - Notice that on 'Y, Nf,n(m) < N'"P*, which tends to zero, as N T co.

2p2a%+1
Hence, on the domain of summation of (2.60), exp(|£]) < e. This allows us to bound A,
as

1
<0 Z £ pu(m). (2.62)

@
mel'y

— 1 1
A=y (1 HEHSE 5-53)pN(m>

@
mel'y

Moreover, the sum over the terms on the left-hand side can be extended to sums over all
of I'y with just an exponentially small error.

— 1 1 1 1-2
Ay — Z (1 +E+ 552 + §.§3)p1v(m)‘ < Z E'e py(m) + O(G_N ) (2.63)

mel'y mel'y
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The sums over the & can be computed fairly well by re-expressing them in terms of
expectations over the . Namely

N -1
> fonmpy(m) = (p) Eor [Z am] =0, (2.64)

mel'y Aely
N\* 2!
Z fp,N(m)sz(m) = ( ) E(T,o" Z O-AO-,IL\ = ( ) > (2.65)
mel'y p A€ely p
and, for k > 3
N\* CN
> fon(m)py(m) = ( ) oo [Z aAa;,] < ( ) NPH2, (2.66)
meTy p Aely p

since all indices must occur alt least twice. From this we obtain

,84Na12\, B*Na?

Ay=1+——"7N__ L o(NUPD)=1+ N+ o(N-P2). 2.67
21 2(1 + 2ﬁ2a12v)2 ( ) 2 ( ) ( )
Finally, we bound R,. Note that
IRl < 2B, o (B (WO s vi® ) Liryoornce) - (2.68)

The idea here is that under the constraint on Ry(o, o), X, and X,- are almost independent.
Using Holder’s inequality as before,

1

E (eﬁ W(X‘#X"')]qutr—ﬁ i x/N}e_ZNJN(ﬁ)) < (E (eqlﬁ W(Xﬁxgl)ﬂux(,—ﬁ VN |>e8 \/N}))ﬂ
x (E (e-Z‘W’N(@))é : (2.69)
As in (@]), we get for the second factor
(E (e-zﬂﬂN’N@))i < e NFHONED), (2.70)
To deal with with first factor, we notice that X, can be written as
X =yXe + \1-7%, (2.71)
where ¢ is a normal random variable independent of X, and y = fy(Ry(0, 0”)). Hence
B (e WOy vmpasvm) = B Ly o Ry B (e‘“ﬁ V)
(2.72)

Using again Fact 1 and since |Ry(o, )| < N7, and that these bounds hold for all g; > 1,
it follows that

[Ry| < e PN /2o, 2.73)
With these bounds on A; and A,, and the bound (2.54)),

N, 2
A = (1 + 2(1#{% - 0(N3“‘P/2))) exp (—B'Nay + 0 (N*77))
_ P 4Zafzv +O (NP, 2.74)

This implies (2.31)) and concludes the proof of Lemma [2.6] i
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We now conclude the proof of Proposition [2.1] Combining (2.30) and (2.31)) yields

E|Z5)| =1 P Z“fzv + O (N2, (2.75)
Furthermore, using (2.24) we have that
2
(E(zf))2 = (1 - Z4Na12\, + 0(N4—2P)) =1- aa Za’zv +0(N*?), (2.76)

hence combining (2.75]) and leads to

_ B(ZZ%) - B(ZE)? 0(N373p/2)

E (=2 = 2.77
&)= =5z EZZY 277
Inserting this into (2.27)), we get
PV I +20] > &) < 820 (N 72), (2.78)
which proves Lemma[2.4] m|
This also concludes the proof of part (ii) of Proposition [2.1]
2.3. Exponential concentration: proof of (i) of Proposition 2.1, Since
ZN(,B)) ( ZnB) ) ( z; )
N%In — |=N'In| =———=-|=-NIn(1 - ——], (2.79)
( e vp) -2 Zn(p)
the assertion [2.6)in Lemma [2.1|follows from the following lemma.
Lemma 2.7. Assume that B < 8,. Then, For all &€ > 0 there exists ¢ > 0 such that
IP( Ze > )< (=cN) (2.80)
> g| < exp(—cN). ,
Zv) P
Proof.
z> E, (™ H”(")L—HN(a)—ﬁNbeﬁN})
P >e|l = P =&
Zv(pB) E, (e—ﬁHN(O'))
1 (Eo (PO g o)-paisesm)) 280
- e E, (e—ﬁHN(G')) )
By Gaussian concentration of measure, it follows that
€’ e
P (‘m E,e PV _ g (1n Ege_ﬁHN(”))‘ > N,BZZ) < exp (—Nﬁ2§) : (2.82)

(See e.g. [3} (2.56)]).
We introduce the events

ON,,B,E = {‘ln Eo_e—ﬁHN(O') -E (ln Ea_e—ﬁHN(o'))‘ > NIBZ%Z} , (2.83)
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and split the r.h.s. of (2.81) as

- [Eo (e_ﬁ ) IL|—HN<cr>—ﬁN|>eﬁN})]

() (2.84)

oy B (™ML iy
< c
= 7 O E,, (e HN(@)

Ey (e OL gy r-pvisepn) €t
) _ 2
<E [ﬂoxﬁ,e E, (e BHN@)) - eXp( NE 32) ’

where for the first inequality we use that the quotient of the E,-terms is smaller than one,
and (2.82)) is used in the last step. On the event O we have that

] +P(Ong.e)

NG’
E, (e‘BHN (‘7)) = exp (ln E, (e_ﬁHN ((’)) -E (ln E, (e_ﬁHN (‘T))) +E (ln E, (e_ﬁHN (f’))))
> exp (B (InE, (e#™?)) - Ng**/4). (2.85)

Using this inequality

_ _NB
gt E (Ea (e PHN(@)N ]]‘|—HN((T)—,3N|>€BN}))
T

E- (e_ﬁ () ]1|—HN<U>—BN|>eﬁN})]
<

E ]l ON C
[ {{ ﬁ’e} } EO‘ (e_ﬂHN(U)) exp (E lnEO_e_ﬁHN((T)—NﬁTZ

(2.86)
By classical Gaussian estimates (Fact I in Appendix), the numerator on the r.h.s. above
reads

E (Eg (e—ﬁHW)—N’f ﬂl_HN(U)_ﬁNPEBN})) < exp (—N,Bz%z) . (2.87)

Combining (2.84)), (2.86) and (2.87)), we obtain
. (E(r (e_ﬁHN((T)IL|_HN(O-)_ﬁN|>€IBN})] 3 exp (NIBZZ_Z) exp (—ngze_;)
E, (e PHn@) " exp (E InE, e_gHNw)—N/Lj)

) €
+exp|—-NB 3/ (2.88)

It remains to bound the denominator. Note that
ﬁZ
ElnE,ePiNONT = BInE, e P _ InEE,e P, (2.89)

so this is just the difference between the quenched and annealed free energy. In the course
of the proof that these are asymptotically equal for 8 < §,, it it actually shown that for any
B < B, there exists K > 0 such that

~ K VN < EInE,e @ — InEE,e#® < 0, (2.90)
(see e.g. Section 11.2 in [4]]). Inserting this estimate into (2.88)), it follows that
E, (e_ﬁ HN(G-):“‘|—HN((T)—ﬁN|>€ﬁN})
E, (e-BHN@))

This together with the Markov inequality implies (2.80) and ends the proof of the lemma.
O

E

62 64
< exp (—Nﬁ2Z +K \/N) +exp (—Nﬁ23—2) . (291

Thus the proof of Lemma|2.1{is complete and this also concludes the proof of Theorem
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3. Proof of Theorem

The quantity we need to control can be expressed as

1
FyB) — InB) = N In(Zn(B)) . 3.1

The proof of Theorem [I.2]relies essentially on a Taylor expansion of the exponential func-
tion in Zy(B). Recalling the definition of Jy(B), see (1.16),

Zu(B) = By (P ier)R), (32)
Expanding the exponential and ordering terms in powers of 3, we see that
Zn(B) = Tn(B) + On(B), (3.3)
where )
E,Hy(o) E, (Hy(o) E, (Hy(o)!
TN@zl—ﬁ“( ) -F ( )+ﬁ“ ( ) (3.4)
8 3! 4!
Writing
an(p)InZy(B) = An(p)In(1 + Zy(B) - 1), (3.5)
with ay(p) = Ay(p)/N we see that the assertion of the theorem is equivalent to
D
an(p) (Zn(B) = 1) > N (u(. p). (. p)’). (3.6)

The proof of Theorem [[.2] will therefore follow from the following two lemmata.
Proposition 3.1. With the notation above, for p > 2 for any 8 > 0,
an(p) (Ty(B) = 1) 2 N (u(B. p). (8. p)). (3.7)
as N T oo,
Proposition 3.2. For p > 2 and for all B < 3,
11\}Tr{1.o an(p)|Zn(B) — Tn(B)| = 0, in probability. (3.8)

Remark. In view of the fact that by Lemma 2.3| Zy(B) and Z= differ only by an exponen-
tially small quantity, Proposition [3.2]is immediate if we show that

ZZ — Ty(B)| = 0, in probability. (3.9)

lim
Nioo N(p)
The proof of these two claims is given in the next subsections. Before that, we empha-
sise that the different limiting pictures depending on the parity of p > 2 stem, in fact, from
the Ty-term:

e p odd. In this case E, (H N(0')3) = 0 by antisymmetry (see (3.19) below), in which
case

2\2 4
1 ﬁE(,(HN((r)) +ﬁétlaff(HN((r)). 10

8 4!
This should be contrasted to
e p even. We will see in the course of the proof that the only relevant term is, as a
matter of fact, the third moment, with the second and fourth moments contributing
nothing due to a "wrong” blow-up. In other words, it will become clear that

E, (~Hy(0)?)
3!

TvgB) = 1+p

+ “vanishing corrections”. 3.11)
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We prove Propositions [3.1] and [3.2] in the remainder of this paper. As a first step, in
Section below we provide some explicit formulas for the moments of E,H*, k = 2,3,4
which appear in the definition of Ty(8). Proposition[3.1|for odd p is then proven in Section
below, whereas the case of p even in Section the proof of Proposition [3.2| for even
p is given in Section [3.4|and the proof for the odd p case is finally given in Section

3.1. Explicit representations of quenched moments. In the sequel we use the following
abbreviation when summing over multi-indices A, B € Iy.

D IIsEearn) = D JadsBo(Tacp), (3.12)

(#) A,Bely:A+B

and similarly for sums involving a higher number of multi-indices, in which case we mean
that all multi-indices involved must be different.

For the different terms appearing in 7x(8), taking into account cancellations due to the
averages over o, we have the following representations.

Lemma 3.3. We have

E, (—HN(O')3) = a?\, Z JaJpJcEo (0p0poc) = 6113\/ Z JaJsJcEy (g0 poc) . (3.13)

A,B,Cely (€3]
and
1 N2 1 4 a;‘\, 4
- 5B (Hyo?) + 1B (Hy(o)*) = - DI+ H, (3.14)
. A€l
where
4
a
H, = 4—7 Z JaJsJeJpBy (04T B0 c0D) . (3.15)

T @)
Proof. Eq. (3.13)) is straightforward. An elementary computations shows that
2
~ B, (Hy(0)?) =—al Y| JiJy=-ay ) JiJs—ay > Ji. (3.16)

A,Bely (#) Aely

The fourth moment gives

Be (Hv(@)')=ay > JalslcJpBe (0a050cop). (3.17)
A,B,C,Dely

We now rearrange the summation according to the possible sub-cases: i) four multi-indices
come in two distinct pairs (say A = Band C = Dbut A # C): in this case E,o 030 c0op =
E,030% = 1; ii) all four multi-indices coincide, in which case E, 04030 cop = E 0 = 1;
iii) at least one multi-index is different from all the others. In this case the only non-
vanishing contribution comes if four multi-indices are different. Hence

Eo (Hy(o)') = 3ay Y 2 +aly Y It +ay Y JadslclpBe (Cacsocap), (3.18)

(€] A€ly (#)

where for the first term on the right we use that there are (3) = 3 ways to choose the pairs.
Combining (3.16]) and (3.18)) yields the claim of the lemma. O
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3.2. Proof of Proposition p odd. We first observe that

By (~Hy(@)') =@y )| JalsJcBo(Taopoc) =0, (3.19)

A,B,Cely

since 040 go ¢ is a product of an odd number of spins, and hence its expectation vanishes.
Combining Lemma 3.3]and (3.19), it follows that

an(p) (Ty(B) — 1) = N2 ( Z Jy+BH, . (3.20)

Ael

First note that

:8 aN 4) 2:34N 4 ,3417!
J NP~ Ji > ———, as., (3.21)
v S EIlOL KA

as N T oo by the strong law of large numbers. It remains to prove that N*~>FH, converges
to a Gaussian with mean zero and variance o-(8, p)*. This will be done by proving that the
moments of N*~2H converge to those of the Gaussian. We break this up into a series of
lemmata.

Lemma 3.4. (Second moment / variance). For any 8 > 0 and any p > 3,

lim BB ((N” “H,) ) (B, p), (3.22)
N—+oo
Lemma 3.5. (Even moments). For any 8 > 0, and p odd, and for all k € N,
S o2y \2K\ _ (2k)! %
Jim B E((N *,) ) = B ™ (3.23)

Lemma 3.6. (Vanishing of odd moments). For any 8 > 0, p odd and for all k € N,

2%k+1
tim B((v2#) ") = 0. (3.24)
N—+o00

The remainder of this subsection is devoted to the proofs of these lemmata, which com-
bined imply Proposition [3.1|for p odd.

Proof of Lemma We have that

(18

2 N / ’
E (7‘(4) = IE Z Z E(JaJg...Ju) By (0a0pocop) By (00 r060)
" ABC.Dely E,F.G Hely
#) #)

= 4'47215 J2]2.12J2) E, (a0 pocop) By (0,030-07)
(#)

8
= ol ZE"" (CATBOCODPTLT OO . (3.25)
#)

Here we used that in order to get a non-vanishing contributions, all the multi-indices in the
first sum must be paired with one in the second sum. The number of such pairings is 4!.
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Next we express E (7‘( f) as a function of the overlaps.

a
E (7—(}) = 4—1;'[A B;)EIN By (CATOcOpT 00 -07) — 3 A;;N Eoor (O'iO'ZBO'AZO'BZ)
o @)
= Boer (40%) ] (3.26)
AE[N
as N\ (N N
= _1:,[ E(r,(r'(O'AO'BO'CUDO';\O'}gU'CO"D)—3(( ) —( ))—( ) ,
4! A,B.C,Dely p p p
and therefore
3ad (N 2883, (N
) - | [Zow | ST
Aely '
1 4 N* _
= o Z (Nf5 ) pa(m) — —— + O(N*P), (3.27)
) mel'y 8 p
where we used (2.28)). Collecting the leading terms, we see that
1 2
BV ) ) = 51 D (Vo) o) = B+ o, (328)
mel'y
Furthermore, by (1.4), we have that
) [p/2] =
NEFSm) = 3" dpo( VNm)' (1 + O(1/N)), (3.29)
k=0

and using this in the sum on the r.h.s. of (3.28)) yields

[p/2] Ry 1 e
((Np 27—{4 ) = — Z (Z d, 2k J pN(m)(l + O(N)) - ? +on(1).

merN k=0
(3.30)
By Taylor-expanding in m = 0, it can be checked that
2 >
pn(m) = ——e ™ 2[1 + on(1)]. (3.31)
N 5 N
It follows that the sum in (3.30) converges to an integral, namely,
5 +oo (Ip/2] 4 P2
1imE(NP—27-{ ) = f e I
NTeo ( ) 12 \/ﬂ Ay "7
= B 0B p). (3.32)
This proves the lemma. O

Proof of Lemma The 2k-th moments of 9, can be written as

8k 2k
B(H) = 2 o [[Z JAJB]CJDEG.(O'AO'BO'CO'D)) J (3.33)
(#)
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and
2%

E Z JaJgJcIpE, (0400 cOp) =

A,B.C.Dely
(#)
2k 2k 2k
1_[ Z E(l—[ JA,-JBiJC,-jD,-] HEO- (O-A,-O-B,-O-C,-O-Di)- (334)
i=1 A;,B;,Ci,.Diely i=1 i=1

(#)

Since the averages of odd powers of the random variables J vanish, only terms in the
sums over the multi-indices in give a non-zero contribution where each multi-index
occurs at least twice. Moreover, the leading order contribution comes from terms where
each multi-index occurs exactly twice and where these pairings take place between the
multi-indices of two indices i and j. We say a pairing between the sums i and j takes
place as soon as (A;, B;, C;, D;) = (n[A|], n[B,], n[C;], n[D;])) where r is any permutation
on (A}, B;,C;,D)). Since there are &% different ways to construct such sum-pairings, we

re-write the right-hand side of @k'_azg
k
% ; E[ E (73 J3J573) (B (04,05,0¢,0D,)) + Ry(2K) = Py(2k) + Ry(2k).
The first term can be written as
k
Py(2k) = 4!;(3,?! Y@ erosocon). (3.35)

& i=1

This term will converge to the appropriate moment of the Gaussian, whereas the Ry-term
tend to zero.

Lemma 3.7. With the notation above,

Py(2k) =~ o (B p)™. (3.36)

TR
Proof. 1t is elementary to see that
k

k
Z ]—[ E, (O'A,-O'B,-fTC,-(TD,»)2 = Z (B (caopocop))’ | (1+ON™)). (3.37)

# =1 (#)

Recalling (3.25),

4!
> (B (gaos0cop))’ = —E(H]). (3.38)
a
#) N

Putting these observations together and using (3.32)), we arrive at the assertion of the
lemma. o

We now turn to the remainder term.

Lemma 3.8.
NCPk-4K) 8k

lim — Rv(2k) =0, (3.39)

Ihote that we have 4! possible permutations.
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Proof. Recall that the sums in (3.34) run over 8k multi-indices which by the pairing con-
dition due to the J is reduced to 4k multi-indices. In Py(2k), there are indeed that many
sums. We must show that in what is left, i.e. if pairings occur that involve more than two
groups, the effective number os summations is further reduced. This means that there are
terms where (double) products of the following type appear:

(1)
Ey (0a0p0cop) By (CATETFOG),
where (E, F, G) do not coincide with any of the multi-indices (A, B, C, D) or
(2)
Ey (0400 cop) Ex (CATOETE),
where (E, F) do not coincide with any of the multi-indices (A, B, C, D) E] or
(3)

sums which appear in pairs but at least one of the pairs coincide.

The last case it trivially of lower order.
We first look at the terms of type (1). They are of the form

— 2%-2
Z(I)Eo (0400 cop) Eg (04TECFOG) 1—[ Eo (0a,05,0¢,00D,), (3.40)
i=1
where the sum is over at most 4k different multi-indices where moreover A, B,C, D, E, F,G
respect the condition stated under (1) and of course the multi-indices with same index i
are all different. We first note that

E, (0a0pocop) S NP, (3.41)

A,B,C.Dely
#

since the expectation over o vanishes unless all o; appearing in the product come in pairs.
Thus, we may run A over all N” values. Then B, C, D may each match kg, k¢ and kp with
kg + kc + kp = p of the indices of A. Further, C may in addition match ¢ of the p — kp
free indices of B. Then D must match the remaining p — kg — k¢ unmatched indices of A,
the p — kg — {c unmatched indices of B and the p — k¢ — £ free indices of C. This leaves
NP~*s choices for B, NP~*¢={c choices for C, and just one for D. Clearly, {¢ = kp, since D
must match the p — kg — k¢ unmatched indices of A. Thus, the number of choices for the
four multi-indices is NP*P~*s*P~kc=lc = N?P If in addition one of the multi-indices is fixed,
we are left with

E(T (O’AO'BO'CU'D) < Np, (342)

B,C,Dely
#)

where the B, C, D must also be different from A. If two multi-indices are fixed,

Z E, (0 0p0c0op) < NP~ (3.43)
C,DEIN
(#)

This bound comes from the case when B matches the largest possible number of the indices
in A, namely N — 1. In that case, C has to just match the one remaining index from A,
leaving N”~! choices that then have to be matched by D. Finally, if all four multi-indices
are fixed there is only one contribution. We see that the cost of fixing one multi-index

2Note that Ey, (cp0pocop) By (aopocog) implies that E = D and is thus not a particular case.
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ist at least N~7/? which is achieved only if four are fixed in the same pack of four (which
corresponds to the terms in Py(2k)).
Let us now return to the sum (3.40),

— 2k-2

Z(l)E" (a0 pocop) By (Ca0EOFOG) ]—[ Es (O'A,-O'B,-O'C,-O'D,-) . (3.44)
i=1

The sum over the seven multi-indices A, B,C, D, E, F,G gives at most N* terms: The

sum over A gives N”, and then, according to the discussion above, the B, C, D and the

E,F,G N? each. The remaining sum is over 4(2k — 2) multi-indices, of which 6 have to

be matched to B, C, D, E, F, G, and all others must be paired. This leaves 4k — 7 sums over

multi-indices to be summed, which gives due to the constraints created by the o-sums at

most N??7/2) terms. So overall, is bounded by a constant times NP?~1/2) « N2kP,
Terms of Type (2) are of the form

— 2%-2
ZQ)E" (0a0ocop) Ex (0a0OETE) H E, (U_AI-O_B,-O_CI-O_DI-) . (3.45)

i=1
To bound the sum over the first six multi-indices, we have to be more careful. First, there
are N” choices for A. Then, if we choose B such that k5 indices match those of B, there are
NP~*s choices for B. Finally, we must choose k¢ and £¢ as in the discussion above, thus
that kg + k¢ + £c = p, and equally kz and £z with the same property. This allows N7~
choices for each of these multi-indices. Finally, E and F are determined. Altogether, this
leaves N*P-ks—ke=le~ke=le = N2P*ks terms, for kp given. But since B # A, kg < p — 1, so
that the sum over these 6 indices contribute at most O(N*”~!) terms. From the remaining
4(2k — 2) multi-indices, four are fixed to match C, D, E, F, and all others must be paired.
This leaves 2(2k — 3) free multi-indices which can at most contribute N*?*% terms. So in
all the sum in is bounded by Cont.N***~!, which is again of lower order than N7,
Finally, if any multi-index occurs four times, we loose a factor of N?” and also these
terms are negligable. Combining these observations we have proven the lemma. O

The assertion of Lemma [3.5]follows immediately. i

Proof of Lemma[3.6] In the case of odd moments, pairing of the multi-indices between
always just two blocks is obviously impossible, so that the terms that contributed to the
leading Py(2k + 1) do not exist. Thus

5 (( Np—27.{4)2k+1) _

By the same arguments as in the proof of Lemma[3.8] Ry(2k + 1) is of smaller order than
N@+Dr and hence the right-hand side of (3.46)) tends to zero. This proves Lemma m

NP-2Q@k+1) ;#2k+1)

1

4!2k+1

This also concludes the proof of Proposition [3.1] for p odd.
3.3. Proof of Proposition 3.1} p even. Recall that for p even,

B, (Hy(0)) B, (Hy(0)")
) g A TR 30

3p_3
172

an(p) (Ty(B) — 1) = BN

We first show that only the last term is relevant.



FLUCTUATIONS IN P-SPIN SK MODELS 21

Lemma 3.9. )
| Be(Hv©@?)  Ee(Hy(0))
lim N(%-3) | - + = 0. (3.48)
Ntoo 8 41
Proof. By Lemma|3.3|
2
| Bo(Hv(©@)?)  Es(Hy(0)) Y pa :
3p_3 3p_3 3p_3
N( =3[ - g + 1 = _N( 4 2)% AZG; Jj‘ + N(4 2)7-[4’ (3.49)

By the law of large numbers (see (3.21)), the first term in the right converges to zero in
probability. By Lemma NP~2H, converges to a constant in L. Since %p - % <p-2
if p > 2, this implies that the last term in (3.49) also converges to zero in probability. This

proves the lemma. O

Thus, it only remains to prove that

B, (—Hy(0)?
)w B NO, (B, p)?). (3.50)

to conclude the proof of Proposition We break this up into three lemmata as in the
odd case.

,331\7(3%—%

Lemma 3.10. (Second moment). For any 3 > 0,

3 —Hy(o)*\\’
lim B°E {(N(l-i)Eg (ﬂ)) ] = (B, p). (3.51)
N—+oo 3'
Lemma 3.11. (Even moments). For any 8 > 0,
2%
. 6k p_3 _HN(O')3 _ (2k)! 2%
lim B ((N( #-3)E, (T = S B (3.52)
Lemma 3.12. (Odd moments). For any 8 > 0,
, _H 3\ \ 2k+1
lim E ((N(Srg.’)Ea (ﬂ)) =0. (3.53)
N—+c0 3!
Proof of Lemma We have that
E (EU (HN(0')3)2)
= Cl]6V Z E(JAjgjchJEJF) Eo-,o-/ (O'AO'BO'Co'IDO'%O';:) . (354)
AB.Cely(#)
D.E,Fely(#)

We rearrange the summation according to the possible sub-cases: i) all four multi-indices
coincide, ii) four multi-indices coincide and two multi-indices come in a distinct pair; iii)
six multi-indices come in three different pairs. Thus the right-hand side of (3.54) equals

aSE (16) Z Ey.o (0407) +a§’v(g)E (14)15(12) Z Eoo (0 407)

A€ly A#Bely
6 2 3 ’or
+6a)E (J) Z Ey o (0ATpO O, 0507¢)
A,B,Celn(#)

= 645, Z Eo o (a0 pOcO)030C), (3.55)
A,B,Cely
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where the factor 6 accounts for the 3! possible pairings that all give the same contribution.
In the last line we dropped the condition (#), since all terms where this is not satisfied

vanish. We conclude that
3
(Z aAa;,] ] =6 > (Nf2m) pu(m).  (3.56)

A€ely mely

E (]E(, (HN(a)3)2) — 645E,y

From here we get

B (N, (Hu@)) ) =3t 3 (VA o) puon, (.57

mel'y

Exactly as in the proof of Lemma [3.4]it now follows that

3p_3 EO’ (HN(O-)3)2 1 +oo ([p/2] 3 ,
NAF3) o = 3\/2_f (Z dp_kap—Zk] e % dm, (3.58)
' e =i

which proves the lemma. O

Proof of Lemma For k > 1, we consider

. 3\ 2k (325-30) 6k 2%
E ((N(f_Z)EG. (M)) ] = N—aNE [(Z JuJpJCE, (O'AO'B(Tc)] ] . (359)
(#)

lim E
NToo

3! 312

Expanding the 2k-moment inside the expectation yields

2k
E[[Z JA1JB1JC1EO' (O-AIO-AZO-A3)] } =

(#)

HZ (HJAJBJCI]I—[E (a0B0C,) - (3.60)

i=1 (#) i=1

We now proceed as in the case p odd. The principal term in the sum comes form the multi-
indices within two blocks i, j are (A;, B;, C;) = (n[A;], n[B;], #[C,])) matched. Since there

are (162/;)]( different ways to construct such sum-pairings, we re-write the right-hand side of

(3.60) as
315(2k)!
k!12k

k k
]‘[ B (/3 578) | | Er (0aosoe) + Ry2k)

A],Bl,cl (A/; Bk CkEIN i= i=1
= Py(2k) + Ry(2k). 3.61)
As in the odd case, we have the following results.

Lemma 3.13. With the notation above,

3k _ 2k
}\}TIEN( ) 3'2k N po(2k) = e B Py (3.62)
Lemma 3.14. o
. 3k 3y
lim N4 ) 2 rRn(20) = 0 (3.63)

Proof of Lemma[3.13] The proof is completely analogous to that of Lemma [3.7] and will
be omitted. O
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Proof of Lemma The non-trivial terms that appear in the expression for Ry(2k) must
contain a term of the form

E¢ (040 p0c) Eq (040 poE) 5 (3.64)

where (D, E) do not coincide with any of the multi-indices (A, B, C) ﬂ That is, we have to
control sums of the form
— 2k-2

2 1, Br @40300) Ee (040505) | | Bo (0aom0c). (3.65)
i=1
where A, B, C, D, E are as above and all multi-indices must be paired. By a computation
analogous to that in the proof of Lemma 3.7} we get that

> Eo(0arsoe) s N¥. (3.66)
A,B,Cely
(#)

Looking at (3.64), we see that the sum over the (A, B, C, D, E) produces O(N?") terms.
Of the remaining 3(2k — 2) multi-indices, four must match B, C, D, E while the remaining
ones must be paired. This leaves (3k — 5) free multi-indices to sum over. This yields at
most NPG¥-5/2 terms, so that altogether the sum in is of order at most NPGF=D/2,
Inserting this into (3.63]) shows that the left-hand side is of order N™7/? and converges to
zero as claimed. O

Lemma 3.13]and Lemma [3.14] yield the assertion of Lemma [3.11] m|

2%k+1
Proof of Lemma E, (HN(0')3) " is a sum of a product of 6k + 3 standard normal
random variables, which is an odd number: At least one of the J. will be to the power of

2h+1
an odd number. The expectation value of E, (H N(O’)S) " with respect to E is thus equal
to 0. O

3.4. Proof of Proposition 3.2 p even. We want to show that
lim N2 Zy(8) = T(B)] = 0. (3.67)
Using the definition of Ty(5)

1Zv@B) - TvB < |ZvB -1 - /313!1@0 (~Hy(e)*)| + %AEU (Hw(@?) - ﬁ—ng (Hy(o)*)
< |zE-zZyv@)|+ ‘E (Zf) - 1' +|Z5 - E(Zf) - [;E(, (—HN(a)3)
¥ %415(, (Hn(o?) - ’%EU (Hv@)")|. (3.68)

The first term in the second line is negligible by Lemma (2.3)), the second by (2.18)) to-
gether with Lemma (2.3). By Lemma 3.9 the last term on the right of (3.68)) will vanish if
it is inserted into . To control the remaining third term, we bound its second moment,

3 2
E ( Z: -B(Z5) - %Eo (~Hn(@)’) ] =8((z) - (B))
6 3
+%E(EJ (Hx(@))) - 23&' (B (-Hv@))(Z2 -B(29)). (369

3Note that Ey (0p0poc) By (040 pop) implies that C = D and is thus not a particular case.
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E (Ea (—H N(0')3)) = 0 by symmetry. Therefore, the right-hand side of (3.69) is equal to

E((Zf)z)—(E(ZS))Z—%E( O-(HN<a>3)2)—2£E(E (- HN<a>3)(Z;—§—,E (- HN<a>3))).
(3.70)

In order to prove that the first term on the r.h.s. of (3.68)) vanishes, it thus remains to prove
that

Lemma 3.15. Forall § < 3,

lim NE) (B (29)?) - (B(2)) - ﬁE(EU (HN(O')3)2)| ) 3.71)

312

and
Lemma 3.16. Forall B € R,,

lim N7 |E (EC, (~Hn(0)) (zéS - g—an (—HN(0')3)))| = 0. (3.72)

NToo

Lemma and clearly imply Proposition 3.2 for p even.

Proof of Lemma We will now improve the estimate of the second moment of Z:=
started with Eq. (2.29). We write

E|(Z5)?|=A+B (3.73)

with A, B are given in (2.29) and A < A; +A,, with A, A, defined in (2.48) and (2.49). The
estimates obtained in Section 2 for B (Lemma[2.5)) and A; (Eq. (2.58))) are good enough,
but we need to improve the bound on A,. Recall that in the final bound for A, there
was an error term of order N*=3/2_ which would not vanish if multiplied with the N3/273.
This term is due to the cubic term in the expansion (2.62). But this term reads

BNfy (m))
W; (2,32 2 PN
But recall that X
6 BN (m)
E(f.z - (Hy(@’) ) Z %pw(m)- (3.75)

Therefore, im the expression in (3.71)), this term exactly cancels the unpleasant cubic term
in the expansion of Aj.

Recalling (2.63),
— 1(B*Nfy (m) P BN fy (m) ’ 4-2
s ;[1 ' 5(W) * 5(W) pym)+O(N*?). (3.76)

Hence, we arrive at

<2 B'Nay 1 P 4-2p
E(z%) = |1+ R Zrl (BN S (m)) pu(m) (1= B*Nal, + ON*7))
4
- 17 ZaN = 0 (BN ) ptm) + ON*), (3.77)

mel'y
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By (2.76),
Na
E(ZS? =1- ’8% +0(N*?), (3.78)
finally using (3.75)), we get Lemma and the lemma is proven. O

Proof of Lemma[3.16] By definition of ZZ, we can re-write

3
‘E (E(, (—HN(a)3) (Zf - %Eg (—HN(a)3))) (3.79)
3 2
= |E (B (~Hn(0)’) (Zn(B) - 27)) - %E ((Ea (Hn(@))) )‘

<

ﬁ?’
B(Eq (-Hy(@)')Zn(B) - 3B ((Ea (Hv(o))) )

‘E (Hv@))zZ )|

The first term of the last line can be calculated explicitly. By (3.13)),
E (B, (~Hy(@)’)Zx(B)) = ay ) By (04050 0) E(JalpIcZn(B)

#

= @} ) By (040 50) B B (p gl ce PN M), (3.80)
#)

Now,

E (JAJBJCe—/’HMO')—N’N@) -E (JAJBJCe

2.2 2 52
- ]_[ E(eﬁamfb-ﬁz”f%) ]—[ E(J e“Nﬁf’DfD-f). (3.81)
}

D el\{A,B,C} D €{A,B,C

22
XDely (,BaNU'DJ —QNJ%))

We already have computed the terms in the first product, see (2.16)). For the second, we
get by elementary integration,

E(JDeﬁaNO'DJD—%ﬁZaIZVJé) — e(Z(lfzﬂévaz) 2ln(1+ﬂ2dN))%. (382)
Therefore,
E (JaJpJce MNP = (N)(Mﬁz St Bayoacsoe (3.83)
alplc (1 +,32aN)3 :
Using (3.83)) in (3.80) gives that
B (5, (Hn@)Zu®) = —P b O (it ) S B, (@acaoc)?
(1+pa%) @
_ B’E ((Eo' (—HN(0')3)) ) (N)(z(mﬁz - 21n(1+,5'2aN)). (3.84)

31(1+pa)
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Using (3.84), we get

(5, (~Hor)Zvp) - 22 ((Eo (—HN<U>3))2)|

(N)( A -d 1)
ﬁ% 5 21+26%a3))
= S8 ((B, (-Hn@?)) )| ] 1. (3.85)

A simple expansion shows that

[ ( s L In(144%a3, ))
e

2(I+2ﬁ2u2 ) 2

— - 2-
(1+ﬁ2a]2V)3 1 = ON“P). (3.86)
Since
3p 6
N¥3 f‘z (B (~Fin@)))") = 6. 7, (3.87)
and therefore
ﬁ?)

lim N(¥-3)

N—ooo

B (B, (~Hn(@))Zn ) - 5B ((E(, (—HN(0')3))2)| 0. (3.88)

- o)
E(Ea( ZI'N( ))Z:)

It remains to prove that tends to 0. To see that, we use the Holder

inequality.

‘E (Bo (~Hn(@))Z7)

<E ('E‘T/ (_HN(O-)3)‘ Eq (e_ﬁHN((T)Il|—HN(U)—BN|>EBN}6_NJN(ﬂ)))

=B, (E (‘E‘T’ (_HN ((’)3)' e_'BHN((r)]1|—HN(cr)—ﬁN|>e,8N}e_NJN(ﬂ)))

<B,(E L TR, 2B ()" e‘quJNW)"'Z JRREED)

for qi] + q—12 = 1. For the last factor, the Cauchy-Schwarz inequality gives

E('E(,, (@) e‘quJN@)"lz < E(‘Eg/ (~Hn(@)?) zqz)z‘iz E(e—%N’N(ﬁ))i . (3.90)

Again by Fact I in the appendix, the last line in (3.89) is bounded from above by

e(_%HHE)ﬁZN) (E ('Ea (—HN(U')3)

242)272 E(e—ZquJN(,B))Zéz) . (391)
Finally, by explicit computation,
B (e 2N 12— o NP 200N T), (3.92)

Combining (3.91)) and (3.92), we obtain
|E (Hn(0))Z?)

2

< exp (—,BZN(% +0(@-1)+0 (Nz—P)))E('EU, (~Hy(o)) zqz)z‘iz

(3.93)
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For every € > 0, we can choose ¢ close to 1 such that the first term on the r.h.s. of (3.93)
is exponentially small. The second term will however stay polynomial. This concludes
the proof of Lemma[3.16] m|

This concludes the proof of Proposition [3.2]in case of p even.
O

3.5. Proof of Proposition[3.2; p odd. The proof in the odd case is in principle similar to
the even case. It is enough to show that

lim N7 (Z5 = Ty(B)) = 0 (3.94)

NToo

in probability. Using (3.19) we decompose

Z: - Tv(p)| <

+

€

E(z)-1+ 2 dy > (3.95)

75 —B*H, - E (Zf)

The second term is irrelevant. Using (2.24) and the law of large numbers from (3.21)), we
see that the second term is smaller than o(N>7?) and hence gives a vanishing contribution
to (3.94). For the first term in (3.95) we control its second moment. We write

E ((zf _BH, —E (Zf))z) 2B'E (HB(25)) - 28'B (HazZ) + E(22%) - B(25)
+B°E (M) (3.96)
2BE (Hu(B'Hy - 29) + B (22) - B(25) - B°E(#2),

where we used that H, has zero mean.
We will prove the following two lemmata.

Lemma 3.17. For all B,

lim N8 (Hu(Z5 - B'H0)| = 0. (3.97)

N—+oo

and

Lemma 3.18. Forall B < f3,,
Jim N |B(75%) - B(Z2) - R = 0. (3.98)

We will first prove Lemma by following exactly the same strategy as for the case
p even.

Proof of Lemma The proof of this lemma is very similar to that of Lemma and
we omit many details. As in (3.79)), we start with

[B (125 - B70)| < [EFHZvB) - FE(H)| + [E (H:Z; (3.99)
For the first term on the r.h.s. of (3.99), we have
E(HiZn(B) = 5 Z B (04080¢0p) BoE (Japledpe MONE) - (3.100)

(#)

Following now the exact same steps as in the proof of we arrive at the analog of
(3.84),

BE(H) s
(1+ ﬁ2a12v)4

2 2
2(1+2[;202) 3 ln(1+,6 a ))

E(H,ZNP)) = (3.101)
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From here one concludes that

lim N7 |E (HsZn(B) - B'E (?{j)‘ = 0. (3.102)
The second term on the right of (3.99) is shown to be exponentially small exactly as the
second term in (3.79). This concludes the proof of Lemma 3.17 O
Proof of Lemma [3.18 It remains to prove that
. 2 p—dh <2 < 2 3 2| —
lim N [B(22) - B(2) - B (#)| = 0. (3.103)

As in the proof of Lemma [3.15] we improve the estimate on E((Zf)z) by retaining an

additional term in the expansion of the exponential that then is cancelled by the E (7—{}).
Again this involves only the term A,. This time, this requires to push the expansion further
and to use that

g tp lp la
exp§) =1 =& =3¢ - 28 - 78 - < § < 6,5 expl¢l. (3.104)
This leads to the estimate
B(25) (3.105)
4
_ Z[ (ﬁszN (m)) L1 (ﬁsz,i (m)) ]e_mwwZP)+O(N4_2,,),
S 2a% + 1 4\ 2a% +1

where we used that the terms of odd order vanish by symmetry. The quadratic term equals
BN’
2()epad+1)2

o Z pw(m )(ﬁwf’v( )) = BB (H;) +M +0(N*7). (3.106)

Moreover, the quartic term gives

8

mel'y

Furthermore, using (2.13) we have that

3 2
E(Z5)? = (1 - ﬁ—4Na]2V BNt v o (NHP))

4 32
BN 2BN’a
- 1= N372r) . 107
ST O(N*?) (3.107)
Combining these observations, the assertion of Lemma follows. O

This concludes the proof of Proposition [3.2and hence of Theorem [[.2]

4. Appendix

We state three useful results for the convenience of the reader. The first concerns stan-
dard estimates for truncated exponential moments of Gaussian random variables.
Fact L. Let ¢ be a Gaussian random variable with E(&) = 0, E(£?) = 1. Then for all
a,b>0

1
Ele“Ligp] < me*“””, ifb>a, (4.1)
1

E[Ca’fﬂ{,&b}] < me_bz/zwb, ifb<a. 4.2)
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The second is the Gaussian concentration of measure inequality, to be found, for example,
in [[1L1].
Fact II. Assume that f(xi,...,xg) is a function on R¢ with a Lipschitz constant L. Let

Ji,...,Jq be independent standard Gaussian random variables. Then for any u > 0
P{f(1s- oo Ja) =B (fUr, . J)) | > u} < 2expi—u®/(2L%)). (4.3)
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