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Abstract

Motivated by the polynuclear growth model, we consider a Brown-
ian bridge b(t) with b(+T") = 0 conditioned to stay above the semicir-
cle ¢p(t) = VT? — t2. In the limit of large T', the fluctuation scale of
b(t)—cr(t) is TY/? and its time-correlation scale is T%/3. We prove that,
in the sense of weak convergence of path measures, the conditioned
Brownian bridge, when properly rescaled, converges to a stationary
diffusion process with a drift explicitly given in terms of Airy func-
tions. The dependence on the reference point ¢t = 77, 7 € (—1,1), is
only through the second derivative of ¢p(t) at t = 7T. We also prove
a corresponding result where instead of the semicircle the barrier is a
parabola of height T, v > 1/2. The fluctuation scale is then TE=/3,
More general conditioning shapes are briefly discussed.

MSC 2000 SUBJECT CLASSIFICATIONS: Primary-60J65, Secondary—60J60.
KEYwoRDSs: Conditioned Brownian bridge, Limiting diffusion process.
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1 Introduction and Main Results
We consider the Brownian bridge b(t) over the time interval [T, 7], T > 0,

[T,
b(=T) = b(T) = 0, conditioned to lie above the semicircle cp(t) = VT2 — t2.
Let b, (t) be the conditioned Brownian bridge and let Xp(t) = b, (t) — cr(t)
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be the deviation of by (t) away from cp(t), see Figure 1. Clearly Xr(t) > 0,
Xr(=T) = Xr(T) = 0, and the path measure of the process is defined on
C([-T,T],R) = C([-T,T1]), the space of continuous functions over the inter-
val [T, T] equipped with the supremum norm. The issue is to understand
the statistical properties of Xp(t) for large 7.

A well studied special case is when ¢z () is replaced by the function zero.
The Brownian bridge is then constrained to stay positive, a stochastic process
known as Brownian excursion. In the limit of large T it converges to the 3D
Bessel process. Time-dependent barriers, like the circle, seem to be hardly
studied. An exception is the parabola gra(t) = T? — ¢* for which some
properties have been established [5, 4], see below. In this paper we resolve
the fluctuation problem for
(i) the circle ep(t),

(ii) the family of parabolas g7, = T7(1 — (¢/T)?).
We also discuss briefly general shape functions of the form gr(t) = Tg(t/T).

Our problem arose rather indirectly in an attempt to understand a one-
layer approximation to the multilayer polynuclear growth model, see [6].
There one has N+ 1 independent copies of the Brownian bridge, denoted here
as b;(t), [t| <T,j=0,—-1,...,—N, such that b;(+£7) = j, and conditions
them on nonintersection, with the subsequent limit N — oco. Of interest
is the top line by(t), |t| < T. Because of conditioning, typically by(¢) has a
shape of a semicircle. Therefore the crude approximation consists in replacing
all lower lying Brownian motions, i.e., b;(t) with j = —1,—2,..., by the
semicircle c¢p. As we will prove, this approximation preserves the scaling
behaviour, in the sense that transverse fluctuations are of order 7/ and
longitudinal correlations decay over a time span of order 723, However,

by (1)

CT(t)

t

-T T

Figure 1: Brownian bridge b, () conditioned to lie above the semicircle cp(t).
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finer details are not accounted for. For example, in our problem Xr(t), on
the scale T%/3, is exponentially mixing, whereas the covariance of top line
bo(t) on the same scale has only power law decay [2, 10].

To state our main result we define the stationary diffusion process A(t)
through the stochastic differential equation

dA(t) = a(A(t)) dt + db, (1.1)
with b; the standard Brownian motion and drift

. Ai’(—wl + l’)
n Ai(—wl + l’) ’

a(x) (1.2)
where —w; is the first zero of the Airy function Ai [1]. The relevant asymp-
totic is a(x) = 27! for # — 0" and a(z) = —\/x for z — oo. Thus (1.1)

admits a unique stationary measure which is given by

d Ai(—w; + z)?
—PAt) <z)= ——7—1 . 1.
e (A(t) < z) AT ()2 [2>0] (1.3)
A(t) has continuous sample paths and the small z behavior of the drift implies
that P(A(t) > 0 for all ¢t) = 1.

Theorem 1.1. Let b, (t) be the Brownian bridge b(t) conditioned on the set
{b(t) > cr(t) for allt € [-T,T]} and let Xr(t) = by (t) —cp(t), [t| <T. The
rescaled process close to the reference point 7T is defined through

t— .AT(t) = USXT(TT —+ h;lt) (14)
with vy = 2Y3(1 — 72)7V2TY3 hy = v2. Then

lim Ap = A, (1.5)

T—o0

in the sense of weak convergence of path measures on C([—N, N]), for any
N > 0.

For the polynuclear growth model, the same rescaling leads to the Airy
process, which has a =2 decay of correlations as is known from the rather
intricate explicit solution given in [2, 10]. This behavior should be seen in
contrast to the exponential mixing of the diffusion process A(t).

To prove Theorem 1.1, we rely on the fact that some reasonably explicit
expressions are available in case the semicircle is replaced by a parabola of
the form

gra(t) = T7 (1= (1/T)?).. (L6)
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Theorem 1.2. Let by ,(t) be the Brownian bridge b(t) conditioned on the set
{b(t) > gr(t) forallt € [=T,T} and let Xq(t) = by(t) — gr~(t). The
rescaled process is defined through

t Ap.,(t) = v Xp, (7T + h't), (1.7)

with vy = TO=2/341/3 b, =2, Then, for v > 1/2,

s

lim A, = A, (1.8)

in the sense of weak convergence of path measures on C(|—N, N|), for any
N > 0.

The limit (1.7) has the, at first sight surprising, feature that the limit
process A(t) does not depend on the scaling exponent 7. For v = 2, i.e., the
standard parabola gro(t) = T?—t?, the fluctuations are of order one, whereas
for v > 2 they actually decrease as T'— oo. The condition v > 1/2 reflects
the fact that as v — 1/2 the time-scaling 7-20=2/3 — T. In other words,
for v = 1/2 the interior is correlated with the end-points and no stationary
distribution is reached locally. For v < 1/2, gr,(t) can be replaced by the
function zero and the limit process is the Brownian excursion.

We outline the strategy to prove Theorem 1.1. Note that Xp(t) is Markov,
in the sense that upon conditioning on Xr () the future and the past path
measures are independent. Let us fix then the time window [—N, N]| for the
rescaled process Ar(t).

(i) The first step is to show that the entrance/exit law, i.e., the joint dis-
tribution of (Ar(—N), Ar(N)) is close to the corresponding entrance/exit
law of the limit diffusion process A. To achieve such a result the true shape
function cr(t) is piecewise approximated by parabolas. Parabolas are chosen
because for them reasonably explicit expressions for the transition probabil-
ity is available.

(ii) For the interval [- N, N| we use the limit entrance/exit law and use a suit-
ably chosen parabola as conditioning shape, such that the resulting process
is identical to A(t), [t| < N. Thus the claim of Theorem 1.1 follows from
the fact that inside [—N, N] the circle and the parabola differ at most by
O(T~14).

Following this strategy, in Section 2 we consider the parabolic constraint
and prove Theorem 1.2. In Section 3 we establish a result needed to control
the joint entrance/exit law for the time window under consideration. With
this input we prove Theorem 1.1 in Section 4. In Section 5 we discuss other
shapes. The Appendix contains estimates on the transition probability for
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the conditioning parabolic constraint and some monotonicity results required
in Section 4.

Acknowledgments: We are grateful to Michael Prahofer for useful dis-
cussions and to the unknown referee for a critical reading of the previous
version and insisting on convergence of path measures. The work of P. L.
Ferrari is supported by the Deutsche Forschungsgemeinschaft under the re-
search project SP 181/17-1.

2 Parabolic constraint

We plan to prove Theorem 1.2 and first state a result on the transition density
for Brownian motion conditioned to remain below a parabola —3gr(t +T).
This result was first obtained by Groeneboom, see (2.23) and (2.24) in [5].
In a different way it was derived by Salminen, see Proposition (3.9) of [8].
We were led to the explicit formula in Lemma 2.1 below from Frachebourg
and Martin, p. 330 of [4], where the references to [5, 8| are given. Since the
result holds for an arbitrary diffusion coefficient, by Brownian motion scaling
we can easily deduce the transition density for Brownian motion conditioned
to remain above g7, (t). The result is reported in Lemma 2.1 below. The
vertical and horizontal scaling depends only on the g7 (t), therefore we define
K /701 ()

R= e = 2T (2.1)
Let W (xq, ta|z1,t1) be the transition probability density for Brownian motion
b*o"1(t) conditioned to start at t; from gr.(t1) + 21 and ending at ¢, in

gT,'y (t2> + T,

d
W(xz,t2|$1,t1) = JP(Y(t2) S l’le(t) Z O,t € [tl,tQD (22)
2

where Y (t) = "0 (t) — gr(t).
Lemma 2.1. Let us define the vertical and horizontal scaling as
vy = (20)Y3,  hy = (2r)%3. (2.3)
Then -
W (g, to|z1,t1) = W(xe, ta|x1,t1) exp(F(xa, te|z1,11)) (2.4)
with

o Al (01 — wi) Al (V572 — wi)

Ai’(—wk) Ai’(—wk)

W(SL’Q, t2 |.T1, tl) = Z Useiéwk(hitl

k>1
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and

1
F(xg, o] 21, t1) = 2197, (t1) — Tag  (t2) — 6o/ (975(t1)° = g7,(12)*] . (2.6)

Here —wq, —wa, ... are the zeros of the Airy function, 0 < wy < wy < .. ..

Let Xp,(t) be the process of Theorem 1.2. Furthermore let L be the
backward generator of the diffusion process A(t),

1d%(z) dep(z)
as acting on smooth functions ¢. A(t) has the invariant measure Q(z)? with
Ai(—wl + LL’) / 2
Qzr)=———"=, x>0, Q(x)*dz = 1. 2.8
O [ o 2.5)

Through the ground state transformation H f = —Q(LQ 1), see e.g. Chap-
ter V.16 of [9], one obtains

1d*p(z) @

(Ho)w) = —5 22+ Zo(@) - Bola), w20, (29)

H is understood with Dirichlet boundary condition at x = 0 and E = %wl

implies HQ = 0. Denote by G(x,y;t) the integral kernel of G; = 72 i.e.,
(o)) = [ Glayitioly) dy (2.10)
Ry

We remark that H has purely discrete spectrum. Its eigenvalues and
eigenfunctions are given by

Ai(—wpiq1 +
By = jwpr1, () = (“ers + 2)

. , x>0,
Al (—wk1)
Note that we use the notation {2 = €1y, since {2y reappears frequently through-
out the paper.

Before proving Theorem 1.2 we explain how A is related to a conditioned
Brownian motion.

k=01,.... (2.11)

Proposition 2.2. Let Z(t), |[t| < N, be Brownian motion conditioned to
stay above s(t) = +(N? — t%) and such that the joint probability density of
(Z(—=N),Z(N)) is given by

pz(&1, —N; &2, N) = Q)G (&2, 152N )Q(&1). (2.12)

Then Z 2 A+ s on C([-N, NJ).



2 PARABOLIC CONSTRAINT 7

Proof. Denote by W (t) = Z(t) — s(t), then the transition density of W (t) is

p(y,tlr,u) = [/]1{2 d&i dopz (&1, —N; &, N)G (&, ys N — 1)G(y, 23t — )

+

<G(o, riut NGl &i2V) ] x [

R

) dé; df?pZ(éla_N;£2aN)

xG (&, 3 N —u)G(:L’,El;u+N)G(§2,§1;2N)1}_1 (2.13)
for z,y > 0 and —N < uw < t < N. But since pz(&,—N;&, N) =
Q(&g)G(fg,gl, 2N)Q(£1), it follows that

Notice that h(z) = (Gn_Q)(z) = Q(z). Hence the process with transition
probability density (2.14) is the Doob h-transform, see section IV.39 of [7].
Thus it follows that the process W (t) satisfies the SDE

AW (t) = a(W (1)) dt + db, (2.15)

with the drift a(x) = Jlnh(z)/0r being equal to (1.2) and b; standard
Brownian motion. Therefore W (t) and A(t) satisfy the same SDE and, since
they have the same distribution at t = —N, W (¢) Z A®). O

We now prove Theorem 1.2 for the case of the parabolic constraint
gr.  The strategy consists in first controlling the joint density of
(A7~(—=N), Ar(N)), and then to use the Markov property of Brownian

motion together with Proposition 2.2 so to determine the limit process of
Ar .. This strategy will be also the basis of the proof of Theorem 1.1.

Proof of Theorem 1.2. Consider the rescaled process Ar., = v; Xy~ (71 +
h;'t), |t| < N, with v, = TO=2/341/3 and h, = v2. The joint density of
(A7~ (—=N), Ar,(N)) is given by

pr(&,—N;&,N) = ll_f]% G(g,&;T(1 —T7)hy — N)G (&2, 61:2N)
K G(&1, e T(1 4+ 7)hs — NY/G(, 2: 2Th,). (2.16)

Since v > 1/2, Thy ~ T®~V/3 — o0 when T — oco. Using the estimate
from Lemma B.1, we have, for some constant a > 0,

G(e,&;2Th,) = e2(1 + O(e™ =) (2.17)
and

G(e, 6, T(1—7)hy — N) = £[Q(&) + O(min{&pe~The emo62Th)V1)] - (2.18)
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Therefore
jll_r>r<>lo IOT(gla _N; 52’ N) = Q(€Q)G(£27 51; 2N)Q(€1) = pA(fb _N; 527 N)
(2.19)
For any bounded, continuous function f on C'([-N, N]),
Eur, (f)
= [ 6 dgapr(6n,~Ni o, N)Bay, (7Ans (~N) = €1, Ar, (V) = &)
RZ
= [ d60dpaln Vi NPy, ([ (V) = . Ar (V) = &)
+R1(T> Na f)a (220)

with Ry (T, N, f) bounded by

|[Ri(T, N, f)| < Hf”oo/2 d&y d&olpr (€1, —N; &, N) — pa(&r, —N; &2, N)|

RY
(2.21)
which converges to zero as T — oo, because pr converges pointwise to p4
and pr,pa are densities with total mass one (Scheffé’s Theorem, see e.g.
Appendix of [3]). Finally, Proposition 2.2 implies that the non-vanishing
term in (2.20) is E4(f).

]

3 Joint entrance and exit law

In a piecewise parabolic approximation of the semicircle, or more generally of
a concave function, there are points with discontinuities in the slope. In order
to control the subleading terms we take a continuous, piecewise parabolic
shape such that the derivative has negative jumps at its discontinuity points.
We call these points ridges.

More precisely, let us consider a Brownian bridge bs(t) conditioned to re-
main above a continuous, concave, piecewise parabolic function s(t), starting
from s(t,) + @y, at time ¢, and ending at s(tg,) + g, at time tgy, tin < tan,
where

s(t) = a; + bt — Lc;t? for t € [uj_1,u;] (3.1)

with ¢; > 0, ug = tin, and up—1 = taa. We want to study the process close to
t = t, with ¢ very far away from the contact times u;, say ugx_; < t < ug.
Define

vy = (=25"(1))Y3,  hy = 0? (3.2)

S
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the times t; = u; for j =0,..., K —1,t; =u;_ for j =K +1,..., M, and
tk=t_=t—Nh', tgy=t, =t+Nh" (3.3)

Denote
v(ty) =s'(t;) = s'(t]) > 0, (3.4)

in particular, v(tx) = v(tx+1) = 0, and

VR

1
v = (=25"((t; +t;-1)/2)" 3, h; =0, I;= §hj(tj —tj—1).  (3.5)

Finally, let I' = min;zx411';, assume that [ - oo as T — oo, and that
v < T1°, vpwg, < T3
Lemma 3.1. Fizx N > 0 and denote t — Xp(t) = bs(t) — s(t). Then the

joint density of (Xp(t_), Xo(ty)) witht_ =tx — Nh;' and t, = tx + Nh;*
15 given by

(z,t_5y,t4) ddIP(X(t)< Xr(ty) <vy) (3.6)

x,t_; = —— )<z .

Pr T, 1Y, ty dz dy T ST,ATL+) XY
= V2Q(0,)G(vew, v,y; 2N)Qvgy) (1 + O(e 2
+ET(:L‘7 -3y, t+)a

for some constant a > 0 and where the error term Er converges pointwise to
0 and its total mass is bounded by

/dmwﬁwﬁmeZQKW%- (3.7)
R

Proof. Let us denote by z; the position of the Brownian bridge above s(t;)
for i =0,..., M. Then the density (3.6) is given by

M
Jwar-s ey Az [T W35, 851251, 851)

PT(%L;%H) = _ (38)
fRf—l H,f\il ! de H]]Vil W(Zj, thZj_l, tj—l)
with J={1,..., K =1, K +2,..., M — 1}. Explicitly
Wz, tilzjmn,tion) = Wz tilzim1,tim1) (3.9)

X exp [zj_ls'(t;r_l) — zjs/(t;)} q(tj, ti—1)

with ¢ a function independent of z;, z;_;. When (3.9) is substituted in (3.8),

I~

the product of the ¢’s simplifies. Moreover, each W contains a prefactor
vje~*i see (B.1). Thus W (z;,1;]zj_1,t;—1) in (3.8) can be replaced by

vy e T (2, 1] 21, 1o explz s () — 28 ()] (3.10)
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and in addition §'(¢]) and s'(t;,, ) can be replaced by zero.
Let us first analyze the denominator of (3.8). It writes

/RM 1 H dzye— vl ) ﬁ (Q(vjzj)Q(vjzj_l) —I—Rpj(vjzj,vjzj_l)>, (3.11)

=1 j=1
where Rr; is the one in Lemma B.1. Denote
Q = Qv120)varzm H/ dzie = Q) Q(vi2:)QAvir12:), (3.12)
e R+
then the expansion of (3.11) has the leading term

K+1

Q H / dzz Uszz Uszi) = st_z (313)

plus 2 — 1 terms containing one or more factors of R’s. The conditions

V1Tin < Fi/g and vyrra, < F}\f’ imply the bounds

IR, (0131a)| < Q)0 817, [RY, (varan)| < Qo) O(e500).
(3.14)
Using Lemma C.1, we can replace each RY. by € in the integration variables

7a1"1/3)

up to a multiplicative factor O(e . Summing up all these contributions,

the denominator is given by
denominator of (3.8) = aQu,?(1 + O(e_Qafl/S)) (3.15)

where @ # 0 is a constant coming from the replacements described before
(3.11).

The numerator is obtained similarly, but the variables x and y are not
integrated out, with the result

numerator of (3.8) = aQQ(vsy)G(vsy, vsx; 2N)Q(vsz) + Er(x,y)  (3.16)

where the first is the term with no factor of R and E;(z,y) is the error term,
which is bounded by

Bi(ey)] < aQG(vay, v 2N) | Qva) B (vsy) + Qvay) B (0,0)
+RY(v,2) RE(v,9)] (1 + O ") (3.17)
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with R2 given in (B.2). From (3.15) and (3.16) it follows that

pr(tiy,ty) = vX00y)G(vgy, ve; 2N)Q(v,r) (14 O(e "))
with Ey(z,y) = Ei(2,)/Qu*(1+0(e>").
The expression of R implies that R2(y) < e~aT'* converges pointwise to

0, and decays exponentially in y for large y. On the other hand, G(y, z;2N)
is uniformly bounded in x and y for any N > 0. Therefore

/ dz dy| By (z, )| < O(e™"). (3.19)
RY

]

4 Proof of Theorem 1.1

In order to prove the theorem we first control the entrance/exit law for the
interval [T — Nh;', 7T+ Nh;!], for which we use Lemma 3.1. Therefore one
has to find a lower and an upper approximation satisfying its hypotheses.

4.1 Upper and lower approximating shapes for t = —77T

The piecewise parabolic approximations s+ are constructed with the parabo-
las
fl(t) =a; + blt — %Cit2 for t € [Uifl, Ul] (41)

for =T =ug < ug < ... < Up_1 < u, = 0, where the choice of the u;»s is
discussed below. We set si(t) = s+(—t) for ¢ € [0,T] (although this is not
required for the result). Since we want to apply Proposition 2.2, we also
determine v; = (2¢;)"/3 and T'j = $(u; —u;—1)h; with h; = v?. In case 7 =0,
we set b; = 0.

4.1.1 Upper approximation, 7 = (

This is the easiest case and one needs only a single parabola, i.e., n =1,
filt) =T — 3177 (4.2)
s+(t) = fi(t) > er(t) for all t. Since ug = —T,u; =0,

vy = 2V3T7VE Ly = 27T, (4.3)
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4.1.2 Lower approximation, 7 =0

In this case one needs n = 2. We define vy = —7T%/*. The parabola from
(=T,0) to (u1,cr(up)) is given by (4.1) with a; = T(1 — T~/2)71/2 and
¢, = 211 + O(T—3/?). The parabola from (u;, cp(u;)) to (0,7) has ay = T
and ¢y = T~1 + O(T~%?). Then for t € [-T,T), s_(t) < cr(t), with

vy = 22/3T—1/3 + (9(7’1—5/6)7 Fl _ 21/3T1/3 + O<T1/12) (44)
and
vy = 21/3T71/3 + O<Tf5/6>, F2 _ 271/3T1/12 + O<T75/12)' (45)

s_(t) has a ridge at du;.

4.1.3 Upper approximation, 7 < (

In this case the construction requires n = 3. For convenience we define
A =1—72and 3= -7 >0. Let uy = —7T and let the parabola f(t) be
defined by

f1(t) = fa(t) = CT(TT)—f-C/T(TT)(t—TT)—f-%C%(TT)(l—T_1/4)(t—TT)2. (4.6)

We define u* to be the first intersection time after uy of fo(t) with cr(t). We
estimate u* = —BT + A\, f71T%* + O(T'?). Let

fX(t) =a" — %c*t2 (4.7)

be the parabola which passes through (ui,cr(t1)) and (u*, er(u*)). Some
computations lead to ¢* = A7 /*T1 4+ O(T~%4). Since f*(t) < cr(t) for
t € [up,u*] and fo(t) > ep(t) for t € [uy,u*], there is a time uy € (uy,u®)
such that fj(us) = f*'(uz). We obtain uy = —8T + I\, 37174 + O(T"/?).
Finally one has to define the third piece of parabola. Since f*(t) > cr(t) for
t > u*, and fo(t) > ep(t) for t € [ug,u*], we define f3(t) by

f3(t) = f(t) + (fauz) — f*(u2)). (4.8)

This construction satisfies sy (t) > cr(t) for t € [T, T, has a ridge at t = 0,
and the second derivative is discontinuous at ¢ = £uy. Moreover one has

vy = 21/3/\;1/2T71/3 + O(Tf7/12)7 Iy, = 2—1/3(1 _ |T|)—1T1/3 + O(Tl/m)7

Vg = 1, ry, = 2—4/3|7_|—1T1/12 + O(T—l/6)7

V3 = 21/3)\;1/6T‘1/3 + (’)(T‘7/12), Iy = 2_1/3]T\A;1/3T1/3 + O(T1/12).
(4.9)
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4.1.4 Lower approximation, 7 < 0

In this case the construction requires n = 4. Also here let 3 = —7 and
A, =1 —72. We define up = —77T and the parabola f5(t) by

fat) = f3(t) = er(TT)+p(rT) (t=1T) 457 (rT) (+T V) (t=7T)*. (4.10)

f2(t) has an intersection with cr(t) for some time ¢ < uy, which we define to
be uy, and remains below cr(t) for t € [ug,0]. Some computations lead to
uy = —BT — X\, B71T3/* + O(T"/?). Moreover let

fit) = ay — at° (4.11)

be the parabola passing through (—7,0) and (uy,cr(uy)). It has ¢ =
207 2T=1 4 O(T%/*). Finally we define uz = —3T(1 — T-/4) and

fa(t) = ag — Seat? (4.12)

such that fy(us) = fi(us) and fi(us) = f](us). We obtain ¢, = A7/*T-1 +
O(T—2/4).

This construction satisfies s_(t) < er(t) for t € [-T,T], has a ridge at
t =0 and at t = fuy, and the second derivative is discontinuous at t = Fus.
Moreover one has

v, = 21/3/\;1/677*1/3 + O(Tq/lz)’ I, = 271/3(1 _ |T|))\T_1/2T1/3 + O<T1/12)’

vy = 21/3)\;1/2T_1/3 + O(T‘7/12), Iy = 2—1/3’7‘—1711/12 + O(T—l/G)’

V3 = Vg, [y = 27 3|7 | A1 TV/12 o O(T—1/9),

vy = 21/3/\7—1/6T—1/3 + (’)(T‘7/12), T, — 2_1/3!T|>\T_1/3T1/3 + O(T1/12)'
(4.13)

4.2 Joint densities

We compute now the joint entrance/exit law for the process of Theorem 1.1.
Let b4 (t) be the Brownian bridge from (s+(—T7"), —=T) to (s+(7),T') con-
ditioned to stay above si. The processes we actually want to study are

Ara(t) = ve|ba (7T + b ') = er(rT + 1) (4.14)
and Proposition 2.2 is concerned with the processes

Yri(t) = v,, [bi(TT +hilt) — su(rT + h;ilt)] . (4.15)
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Let us denote Ay = vy, /v., and
gr,+(t) = v[s (7T + ho't) — cp(tT + h't)). (4.16)
Then
Ar s () = \pu Yo (A7 o) + gr+(1). (4.17)

We compute Ay and bound gz +(t) for t € [N, N] with the result:
a) Case 7 =0,

Ary =1, g1+ (t) = O(N*T~2/3), (418)
M =1+0(T7Y?),  gp_(t) = O(N?T~1/?).

b) Case 7 < 0,
A =140, gra(t) = O(N* T4 (4.19)

Lemma 4.1. Let pre.(&1,—N;&, N) be the joint probability density of
(Ar(=N), Ap(N)), where Ar is defined in (1.4). Then

%EI;OpT,CT<€17 —N;§27N) = PA(&, —N;f2,N) (4-20)
with
pal&r, —N; &, N) = Q(&)G(&, &5 2N)Q(&1). (4.21)

Proof. Let  pr.(&,—N;&,N) be the joint probability density of
(A7 +(=N), A7+ (N)). Then, since Ay4 — 1 and g7 +(t) — 0 as T — o0,

A pr (&, =N;&, N) = pa(&, =N; &, N) = Q&) G(62, &5 2N)Q(&).-
(4.22)
Denote Fr.(&,—N;&,N) = fwig& dzy dzopr (71, —N;z9, N), where
x = {4+, —,cr}. From the monotonicity properties of Propositions D.3 and
D.4 it follows that

Fr(&,—N;&,N) < Fre, (61, —N; &, N) < Fr_(§&,—N;&,N). (4.23)

Taking the limit 7" — oo in (4.23) and using (4.22) we obtain

i P (6, ~Nia, V) = Fa(6e, ~Nia, V) = [ deydoapa(es, ~Niga, N),

z;<&;
(4.24)
thus also
leIOIOPT,CT<517_N; 627N) = pA(gl,_N;SQ,N)- (425)

O
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Finally we are in position to prove our main theorem on the circular con-
straint.

Proof of Theorem 1.1. The process we have to analyze is
Ar(t) = v, X (7T + h't) (4.26)

where X7 (t) is defined in Theorem 1.1. We have to prove that Ar 2. Aon
C([—N, N]) in the limit T"— oo, which is done through

Ar+ér 25 A+ s (4.27)
where s is a fixed parabola and ér is a (non-random) function satisfying

lim sup |ér(t) —s(t)] =0. (4.28)
T—00 4¢[—N,N]
Then (4.27) implies
A+ ép — s = A, (4.29)
since the mapping = — z — s is continuous. Finally (4.28) combined with

(4.29) implies that Az L Adas T — .
Now, let us prove (4.27). Define Lr(t) = ar(t — 71") + O to be the line
intersecting the circle ¢ at times ¢t = 77 + h;' N. Moreover, let

er(t) = vs(er (7T + h't) — Ly(7T + b 't)) (4.30)
and 1
s(t) = Z(N2 —t%). (4.31)

A simple calculation shows that ér(t) = s(t) + O(N3T~1/3) t € [-N, N].
We now consider the process Yr = Ar + ¢r. Let f be a bounded, contin-
uous function on C([—N, N]). Using the Markov property,

Bri(f) = [ 461 daprep(€1,-Ni o V)Exg (A1¥(~N) = 0. Vo) = &)

+

= [ 60 d6apaltn, Vi NPy, (FIVe(—N) = &,V (V) = &)

+

+R(T, N, f), (4.32)

where the remainder term R; (T, N, f) can be bounded by

I&@Wﬁﬂﬂm&/

o d&1 d&a|prer (61, —=N3 &2, N) = pal&r, =N: &, N))

: (4.33)
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which converges to zero as T" — oo, because pr., converges by Lemma 4.1
pointwise to pa, and pr.,,pa are densities with total mass one (Scheffé’s
Theorem, see e.g. Appendix of [3]).

Let Z(t) be the process defined in Proposition 2.2 with joint density of
(Z(=N), Z(N)) given by pz(€1,—N;&, N) = pa(&, —N; &, N). For any
realization w of Z, define yz,(w) = 1 if w(t) > ép(t) for all t € [-N, N| and
Xzr(w) = 0 otherwise. Then the leading term of (4.32) is

Ez(fXer) /Ez(Xer), (4.34)

and we have to show that it converges to Ez(fxs)/Ez(xs) as T — oo. Notice
that the reference measure does not depend on T'; the only T-dependent
quantity is ¢r. It is easy to see that

Ez(fxs)  Ez(fxer)

]EZ(XS) == ]Ez(XET) + RQ(S, éT, f) (435)
with
~ EZ(sz(l _XET>> EZ(f(l _XS)XéT)
ol crJ) B/ Balx)
Ez(fXxer) (Ez(Xer) — Ez(xs)
EZ(X&T) ( EZ(XS) > ' (436)

(4.36) can be bounded as

Balostr DI < B (B20ey (1= ) + Bl = xer)
_ 20l
- ]EZ(Xs) 1PZ({X& 7£ X&T})' (437)

Let Br = {w[xs(w) # Xer(w)}, then Pz({xs # X&r}) = Pz(Br). Let
e — S,y r(t) — s(D)] = O(T 1), then Br C Dr — {wlys_or(w)
Xster(w)}. In the limit 7' — oo, w € By if w touches without crossing the
parabola s. Such paths have probability zero, therefore limy_,o Ey,.(f) =

Ez(fxs)/Ez(xs)-
We have proved that Y, = Ar+ér P ZasT — . By Proposition 2.2

ZE2 A+ s, thus (4.27) holds. As discussed above, from (4.27) and the fact

that ¢z — s as T — oo, it follows that Ap L, A

]
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5 Extensions

While the original motivation for our study came from the circular constraint,
the proof presented extends to more general shape functions. We refrain from
stating precise theorems. Still it should be instructive to the reader to see
how the Brownian bridge responds to a general constraint.

Let us then substitute the circle ¢y by gr(t) = Tg(t/T), where g :
[-1,1] — R, g(—1) = g(1) = 0, g continuous, and g € C*([—1,1]) piece-
wise. As before we fix the reference point 77, 7 € (—1,1), and study the
fluctuations away from gr for times close to 771". To first approximation the
fluctuation behavior is determined by the sign of ¢”(7). We list three “stan-
dard” cases, g. denoting the convex envelope of g.

(i) ¢"(7) < 0: assume that, for a § > 0, g € C* and g = g. on [T — §,7 + 4.
If ¢"(7) < 0 the fluctuations are as specified in Theorem 1.1, where now
vy = (29" ()5,

(ii) ¢"(7) = 0: let g be linear in [t1, 5] and, for a é > 0, let g = g., ¢" <0,
and g € C? on [t; — 6,t1) U (ta,t2 + 6]. Then the fluctuations at ;T are of
order T, ;1 < 1/2, and inside the interval [t;T,t,T] of order T'/2. Thus the
limit process will be Brownian excursion over the interval [t1, t5].

(iii) ¢"(7) > 0: let [t1, t2] be an interval such that t; < 7 < £y, g(t) < ¢.(¢) for
t € (t1,t2) and g(t;) = g.(t;), i = 1,2. Moreover assume that for some § > 0,
g=g.and is C? on [t; — ,t] U [ty, 5+ 6]. Then in (t1,¢5) the constraint has
not effect on the Brownian motion and the limit process will be a Brownian
bridge over the interval [tq,ts].

Clearly there are intermediate cases to be discussed. However a really
novel phenomenon appears if in case (i) we lift the assumption that ¢ is
continuously differentiable at 7. We denote the right (left) hand limits by
f(xt) =limy, f(x) and f(z7) = limgqy, f(2).

(i.a) Ridge. Assume (i) except at 7. Instead let ¢”(77) < 0, ¢"(77) < 0, and
v:=¢g(17)—¢(77) > 0. Then the fluctuations above gr(77T) are of order
1 and the probability density of X7(7T) equals 313z~ as T — co. As a
consequence, (ii) and (iii) holds also if there is a ridge at t; and/or ts.

(i.b) Curvature discontinuity. Assume (i) except at 7. Instead let ¢'(77) =
g (%) but ¢" (%) # ¢"(77) and ¢"(7%) < 0. In this case the fluctuations are
of order T"/% and the limiting probability density of Xp(7T) is, up to nor-
malization, Q(v,(77)2T~3)Q(vs(7H)2T~1/3), with v,(7%) = (—2¢"(7F))/3
and Q(z) given in (2.8).



A PROPERTIES OF THE AIRY FUNCTION AND ITS ZEROS 18

A Properties of the Airy function and its ze-
ros

For the convenience of the reader we list a few properties of the Airy function
needed in the main text. We follow the conventions in [1].

1. For large z,
1 _gz3/2

2\/7_1_%6 ER (A.1)

2. Ai(z) < 0.54 for all z and the maximum is reached at z = —p ~ —1.02.

Ai(z) ~

3. For large k, wy ~ (%’Tk)w3 and for all kK > 2
wp — wy > kK23 (A.2)

4. |Ai'(—wy)| > Ai'(—wy) where wy ~ 2.34, Ai'(—w;) ~ 0.70.

5. For x € [0, —w; + p,

. Ai(—wy + p)
Ai(—w; +2) > ml‘ (A.3)
6. For all z € Ry,
Qz) = Ai(—wy +2)/ Ai'(—wy) <6, Qz) < . (A.4)

B Leading term of the transition density
Lemma B.1. Let T = %(tz —t1)hs and y; = vsx;, i = 1,2, then

_or [Al(=w1 +y1) Al(—w1 + 1)

W(xa, ta]z1, t1) = vse Ai'(—w)?

+ Rr(y1,y2)| (B.1)
with

|[Rr(y1,92)| < Re(yn)Re(y2),  Rp(y) = min{y exp(—al), exp(—ayl'/*)}
(B.2)
Jor a constant a > 0 and I' large enough. Moreover, for any fized I' > 0,
W (o, ta|x1,t1) is uniformly bounded in xq, ;.
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Proof. Let
1w Al(—wi + v)
Dy (y) = ezl 2 20 B.
k(y) e 2 Al/<—wk) ( 3)
Then Rr(y1,ys2) is given by
Rr(y1,y2) = Z D (y1) P (y2) (B.4)

k>2

and

|Re(y, y2)| < 1@k(y1)] D [@i(y2)]- (B.5)

k>2 1>2

For large k, wy, ~ (27k)*?, and for small k the exact values of wy, are
known [1], from which we deduce that wy —w; > %k2/3. for all kK > 2. More-
over we have |1/ Ai'(wy)| < 1 and |Ai(—wi + y)| < |y| |AY(—wg)|. Therefore
it follows that

ST 1y) <y > e 2T < ye ey (I) (B.6)

k>2 k>2

with ¢ (T') = 3(VT + /7 /2)T %2,

This estimate is good except for very large y. For large y, the Airy
function becomes of order one for wy ~ y, i.e., for k ~ 2Zy*2. Let ko(y) =
y>/2/10. Then we distinguish between the cases for k < ko and k > k.

a) 2 < k < ko(y). In this case Ai(—wy +y) =~ exp (—2(—wj, +y)*?) <
exp (—%y?’/ 2) and, with the same estimate for the exponential term, we obtain
|Dk(y)| < exp (—1/2k2/3f‘) exp (—%y?’/Z) ) (B.7)

b) k > ko(y). For this case we use wy —wy > k%% and |Ai(—w; +y)] <1
and obtain
[@4(y)] < exp (—3k*°T). (B8

Therefore for large y we have

ko(y)
Sole)| = DI+ D 18(y)l

k>2 k>ko(y)

< 267%1#/31“6—%;,3/2_’_ Z exp (—3K*°T).  (B.9)

K>2 k>Fo(y)
The first term in r.h.s. of (B.9) is bounded by ¢1(I') exp (—I'/2 — y*/?/3), and

the second one is bounded by

/ dke 2%’ < ¢y (T)e /2 (B.10)
k

o(y)
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with co(T) = 3(y/7/2 + /Ty /2)[ —3/2,

If we take I' large, we can apply the approximation for large y to the

1 1
y > I'?/3 and use e 39" < e 3" to see that (B.2) holds. On the other
hand from (B.6), (B.10), and the boundness of the ground state, it follows

that W\(Ig, to|z1,t1) is uniformly bounded in xq, x5 for any fixed I' > 0. O

C Estimate of the integral with error terms

Lemma C.1. Let us define
I1(0,00) = /OOO dzQ(v;jz)Q(vjz)e ™",
I5(0,00) = /000 de(vjx)R%j+1 (vjp1x)e ", (C.1)
Igp(0,00) = /000 da:R(F)j (vjx)R%jH (vjp1z)e ",

Then, if v > 0,

1/3 1/3)

15(0,00) < I(0,00)Ce™™41,  Ip(0,00) < I(0,00)Ce T T4 (C.2)

for some constant C > 0, assuming I';,1';11 large enough.

Proof. First we change variables as y = v;z. Setting A = v;41/v; and ¥ =
v/vj, then

7(0.00) = 1(0,00)u; = / " Ay e,

Ts(0,00) = 10,000, = [~ WAL Q)™ (©3)

Ipp(0,00) = Igp(0,00)v; = / dyRp (y) Ry, (Ay)e™™.
0
To prove the lemma we have to find lower bounds for I (0,00) and upper
bounds for Ig(0,00) and Igg(0,00). We use essentially (B.2), (A.3), and
(A.4). First let us bound (0, c0).
a) A < 1. Let § = Ai(—wy + p)/[(—w1 + ) Ai'(—wq)]. Then

1
1(0,00) > / dyb*y* e ™™ = N’k (D), (C4)
0
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where k(7 fo dzz?e . Tt is easy to see that e < 3k(x).
b) A > 1. By the change of variable x = Ay, and then using the previous
bound we obtain

- 1 [ 1
f0.00) = 5 [ deQ@)e/Ne P 2 RGN (C5)
0
Next we compute some upper bounds of I5(0, 00).
a) A < 1.
1
Ip(0,1) < / dyy?e Pirte ™ = e~ it (D) (C.6)
0
and -
fE(l, o0) < / dylye Titie™6e™Y < 6~ e it (C.7)
1
b) A > 1.
- 2 3 e—aljt1
Ig(0,1/)) < / dy y®e titie " = 2 K(D/N) (C.8)
0
and - A
Ig(1/), 00) < / dyye_a)‘yrjﬁe W< — ¢ e~ i1 7/A (C.9)
1/A
Putting all together, we obtain
—[E<OJOO> — IF((];OO) S C«efal";fl (010)
[(O, OO) [(O, oo)
for all X with C'=19/6* (and I'; ;1 > 1).
Finally we bound Igg(0, 00).
a) A < 1.
1
Ipp(0,1) < / dyye 2Tt =7y — \emallitliny) () (C.11)
0
and

rl/3

Teg(1,00) §/ dyye Tit1ema¥l = < de~7 \e~ i1 =l (C.12)
1

b) A > 1. By the change of variable x = Ay we obtain immediately
1/3

IEE(O 1/)\) 1 7a(F +Tj+1) (l//)\) and IEE(]-/)\ OO) ;l 7'///\ _aFj+1.
Putting all together, we see that for all A

IEE(O, OO) . INEE<O, OO) < Ce_a(rjl'/3+rjl'/+31).

(C.13)

[(0,00) [~(O7oo) -
O
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D Monotonicity on conditioning shapes

Let us consider a simple random walk on Z conditioned to come back to the
origin after 2N steps, denoted by &y = (En(7))2,. Let At = %, Az = VA,
and define By(t) by setting By (kAt) = Azéy(k) for k =0,...,2N, and by
linear interpolation for the other values of ¢ € [0, 1]. The set of possible paths
By is called I'y. We denote by uy the uniform measure on the continuous
paths By.

In the sequel we consider two conditioning shapes si, s such that s;(t) <
so(t) for t € [0, 1], s2(0) <0, s2(1) <0, and s3(t) < 0o, and we denote by p%
the path measure conditioned to remain above s;, i.e., () = pn(:|Bn(t) >
si(t),t €10,1]). Let S = C(]0, 1]) be the set of bounded continuous functions

from [0, 1] to R with sup norm, and define the set of increasing function by
M ={feC(9)|f(br) < f(by) whenever by(t) < by(t)Vt € [0,1]}. (D.1)

Proposition D.1. If s; < s, then for all f € M,

DO (b)) <> pRd)f(b). (D.2)
Proof. (D.2) is equivalent to
0 < D b)) (b)) = Y i (ba)pit (br) f(by)

(b1,b2)€T%, (b1,b2)€T%,

D (b)) = F(0)) (3 (b2 (br) = 3y (b2 (b)) (D-3)

(bl,bz)EF?v

DO | —

Denote by vy (b1, ba) = i (b)) (b) — piy(ba) i (b1). In what follows the
notation b; # s; means that exists a ¢t such that by(t) < s1(¢). Similarly,
by > s; means that by (t) > si(t) for all t. For the couple (b, bs) there are
different possibilities:

a) by 2 s and by # s1, then vy (by,by) = 0.

b) by > s1 and by > s9, then vy (b1, by) =0,

C) b1 Z S1, bQ Z S9, but b1 % S, then

cl) if by > by, then f(by) — f(b1) > 0 and vy (by,be) > 0 since pyz(by) = 0,
c2) otherwise, b; and by intersect above so. In this case, let (b],0,) be the
couple of random walks defined as follows. Take a t = ¢y such that by(tg) <
so(to) and set b} (tg) = bi(to) and by(tg) = ba(to). Then for all other ¢ from
to to 1, b} and b, are defined by exchanging the paths of b; and by when
they merge and/or divide. Similarly for ¢ from ty back to 0. By Markov
property we have vy (b, bs) = vy (b],b,), and the new paths satisfy b, > b;
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and by > b}, and moreover if we apply twice the transformation we obtain
the original paths. Thus, f(by) + f(b) — f(b1) — f(b}) > 0, so that the
contributions in (D.3) coming from (by, by) and from (b}, b)) are positive.

d) by > s1, by > so. By symmetry the same conclusion is obtained in case c)

holds. ]

Proposition D.2 (Invariance principle). Let W° be the path measure of the
Brownian bridge from (0,0) to (1,0). Then, as N — oo, uy = W0, i.e.,

fim 3 v )0) = [ AV0)f0) (D.4)

S

for all f € C(S).

Proposition D.3. Let p*(b) = WO(b|b > s;) be the path measure for the
Brownian bridge conditioned to stay above s;, 1 = 1,2. We assume that s;
are continuous, piecewise C1, and s; < sy. Then, for all f € M,

[ < [ an e (D.5)
Proof. Define K (s;)(b) = mingeo1 ©(b(t) — s,(t)) with © the Heaviside func-
tion, and let Dy, be the set of discontinuities of K'(s;). We want to show
that Pyo(Dg(s,)) = 0. A path b € Dy, if Ve > 0, 3§ > 0 such that
| K (s;)(b) — K(s;)(0)| < g, for all ¥’ satisfying ||t/ — b||oc < d. Observe that
K(s;)(b) € {0,1}, thus a path b € Dps,) if mingeo17(b(t) —si(t)) # 0. There-
fore b € Dk, if b touches s; but does not cross it. Now, consider a path
b with touches s; and let 7(b) be the first time that happens. The shape s;
is continuous and piecewise C!, therefore a.s. the path b will cross s;, thus

Pywo(Dg(s,)) = 0. From this follows

lim Y un(b) f(D)K (s:)(b) :/dW()(b)f(b)K(si)(b)a (D.6)

S

ooy Saera Ay OSOE)0
D S SN GIS O (1)

(D.6) implies
fim 3 i (6)10) = [ au)f0) (D)

Finally, using Proposition D.1 we conclude that (D.5) holds. O
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Proposition D.4. Let u®) be the path measure for the Brownian bridge from
(0,2) to (1,0) conditioned to stay above a continuous piecewise C' shape s.
If 2 >0, then

[au®wse) < [ anw s (D.9)
S S
for all increasing functions f € M.
Proof. We have to show that
[ ) an® b)) = f01)) = 0. (D.10)

For each couple (b, by) of Brownian bridges, let 7(by, ba) = mingejo,1)(b1(t) =
ba(t)). Define ¢ : (by,by) — (b}, b,) where b.(t) = b;(t) for t € [0,7(b1,bo)]
and b(t) = bs_;(t) for t € [7(by,be),1], i = 1,2. Obviously ¢(p(b1,bs)) =
(b1, by) and by Markov property dut®)(by) du® (b)) = dp® (b)) du® (b,). By
construction by > by, by > b}, which implies

/S A (o) dp (b1)(f(b2) = £ (b)) (D.11)
- 3 / A (b) dut® (1) (f(ba) — F(81) + F(B5) — F(Br) > 0.
52
]

Corollary D.5. By linearity Proposition D.3 holds also if the initial and
final points have a given joint density independent of the path measure.

Corollary D.6. Let g1, go two probability densities such that

/Kx1 91(2) dxg/ go() dz. (D.12)

x<x1

Denote by p, the path measure of Brownian motion b(t) starting from x.
Then

[ umto) [ @onopm o) =v) < [ duhty) [ dega(onn o) = v)
(D.13)
for any increasing function f € M and where h denotes the probability den-

sity of b(1).



REFERENCES 25

Proof. By linearity we need to verify the assertion only for a fixed end point.
Let Fi(x) = [ _, 9:(y) dy, and let ¢;(y) = F; ' (y) if g:(y) > 0 and ¢(y) = 0
if gi(y) = 0. ¥y (x) < o(z) for all x. Therefore

1

/ drga()na(FIb(1) = y) = / Qpinio (FI(1) = )

< [ e (1000) =) = [ ool (F01) =), (D.12)
]
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