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Abstract

We show that the two point correlation matrix M = ({(0;0;))1<ij<n of the
Sherrington-Kirkpatrick model with zero external field satisfies

: _ 2 —1 —
Jim [[M — (14 5 — 5G) ! lop = 0

in probability, in the full high temperature regime 5 < 1. Here, G denotes the GOE
interaction matrix of the model.

1 Introduction

Consider N spins oy, ¢ € {1,..., N}, with values in {—1,1} whose interactions are
described by the Sherrington-Kirkpatrick [TT] Hamiltonian Hy : {—1,1}Y — R

Hy(o)=8 Y gijaiajzg(a,(;a). (1.1)
1<i<j<N

The symmetric interaction G = (gij)1<ij<n is a GOE matrix, i.e. its entries are i.i.d.
centered Gaussian random variables of variance N~! for i # j (we set g; := 0 for
simplicity), and 8 > 0 denotes the inverse temperature. We assume the {g;;} to be
realized in some probability space (2, F,P) and denote the expectation with respect to
them by E(-). We denote the LP(Q2, F,P) norms by || - [|1rq) = (E|- |P)Y/P, for p > 1.

In this paper, we are interested in analyzing the behavior of the two point correlation
matrix of the model at high temperature. The correlation matrix is given by

M = (<0i0j>)1§i,j§N S RNXN, (12)

where (-) denotes from now on the Gibbs expectation which is defined so that

1 1 Hn (o . 1 Hy (o
(N=zyaw 2 Jo)e™7 with Zy=gg >, WO (13
O'E{*L:L}N Ue{*l,l}N
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for every observable f: {—1,1} — R.

As discussed recently in [I] (see in particular [I, Corollary 1.4 & Remark 1.5] and
the references therein), standard mean field heuristics suggests that, at sufficiently high
temperature, the two point correlations satisfy the self-consistent equationﬂ

N
(oi05) = Y Bgir(oros) — B> (oi0). (1.4)
k=1

This is analogous to the well-known Thouless-Anderson-Palmer equations [13] for the
magnetizations at high temperature and non-zero external field. By (1.4)), we thus expect

1
M =~ [ e (1.5)

in a suitable sense to be made precise. Since the spectrum of a GOE matrix G is con-
tained with high probability in [—2; 2], the simple mean field heuristics naturally suggests
the (well-known) phase transition at § = 1, without referring to replica arguments or
the powerful Parisi theory [0, [I0]. This is our main motivation and giving a rigorous
proof of for all § < 1 is our main result. In the sequel, we denote by || - || the
standard Euclidean norm in RY while ||A|qp and ||A|r, for A = (a;j)1<ij<n € RV,
refer to the operator and Frobenius norms, respectively, which are defined by

1/2
IAllop = sup  Av|  and ||AHF;:< 3 agj) _
vERN :||v||=1 1<i <N

Theorem 1.1. Assume that B <1 and denote by P = (p;j)i<ij<N € RNXN the matriz
whose diagonal entries are equal to one and whose off-diagonal entries are given by

bij = Z H BYixir i1

v: self-avoiding €Y
path from i to j

fori #j (see Eq. (2.25)) for a precise definition). Then it holds true that
lim |[M— P|r=0 and lim [|[P—(1+8%—B8G) " op=0
N—oo N—o0
in the sense of probability. In particular, we have that
lim M= (1+ 62— BG) " op = 0. (L6)
N—oo

Remarks:

1) As a corollary of Theorem it follows that, with high probability, the norm of
M is given by (1 — 3)~2 for large N, up to to an arbitrarily small error. Indeed,
this corresponds to [|(1 + 8% — BG)~!|op (see, for instance, [4, Theorem C]).

!Notice that (;) = 0 for all i € {1,..., N} by the global spin-flip symmetry of the model.



2)

4)

The boundedness of E||M||op has been conjectured in [12, Conjecture 11.5.1], based
on the simple observation that m;; ~ Bg;; to leading order in 3 (for i # j). While
writing up our manuscript, we became aware that this has been verified quite
recently in an independent work [8], combining the TAP heuristics ([1.4]) with well
established higher-order asymptotics for overlap moments [12), [5]. The main result
of [§] shows that E[|M (1 + 8% — 8G) — idgw~||r = O(1), implying E[|M]||op = O(1).
In particular, the matrix elements of M (1 + 3% — 8G) — idgn~ are typically of
size O(N~!). This information is, however, not enough to conclude the norm
convergence in Theorem Inspired by [2], our proof of is based
on a microcanonical analysis that determines the entries of M explicitly in terms
of G. This enables us not only to determine the typical size of the entries of
M (1 + %2 — BG) — idgw, but also to conclude that its operator norm vanishes. In
particular, our arguments are independent of [12, [5] [§].

The recent paper [6] establishes a logarithmic Sobolev inequality for the Gibbs
measure induced by Hpy under the stronger high temperature condition 8 < 1/4.
This implies in particular the boundedness of the norm of M. Whether the results
of [6] or, possibly simpler, a spectral gap inequality can be proved for all § < 1
remains an interesting open question. Theorem may be viewed as an initial
step in this direction as it implies a spectral gap inequality on the space of linear
combinations of the magnetizations o;.

Theorem is trivial if 8 = 0. We therefore assume from now on that g > 0.

Let us briefly outline the strategy of our proof. As shown in [2], which studies the

fluctuations ® = log Zny — %N of the log partition function around its leading order

contribution, one may think of log Zx for 8 < 1 heuristically as
1
log Zy = Z log cosh(3g;;) + log oN Z H (1 + tanh(Bgij)oi0;)
1<i<j<N oe{—1L1}N 1<i<j<N (17)
~ Z log cosh(Bg;;) + Z log(1 4+ w(v)),
1<i<j<N ~ simple loop
where by simple loops, we mean simple, connected graphs v with vertices in {1,..., N}

each having degree two (see section [2| for the details) and with corresponding weights

w(y) = H tanh(3g;;).

{i.5}evy

As a consequence of ([1.7]) we expect that up to negligible errors, we have for i # j

. w(7) 1
05) = 0;i log Zn =~ tanh i
(0i0j) = B~ 0;jlog Zn ~ tanh(Bgi;) + N E : tanh(Bgi;) 1 + w(7)
{i,j} €~ simple loop (18)

~ Bgij + > IT s

{i,5}€v simple loop e€y:e#{3,5}
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In other words, the correlation between spins o; and o; can be written as the sum over
weights of self-avoiding paths from vertex 7 to vertex j.
On the other hand, by standard mean field arguments, we expect that

(M(1+ 8 - ﬁG))U ST

That this is consistent with ([1.8)) can readily be checked on a heuristic level. Consider
for instance the diagonal terms for which one obtains

(M(1 + 8% = BG) —idgw ), = 52 <1 - Z%i) - > Bow ] Boe

k#£1 k#i {i,k}€v simple loop ecy:e£{i,k}

zﬁ2<1293k)2 > IT Bge=0(N"12)

k#i v simple loop: i€V e€&y

with high probability, uniformly ini € {1,..., N}. Here V, and &, denote the vertex and
edge sets of «v. Notice that all order one contributions are cancelled. Similar cancellations
suggest the smallness of the off-diagonal elements of M(1 4 32 — BG). That is, we find

(M(1+ 8 - 5G)),, = O(N"")

for i # j, with high probability. This is enough to bound |M]||op uniformly in N, but it
does not, yet, allow us to conclude that

IM(1 4+ 8% — BG) — idgn|lop — 0
as N — oo. To show this, we prove in fact an identity of the form
M(1 + 82 — BG) —idgny = (M(1 + % — BG) — idp~ ) Q' + Q"

for two errors Q', Q" which have vanishing operator norm in the limit N — oo if 8 < 1
(see Corollary and Eq. for the details), which clearly implies .

To make the above steps rigorous, our main task is to verify the approximation
(1.8) in a sufficiently strong sense. From the technical point of view, this is our main
contribution, thereby extending the high temperature analysis of [2] and providing a
direct explanation of the emergence of the resolvent of G.

The paper is structured as follows. In Section [2] we set up the notation, we collect
several preliminary results and we explain the reduction step from M to P. Using this
information, we conclude Theorem [I.1]in Section [3| by comparing the matrix P with the
resolvent (1 + 32 — 3G)~L.

2 Setup and Reduction Step

In this section, we set up the notation following [2], we collect several preliminary results
and we determine the main contribution P to the two point correlation matrix M.



We start with the graphical representation of the log partition function

log Zn = Z logcosh(ﬁgm,)—i—log< H (1 —i—tanh(ﬁgm,)ouav)>

1<u<v<N 1<u<v<N 0

= D logcosh(fgu) +log D w(y) (2.1)

1<u<v<N Y€l se
=: Z log cosh(Bguy) + log Zn
1<u<v<N

and, analogously, of the two point correlation functions

g\ = 3719, - - _ 1

{W}E’Y

for i # j (recall that (o;0;) = 1), where

= [ tanh(Bg.). (2.3)

e€&,

Here and from now on, (-)o denotes the expectation with regards to the law of N
i.i.d. Bernoulli variables o;, for i € {1,...,N}. Notice that (-)o is obtained from (-),
defined in (L.3)), by setting 3 =0 in (L.1).

I'se = Tse([N]) denotes the set of simple, closed graphs with vertices in [N] :=
{1,...,N}. To be more precise, v = (V5,&,) € I's = I'{[N] is called simple for subsets
V, C {1,..., N} (the vertex set of v) and &, C {{i,j} :i,j € V,, i # j} (the set of edges
of ) if v contains no isolated vertices (for every i € V, there exists some e € &, with
i € e) and if the multiplicity n;;(y) € {0,1} is at most one, for each edge {7,j}. Unless
stated otherwise, we set m;;(y) = 0 for all i € {1,..., N} (self-loops are not allowed).
v € 'y C I's is called a simple, closed graph if it is simple and if the degree

N
ni(y) =Y nij(7) € 2N
j=1

of each vertex i € V, is even. By convention, we include () € I's; with weight w(() := 1.
Besides 'y, the set I'ioop C I'sc of simple loops (or, equivalently, cycles) will be of
particular importance. It is defined as the set

Dloop = {7 €l :ni(y)=2VieV, and v is connected}.

Recall that a graph is connected if for every pair 7, j € V, of vertices, v contains a path
from ¢ to j. That is, there exist vertices v1,...,v; € V, so that

({i, ’Ul}, {Ul,UQ}, Ceey {’kal,vk}, {Uk,j}) S 5,];



We call a path self-avoiding if each of its vertices occurs at most as part of two edges.
Moreover, recall from Veblen’s theorem [7, Theorem 2.7] that every v € T’y is equal to
an edge-disjoint union of a finite number of cycles 71,. .., € I'oop, Which we write as

Y=710720...0 Y- (2.4)

If e = {i,j} € &, we set ge = g;j, and from now on, by slight abuse of notation,
we frequently write e € v edges e € £,. Similarly, we write |y| (= |€,|) to denote the
number of edges in v and by v N+ = 0, we abbreviate that two graphs v,7’ are edge-
disjoint (i.e. & N&, = 0). Finally, constants independent of N are typically denoted
by C,C’, ¢, etc. and they may vary from line to line in our estimates.

Let us now prepare the analysis of the two point function by collecting several pre-
liminary results. We first recall one of the main results of [2] that tells us that the
fluctuation term Z n, defined in , converges in distribution to a log-normal variable.

Proposition 2.1. ([2, Prop. 2.2]) Let B < 1 and set

5 ﬁ2k
k>3
Then ZN, defined in (2.1)), converges in distribution to the log-normal variable
2

.5 d o
lim Zy £ exp (¥ = )
Am Zy = exp 5 )

where Y ~ N(0,02) denotes a centered, Gaussian random variable of variance o*.

A crucial observation from [2], used to derive Theorem is that large graphs have
exponentially decaying L?(2) norm, if 8 < 1. In the sequel, we frequently use this result
with mildly diverging large graph cutoff (log N)!T¢ — oo as N — oo for suitable € > 0.

Lemma 2.2. ([2, Lemma 3.3]) Let B < 1, then there exists a constant C = Cg > 0,
which is independent of N, such that

2
E( Z w(’y)> < Cexp(—klogB™)
Y€ sc:lv[>k
for every k > 0. Similarly, for every i,j € [N] with i # j, it holds true that
E( > “’(7)>2 < Cexp(—klogB™).
_ tanh(Bgi)/) ~
V€D sc:
{i.3kevvizk

Proof. For the reader’s convenience, we recall the quick argument together with some
useful facts about the weights w(vy). We consider two cases.



First, if k& < max (3(1 — 8%)72,(16)?/(log 37%)?), we bound
2

E( > w(v)) = Y E(y< ] (1+Ew2(7))§exp<

vElsc:|v[>k Y€l sc:|v|>k Y€l 00p J

Mg

%)

Il
w

1
S

In the first step, we used that the weights w(7y;) and w(y2) of two different graphs
71 # 72 are orthogonal in L?(2) and in the second step we used the observation from
(2.4). Finally, in the third line we used the estimate (see [2, Eq. (3.12)] for the details)

2j

Y Ee?() <2

. 27
'Yerloop:h/‘:.j

For k < max (3(1 — 5% 72, (16)?/(log 7%)?), we thus obtain trivially that

E( > w(v))2 < C'exp(—klog 1),

vElsc:|v[>k
where C" = (1 ,82)_1/2 max (6(1_52)_2 1035_1/2 e(16)%/(4 IOgB‘l)).
On the other hand, assume k£ > max ( (1 62) ,(16)?/(log 872)?) s.t. in particular

e =log 721 —1/V2k) > 0.

In this case, we bound

2 l
SIS SR IED SR DI ) 1%
'Yersc:h"Zk 121 {'71:“~77l}:7i€rloopa .7:1
YiFvisml + >k

<e H (1 + eEM]EU)Q(v))

’Yerloop
oo

Sﬁ%exp( klog(e5?) +Z

6]B2j

> < exp (8Vk — klog 572).

Since k > max (5(1 — 82)72,(16)?/(log 372)?), we have that klog3~! > 8vk and thus
2
E( Z w(v)) < exp(—klogﬁ_l).
’Yersc:w'Zk

Finally, setting C' = max(1,C") with C’ > 0 from the first step concludes the first bound
of the lemma. For the second bound, we use the rough estimate

Z E w2(’Y) < N7162l < 521

2 .
'YEFloop: tanh </8ng )
[vI=t{i.j}ey
and proceed similarly as in the first step. O



As indicated in the introduction, the proof of Theorem relies crucially on the
approximation ((1.8). To make this more precise, we need some preparation. We define
the map @ : {(7,7) € Tigop X I'sc : 7N T =0} — T'sc by

{(777—) € Doop X L' 1y N7 = Q)} S (7 7) = (7, 7) i=y07 €. (2.5)

Note that ®(~, 7) € T'sc due to yN7 = ). Projections onto the first and second coordinates
in I'y x I'y are denoted by 7 and w9, respectively. Furthermore, for i; # is, we set

Sivis = {(7,7) € Tioop x I'sc : {i1, 42} € 7, [Vy; N V7| <1} C Tigop X e (2.6)
Observe that v N7 = 0 for (v,7) € S;, iy, due to the vertex set constraint [V, NV, | < 1.

Lemma 2.3. Let ® be defined as in (2.5)) and let S; s, be defined as in (2.6)), for iy # is.
Then ®;,4, := ‘I>|S,L.1Z.2 : Siviy = Dse 1s injective.

Proof. We prove the more general property that if v = ®(y1,72) = 71 02 for (y1,72) €
Siyi, and if there exist 7] € Tioop With {i1,492} € 7] as well as v € T'sc with y{ N5 =0
so that ~ can also be represented as

Y="710% =707,

then it already follows that 7] = 71 and, as a consequence, that v, = ~2 (because
y1 N2 =0 and v N4 = 0). To show that 7 = 1, assume w.l.o.g. that

V’n - {i17i27' "7ik17ik1+1)"'7ik2}7 g’\/l - {{ilaiQ}a" '7{ik1—17ik1}>"'7{ik27i1}}

for suitable k1, ks € N,k < ko. Since v = @44, (71,72), 71 € Loop contains at most one
vertex of v that has degree greater than two, and this happens if and only if 41 and o
share exactly one vertex, [V, NV,,| = 1. In this case, let us assume that the vertex is
given by iy, € [N], ie. n; (v) > 2. In case [V, NV,,| = 0, on the other hand, all the
vertices of v that are contained in ; have degree equal to two.

Consider now ] € [jop. By assumption, we know {i1,i2} € &, NE,;. We now argue
inductively that every other edge of 7; is also contained in ;. Note that this implies
Y1 = 7}, because v1,7] € Tgop. So, suppose first by contradiction that {i1, iz, } ¢ 5%,
then the degree of 7; must satisfy n;, (7) > 2, because {i1, 12}, {i1, ik, } € &, and because
7} contains at least one further edge containing i1 € V,, N V. From the proceeding
paragraph, we conclude k1 = 1 and [V,, NV,,| = 1. Now, if {iy_1,ix} € &, N &, for
all 3 < k < ky remaining edges of 71, then we must also have that n;, () > 2, by the
same argument. But this means that ; contains two vertices of degree greater than two,
which contradicts the fact that v = ®;,;,(71,72). On the other hand, if we find some
additional edge {ix_1,ix} & 7} for some 3 < k < ko, we can choose the smallest such k
and we conclude n;,_,(y) > 2 in addition to n;, () > 2, contradicting once again the
fact that v = ®;,4,(71,72). We thus conclude that both {i1,42}, {i1, ik, } € &, ﬂé‘%. But
now it is clear that we can repeat the previous argument, assuming in the next step by
contradiction that {ig,, ix,—1} & £,;. This yields {i1,do}, {i1, ik, }, {ikss thy—1} € E5, NE
and proceeding iteratively this way finally proves that &,, C 57{' O
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Lemma shows that ®;; : S;; — ®(S;;) is a bijection and we write

3 _wl)
{i,j}evelse tanh(8g;5)

= 3 _wl) T > _wl) Ay +R§J1')- (2.7)

Y=710726€P(S45): tanh(fgi;) {4,5}€VETs\D(Sy): tanh(fgi;)

{i,j}G’Yl 61—‘loop ¥2€lsc,
Y1M2=0,[Vy, Way | <1

In the following, we analyze A;; and RZ(;) separately. We find that the second term

on the r.h.s. in (2.7) is typically of order O(N~3/2) while A;; is close to the r.h.s. in
(1.8). To see this latter fact, recalling that ®;; : S;; — ®(S5;;) is a bijection and that
Sij C Doop X I'se, we can split the summation in A;; as

Ayj = > _wly) w(T)

yerorcn(syy n(Ai)

’Yerloop:{ivj}e'yﬂ—ersm
yNT=0,V,NV- <1

= 2 tanzfl%)gij) < 2 w(T)>'

Y€ oop: {5, }EY TED sc:yoTED(S55)

Now, for fixed cycle v € T'joop with {7,j} € v, we know that yor € ®(S;;) or, equivalently,
(7, 7) € Sij, if and only if [V, N V| <1 (implying v N7 = () so that

Yo wn= Y wm=Y wm - Y wr) - Y w(r)

TELsc:yoTED(S55) T€Tsc:(,7) €S54 T€lsc T€lsc:yNT=0, 7€l sc:yNTH#D
V)V, >2
= E w(T) — E w(T).
Tersc TGFSCZ‘VWQVT‘ZQ

Here, we used in the second step that two graphs that share an edge also share at least
two vertices. Since the first term on the r.h.s. in the previous equation is Zp, we obtain

_ w(v) @ pB3) _ p) , pb)
Nj=2n D, s Ry Ry R+ R
. an (ﬁgm)
'Yerloop-{lvj}e')’



where the errors R( ) R( ) R(

i e 0T g 0

5 w(y) Ly, <r2,)
RY = Y I > WMy
. tanh(ﬁgzj)
Y€l 00p:{i,5}EY 7€ sc:| VYNV, [>2
1
@) w(Y) Ly, |<k2,)
Ry = > —tanh(/;gw) D Wy ke

'Yerloop:{iaj}e

1)

)

R are given by

TELsc:| VANV, | >2

w1 (2.8)
(4) {Vy >3}
Ry = Z tanh ,6jg
WEFloopi{i,j}E Z‘j 7€l
5 w1y, 22}
jo) = Z — =N Z w(T)
. tanh(ﬂgw)
'Yerloop:{l’]}e'y TEFSC:VOTG(I)(Si )
for fixed kp, specified below. In addition to RZ(]D, RZ(?), Rz(j), RZ(A) and RZ(]), we set
R — (Bgi; — tanh(Bg, IG)
i (Bg] anh(SBg ])) Z ‘ ( H N By tanh(Bgy;) )’
V€T oop:{t,j}EY © e€vie#{i,j} (2.9)

7 w
Rz(j) = tanhQ(Bgij) (tanh([i’gij) + Z 7(7) )
— tanh(ﬁgij)
Y€l 00p: {45} €Y
In the rest of this section, our goal is to show that the errors Rg-g) are negligible
contributions to the Frobenius norm of M. For most of the bounds, it is sufficient to
apply Lemma to graphs which have a mildly growing size of order O((log N)'*€) for
a suitable, positive € > 0. This yields faster than polynomial (in N) decay for the L?(Q)
norm of large graphs while small graphs can be controlled directly using combinatorial

arguments. For definiteness, we denote by ky from now on the large graph threshold
ky := (log N)*/2. (2.10)

Let us start the analysis by showing that the terms Rg-c) for k € {1,3,4,5,6,7} are
small. To this end, we need some preparation. For k£ € N,[ € Ny, we define

Apr={vels: V| =k & =k+1}, A={yvels:|&|-V,=1}, (2.11)
so that Ay, =0 if I > 3k(k — 1) (the complete graph of k vertices has $k(k — 1) edges).
Moreover, for subsets S C Iy, let us denote in the sequel by w(.S) the sum of weights
w(S) = Zw(’y).
YES

Lemma 2.4. Let f < 1, let m,n € Nl € Ny and let ky be defined as in (2.10)). Then,
there exists C' = Cg > 0 such that for every e > 0, we have that

E[w(Al)Q] < C' max (N_l+€’ e_k}{f 10gﬁfle—llogﬁ*1) ’

n -1 o (212)
im € VW})2] < C'max (N—l—m-i—e,e—kl\, log =1 ,~llog )

E[w({7 € Al : 7;17’5.27' )

10



for alll < kR, N large enough and i1,12, ..., iy € [N]. Similarly, we have that

[wdy € Av fi, 5} €}
2
tanh (591])

for alli,j € [N], i # j and N large enough.
Finally, if the number of vertices is bounded by k%, we have the improved bounds

< CNfl max (NflJrE,efkR”, logﬂ—lefllog/j—l) (213)

Elw({y € 4 : [V, < kR H?) < ONTHe,

o . 2 - (2.14)
Elw({y € A1 : |Vy| < kNsit,do, ... 0m € Vy})] < CN mte
for every € > 0 and N large enough.

Proof. From the L?(2) orthogonality of different graphs in I's., we get

Ky 2
Efw(4)] = 3 Efuw(A)?] + E( 3 w(v)) |
k=0

V€T se:y|>kn+l

Now, we first claim that the number of unlabeled simple closed graphs with k + [ edges
and k vertices is at most C'(k+1)% e“VEH for some universal constant C' > 0 independent
of k and [. Assuming this for the moment and combining it with the fact that we can
assign labels to an unlabeled graph of k vertices in less than N* ways, we obtain with

Elw(y)?] < (8%/N)**
for every v € Ay, that
E[w(Ak,l)2] < C(k? + l)?lec’\/k—l-l Nk (BQ/N)IH-Z < C(k‘ + Z)Clecx/k—H—(k-H) logﬁ_QN—l'

Using this bound and Lemma we get for every € > 0

kR
E[w(Az)z] < C(kn + Z)ClN_l Z cOVRFH=(k+1)10g 872 4 (1 =kflog A" o—llog 571
k=0

< Clky + DN 4 CeFiloaB™" g—llog 5™
< N*l‘i’é + Cefk% logﬁ_lefllogﬁ_l.

Here, we used the assumption that [ < kR, so that log(ky + 1) < log N for large N € N.
The bound ([2.12)) follows in the same way if we use that for & > m

Elw({y € Ak ity im € V1) _ HV C [N]:|V| =k, {i1,...,im} CV}
Efw(Ag.)?] {V C[N]: V] =k}
_ (N—m)(N—m—-1)...(N—-k+1)

NON—1)...(N—k~+1)

11



This follows from E[w(y)?] = E[w(y')?] for all v, € Ay, and the L?(Q) orthogonality
of different graphs in I'sc. The bound follows with the same arguments, noting
that we lose a factor of N in the rate as we divide w(vy) by tanh(8g;;) and, finally, for
, we proceed as above, but we do not need a large graph cutoff. That is, we find

kN
Blw({y € A V] < Ky )?) < Cllw + DINTEY eV < ot
k=0

uniformly in [ > 0, using that Ay; = () whenever [ > %k?\,(k}l\, — 1) and k% < N. The
second bound in follows with the same arguments as the second bound in .

To conclude the lemma, let us prove the claim that the number of unlabeled simple
closed graphs with k& 4 [ edges and k vertices is bounded by C(k + l)2lec‘/m. The
number of unlabeled simple closed graphs with k4 [ edges and k 4+ vertices is bounded
from above by the number of solutions (z1,zg,...,zE4) € Ng” of the equation

r1+2r+ ...+ (E+ Dz =k +1, (2.15)

which corresponds to the number of unlabeled simple closed graphs with £+ [ edges and
k + [ vertices allowing in addition for self-loops. Here, z; € Ny denotes the number of
loops of size i € N contained in the graph. The upper bound simply follows from
decomposing a given graph into an edge disjoint union of cycles (recall ) Now, the
number of solutions to corresponds to the number of partitions of k + [, which
is bounded by CeCVFH (see, for instance, [3, Eq. (5.1.2)]) for some universal constant
C > 0. To conclude the claim, notice that every unlabeled graph with k£ + [ edges and k
vertices can be obtained from a graph of k+1 edges and k+ 1 vertices by merging [ pairs
of vertices which can be done in less than (l;k) eyt < (k4 1)% ways: this is the number

22U =
of ways to choose 2! from k + [ vertices times the number of ways to merge [ pairs. [

Lemma 2.5. Let § <1 andletR( , for k € {1,3,4,5,6,7} be defined as in , .
and (| ., respectively. Then, we have for every € > 0 that

max HR HL —|— max HZ 1R <N*3/2Jr€

1,JE[N],i#] 1,JE[N],i#]

for all k € {1,5,6,7} and sufficiently large N . Moreover, we have that

1] HL2

lim P( max [R)|> NTlEY) —o.
N—oo 1,JE[N],i#j

Proof. We prove the bounds for fixed i,j € [N] with i # j and, as becomes clear from
the bounds below, all constants are independent of 4, j, implying the lemma.

Let us start with the L?(Q) bounds and consider first Rl(J), defined in (2.7)). Recalling
the definitions in , we use the L2(Q) orthogonality of different graphs and bound

kn %kN(kal) w(’y)2
(1)\2 —knlogp—1
E(R))” < 2 Emigy 219
k=3  1=2  ~€A{ij}ey "
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where we applied Lemma, for the large graph contributions. Moreover, we used the
fact that for v € T'sc \ ®(5;;) with {7,j} € =, we find a decomposition v = ' o 7 such
that {7,7} €Y' € T'oop, T € T'se, ¥’ N7 =0 and [V,y NV;| > 2. In particular, we have that
& = %Zfil ni(y) > Vy + 2, because at least two vertices have degree greater or equal
to four, justifying the upper bound in . Now, applying Lemma we conclude

kN
(R() <CN- 3+6zzmax —(1-2) kalog,B’l/Qefllog,B’l) _,'_Cekalog,B’l
k=3 (=2
< CN*3+§]€N _}_Cekalogﬁ_l < CN73+5

for every € > 0 > 0 and for N € N large enough. The same argument implies that

HR <N~ 3/2+6

i HLQ(Q)

recalling that v o7 € T'yc if 7 € Tpop and 7 € Ty are such that v o7 € ®(S5;;).

The L?(f)) estimates on RZ(?) and Rg) are straightforward, combining the second
moment computation with the Taylor expansion

1
tanh(ﬁguv) - ﬁguv = / ds tanh2(5ﬁguv)ﬁguv = O(gzgw)a
0
and the bound on 2&1}%5?) is obtained from Lemma observing that

7R = 3 w(v) ’
’YEFloop: tanh(ﬁgl])

{i.gyem V2K

so that for every € > 0 and large enough N € N

2
1 (4) w ( ) 2 —3+e€
1ZR' R (|22 22 > | EtanhQ(ﬁg <CN? ) (B)"<CN
nZkN 'Yerloop- 7’L>k‘2
{i.3}ev.lvl=n

Finally, consider the term RZ(?). Applying Lemma and Markov’s inequality for
fixed v € [yoop with {i,j} € 7, we find

IP’(’ ) w(T)l{\VT\zkﬁ,}) S N—k%) < NR

TE se:|[VyNV7|>2
Since the number of v € I'ioop such that |V, | < kav is bounded by N k% and since

lim P > N73/2) = lim P ' G < NH =0
Ngnoo (72%?0}(01[,‘10( M=z ) Ngnoo (i,je%ll\}]lzlz‘;éjw]’_ )
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for each € > 0 (see [2, Eq. (3.5)] for the first statement; the second follows from standard
bounds on Gaussian integrals), a simple union bound implies that

1 2
3) WL, <i3)
Cmas RV mas |03 S e
BIEINL#] BIEINTi#] V€T oop:{iriYEY tanh(Sgs;) 7€l |V, NV5 [ >2 "
< N~ ' max Z w(7)1}fV7|<k?\f} < Nk kY < N logN
i,JE[N]:i#] T} tanh(8g;;)
with probability tending to one in the limit N — oo. O

In order to control the remaining error Rg-), we need some additional definitions and
results. In view of , it is now useful to consider multi-graphs v o 7 (edges may have
multiplicity greater than one) which are built up from cycles v € I'ioop and simple, closed
graphs 7 € I'y.. Given such a multi-graph + o 7, we set

w(yoT):=w(y)w(r),

which is consistent with . Recalling that I'y denotes the set of simple graphs, let us
denote by I', C I's the set of simple, self-avoiding paths, that is, the set of connected
v € T's in which exactly two vertices i,j € [N], i # j, have degree n;(vy) = n;(y) =1
(corresponding to the end points of the path) and the remaining vertices have degree
two. Every path m € I', with at least two edges can be identified uniquely with a cycle
7 € Ioop by connecting its end points and, conversely, removing an edge from a given
cycle v € I'gop defines a unique path 7 € I', with at least two edges whose end points
are the vertices of the edge that has been removed.

Now, consider a pair v € I'jgop and 7 € I'sc. Then, we define ¥ : I'jgop X I'se — Fg by

U(y,7) = (1, m2),
where 71 = n1(y o 7) and 72 = n2(y o 7) are such that n; Nn2 = O and
YOT =110T1201;2. (2.17)

In other words, 71 consists of those edges that have multiplicity one in v o 7, and 72

consists of the edges with multiplicity two in 7 o 7 (notice that v, 7 € Iy, so each edge

{7, 7} has multiplicity n;j(y o) € {0,1,2}). In particular, ¥(v, 7) is well-defined.
Given 7 € 'y, we define moreover the set T'(n, {4, j}) C I'oop X I'sc by

T(n,{i,5}) = {(7,7) € Thoop X Lse : {3, 5} € 7, [Vy N Vr| > 2,|7] < k% }

n {(%7) € Digop X Lse : 1 (W(y,7)) = 77}~ (2.18)

Let us recall that m; denotes the i-th coordinate in I's x Iy, for i € {1,2}.

Lemma 2.6. Let v € I joop, 7 € T'sc and let ¥ = (91(-),m2()) : T ioop X T'se = Fg be
defined as in (2.17)). Then the following properties hold true:

14



(1) m =m(yor) € Ty is a simple closed graph and ny = n2(yo 1) =~y N7 is either
equal to 2 = v € Dipep or it is equal to an edge-disjoint union of paths in I'y whose
end points lie in Vy,. If no =y, then 7 =n1 0.

If [V, N Vy,| > 2, then o can always be written as an edge-disjoint union of paths
in I'y with end points in Vy, (including both cases ny =y or na # ) and, on the
other hand, if |V, N Vy,| < 1, then we have necessarily 12 = .

(2) If Vy N V| > 2 and |Ey, | — |V, | < 1, then ng # 0.
(8) For every ny € Tsc and ny € Ty with my Nny = 0, we have that

O {tnm2) )| < (1 )2 l=VnD, (2.19)

(4) For everyn € T'sc, edge {i,j} and (v,7), (v, 7') € Uyer,. T(n, {4, j}), we have that

Elw(yor)w(y' o) #0 &  E[(w(m(yor))wm(y o)) #0
& (v,7), (Y, 7)) e T {i,j}) for some ' =m(yor)=m(y o7') € Dy

Proof. To prove (1), note that for any i € [IN], the degree n;(n1) = n;(y)+ni(7) —2n;(n2)
is even so that n; € I'yc. Since ny = v N 7, the remaining statements follow from the
fact that every vertex i € V,, has degree either one or two (with regards to 7). In fact,
since 72 C 7, every vertex i € V,, has degree two with respect to v € I'ioop so either
both edges {7,j1},{7,j2} € 7 that contain i € V,, are contained in 7 or only one of
them. Notice, moreover, that n;(n2) = 1 implies ¢ € V,, NV,,. Indeed, with the previous
notation, we can assume w.l.o.g. that {i,ji1} € no while {7,j2} € n1, i.e. i € V), N Vy,.

Now, suppose first that 72 contains a cycle 7' € T'joop. Then 4" C 72 C 7, so in fact
v = my = v and, as a consequence of v o T = 11 012 0 12, we obtain that 7 = 7y o 7.
On the other hand, assume that 12 # 7 (in particular, 72 contains no cycles). Then, 1,
must contain a vertex ¢ € V,, with degree n;(n2) = 1 (otherwise 7, would be an even
graph that contains a cycle, by ) Consider the path connected component ¢; C 12
that contains i € V,,. Then, we can write 9; as a finite union

wi = {4,51} o {j1,J2} o ... o {Jr—1, Jx}

for vertices ji,...,Jji € Vn, with j; # jy and j; # ¢ for all [ # I'. The fact that ji # ¢
follows from the assumption that n;(n2) = 1. Similarly, the fact that j; # jp for all
[ # I’ follows from the assumption that 79 contains no cycle, and it is also clear that
nj, (n2) = 1, otherwise we could extend the component v; by another edge that contains
Jk € Vy,. By the previous remarks, this implies that j, € V), NV,,. Now, checking
whether j; € V,; NV, for each [, starting with j; € V,,, it is clear that we can write 1);
as an edge disjoint union of paths in I', with endpoints in V.

The previous arguments show that 7o = 7 (in which case 7 = 1, o 72) or 72 can be
written as an edge disjoint union of paths in I', with endpoints in V. Now, suppose
[V, N Vy,| > 2 and suppose that 17y = 7 € Tloop. Then, writing

ne = {Jj1,jet o ..o {jr—1, 4k} o {Jr, 1}
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we find at least two vertices jj, , ji, € Vi, NV, so that 12 equals an edge disjoint union of
paths in I', with endpoints in V,,. Finally, if |V, NV,,| < 1, we claim that every vertex
i € Vy, has degree n;(n2) = 2 so that 7, contains a cycle which implies 72 = 7. Indeed,
if |V, N Vy,| = 0, 2 cannot contain a vertex i € V,, with degree n;(n2) = 1, by the
previous remarks. On the other hand, if there is a vertex i € V,, with degree n;(n2) = 1,
then consider the path connected component 1); that contains i € V,,. Arguing as above,
we see that 1; is a disjoint union of paths in I'; with endpoints in V,, and that at least
one additional vertex ji € V;, has degree nj, (n2) = 1, contradicting the assumption
[V, N Vy,| < 1. This concludes the proof of (1).
Let us now switch to the proof of (2). Here, we use the identities

(E & = 1€ |+ 2181, VY UVel = Vil 4 [Vip| = [V 0 Vil
which implies (2), because if we assume 79 = (), then
Eml = WVl = &N+ 1E] = Wy UVr = (6] + & = Vol = Ve[ + [V, OV 2 V) 0 V7]

To prove (3), suppose first 71 = . Then [U=({(n1,72)})| # 0 if and only if 7y €
Ioops because if 7 is not a loop, then 12 o 2 does not contain a simple loop, while yo 7
always contains simple loops, for v € I'ioop and 7 € I'e. If 12 € Ijgep, on the other hand,
the identity o7 = naomy for (v, 7) € I'oop X I'sc implies v = 1y (since 72 C ) and thus
7 = 1. This shows in particular that is true if n; = 0.

So, assume that 71 # 0. Since every (v,7) € W1 ({(n1,m2)}) C Tloop X I'sc contains
a cycle v C 1 o 12, which in fact determines 7 through v o 7 = 11 o 172 0 72, notice that

[ ({1, 12) )] < {7y € Tioop 212 € ¥ C im0 2},

so it is enough to count the number of cycles contained in 7 o 772. Without loss of
generality, we can assume that U~=1({(n1,72)}) # 0, which implies that 7 € Ty, and
that 7 either consists of disjoint paths in I', with endpoints in V), or 72 is equal to
some loop ¥ € Toop. In the latter case, |[¥~1({(n1,72)})| = 1, by the proof of (1). So,
assume that 11 € Iy, that 1y € I'ioep (S0 it also does not contain a cycle) and that 7o
consists of edge disjoint paths in I', with endpoints in V,, .

Here, we start from an arbitrary vertex i; € V;, and pick one of i1’s adjacent vertices
in 1. Then, the adjacent vertex i € V), is either not in V), or it is an end point
i € Vy, NV, of a path m € I'y with @ C 7 having end points in V,,. In the first
case, we continue our walk, going at the next step to an adjacent vertex i3 € V,, (going
backwards is not allowed at each step; in particular i3 # 71). In the second case, we also
walk to a new vertex in V,,, but here there are two different options: either is € V;;, NV,
has an adjacent vertex in V,, (which is not equal to i) or we can follow the path 7 that
starts at i3 and arrives at i3 € V,, (since 7 € I', is simple, we can only walk along one
direction on 7 and we can not miss any cycles in 71 o7y proceeding this way). Altogether,
we arrive at 73 € V,, and now we can repeat the procedure. This way, we arrive after
finitely many steps at some vertex along the way twice. This means we have detected a
cycle in 1 ony. Counting all possible directions that we can follow at each step, we have

16



|V | vertices from which we can choose our starting point, and then we have n;, () —1
many directions we can choose at each subsequent step. Since every loop v € 1y ong will
certainly be detected, we find at most

‘7]1| H (nzk(nl) _ 1) < |’I’]1|GZUEV"1 log(niy, (m1)—1) < |,'71|62(\5,71|—\Vm\)
kEVy,

cycles, where we used log(z — 1) <z — 2 for x > 2 and |&,| = %Zl]\il ni(y) for v € Tg.
The statement in (4) is a consequence of 7; being simple and 7y N7y = 0. O

Recalling the definition of Rg.) in (2.8)), we next want to analyze the L?(2) norm of

>, wlyon),

(777_)61_‘1001') X Tsc:
{ig}erIVanV- 22

allowing v o 7 to be a multi-graph with edge multiplicities greater than one. To bound
the L?(Q2) norm, we first change the sum over pairs (y,7) to a sum over pairs (1;,72)
according to . Because different pairs (,7) may be mapped to the same image
(nm,n2) = (m(yoT1),n2(yo7)), we need to handle the corresponding multiplicity, which is
upper bounded in Lemma (3). With this is under control, we first fix 71 and compute
the second moment of the sum over 72 conditionally on the edges g. for e € 11, and then
we compute the norm of n;. All in all, we identify two probability costs: first, the fact
that v and 7 share at least two vertices comes with a combinatorial cost. If 1o = ()
(i.e. v and 7 do not share an edge), this cost will be controlled below using Lemma
Second, if n # (), we gain a probabilistic cost from + and 7 sharing an edge. This latter
cost improves further if ¢ or j do not lie in V,,, because this means that {i,j} € 72 (so
that both v and 7 contain {4, j}). The next lemma deals with the cases in which 7y # (0.

Lemma 2.7. Suppose that |V,,| < V'N/2. For any A C T(n,{i,5}), we have that

(5 0o}

(y,7)EA

geie€ 771:| < C(l + |n1’)62(|5n1|*|vn1|)w2(,’71)’ (220)

where Vi, = [N]J\Vy,. If we assume |Ey,| — [Vy, | < 1 (so that n2 # ), we have

(5 orn)

(y,m)EA

ge €€ m} SO+ mD(Vn P+ 1)°N 2w (m)  (2.21)

and, finally, if we assume i € Vy, or j & Vy,, then we have that

(5 0o}

(y,7)EA

Je : € € 771:| < C(l + ’771’)62“5771|*|Vn1|)(|vm‘ + 1)2N*4w2(m).

(2.22)
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Proof. We start with the upper bound

(5 w0en)

(y,7)EA

Je : 665771]

—[( X 10 v m))

n2€S

ge: €€ é’m} (2.23)

< (1 I een - Due | (3 wZ(m))Q],

where we defined

S = 7T2(\I/<A)) = {ﬂg(@(”y,’i’)) : (’Y, T) cAcC T(ma{%]})} - FS

and where we used Lemma (3) as well as the fact that for all (vy,7) € A we have
that w(y o 7) = w(n) w?(ne(y o 7)) with na(yo 1) € S, by definition To estimate
the r.h.s. in from above, we use that E[Z%] = 30 for centered Gaussian random
variables Z ~ N (0, 0%), which implies

E[w? (n2)w® (n)] = 3" EE [w? (n)[E[w? ()]
Define V;;z := Vp, \ Vi, to denote the interior points of the paths in 7o NI", with endpoints
in V,,, and denote by 773 the set
775) = {e €n:e={ji1,j2} for ji,jo € V; N Vm} C 9.
That is, 79 corresponds to the edges in 72 that connect two vertices in V,, N V,,. Then
2 Y| < 20V, NV [+ [0S 0 (05)°] < 2V, Vg |+ S| + | (1))

because given an edge in 172 N, € T, it either connects two vertices in V,, NV, (and
thus in V;, NV, ) or it contains at least one vertex in Vy, N V. Hence
2

2 o, NY° F) 18
E( > w2("2>) < 30 % 3RV Rl () E[3100 w2 ()]

n2€S n2ES nheS

Now we prove that the major contribution to the r.h.s. of the last bound comes from the
case when [V, N V;’é| = (). To this end, let us observe that the expectation E[w?(nz)] for
12 € S is uniquely determined by the edge occupation numbers n;;(n2) for 1 <i < j < N.
Considering two graphs 72 ~ 72 to be equivalent if there exists a bijection 7 : [N] — [V]
such that 7(Vy,) = Vy, and ni;(12) = ng@)r()(n2) for all i,j € [N], we can rewrite
S =U,5(¢) as the disjoint union over equivalence classes ¢ of unlabeled graphs. Thus

2 °_Nye° ) /0
E( > w2<"2>> < 3 Rl )10 ()

n2€S L maeS(v),mheS ()

= SR SO )] S 8 R
Lot

12€S(1),m€S (V)

(2.24)
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Now, consider any two vertex sets V,V’ C [N]\ V, such that |V|,|V'| < k%. This

applies in particular to Vy,, V;g for every ny € S(1),n5 € S(¢/). Rewriting

(Ve NVe, | ’ ° °
Yoo 3= Y 3V € S() vy, = VHI{nh € S() Yy = V'Y,
n2€S(1),my€S(X) VIVIC[N\Va, :
VLIV <K%
notice that [{ns € S() : V;, = Vi}| = {m € S(v) : V), = Va}| if [Vi] = [V2|. More
precisely, if 72,75 € S(¢), then clearly [V | = \V;,2| st. {m2 € S(t) : V), = V}] either
vanishes (if [V/| # [Vp, | for some 7y € S(1)) or it is equal to some positive integer if
[V = [Vp,| for some n2 € S(¢)). Given I € N, let us therefore abbreviate

A= € S(t) 1V, =V}

for some and hence all V' C [N]\ V,, with [V| =1. Then, for | = [V|,I' = |V'| < k%, we
have for large N (> k%, and > $V/N > |V, | ) that

vy =L v = vav)=ky  Cpn) T (R

{V, VY V=L V|=U,]VnV/|=0} (Nly (V=P
B 4 (N = V| =1 —k)!
TR =R =k (N =V =)
< (2k%)ENF
so that
Ky kY
Ve nye,
PO DD SN DI |
n2€S(),mHeS(L)) 1,I'=0 k=0 V,V'C[N]:|VNV'|=k,
V=LV =t
Ky kX
< Z ZALJ}\L,II Z (6k;1V)kN_k
LI'=0k=0 V,V'C[N]:|VNV’|=0,
|V |=L|V!|=l'

B
< Z Z )\L,l)\L,l’ <Z(6k§1V)ka> <C Z

LI'=0 V,V'C[N]: k>0
V| =1,| V' | =1
and therefore, by ([2.24]), that
2
o 71\0
E( ) w2(?72)) <o Y EE () ERI R ()

n2€S vt m2eS(),mpeS(V)

— C< > 3’7§Ew2(772))2-

M2E€S
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Now, using Lemma (2), we know that ny # 0 if |, | — |Vy,| < 1 and combining this
with Lemma (1), we obtain the upper bound

Z 3‘”26|Ew2(7]2) _ Z Z 3"726|Ew2(n2) + Z 3|n§|Ew2(n2)

n2€S >1 72=V10...0ES: N2€SM0p:
Um €lp ,Vm M =0 (V m#n), [V MV, <1
|vn1mvn2\22
l
SIETEIED VE-TL ) R DI-TETH
>1 umEV,,l Vepu,'u 772€F100p:
{i.dten:
<C> W, PN HCNTE<CO(V,, P+ N,
>1

where P, , denotes the set of self-avoiding paths from vertex u to v. Notice that we
used that if 2 € SN iep with |V, NVy,| < 1, then {7, 5} € na (by definition of S) and
[nd| = 0. Similarly, |n9| < I if 12 equals an edge disjoint union of I paths in I'p with
endpoints in Vy,. In case [£,,| — |Vy,| > 2, we simply obtain the upper bound

Z EwQ(ng) <C

N2€S

and, combining the two last bounds, we conclude ([2.20) and (2.21)).

It remains to prove the last bound . If i € Vy, or j € Vy,, then {i,5} & m so
that {i,j} € n for all (v,7) € T'(n1,{¢,7}). Here, we obtain additional decay. If i € V,,
and j € Vy,, we can proceed as above, but use instead

> Ewl(p) <) > SR () + Y 3EIEw ()

n2€S >1 N2=V10...0/ES: WQGSmFloop:
Vmerp7meVn:® (v m#”)y |V”11 ﬁV,D ‘Sl
{i,3}€n2,|Vny NViy |22

-1
< Z3l< Z Z EwQ({i,j}ou)>< Z Z Ew(u)2> +CN—2
>1 u€Vn, VEP; u,WEVn, VEPy v

< O([Vp |+ N2
For the cases i € V,,,, j € V), and both i €V, ,j & V,,, we proceed analogously. O

Lemma 2.8. Let f <1 and let Rg) be as in (2.8)). Then, we have for every ¢ > 0 that
(2

D pagqy < N2

max HR
1,J€[N],i#j

Proof. Recalling the definition of Rg-) in (2.8), notice that the weights w(y o 7) are
divided by the edge weight w({4,j}) = tanh(8g;;). To apply the previous Lemma

directly, it is helpful to compare Rg) first with the corresponding error term in which
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we do not divide the multi-graph weights by tanh(/5g;;). To this end, denote by E;;(-)
the expectation with regards to g;;. Then, we see that

w(vy)1 <k2 2
T | D D e S w(r\ i, 5 1)L pt })

L ) T€lxc:
Pt V,NV-[>2,{ijter

w(Y) Ly (<2} 2
+ > — = N w(r\ {G TN v, 1<k y
. tanh(ﬁgw)
Y€ 00p:{E,5 Y EY TE€lsc:
VANV | >2,{4,5} T

because the weight tanh(3g;;) occurs in each summand either with multiplicity zero or
one. By comparison, using the non-negativity of the cross terms by Wick’s rule, we get

Eyj tanh?(Bgy) (R )?

> E;; tanh?(Bgi;) ( Z

’YGFloop:{i:j}E"/

WMy, <k}
tanh(ﬁgij)

2
S w8 it })

TElsc:
‘nyﬂv7—|22,{i,j}€T

w(Y) Ly, <k2 ) 2
FE o) (Y TS by
~ . tanh(Bgi;) .
Y€ 00p {85 EY 7€ sc:
VyVr|22,{i.5} ¢r
1 _
> Eij tanh%ﬁgm)(Eij(Rﬁ))?) > §ﬁ2N 'Ey(R)))?
for N large enough, where we used that E;; tanh*(3g;;) > (E;; tanh? (ﬂgw)) .

Using the above observation and once again the non-negativity of cross-terms by
Wick’s rule, we obtain the upper bound

2
2
E(R) < CNE( > D wlrom) Ly <k, })
Y€ Ioop: {5, } €Y TE sc:|VyNVr[>2
Using the definition (2.18) and applying Lemma (4), we get

2
B X X whenip )

V€T oop: {8, } €Y TE sc:|VyNVr|>2

2
( > > w(n) w(n2(y 0 7))L jvrj<id, })

melse (v,7)eT(m,{i,5})

2
< > E( > w(m2(y 0 7))Ly, v <k, }) Ew?(m).

m € se: |V, |<2k%, (v,m)eT(m {ig})
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Now, we apply (2.14) from Lemma together with Lemma s.t. on the one hand

2
> E( > w?(n2(7 © 7)) L, v < }> Ew?(m)

nleFSC:{iJ}Cvﬁlv (%T)ET(UL{@]'})
[V, |<2k%,
2%,
—21.24 2l 2
< CN “ky Z Z Ew?(m) + Ck3/ Z Z e Ew*(m)
OSZSI nlEFSC:{i»j}CVT’Ilz l 2 'r]IEFSC {Z»J}Cvﬂlz
Vi | <2k m €A [V | <2k m €A
< CN—4+6k]2\;l + CN—4+€]€?\% Z teN—(l—Q) < CN—4+6
1>2

for € > 0 small enough. On the other hand, the improved bounds (2.22)) imply similarly

2
> E( > w(m2(y 0 7))Ly, v <k, }> Ew?(n) < CN~4,
melse:{t.73NV5, #0,  ~ (v,7)ET (m,{i.g})
[V, |<2k%,

so that, altogether, we arrive at IE(RZ(JQ-))2 < CN73%¢, as claimed. O

As a corollary of Proposition we can reduce the comparison of M with the
resolvent (1+ 3% — BG)~! to that of comparing P = (p;j)1<ij<n € RV*Y defined by

. Bgij + Z'Yerloop H{i.grey I1 ecy:e#{i,j} Bge iF]
i = ) e (2.25)
1 =7,

with (1 + 82 — BG)~!. Notice that, for i # j, we have the graphical representation

pij = > 11 39

Y€ (v)=n;(v)=1 €€Y

The approximation of M by P is summarized in the next corollary which gives precise
meaning to (|1.8) and which proves the first half of Theorem

Corollary 2.9. Let 8 < 1, let M € RV*N be defined as in (1.2) and let P € RV*N be
defined as in (2.25). Then, we have in the sense of probability that

lim || M — Py = 0.
N—oo

Proof. Since (0;0;) = 1 = p;;, it is enough to compare the off-diagonal elements of M

and P. By the identities (2.2)), (2.7)), (2.8)) and (2.9)), we obtain for i # j that

(M= P);; = (1 — tank®(8g;5)) Zy' (R - RS — B — R + R})) - R - R,

) vy )
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Controlling the operator through the Frobenius norm by Cauchy-Schwarz, and then
combining the fact that (31_, ]%Ef))2 < szzl(REf))z with tanh?(.) < 1, we obtain

P(|M - P > 6?)

k
5 = 7
732,62 52
SR INCUEESES 2 SN D]

1<iZj<N
Applying Markov’s inequality on the r.h.s. of the last bound yields

P(|IM —Pllop > 4))

5 7
N 52 2
<PEv<g+Yp( X @S0 )roit 3 Y IRD R

k=1 1<i#j<N 1<i#j<N k=6

5 212 —2 (k)12
< IED(ZN < 6) +C'O N (1+€ ) ke{l%iéﬁ?}ijer?l\%ﬁ;éj HRij HL2(Q)

(3))2 —2¢2 2 v
+P(i7j$%§#mw 2> N~262 /C)

for every 6,¢ > 0. By Lemmas [2.5] and we conclude that
limsup P(|M — Plop > ) < limsup (P({ZN <e})+C5 1+ H)CNT + 0(1))
N—00 N—o00
=P(Y <0?/2 +1loge),

for every § > 0. Here o(1) denotes an error with o(1) — 0 as N — co and Y ~ N(0, 0?)
denotes a Gaussian random variable with variance as in Proposition 2.1} Since ¢ > 0
was arbitrary, the claim follows by sending € — 0. O

3 Proof of Theorem [1.1]

In this section we conclude the proof of our main result, Theorem [I.1l Throughout
this section, we assume that for some e > 0 small enough, we have that ||fGllop <
28+ (1—B)2%¢/2. Tt is well-known (see e.g. [4]) that this holds true on a set of probability
at least 1 — o(1), for some error o(1) (that depends on €) such that limy_, 0(1) = 0.
As a consequence of Corollary Theorem follows if we prove that P € RV*N
defined in (2.2f)), converges in norm to (1 + * — BG)~!. The assumption on ||G|op
implies ||(1+ 8% —BG) lop < (1—B)"2(1+¢) s.t. it is enough to prove that the matrix

Q = (Qij)lgi,jgN = P(l + ,62 — ﬁG) — idRN S RNXN (31)
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converges in norm to zero. To prepare the proof, we split Q into several contributions
and treat each of the terms separately. Starting with the diagonal elements, we find

qii = B <1 - ngk> > > Bax ] Boe
k

k {ik}ev€lo0p e€ye£{i,k}
2
= % -8 (95 —Eai)->_ > 189 (3.2)
k k {ik}eyeloop €€Y
= fv ﬂ22 95 — Bgi.)pii — 2 Z H BYe.

'yeI‘loop: 1€V, €€y

for i € [N]. To ease the notation, here and from now on all summations over matrix
indices run over [N] (recall also that g;; = 0). For ¢,j € [N] with i # j, we compute

a5 =B8->. > ( 11 5ge)ﬁgkj

k:k#i {i,k}ev€lpop  e€v:e#{ik}

+(1+5) D T  Boe—>_ BoirBos
k

{ivj}e’yerloop eE'y:e;é{i,j}

=63gzj<1— > g%) - > ( 1T ﬂge)ﬁgkj

k:k#i k:k#i  v€l00p: e€y:e#{i,k}
{i,k}ev,|v[>4
+8° > I Be+ > IT 59
{ivj}E'Yerloop 667:e7£{i1j} 'Yerloop1 667:6#{@]‘}
{i.7}€v,171=5

where, in the second equality, we inserted the representations

> X ( II ﬁge> =) BoaBou

k:k#i  v€lo0p: ecy:e£{i,k} k:k#£i 1
{i,k}ev,v|=3
and
Z H Bge = Z B9iaBikBIk;-
VEFIOOP: 6671675{7:’]'} kzlk?élvl?é]
{i,j}ev:|vI=4

Next, we decompose (keeping in mind that gi; = 0 for k = j)

IR ( 11 5%)591@]:522913]' > ( 11 ﬂge)

ki 'Yerloop: 66’}12675{1',]6} k:k#1 ’Yerloop:|7|247 eE’Y!E#{I’JﬂL{’CJ}
{ik}ev |vl=24 {ik}yev {k.itey

+>Y > ( 11 Bge)ﬂgkj-

k:k#i 76F100p3|7|247 e€y:e#{i,k}
{ikyev{k.irey
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Since a cycle 7 € T'joop that contains the edges {3, j}, {7, k}, {k, j} must in fact equal the
cycle 7 = {i,j} o {i,k} o {k,j}, which is of length |7| = 3, we have that

> ( 11 /396) = > ( I1 Bge>.

V€ op: V>4, eevie#{ik} {k,j} Y€l 100p:[7|>4 ecy:e#{i,k},{k,j}
{i,k}yev {k,j}evy {i,k} {k.grey.{id &y

Now, observe that every cycle v € I'ioop that contains {i,k},{k,j} € v and that does
not contain {4, j} & ~, can be identified uniquely with a cycle 7' of degree || = |y| — 1
with {i,j} € v and k ¢ V. In fact, given a cycle v with these properties, the edges
E \N{{i,k}, {k,j}} determine a unique, self-avoiding path from vertex ¢ to vertex j that
avoids vertex k, and closing this path through the edge {7, j} yields 7/. Thus

> ( I1 ﬁge)z > ( I1 Bge)

V€T 100p: 7|24, e€ye#{i,k}{k,j} {1.5}€7' €T100p  e€7":e#{4,5}
{i.krev {kjrev,
- § ( H /Bge> .
'Y/Erloop: 667/:6#{1'7.7'}

{i.7}ey, keV,,

Similarly, suppose that v € I'loop With |y| > 4 is a cycle that contains the edge {i,k} € 7,
but such that j ¢ V, (in particular{k,j} & 7). Such a loop can be identified uniquely
with a self-avoiding path from vertex i to vertex k, avoiding vertex j. Such a path, on
the other hand, can be identified uniquely with a cycle 4/ that contains the edges {1, j}
and {j, k}, with |7/| = |y| + 1. What this implies is that

>y ( 11 ﬁge> Bak;

k:ki 'Yerloop:h/‘247 e€y:e#{ik}
{i.k}Yev. kgt ey

=> > I 8o+ > > ( 11 Bge>ﬁgkj

k:kZi v €T100p: Y |25 e€v:e{4,5} kik#i  y€Tio0p:v]>4, ecy:e#{i,k}
{7’7]}7{]7’6}67/ {Zﬂk}677{k"1]}€77]€]}7

= > IT B+ > > ( 11 ﬂge>ﬁgkj,

, 'YEFIS)O.;): , ecy:eA{i,j} k:ki Y€l 00p: 7124, e€ye#{ik}
Iv'[>5.{i,5} €y {i.k}ev {k.jre&r.0€Vy

where in the second step, we used that the set of cycles that contain {i,j},{j, k} is
disjoint from the set of cycles that {i,j}, {j, &'} for k # k’. Collecting the previous
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identities, we conclude for i # j that

qij = 62<1 -y g;%) <ﬁgz~j + ) 11 6ge>

kik#£i {’L'J}E'Ye]-_‘loop 66’7:67é{i7j}
D DY IED DI |
k:k#i V' €Tloop: €€ :e#{1,5}
{i.jre, kev,,
-y > ( II 5980
k:k#i V€T 100p:|7[>4, ecy:e£{ik} (33)

{i7k}€%{k7j}¢%jevw

,82
=P — B\ D0 ok —Eady) Jpu + 57 Y gk DL | 2
k k:k#i 'Ylerloop: e€y'ie#{i,5}
{ig}ev' kevy,

+B%95pi — Y > ( 11 ﬁge> Bak;»

k:k#i 7€F100p:|7|247 e€y:e#{ik}
{Lk}e’}/:{k»j}g’%j EVW

where we recall p;; from (2.25)). For later reference, let us finally observe that

> > ( 1T ﬂge)ﬂgkj

k:k#i 76F100p1‘7‘24’ 667:e7£{i1k}
{i,k}ey kv, i€Vy

-y 3 ( II  Be)( II Bo)

k:k#i,j (71,72)€T? ecyiieA{i,j} e €ye

loop:

VWl OV’YQ:{j}>{i7j}€’Yl ,{j,k}E’YQ

(3.4)
= > (I ) X > I pee

’Ylerloop: ee"/l:@#{i,j} kk#%] 'Y2erloop:{j7k}e’72= 6/6'}/2

{i:j}E’YI V’ylmv’yz:{j}
2 (I ) Y I

71 €loop:  e€y1ie£{i,5} ¥2€l00p:  €'€E72

{i.i}em Vo MV =13}

Indeed, a loop v € I'ioop that contains the edge {i,k} € v and the vertex j € V,, but
not the edge {j,k} & v can be uniquely identified with a pair of self-avoiding walks, one
going from vertex ¢ to j avoiding vertex k, and the other going from vertex j to vertex
k having length at least two (because {j,k} & ). In particular, the intersection of the
two walks is given by vertex j only. Since a self-avoiding walk from vertex ¢ to j can be
identified uniquely with a cycle 7, that contains {i, 7} € 1, and since adding the edge
{j,k} to the second walk turns it into another cycle v2, we can identify v o {j, k} with
Y1 © 2, where {i,7} € 1, {j,k} € 72 and V,, NV,, = {j}. Now, varying k over all
k € [N]\ {i,j}, we obtain the identity (3.4).
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The decompositions (3.2)) and (3.3 imply the identity
2
Q= é P+QW+Q® +qQ® +PQW +Q®, (3.5)
where P is as in (2.25)) and where the Q%) = (qg;))lgmg\r € RV*N are defined by

(1) -2 Z’Ylerloop: (]._[ eeyr:e#£{i,j} 595) Z Y2€lNo0p: H e’'€vs 698’ ti %]

;= {i,j}em V1 MV ={j}
0 1= j?
0@ = {0 A
“ -2 Z’yEFloop:iGVW H ecry 698 v= j
@) B D kikti 9/%]‘ > ~7'€lloop: I ceyietlig) Ple T1F] (3.6)
qij = {i.7}e keV,y,
0 D=,
NOp. L e
Y 323 (ka - ]ngk) H1= 7,

o) ._ ) Bipi i#

Y0 Li =,

Observe that QY is equal to the matrix with vanishing diagonal and with off-diagonal

elements given by the r.h.s. in (3.4]). For fixed k, ki, ke > 3, it is also useful to define
(1) (1) 2 @ ®) (6) :

Qi ko Qcey b Qi Qi Qi g, and Qg g, Via

(1) —22 1€ o0p: (H e€y1:eA{4,j} Bge)z'YQEFloop:hQ'Sk% I1 e/Eya Bger i F ]

A<ty kosij = {i,5}€v1,|m|<k1 Yy NVyp={j}
11 =7,
q(l) — qz] - q<k1,k2,z] iy 7&]
>k1,k‘2 ’Lj : . ’L :j
* )
T 2 {0(2) L, it
771]. - eroo g :Z:] >7ij‘ \“ . e d — a
|~7|<klzepv7 e ’ 4;; <kij ‘'=D
(6) 2> 1€ 00p: (H e€vy1:e£{i,j} 596) > 72€l00p: [I ' Eva Bge iF
Dokoy kg i *= {dyern >k 2| <k2,€EVs,
1= 7.
©) 23" 71 €T op: (H e€vy1ie£{i,j} 59@) > Y2€T 00p: 12| <kz, II ' BGer i Fj
A<fy kosij = {i,5}er,Im|<k FEVyg,| Vo MVyy |>2
Li=,
(3.7)
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Notice that, by (3.6) and (3.7)), we have the useful decomposition

(1) . (6) (6)
Q) Q<k1 ko Q>k1 ke = Quky ko +(P—idgy — SG) (Q Q>k2) Qi ks~ Qe o
which implies with (3.5) that for every ki, ko > 3

2

5.
Q=P (iday + Q% - Q% + QW) - 56Q® + Q¥ + QP
(1) 2) (6) (6)
+ Q>k1,k2 (ldRN + BG) Q>k2 Q>k1,k2 B Qékl,kz'
The following lemma collects important properties of the various matrix elements.

Lemma 3.1. Let f < 1, P asin (2.25)), Q as in (3.1) and let QW ke {1,...,5}, be
defined as in (3.6). Then, there exists a constant C = Cg > 0 such that

(3.8)

(3) -3/2 -3/2
ot 10 ey < OV e oy <ONT 09

2) (2 6
Moreover, for ﬁxed k,ki,ko > 3, let Q>k1 ko Q<k1 ko Q(>,1, Q<,)€, Q(>,)€1’k2 and Q>k1 ko
defined as in . Then, there exists C > 0, mdependent of N and k, as well as some
constant C}, > () that depends on k, but that is independent of N so that

.max Hq>1k1,k2,inL2 Q) < Ce” min(kl’kZ)logﬁﬂN_l’

1,j€[N]
_k10g672 _1/2 , _1/2 (310)
max o5l 2y < C N 2] gy < CRNTY,
Moreover, for ky as defined in (2.10), we have for every € > 0 that
< N~ 3/2+e li P( (6) N~ logN) —0.
qu ||q<k4 k2, Z]HLQ Q) ) Ngnoo i’jeﬂ[fl]\iflﬁiij |q>k kN,zJ| > 0
(3.11)

Proof. We prove (3.9), (3.10) and (3.11)) for fixed 7, j € [IN] with ¢ # j and, as becomes
clear in the bounds below, all constants turn out to be independent of i, 7 € [N].

Let us start with (3.9). Neglecting the prefactor 52 in qg’), we compute

2 2
B(Xd X I de) <m( sl X I s
k:k#i Y€ 00p: e€vy:e#A{1,j} k:k#i Y€ oop:  e€v:e#A{4,5},{J.k}
{i,j}E’y, kev’y {7'7.]}1{.77":}6'7

2
cm(X, ¥ I sa)
Ek#i 7€l i00p:k€Vy, ecyie£{i,j}

{i.9}ev. {5k} &y

Now, using that the odd moments of each weight g;; vanish and that the summation
runs over k € [N] with k # 4, such that a graph that contains {i,j},{k,j} € v € T'igop
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can not contain another edge {k’, j} for k' & {i, k}, we obtain that

2 2

B(Yat X I se) —svcXE( X I e
k:k#i Y€ o0p: ecy: k:k#£i V€T 100p: ec:
{i.g}.{5.kyey eAlii} ok} {i,5}, {5, kyey e#{i.i}{dk}

:15N73Z Z (B2 N—h+2

k:k#i v€lo0p:
{i.4{d.k}Yey
< 15N_3 Z Z(BQ)Z—QNl—?)N—H-Q < CN_?),
k:k#i 1>3

where we used that there are (N —3)(N —4)... (N —1+1) < N'=3 cycles of length | > 4
with edges {7, j}, {J, k}, for fixed i,j,k € [N] (if [ = 3, there is a unique such cycle).
Similarly, we can use that g;; and the weight of any self-avoiding path from vertex i to
vertex j that does not contain the edge {k, j} are independent, and that the weights of
any two different self-avoiding paths are orthogonal in L?(£2). This yields

2
s X I s
k‘k‘#lv.] ’Yerloop:kev’w GE’W@?&{Z’J’}

{i,5Yev. {5k} v

-y e Y I )

k:k#1,5 Y€ oop:k€Vy, e€vyie#{i,j}
{i.3}er. ikt
ISR G SRS | NS I QD S |
kK ki, s V€L loopth€Vy,  e€yie#{i,j} VEToop k' €V.1,  e€y':e{i 5}
K #i,5;k#k {i.}ev{d.kty {G5yey 5.k Y

— 3N 2 Z Z (52)|v|—1N—I'yI+1

k:k#1,j Y€ 00pkEV,,
{igyev {5k &y

ORI O VI | 5 [GD S | )
k,k':k#1,5; YE  oop:kE€EVy, e€vyie#{i,j} Y€l 0p:k' €V 1, e€vre#{i 5}
k'#i,5;k#k {igrev ik ey {igrey' {3kt

Using once again that the odd moments of the edge weights vanish, one can also factorize

29



the expectation in the last term on the r.h.s. of the previous equation to get

2
2(Y, ¥ I ée)
kik#i  yE€Elop:k€Vy, e€yie#{i,j}

{igter. sk &y

=3N"? ) S )N N 3 S (ghliNhi

k:k#i,j v€l100p:kEVy, k,k' :k#i,j;  v€loop:k,k' €V,
{i,gyev gk gy K'#i,5;k#k {i,5 v, {5k} {5,k Y&y
< CN_2 Z Zl(62>l_1Nl_3N_l+l + N—2 Z l2(52)l—lNl—4N—l+1 < CN—S
k:k+£i,5 1>3 kK k.5,
k' #4,5;k#K

Here, we used that there are not more than IN'=3 cycles of length [ with edge {i,j} and
some fixed vertex k # 4,7, and not more than [?N'=* cycles with edge {i,j} and two
different vertices k, k' # ¢, 7. In summary, this proves qu(]?’) 2(0) < CN—3/2,

Next, using once again the orthogonality of the weights of two different self-avoiding

paths in L?(f2), in particular the orthogonality of g;; to every self-avoiding path from
(5)

vertex 4 to vertex j of length greater than two, the bound on g, ;s obtained as

Egipy =158°N"2+3N~2 > (g)A-in-hi+
{ivj}e'yerloop
<IN+ 3N (BTN =2)(N =3)...(N—I+ )N H <CON3,
>3

Let us now switch to (3.10)), fixing k, ki,ke > 3. The large graph contributions
are controlled by using the L?() orthogonality of different cycles. Using the explicit
representation

Ss=-2 X (I #e) X I o

’YlEFlOOP: 36’71167’5{i,j} 72€F100p: GIE’YQ
{i,7}ev,ImI>k1 Vo MV ={j}
-2 E ( H Bge> E H BGer,
) 71€F100p: e€yiieA{i,j} Y2ET100p: V2| >k2, €' €72
{igrermlsk Vo, MV, ={5}
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we find that
(1) 2 2 —1ar— 1 2 —
Hq>k1,k2,inL2(Q) <C Z (B )'ﬂ/1| NI+ Z (B )\wlN Izl

'Yler‘loop: 72€Floop:
{i,3}ev,ImI>k1 Vo MVy={3}
+C Z (52)|“/1|_1N_|71‘+1 Z (52)”2‘]\7_'72‘
'YleFloop: 72€F100p:|72|>k‘2
{i3YenInl<k Vo NPy ={3}
cc Y (@MY gyl
Y1 Erloop: 'YQEFloop:jeV’Yg
{i.grem,ImI>k
+C Z hll 1 —Iml+1 Z (BQ)"72|N—"Y2|
71 61—‘loop ’Y2€F100p:|72‘>k2,j€]}72
{173}671
< C Z (/BQ)ZleleNflJrl Z(BQ)Ilelel
1>k >3
+C Z(IB2)l71Nl72Nfl+l Z (BQ)Ilelel < CN— (52) min k‘l,kz)‘
>3 I>ko

Analogously, we obtain

H >anL2 <C E |Aﬂ‘]\f Iyl <C E Nl 1N < CN—I —klogp—2
Y€l 00p: >k
IY[>ki€Vy

(2)

>k,ii*

E(qgﬁ,ﬁfS > E J[ Bo

71,7273 74€ 00p: €€V, V4
1€V, e |[<k Vi

Consider now the L*(Q2) estimate on ¢ Neglecting constant prefactors, we have that

(3.12)

To estimate the right hand side further, we proceed similarly as in [2, Lemma 3.1] and
interpret the sum to range over multigraphs «v = v1 0 y2 03 04 with 74 € I'ipop, 7 € Vs,
and |y < k, for each t € {1,2,3,4}. By Wick’s rule, the expectation of the weight

E 1T By
€€Y=71072073074

does only contribute to the fourth moment if the multiplicity n,,(7) of each edge is even,
and since y consists of four cycles, we have in this case in fact n,,(7y) € {0,2,4} for each
u,v € [N] with u < v. Moreover, we can bound the contribution of such a ~ trivially by

E H Bge = (p2)N1/2 H E g < (382)2 NP2,

ecy 1<u<v<N

Now, notice that the contribution of each multi-graph v = 7 0 742 0 3 0 74 to the sum
on the r.h.s. in (3.12) depends only on the occupation numbers of the edges ny, (7). In
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other words, if there exists a permutation 7 : [N] — [N] such that 1., () = nr(uyr(w) (V)
for all u < v (i.e., v and 4/ are isomorphic multi-graphs), then

E ] B9 =E ] Boe-

ecy ey’

Defining v ~ 4’ to be equivalent if and only if there exists a permutation 7 : [N] — [N]
such that 1y, (Y) = Nrwr@)(y’) for all u < v, and denoting by [y] the corresponding
equivalence classes that partition the set

54 = {7:710720’730'74:Z'GV%,|%| ék, Vt:1,2,3,4},

into a disjoint union of equivalence classes, we obtain

4 — _1sN
E(qgﬁ,ﬁ) < (3877 NP2 = (382)2F Y " [[y] e 3 = (B,
[ []

Now, the number of elements in an equivalence class is bounded by N Vil because all
multi-graphs have vertices in [N] and because each graph contains i € [IV], by assump-
tion. This assumption also implies that n;([y]) = 8 for each [y]. Together with the fact
that the degree n;([y]) > 4 for each vertex in [y] (because v is the product of cycles and
every edge must occur at least twice to give a non-zero contribution under E), we find

E(¢2),)" < (382)%* N1 S NMil-i Sanb) < (362)% N2 3 < (3522 CpN 2.
[] []

Here, we used that the number of multi-graphs with [ < 4k edges is bounded by some

C}, > 0 determined uniquely by % (in particular independent of V). This proves (3.10).
Finally, let us explain the bounds in (3.11)). Let us note first the upper bound

1EK¢$4k2}»]fs4E( > (I ) X 11 Bga,>i

'Ylerloop: 66’713675{7;73'} 72€F50:|72‘§k31v7 616/72
{irem Imi<ky [Voy MV, [>2

where we removed the restrictions j € V,,, 72 € I'lgop and where we relaxed the large
graph constraint to |ys| < k:jlv, as all cross terms give positive contributions under taking
the expectation, by Wick’s rule. Now, it is clear that the r.h.s. in the last bound can be
2)

treated in the same way as E[(R;; )?] in Proposition [2.8] (the differences to Rg-) are only
the graph size constraints and the fact that the edge weights tanh(/3g.) are replaced by
Bge; both differences do not affect the arguments in the proof of Proposition . Thus
6 _
El(q53y 42 ;)] < ON ¢
for every € > 0 small enough and N large enough.

Slmllarly, the contribution q(>1z4 K2 . can be controlled like the term Rl(])7 defined in

, as in the proof of Lemma ThlS yields the probability estimate in (3.11)). [
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We are now ready to conclude Theorem
Proof of Theorem[1.1. By Corollary it is enough to show that
P —(1+ 5% =BG) op = 0

as N — oo, in the sense of probability. Using ||8G|lop < 28+ (1 — 3?)e/2, we first bound

P — (1452 = BG) op < (1452 = BG) opllQllop < (1= 8)"*(1+ €)[|Qllop
so that, by the decomposition , we obtain that
[P — (1+ 5% = BG) lop
-8 201+
< (IP = (148 = BG) op + C) (BN +1Q op + 1QZ, llop + 1Q“ o)

1 2 6 6
F1Q op + 1QPlop + 1QL), 1, lop + 1QZL llop + 1QE), 1 llop + 1QE). 1. lop
(3.13)

for some C' = Cg > 0 and for fixed k1, ko > 3. Choosing ki = k:j*v, ko = kav, defined in
(2.10), s.t. ky — oo as N — oo, we make sure that the ki- and ks-dependent matrices
on the r.h.s. converge to zero, in the sense of probability. Indeed, by (3.11]), we get

6)

(6) (6) ( -1
P(1Q% s lor > 6) < P(IQT I > ) <P max ey 4g 11 > IN7") =0

as N — oo, for every § > 0. Similarly, we obtain from (3.10) and (3.11) that

P(I1Q%0 4o lop > ) + P(1QL, llop > ) + P(1QE), 2 llop > 9)
1 2 6
<P(1Q%), 42 v > 8) +P(1Q%, e > 6) + P(I1QY L, lIr > 9)

—-2772 1) 2 (2) 2 (6) 2 —2 p7—1+4e
<67V (I g o lEee + 100 o Ea) + 108l ig o lEae) < 672N

for fixed € > 0 small enough, so that

: 1) 0 (2) 1 (6) 1 (6) _
]\}1_1}100 ||Q>k§l\rakz2v”0p = ]\}1_1?100 HQ>k12\,||°p = ]\}1—r>noo Hngj‘V,k?\,H(’p = ]\}gnoo ”Q>k§l\/’k?\/‘|op = 0.

Inserting this into (3.13]), we conclude that
1P — (1+ 8% = BG) o
(1=p)2(1+¢)
< (IP = (1482 = BG) " op + C) (1Q lop + 1@V o + 01(1)
+1QP lop + 1Q™|op + 02(1)

(3.14)
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for two errors 01(1) and o2(1) that converge limy_,oc01(1) = limy_oo02(1) = 0 in
probability. Now, consider the remaining matrices Q(2), Q(3) Q(4) and Q(5). Using that
1Q® |op < |1QP||F, we obtain with the bounds (3.9) for every § > 0 that

— 3 — —
PIQ™op > 0) < B(IQVllp > 0) < 672N max g,/ }2(0) < CO*N"!

so that limy_e0 [|Q®|Jop = 0. The same argument implies limy_o |Q®)||op = 0 and
for Q(4), we notice that, by a standard concentration and union bound, we have

(|3 22

for suitable C, ¢ > 0 that are independent of N € N and ¢ > 0. Recalling the definition
of qgl ) in 3.6]), this trivially implies that in the sense of probability we have

> 5) < CeeNo?

(4) _ 32 ‘ E _
]\}gﬂ ||Q ||0p /B lim max Z gm gzu =0.

N—00i€[N]

Finally, consider Q). For § > 0 and fixed k > 3, we use (3.10) to estimate
2 2
E(1QPllop > 8) < B(IQlop > 6/2) +P(IQElop > 5/2)
<6 2NH€1[aX Hq>kn||L2 +0° 4NI£1[&X||(]>,€“||L4
< 52 Kl8B L orsTANTL

Sending first N — oo and then k — oo, we conclude that limy_s Q) ||op = 0.
Collecting the bounds from above and inserting them into (3.14)), we conclude that

o (1)
(1=8)2(1+ €)= —05(1)

||P - (1 + 182 - /BG)iluop <

for two errors o}(1) and o04(1) that satisfy limy_0 0}(1) = limy_ee05(1) = 0. In
particular, we conclude that limy_,e [|P — (1 + 8% — BG)~{|op = 0 in probability. [
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