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Detailed balance

-

fLe’[ P; ; be the Markov transition matrix for a Markov chain

on a finite state space S = {x1,...,z,}. Suppose that o is a
probability density on S with

n
o = g o b ;.
1=1

The transition matrix satisfies the detailed balance condition
with respect to o in case

o; % j = 0P, for all 7,7 .
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fThe matrix P is self-adjoint on c™ equipped with the inner T
product

(f.9)o = owfugr
k=1

If and only if the detailed balance condition is satisfied.

There are a number of different ways one might generalize
this inner product to the quantum setting, and these give
different notions of self-adjointness.
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Definition 0.1 (Compatible inner product). An inner product (-, -) is
compatible witho € & (A) incaseforall A € A, TrjcA] = (1, A).

If a quantum Markov semigroup & is self-adjoint with
respect to an inner product (-, -) that is compatible with
oce Sy, thenforall A e A,

TrjoA] = (1, A) = (D1, A) = (1, P, A) = Tr|o P A |

and thus o is invariant under 2.

Definition 0.2. Let 0 € & be a non-degenerate density matrix. For
eachs € R, andeach A, B € A, define

(A, B)y = Tr[(c1=9)/2 40%/2)* (c(1=9)/2 Bg5/?)] = Ty[o* A*0' ~*B] .
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Definition 0.3 (Modular operator and modular group). Leto € &...
Define a linear operator A, on $) 4, or, what is the same thing, on A, by

Ag(A)=cAc™ .

A, is called the modular operator. The modular generator is the
self-adjoint element h € A given by

h=—logo,
The modular automorphism group a; on M, (C) is the group defined by
ar(A) = et Aot

Note that A, = «;.
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L N

et o € G, and note that
Tr[A*AgB] = Tr[(AzA)*B] and Tr[A*A,A] = Tr[|o/2 Ao~ /2]

so that A, Is a positive operator on §) 4.

Since A, Is strictly positive, all eigenvalues of A, are strictly
positive, hence we may write them in the form ¢=“. Since
(A, A)* = A1 A* it follows that for all £ € $ 4,

A;E=¢eYFE <+— AJE"=¢e"E".
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he following is due to Alicki:

Lemma 0.4. Let 0 € &, be a non-degenerate density matrix, and let
s €0,1], s # 1/2. Let  be any operator on A that is self-adjoint
with respect to (-, -)s and also preserves self-adjointness. Then &~
commutes with o, for all t, real and complex.

Definition 0.5 (Detailed balance). A QMS &?; on A satisfies the
detailed balance condition with respect to o € & (.A) in case for each
t > 0, P is self-adjoint in the 0-GNS inner product (-, -)1. In this case

o Is invariant under @T, and we say that the QMS &, satisfies the
o-DBC.

(A, B)y = Tr[o®A*o'*B] = (A, A3 B); .

o |
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(A, B)s = Tr[o®A*c'*B] = (A, A3 B); .
Hence if &7, satisfies the «-DBC

(A, P.BYs = (A, ASP,B) = (A, PASB),
— (PANB) = (PA B .

In particular, if &2, satisfies the «-DBC, for each ¢, &; self
adjoint with respect to any of the inner products (-, )4, ofr,
more genraly any of the inner products

1
<A7B>,u — /() <A7 B>Sd:u .
u-, )1/2 I8 special; this is the KMS inner product. J
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A QMS Z; = ¢!< on A that satisfies the «-DBC for

o € 6. (A) has a generator . that commutes with the
modular operator A,. Hence A, and . can be
simultaneously diagonalized.

In the case A = M,,(C), the diagonalization of A, reduces

immediately to the diagonalization of o: Let ¢ = e " be a
density matrix on c”. Let {n,...,n,} be an orthonormal
basis of C™ consisting of eigenvectors of h = —log o

hnj = Ajnj -

o |
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fFor a= (a,a) € {(i,j) :1<1i,j<n}, define numbers w,
(called the Bohr frequencies) by

wa — )\al - )\a2 3

and rank-one operators F, given by F,, = |n.,){n.,| Wwhere
forn,& € ¢, |n)(£| is the rank-one operator sending ¢ to

(€. C)en. Evidently

A F, =e “F, and Ff=F, where o = (ag,a1).

o |
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Theorem 0.6. Let Z; = e'* be a QMS on M., (C) that satisfies the
0-DBC for o € &... Then the generator £ of &?; has the form

2A=Y%" (e—%/zvj*[A, V] + e[V, A]Vj*) |
jeTJ

where:

(i)T[Vj*Vk] =cjo forall j,k € J. (i) T|V;| =0 forallj € J. (i)
{Vitjeg =V }jeg- () {V}}jeg consists of eigenvectors of the
modular operator A\, with

AsVi=e V.
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fConversely, given any set any set {V}} ;c 7 satisfying (i), (i),
(iii), the operator . given by this formula is the generator of
a QMS £, that satisfies the «-DBC.

The fact that the operators V;, j € J are eigenfunctions of
A, and hence A? for all s, has the following consequence:

oV, =0"Vio %0° = (A°V;)o® = e V0% .
Differentiating in s at s = 0,

[Vjvh] — —ijj :
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Non-commutative derivatives

-

fFix such a generator ., and the sets {V;};c7 and {w; }jc7s
as above.

Define operators 0; on A by
0;A=[V;,A] sothat 1A =[V] Al

Define an operator %, on $ 4 by

LA = — Za;fajA - Z[VJ*’ [VjaAH °
jeJ jeJ

We may write A = — > (Vj[Vj, Al + [4,V;]V}), and

jeTJ
Lhence % is the generator of QMS. J
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fD

efine the Hilbert space $ 4 7 by

NAT = @ﬁi{) ,
jeJ

where each 5%) Is acopy of H4. ForA e $H 4 7and j € J,

let A; denote the component of A in ﬁfﬁ). Thus, picking
some linear ordering of 7, we can write

A: <A177A|j|) .
Define an operator V : $54 — $H.4. 7 by

VA= (0,A. ... 01A).
o (01 714) B
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fW

e define the operator div : $ 4, 7 — $H.4 by

divA =—) 0lA; = [4;,V]].

jed 1€TJ

Note that div is minus the adjoint of the map

V: 94— Hayg, sothat % is negative semi-definite. With
these definitions, % = divoV. We call V the
non-commutative gradient associated to ., and div the
non-commutative divergence associated to .Z.

Note that each 0; is a derivation: For all A, B,
3j(AB) = (C%‘A)B + A@j(B) :

o |
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Lemma 0.7. Foralls € [0,1],allj € J,andall A, B € A we have

(9;B, A)s = (B,e™ (™ V7 A= AV})),
Consequently, for all s € [0,1], and all A, B € A,
200, B, 0, A)s = — (B, e 2VE (A, Vi]+e 2V, AV )
Therefore £;(B, A) = —(B, L A)

Es(B,A) = Z Cj6(1/2_5)wj (@B, 8jA>S :
ISV

o |
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Chain rule

E

he evolution equation

O pla.t) = V- (ol )]V log pla, 1) — Vlog ()

IS a linear equation because of the chain rule identity
pVlogp=Vp.

To obtain a non-commutartive analog, write
1 n
= lim <1+—log,0) .
n—oo 1

o |
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i‘or any V, T

n—1 1 1 m 1 n—m—1
V., pl lim — (1 + —log ,0) 'V, log pl (1 + " log p)

n—00 n T
m=0

1
= / p°[V,log plp' ~*ds .
0

1 1
The operation A — / p* Aptds = Rp/ A)Ads, where R,
0 0

Is right multiplication by p, is a non-commutative anolog of
multiplication by p, and it takes self-adjoint operators to
self-adjoint operators.

o |
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E

he map

1 1
A / p*Apl~5ds = Rp/ A(A)ds =: Ry fo(A,)(A) .
0 0

has the inverse

> 1 1
A— A dt .
o t+p t+p

These are two natural guantum analogs of "multiplication by
p” and "division by p" that fequently arise in the study of
quantum systems.

o |
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fThere Is another useful way to look at this pair of linear
transformations. By the Spectral Theorem, if A is a strictly
positive operator,

/0 1
log A = - dt |
o5 /O <1+t A+t>

Hence for A self-adjoint

1

1
}lbi_% E(log(A + hH) —log(A)) = /0

1 1
H dt
A+t A+t

Hence “quantum division by A” is the derivative of the
logarithm function.

o |

Gradient flow and functional inequalities for quantum Markov semigroups, Il — p. 20/48



fB

y Duhamel’s Formula, for K and H self-adjoint,
1
€K+hH::j/ GSUCHRH) 11 o(1-5) () gg 4 oK
0

Hence

1
lim 1(eKJth — el = / K Hel=9K qs
h—0 h 0

That is, “guantum multiplication of e* by H” is

A kinm
dh h:O.

o |
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fThis identification has an important consequence. Let v be T

a unit vector in H, and let |v)(v| denote the orthogonal

projection onto the span of v. It is easy to see that if v is not
an eigenvector of A, then

B-—/l L ool
=), Are N AT

IS not a rank-one operator. Let

B = Ajluj){uy]
j=1

Lbe a spectral resolution of B.

|
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E

hen
m 1
)0l =30 [ ATl a%ds
j=1 70
An invertible linear map from M, (Cc") to M, (C"™) cannot

send two |u;)(u;| and |u;)(u;| to multiples of |v)(v| for distinct
7 and k, and this ensures that for some 5 with A; > 0,

1
| A a0
0

IS not positive. That is, the matrix exponential function is
non monotone: It is not necessarily the case that for H

Lself-adjoint and A > 0, eIT4 — e > . J
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fWe need some variants on this “multiplication by p”: T
Consider the function f,, defined by

w

1 _
fult) = / 61/ g = /2L~ €7
0 logt +w

Definition 0.8. Forp € G, andw € R, define the operator
Pl Mp(C) — My(C) by

plw = Rpo fu(A)p)

For each w, |p|., is invertible, and its inverse,

ot =1/ f,)(A,) o R ,-1 may then be viewed as the corresponding
non-commutative form of division by p.

o |

Gradient flow and functional inequalities for quantum Markov semigroups, Il — p. 24/48



s N

Ryfuw(A)) (Vlog(e_“/Qp) — log(e“/Qp)V) — e W2V p— e 2pV

imple lemmas say:

Forw =0,and V =V}, thisis
Ry fo(Ap)(95logp) = djp .
Moreover,

O;j(logp —logo) =V; log(e™%/2p) — log(ewﬂﬂp)\/j .

Combining, we can write £Tp =) [V* e “/?Vp— e*/?pV]
jeJ

un terms of D(pl|o). J
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Theorem 0.9. Let &2, — et be QMS on A that satisfies the o-DBC for
o € 6.(A), and let £ be given in standard from. Then, for all
pe 6y,

— LTy = Z@T( 0;(log p — loga)) .
jeJ

We have now arrived at a quantum analog of the classical
Kolmogorov forward equation The evolution equation

%p(x, )=V - (p(z,)[Vlog p(z,t) — Vlog o()])

This is the Kolmogorov forward equation for a diffusion

Lprocess. J
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Lemma 0.10 (Chain rule identity). ForallV € M, (C), p € &, and
w € R,

-

1
/0 ew(s_l/z)RpAg (Vlog(e_“/Qp) -~ log(ew/Qp)V) ds =

e W2V p— eV

Proof. Define f(s) = e¥(1/275) p1 =5V 5 The right side equals
f(1) = f(0) and

f/(s) = <120 (=¥ — log(p)V + Vlog(p) ) o

_ 6<,u(1/2—3)101—s (V log(e_“/Q,O) . log(ew/Zp)v) /OS ’

o |
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Lemma 0.11. Let ¥; = e!Z be QMS on A that satisfies the o-DBC for
o € G4 (A). and let £ be given in standard from. Then for all
pe&i,andallj € J,

0j(logp —logo) =V log(e™*i/%p) — 1og(ewj/2p)Vj .
Proof. Since AJV; = e™*“iV}, |V;,log o] = w; V. It follows that

Oi(logp —logo) = |V, logp| —w;V; =
Vjlog(e™“i/%p) — log(e*/2p)V;

which is the desired identity. []

o |
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Riemannian metrics on S.

-

fWe now turn to the construction of a Riemannian metric g »
on & for which the quantum equation is gradient flow for the
relative entropy.

Let p(t),t € (to,t1), be any differentiable path in G,
regarded as a convex subset of A. Foreach t € (tg,%1), let
p(t) € A denote the derivative of p(t) in t. If p(t) is any
differentiable path in & defined on (—e¢, ¢) for some ¢ > 0
such that p(0) = pg, then Tr[p(0)] = 0, so that there is an
affine subspace of $ 4 7 consisting of elements A for which

p(0) =divA.

o |

Gradient flow and functional inequalities for quantum Markov semigroups, Il — p. 29/48



-

fWe wish to rewrite this as an analog of the classical
continuity equation for the time evolutions of a probability
density p(x,t) on R™:

%p(x, t) + div|v(z,t)p(x,t)] =0 .

In the classical case, for p strictly positive, any expression of

the form
9,

%,0
gives rise to a continuity equation with
v(z,t) = —p Lz, t)a(z,t). In the quantum case, there are
many different ways to multiply and divide by p € &...

o |
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Definition 0.12. Let& € RV For p € G we define the linear
operator [p|; on $ 4 7 by

[IO]JJ’(AL e 7AL7|) — ([p]w1A17 R [IO]W|J|A|j\) '

Note that |p|; Is invertible with

5 (As o Alg) = (1) A Dol Ay

where we have used the fact that 2, and A, commute. [f

& € RV is the vector of Bohr frequencies associated to A,
then for V € 4 7, define

1\

g, — <V7 [IO]CUV> :
| p -
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iI'heorem 0.13. Letp T

(t) be a differentiable path in & defined on
(—e, €) for some € > 0 such that p(0) = po. Then there is a unique

vector field V. € @1 A of the form V = VU with U € A, for which
the non-commutative continuity equation

p(0) = —div([po]sV) = — div([po]zVU) (1)

holds. Moreover, U can be taken to be traceless, and is then self-adjoint.
Furthermore, if W is any other vector field such that

p(0) = =V ([po]sW), then

IVllo.po < [IW]

,p0 -

o |
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|7Definition 0.14. Foreach p € G, we identify the tangent space 1), at T
p, with the set of gradients vector fields {VU : U e A, U =U"*}.
We define the Riemannian metric g, on & by

2
c,p(0)

AOI5, 0, = 1V

where p(0) and 'V are related by (1). If F is any differentiable function
on G, the corresponding gradient vector field, denoted grad,, JF(p) is

given by

SF(p1)| = 00 (3(0).erad, F(p))
t=0

for all differentiable paths p(t) defined on (—e, €) for some € > 0 with

p(0) = p.
| o
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Let E(p) denote the derivative of F: For all self-adjoint

0p

Ac A,

1 a

i § 7o+ ) = F(p) = Tr | 5 ()|
In particular, when

p(0) + div([po]zVU) = 0

IS satisfied for some U,

OF . OF

T [5@ dw([,o]@vm] _— (vgao),w) |

o |
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Theorem 0.15. Let &2 = etZ be QMS on A that satisfies the o-DBC
forc € & (A). Then

-

0
5 Z'p (2)

is gradient flow for the relative entropy D(-||o) in the metric g,
canonically associated to .

o |
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