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Half a decade ago, Prähofer and Spohn discovered the Airy2 process in a surface
growth model (the polynuclear growth (PNG) model) [12]. It is a universal process.
It appears in directed last passage percolation percolation, various discrete growth
models, domino tiling, random matrix theory (GUE Dyson’s Brownian Motion) [9,
10]. The model we focus on in our recent research is the totally asymmetric
simple exclusion process (TASEP), which can also be seen as a growth model (see
Figure 1). Particles are on Z and they jump to their right with some given rate,
provided the site is empty.
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Figure 1. The growth model associated to the TASEP. The
height function ht(x) increases by one unit if site x is empty and
decreases by one unit if site x is occupied by a particle. Thus,
when a particle jumps to the right, the the surface growth verti-
cally as indicated by the dashed line.

A question: The TASEP belongs to the Kardar-Parisi-Zhanguniversality class [11]:
the fluctuation of the position of a particle grows in time like t1/3, while parti-
cles are correlated over distances of order t2/3. What about the limit laws of
fluctuations and limit process as time t becomes large?

The answer depends on the type of initial conditions (but not too much), i.e.,
from the point of view of fluctuations, the universality class has still to be divided
into a few subclasses. Below are results known starting from deterministic initial
configurations. Any bounded (t-independent) fluctuations in the initial conditions
discussed below leads to the same limit result by a standard coupling argument.
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Step initial conditions : In the TASEP, the Airy2 process, A2, occurs from step
initial conditions, where particles initially occupy Z− only [9]. The macroscopic
density of particles has a (linearly) decreasing region, in which the fluctuations of
particle positions (∼ height function ht) are governed by the Airy2 process in the
large time limit. In this case, from the growth point of view, the limit shape is

curved.

Periodic initial conditions : The analogue of the Airy2 process in the case of flat

limit shape, has been and called Airy1 process, A1 [14, 3]. This occurs in the
TASEP starting with periodic initial conditions, e.g., one particle every d ≥ 2 sites
of Z [3, 2]. Recently we also were able to prove that this new process describes
the large time fluctuations in the PNG model, as expected by universality [4]. A
review on the Airy2 and Airy1 processes including their known properties is [7].

Half-periodic initial conditions: However, in a typical situation one can have co-
existence of the two processes in separated regions, joined by a transition process,
which takes place over distances of order t2/3. In that case, there is a transition
process, between the Airy2 and the Airy1 process: the Airy2→1 process, A2→1.
This was discovered and described in [5], where particles start from 2Z−, see Fig-
ure 2.
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Figure 2. Left: the density ρ for large time t is linearly decreas-
ing from (0, 1/2) to (t, 0). Right: The limit shape in an associated
growth, obtained from the density (k ∈ N is the label of the par-
ticle which starts at −2k and xk(t) is its position at time t).

Remark on stationary initial conditions : The stationary and translation invariant
initial conditions are the Bernoulli-ρ measures on Z, with ρ ∈ [0, 1]. Interesting
fluctuations occurs along the characteristics, given by j = (1 − 2ρ)t. There the
fluctuations lives on t1/3 scale. The asymptotic distribution of the current as seen
from an observer sitting on the characteristics has been analyzed [13, 8]. For a
slower or faster observer, what it is seen are essentially only the fluctuations of the
initial distribution, i.e., Gaussian on a t1/2 scale.
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Space-like paths extensions : In the PNG model, it was shown in [6] that the Airy2

process occurs not only for fixed time, but for any space-like path (a path t = π(x)
is space-like if |π′(x)| ≤ 1). This is the case also for the TASEP, but instead of space
and time we have time and particle number, see [1] for details. The boundary cases
of space-like paths for TASEP are: (1) fixed time and (2) fixed particle number
(tagged particle). For step initial conditions we prove convergence to the Airy1

process [1, 4]. For step initial conditions the same kind of result holds but with
the Airy2 as limit process.
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