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Exercise 1 [6 Pkt]

1. Let (X,)nen be a submartingale such that E[e!X"] < oo for all n € N and for all
t € R. Prove that

P (max Xy > x) < e R[],

1<k<n

for all t > 0 and = € R.

2. Let (&,)nen be i.i.d random variables with P(§; = 1) = 1/2 = P(§ = —1). Let
X, = > &. Prove that

Pl Xn > 1+ 0
im sup ———— €)=
n_mp Vv2nlogn —

for all € > 0.
Hint: Use X,, < maxj<p<n Xj, part 1., the fact that log coshz < x2/2 and the Borel
Cantelli lemmas.

Exercise 2 [4 Pkt]

Let M be a martingale in L? with My = 0. As in Definition 4.26, let [M] = ([M],), be
given by

n

[M],, =) (M — My_y)* forall n € N.
k=1
Show that

1. M? — [M] = (C e M), where C' = (C,,),, is given by C,, = 2M,,_; for all n € N,
2. If M is bounded in L?, then (C' e M) is bounded in L?,

3. (C' e M) is a martingale.



Exercise 3 [10 Pkt]

Suppose that (€2, F, P) is a probability space and (F,), is a filtration. Let 7, 4 and 7 be
stopping times with respect to (F,),. Show that

1.

In the definition of stopping times, one could require that {r; < n} € F, for all n
instead of {7, = n} € F, for all n,

. T+ To, 71 V1o i=max{Ty, T2}, 71 A To:=min{7m, 72} are stopping times,

F. is a o-algebra,

If i <7y, then F,, C F,,,

. ‘FTl/\TQZ‘FTlm‘F’7'27

If F e Frvn, then FN{n <n}eF,,
ng\/ﬁ = U(‘F;'l?‘FTQ)?

If X is an adapted process, then X, is F,-measurable.



