METRIC REGULARITY FOR OPTIMAL TRANSPORT PLANS

FABIO CAVALLETTI AND MARTIN HUESMANN

ABSTRACT. Let (X,d,m) be a geodesic non-branching metric measure space. Assuming just self-
intersection of evolving sets, we prove a metric regularity results for optimal transport plans. We sharpen
previously known shortening Lemmas in purely metric framework. For instance our result applies to
spaces satisfying CD(K, N), both for N € N and N = co.

1. INTRODUCTION

In the last 20 years the theory of optimal transport has developed in a wide and fascinating field with
a huge variety of applications in different fields inside and outside of mathematics. One reason for this
is the rich interplay of the structure of optimal transport plans with the underlying geometry. In order
to better understand these structures it is fundamental to have a clear picture of regularity properties
enjoyed by optimal transport plans and maps.

In this note we investigate the regularity property of the length map from intermediate times. More
explicitly if {/}¢e(0,1) is @ geodesic in the L?-Wasserstein space over a geodesic non-branching metric
measure space (X, d, m), we study the regularity properties of

Ly :supp(pe) — R
T —  Li(x):= L(v),

where «y is the unique optimal geodesic passing through x at time ¢, L(7y) denotes the length of v and
te(0,1).

Before stating our result, we recall the state of the art of this problem. In the smooth framework
when X is a d-dimensional manifold, regularity of transport maps at intermediate times can be deduced
from Mather’s shortening Lemma (see Chapter 8 of [6] and references therein) that reads as follows: if
v,% : [0,1] = X are two constant speed geodesics so that

d(70771)2 + d(:Y07’AY1)2 < d('AYO’Vl)Q + d(707?1)2a
then for any ¢y € (0,1)

Sup d(ye,5) < Tl = to)d(%o,%o),
with C' depending on the lengths L(v) and L(%). Clearly Mather’s shortening Lemma implies Lipschitz
regularity of the optimal transport map from any intermediate time ¢ty € (0,1) to t = 1 and therefore
also of the length map L.

Dropping the smoothness of the ambient space X, the correct framework where to look for a gen-
eralization of Mather’s shortening Lemma is given by Alexandrov spaces, where a lower bound on a
generalized notion of sectional curvature holds. If (X, d) is an Alexandrov space with curvature bounded
from below by K > 0, then Mather’s shortening Lemma, in the version stated few lines above, has been
proven by Alessio Figalli, see again Chapter 8 of [0] and references therein. If K < 0 the problem has
not been solved and the question is still open.

Not using any comparison geometry and assuming (X, d) to be only a length space there is no hope to
prove analogous estimates and the best you can hope is to control the length map. A 1/2-Hélder estimate
holds and the result, called rough non-smooth shortening lemma, is due to Cedric Villani (see Theorem
8.22 of of [6]): if 7,4 : [0,1] — X are two constant speed geodesics so that

d(707’71)2 + d(,A)/Oaﬁ/l)z < d(’?Oafyl)Q + d(707,3/1)2a
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then for any ¢y € (0,1)
L) = L) € e /(310 A0
to(1 —to)
where C' bounds the square root of the lengths L(v) and L(%).
In this paper we assume (X, d, m) to be a geodesic non-branching metric measure space and we prove
that if the supports of the geodesic {1 };c[0,1] have a self-intersection property, then

e the local Lipschitz constant of L; is bounded by C/(to(1 — to));
e neglecting a set of geodesics of measure arbitrarily small, but not zero, the map L; is locally
Lipschitz with Lipschitz constant bounded by C/(to(1 — tg)),

improving for nice geodesics the rough non-smooth shortening lemma. For the definition of local Lipschitz
constant see later. It is worth noticing that this self-intersection property is always satisfied if the ambient
space verifies CD(K, 00) or CD(K, N) or MCP(K, N).

We now describe the setting and the result in more detail.

1.1. Setting and main result. The following notations and definitions will be fixed throughout this
note. Let (X,d,m) be a non-branching metric measure space. P(X) denotes the set of probability
measures over the set X and P»(X) denotes the set of probability measures with finite second moment
over the metric space (X,d). The L?—Wasserstein distance will be denoted by dyy .

We fix po, 1 € Pa(X). By classical optimal transport theory (e.g. Thm 5.10 in [6]), there exists a
d?-concave function ¢ such that the couple (¢, ¢?) is a couple of optimal Kantorovich potentials, namely
any transference plan 7 € P(X x X) is optimal if and only if it gives measure one to the set

D= {(r,y) € X x X ole) + ¢(y) = 58 (z,0)).

We also fix a dynamical optimal transference plan v € P(G(X)), i.e. if e; is the evaluation map at
t € [0,1], e () := v, then {(er)s¥}teo) is a geodesic in the L?-Wasserstein space connecting pg and
w1 with (eg, e1)4y being an optimal transference plan. The existence is ensured by Thm 7.21 in [6]. Let
G C G(M) be the support of v, so v(G) = 1. Without loss of generality, we can assume G to be compact
(using inner regularity of the Radon measure «).

We will write p, = (e)yy and for a geodesic v we set L(y) = d(v0,71). Fix t € (0,1). From the
non-branching property of the space together with the d?—monotonicity, the map

et(G) >z et (z) €G

assigning to each point = of e;(G) the unique optimal geodesic passing through x at time ¢, is well defined.
We will assume that a.e. geodesic stays in e;(G) for a positive amount of time with Lebesgue density 1
in ¢ (see Assumption [1)). The first main result of this note is

Theorem 1.1. Provided Assumption[d] holds the length map
e (G) 3 &+ Ly(x) := L(e; ' (x)) € (0,00)

has local Lipschitz constant bounded by C/t(1 —t), where C depends only on the length L(x) and it is
uniform if Li(x) is uniformly bounded.

Recall that for a map f: X — R the local Lipschitz constant is defined by
: |f(y) = f(=)]
Df|(z) := limsup ————————.
IDiliz) you Ay, )

The other main result of this note is

Theorem 1.2. Provided Assumption[1] holds, for every n > 0 there exists a compact set K C G so that

* Y(G(X)\K) <n;
o for every x € e;(K) there exists U(xz) open neighborhood of x so that

20
|Li(2) — Li(w)] < o

where C depends on K and on the length Li(x).

Vz,w e U(z) Ne(K),
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The precise dependance of C on K and on L;(z) will be clarified in Theorem

It is worth noticing that, as proved in Proposition Assumption [1] holds in CD(K, N) and in
CD(K, c0) spaces. For a definition of these spaces we refer to [4, [5] or [6].

We start by recalling some facts about the time evolution of Kantorovich potentials and setting the
framework of this note. The proof of the first main theorem is done in three steps. First we decompose
the space into evolving level sets of the Kantorovich potential of “codimension” one which are nearly
“orthogonal” to the geodesics used by the optimal transport plan. Then we prove the Lipschitz result on
these level sets and on the geodesics separately. Finally, we will put these estimates together to get the
desired result. In the last section we will adopt these ideas to prove the second main result.

2. FRAMEWORK

Since we will consider Kantorovich potentials also for optimal transport between pg and py, and
between p; and py, we recall some results about their evolution in time. What follows is contained in [2].

Definition 2.1. Let ¢ : X — R U {#+o0}. Its d>-transform p? : X — RU {—oc} is defined by

1
d . 2
= inf ¢ =d — .
¢(y) = inf { 54" (2, y) so(x)}
Accordingly ¢ : X +— R U {£oo} is d?-concave if there exists v : X — R U {—o0} such that ¢ = v<.

A d?-concave function ¢ such that (¢, %) is a maximizing pair for the dual Kantorovich problem
between g, i1 is called a d?-concave Kantorovich potential for the couple (ug, p1). A function ¢ is called
a d?-convex Kantorovich potential if —¢ is a d?-concave Kantorovich potential.

The d?-convex potentials evolve according to the Hopf-Lax evolution semigroup H; via the following
formula:

1d*(z,y)

ylg)f<§ s—t +p(y), ift<s,

(2.1) HE () (z) == ¥(x), 2 N
Ld*(z,y) .

swpoly) -3, s

We also introduce the rescaled cost c''® defined by

_ 1d%x,y)

S (z,y) : 5 5t Vt< s, x,y € X.

Observe that fort <r < s
A y) + (Y, 2) = P a,2), Yo,y z e X,

and equality holds if and only if there is a constant speed geodesic v : [t, s] — X such that z = v, y = 7y,
and z = 5. The following result is taken from [6] (Theorem 7.36) but here we report a slightly different
version.

Theorem 2.2 ([I], Theorem 2.18). Let (u:) C P2(X) be a constant speed geodesic in (P2(X,d),dw)
and ¢ a c®1-convexr Kantorovich potential for the couple (po,pu1). Then s = H§ (1) is a cb*-concave
Kantorovich potential for (us, pt), for any t < s.

Similarly, if ¢ is a ¢®-concave Kantorovich potential for (ui,uo), then Hi(¢) is a ct*-convex Kan-
torovich potential for (u, pus), for any t < s.

This implies the following

Corollary 2.3. Let ¢ be a d*-concave Kantorovich potential for (o, p1). Let o := —Ht(o?) be the cbt-
concave Kantorovich potential for (i, p1) and analogously let p§ = HE(—p) the ct-concave Kantorovich
potential for (ut, po). Then:

" 1—¢
pr() = () = 5% (v, M) P(n) = ¢ (n) — ——d*(ve, ), v —ae .
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Proof. Since the proofs of the statements for ¢; and for ¢ are the same, we prefer to present only the

one for ;.
Since 2(z.y)
1d°(z,y
= —Hl(p? = inf — 22— ol(y).
ei(z) 1(99) () Wl T ¥ (y)
for v-a.e. y

1d2(’7t7’)/1)
< — 7
ei(n) < 5 1_¢

To prove the opposite inequality: observe that
d2 (707 ’Yt) d2 (’Yta y)

1 t
+ ¢(70) — §d2(70771) = ¢(v0) — §d2(70771)-

> d?
1 1_¢ = (707 y)7
therefore for v-a.e. ~y
L (w,y) 4 Ld(y,y) 15 1 d?(v0,7) t oo
~ey) > Y 4 > _ ¢ _td .
5 11 W) 2 5= — 39 (0.9) +¢(0) = () —5— »(v0) = 5d°(0,m)
Taking the infimum the claim follows. O

Also related to slopes of Kantorovich potentials is the following construction taken from [2]. Let
f: X — R be a Lipschitz function and consider the following maps

D (z,t) ;== max {d(:ﬂ,y) (Y € argmin{y — fly)+ dz(;rt,y)}}’

D™ (z,t) := min {d(x,y) ty € argmin{y — fly) + dz(;rt,y)}}

We will use these maps with f = —¢? and f = —¢ in the proof of Proposition Then a monotonicity
result holds true.

Lemma 2.4 ([2], Proposition 3.1). For all z € X it holds,
Dt (z,t) < D™ (z,s), 0<t<s.

As a consequence, DV (x,-) and D™ (z,-) are both nondecreasing, and they coincide with at most countably
many exceptions in [0,00).

We now prove the metric Brenier’s Theorem for ¢;, with ¢ € (0, 1) without any additional assumption.

Proposition 2.5. For every t € (0,1) and for every v € G

(2.2) i P00 = e (ers) _
s=0  d(Ve, Vits)
where |Dyy| denotes the local Lipschitz constant of .

Proof. Step 1. Fix v € G. Observe that the set
d2
iy 2081
is single valued and contains only 7;. Indeed suppose by contradiction the contrary. Then there exists
z € X different from ~; so that

(0,71) = [Dpie|(72),

) + () = S0,

then since ¢; = —¢¢ we have

3(0,2) 2 p(0) +9(2)

> o(0) — e() + or(m) + ¢(2)
L (d*(ho,v) | d*(,2)
:2( . 1—t>
1

Y

§d2(707 Z)7
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then necessarily d(vo,71) = d(Y0,7:) + d(74, 2). But then non-branching property of (X,d, m) implies a
contradiction and then z = ~;.
Step 2. Then by Hopf-Lax formula for Hamilton-Jacobi equations on length spaces

— D+ 1—
Jim sup loe(y) — @i ()] _ (ye, 1 —t)
Y=t d(y,ve) 1-t¢

see Proposition 3.6 in [2]. Hence from Step 1. it follows that

lim sup It (y) — @i ()]
Y=t d(ya 'Yt)

= d(v0,7)-
To conclude the proof observe that

@e(7) — 0t (ews) = (1) + 04 (n) — (1) — e (Vess)

1
> 2(1—1) (@(ves 1) = &* (Y45, 1))
1
= 2(1 — t) (d(’}/t,’)/l) - d(7t+5371)) (d(%v’h) + d(’yt—‘—sa"yl))
1
(2.3) = oAVt Yers) (d(ve,71) + d(Vers; M) -
2(1—1t)
Honee () = eiless) - )
o Pt \Vt) — Pt Vit Vs V1
lim inf > = d(o,
S50 d(%,%Jrs) = 1—¢ (’YO 71)
and the claim follows. O

The assumption that we make throughout the paper is the following.

Assumption 1. For every ¢t € (0,1), for y-a.e. 7 € G the point ¢ is a point of Lebesgue density 1 for
the set I;(7) := {7 € (0,1) : 7 € e:(G)}. Namely for every ¢ € (0,1)

LY L) Nn(t—et+e)
lim
e—0 2e

=1, for v —a.e.v € G.

Proposition 2.6. Let (X,d,m) be a non-branching metric measure space verifying CD(K,N), for N €
NU{oo}. If N = oo and pg, p1 < m both with finite entropy, then for any dynamical optimal transference
plan =, Assumption holds. If N < 0o and pg < m, then for any u1 € Pa(X) and any dynamical optimal
transference plan ~, Assumption [1| holds.

Proof. Assume by contradiction Assumption [I] doesn’t hold. Therefore there exists a set H C G, with
~(H) > 0 so that for all v € H we have two possibilities: or

LY (V)N (t—e,t LY ()N (t—e,t
0 < limjpe S LOIO =t HE) o EEDNE et +e))
e=0 2e e—0 2e

<1

either the limit exists but is not one:

- LYL(y)N(t—et+e))

e—0 2e <l

In the first part of the proof we show that in the first case, the lim sup must be equal to 1, neglecting a
set of zero -measure. The same argument excludes immediately the second case.
Step 1. Suppose by contradiction the existence of a set H C G, with v(H) > 0 so that for all y € H

LY LN ({t—et+e))

lim sup < 1.
e—0 2e
and therefore possibly restricting H,
LYISN(t—et+e
lim inf ( (Nl )) > a,
e—0 2e

for some o > 0. Let

E:={(v,s) € Hx (0,1):t+seL,(y)}={(7,8) € Hx (0,1) : d(yt+s,:(G)) > 0}.
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Then by Fubini’s Theorem

TeLiE)= [ LB, B) = Po(B0 ({7} x (0,1))),

where P; denotes the projection map on the i-th component, for ¢ = 1,2. From Fatod’s Lemma

’y@ﬁl(Eﬁ (H x (t—e,t+s)))
lim inf
e—0 2e

> ay(H),

therefore

lim intf 2175 /( e N (E(r)LNds) > ay(H),  E(r):= P, (E N (H % {T})).

So there must be a sequence of {s,, }nen converging to 0 so that v(E(t+s,)) > C, for some C' > 0. Then,
since es45, (G) converges to e;(G) in Hausdorff topology as s, goes to 0, we have
m(e(G)7) = m(e(G) Uerys, (E(t + sn))) = m(e(Q)) + m(errs, (E(E + sn))),

where e,(G)® = {z € X : d(z,e,(GQ)) < €}. Since oy < M (from CD(K,N) or CD(K,c0), provided
both wo and w1 are absolute continuous with respect to m) on e;(G) for all t € (0,1), it follows that
m(etys, (E(t + s,))) remains uniformly strictly positive as s,, goes to 0. Since

m(e(G)) > h?j}fp m(e:(G)°),

we have a contradiction. Hence we have shown that there exists H, «v-negligible, so that
LY L) N({t—et+e))

lim sup =1,
e—0 2e

for all v € G\ H. Using the same reasoning we can also prove a stronger statement: for any sequence
en — 0 there exists H, y-negligible and depending on the sequence ¢, so that

) Cl(It('y)ﬂ(t—en,t—i-En))
lim sup
n—o00 25n
for all v € G\ H. We now show that L'-convergence holds.
Step 2. Consider any sequence &, converging to 0. Then from the equality
_ LYIF(Y) N (t —enyt +en)) _ LY (I(y) N (t = en,t +£n))
25n 25n

:]_7

1

)

integrating over any set K C G we get

. LYHICA) N (t—en, t+en
~(K)— hmsup/ Ui() (2 ))’Y(d’Y)
n—oo JK En
1 _
- liminf/ £I0)Nn( E”’Hg”))'y(dv)-
n—oo  Jp 2e,

Hence, if there exists K C G with v(K) > 0 so that
/ LY (V)N (t—en,t+en))
e 2

En

lim inf y(dvy) < v(K),

n— oo

then

lim sup
n—00 2€n

Using Fubini’s Theorem as in Step 1. we could find a sequence of slices of F, say E(t+s,), with uniformly

positive v-measure and therefore we would get a contradiction. Reasoning in the same manner for the

lim sup we get that for any K C G,

1 _
K 2e,

/K El(ItC(’y) n (t —€Ep,t+ €7L))A/(d,y) > 0.

v(dy) = ~(K).

n—oo
Since €, was arbitrarily chosen

1 _
i £ L) Nt —et+e))
e—0 2¢e

=1

; in L' (yLa).
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We now show that the convergence is indeed point wise.
Step 3a. Suppose again by contradiction the existence of a set H, with v(H) > 0, so that for every
~v € H there exists a sequence &,(7), converging to 0 as n — oo, such that

lim inf El(It(PY) n (t - gn(PY)at + En(’y)))

< 1.
n—00 2, (fy)

Possibly restricting H, still of positive «-measure, we can assume
£1 c —&n n
imsup L) O E = en(3),t +en(7)))
n—00 25, (7)
Consider the set A := {e,(y) :n € N,y € H} C (0,1) and the family of open balls

Fi={Be(y)(en(v) :n €N,y € H}.

>c>0, Vv € H.

Clearly F is an open cover of A. By Lindel6f’s Theorem there exists a countable sub-cover of A:
Ac |J B, Fo={Ba (y)(en; () :i €N
BeFo '

Hence we have a sequence {c; }icn so that for any v € H and any n € N there exists i, , € N such that

e = i, | < ()"
Up to a reindexing we can assume o;4; < ;. Hence lim; a; = 0. We can consider the following covering
of H: for i,n € N
Ai,n ={y€H:|en(y) — i < azg}
Clearly it could happen tha:c for ¢ # j the set [\i,n and /A\jm are not disjoint. Using a standard argument
we can find subsets A; ,, C A, so that

UAin=H.  AinnhAj,=0, i#j.
=1

For fixed n € N, we look at the map H > v — &,(7). Since the sequences ¢, (y) are just sequences so
that
LYISAY) N (t—en(),t+en
Jim sup MO —en()tten)) o
it could be proved that the aforementioned map can be assumed Borel. Indeed if

Hx (0,1)5 (1,6) o fl,e) o= SN0 ;t —et+e)

then f is continuous in € and lower-semicontinuous in . Hence the set

K :={(y,e) € Hx(0,1): f(v,e) > ¢c,e < %}

is Borel and K(y) = Py (K N ({7} x (0,1))) # 0, for all v € H. Using a standard selection theorem for
each n € N we can obtain sequences €, (y) — 0 as n — oo so that for all n € N

LYIE(y) N (= en(),t +2n(7)))
25n('7)

and for fixed n the map vy +— €,(7) is y-measurable on H.

Then thanks to Egorov’s Theorem, we can find a subset of H, still of positive measure, so that
en(y) = 0, uniformly in v. We denote this set still with H. Hence for any 6 > 0 there exists ns so that
for all n > ng

> ¢, Vv € H,

en(7) <6,  VyeH.
Accordingly let i5 be the smallest natural number so that

2
a; — g, 0.
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Hence, thanks to the monotonicity of a;, for all n > ns the set A;,, = (), whenever i < i5. Letting § — 0,
being the sequence «; not definitely equals to 0, it holds 5 — co. This implies the existence of a sequence
{in}, with i,, = 0o as n — oo so that

o0

= Ui = U e

= 1=l

Step 3b. Now for fixed n

LYIF() N (= en(r)st +ea()))
/( 25n() )"/(d"Y)

LYIFY) N (E—en(7),t+en(7)))
Z / ( 2.0) )

Z/ (U (If(~y (t—(al+a)t+(az+a))))7((17)

IN

imt 2(a; — of)
< Zv(m,n) LG N (¢t 2(?;Z+_aa§)t+(az+a ) .
(2.4) - ’Y(H)SUP{HE (If(-)m(t—é?;f_a;z)sﬁ(aﬁai))) N ):i>in}.

By construction we have

e (H) Slimsup/H <~C1(I£"(v)ﬁ(tsn(v),t+en(7))))7(dv)’

hence from ([2.4)
1 ¢ _
0 < ¢ < liminf sup ‘ﬁ(t() (¢ (al—i—agt—&—(al—l—a))) 11>y
n— oo 2(CVZ - Oé-) L1(~)
LYIf() N i A+ (o
1—00 & — Oéi L1(5)

In Step 2. we have already proved the L' convergence to 0 of the sequence of functions

LYIFE) N (= (i +a2), t+ (i + a?)))
2(a; +07) .

Since (a; + a?)/(e; — a?) — 1 the same convergence holds for the last right hand side of (2.5)). Since
¢ > 0 this is a contradlctlon and the claim is proved. O

Remark 2.7. As the last proof shows Assumption [1}is also satisfied if we replace in Proposition the
CD(K, N) condition by the slightly weaker measure contraction property MCP(K, N) (for a definition
see [5] and [3]).

The following is a trivial consequence of Assumption |I| and Egorov’s Theorem.
Corollary 2.8. Fixt € (0,1) and let Assumption holds. For every n > 0 there exists a compact set
K C G so that

o G\ K) <
o the limit (2¢) 1LY ({L;(y) N (t —e,t +¢€)}) converges to 1 point wise as ¢ — 0, uniformly in
veK.
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3. SPLIT REGULARITY

Fix t € (0,1). In the first part of this section we prove the regularity property of the length map Loe; *
restricted to two families of “orthogonal” sets. In order to have a shorter notation we set L; = Loe; *.

Consider the following sets depending on a € R
(3.1) Ko:={n:olp)=a},  Ki={n:¢"(n)=d

Proposition 3.1. For every a € p(supp(uo)), the map L, restricted to K, is Lipschitz with Lipschitz
constant equal to 1. The same holds replacing K, with K¢ and a € p(supp (o)) with a € ¢®(supp(u1)).

Proof. Fix a € ¢(supp(uo)) and denote with G, the set of geodesics in G leaving from p~1(a), G, :=
GNey'(¢~(a)). Then for any v € G, and any z € eg(G,)

d2 (707 ’Yt)
2t

= () + @?(’Yt) =(z) + @f(%) < w

Hence for any x € K,

Li(z) =1/t-min {d(z,z) : z € e9(Ga) },
therefore the length map L, restricted to K, is 1-Lipschitz. The proof for L; restricted to K¢ works the
same. 3

Remark 3.2. Note that the previous proposition also holds for ¢ = 0.

With the same reasoning we obtain the following property.
Proposition 3.3. For every a € R, the set Ty := {(70,71) : ¥ € G, () = a} is d-cyclically monotone.
Proof. Let (z;,y;) € Ty for i = 1,...,n and observe that

1 1
5@ @i y) = o) + ¢ () = @lwio) + ¢ () < S (wio1, ).

Hence d(z;,y;) < d(z;—1,y;) and therefore

D d@iy) < d(wi,yir),
i=1 i=1

and the claim follows. O

We now prove regularity of L; in a direction transversal to K,. Recall that I;(y) := {7 € [0,1] : 7, €
e(G)}-
Proposition 3.4. Let v € G be any optimal geodesic satisfying Assumption , Then for every t € (0,1)
and s~,s% >0 it holds that

1—t—st L t+ st
S < t(Vets+) < t+s fort+ st e L,(v),

1-—t - Lt('}/t) - t ’
t—s"  Li(v—s) 1—t+s _
3.2 < - < t— L (7).
(3:2) S TLey S Tiog o fert—sT €Lt

Proof. Step 1. First consider the case t + s™, so fix t € (0,1) and take s™ such that ¢ + s™ < 1. For ease
of notation we just write s™ = s. Note that

1
Li(vess) = ﬁd(’}’ws, 1),

where v° = e; ' (7,4) and

d(Vets5:71) = D45, 1 — 1),
where D(z,t) = d(z,y) for y € argmin{y — —¢%(y) + d2(27‘”ty)} The non-branching property of (X, d, m)
implies that D is a well defined map. From Lemma D(z,-) is nondecreasing, therefore

D(Veys, 1 =) = D(Yigs, 1 = (4 8)) = d(Vers,71) = (1 = (E+ 5))d(70,71)-

Hence

1—(t+s
Li(vi4s) = D(iys, 1 —1) > #Lt(%)-

1-1¢
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Step 2. Reasoning as before, we get the same inequality for t — s~ > 0. We write again s~ = s. Indeed
since Li(v:) = D(y4—s, 1 — t + s), from the monotonicity property of D(z,-) we have

1 1 1 1-(t—-s
Lit-) = = D(en 1 =) € D1 = (0= 9) = 2 d(mm) = 2

1—1¢ 1—1¢ T Lelw):

To prove the remaining inequalities, just exchange the role of 0 and 1, i.e. use D(z,s) = d
2 ~
y € argmin{y — —o(y) + %} together with the identity (1—t)D(x,t) = tD(x,1—t) for ¢t € (

) for

(z,y
0,1). O
4. GENERAL REGULARITY

Throughout this section ¢ € (0,1) is fixed. Consider the following real valued map defined for = € e;(G):
t
@,(2) = pule) + L L),

Recall that by definition for t+s € I;(vy) the map L;(y:45) is well defined. Hence, also the map ®;(y¢45) is
well defined for t+ s € I;(7). Due to d?-cyclical monotonicity, an equivalent definition is ®;(;) := o (7o)

(see also Corollary [2.3).

Lemma 4.1. The map ®; is continuous.

Proof. For t =0, &g = ¢ and there is nothing to prove. So assume ¢ € (0, 1). It is sufficient to prove that
e; ' e/(G) — G is a continuous map. Note that e; * is well defined again by d?-cyclical monotonicity.
So let {2, }nen C e:(G) be a sequence converging to = € e;(G) as n * co. If 4" = e; ' (x,,), then by
compactness of G, there exists a subsequence {ny}ren such that 4™ will converge to 4 € G. Since
P = x,, necessarily 4; = x. By d*-cyclical monotonicity, there is only one possible geodesic v € G such
that v, = z, hence the whole sequence {y"},cn is converging to e; *(z). O

Lemma 4.2. Let v € G be fized so that Assumption[d] holds. Then
Dy (Vi—s) > Pu(ve) > Pulvets),
provided t — s € I(y) for the first inequality, and t + s € I;(y) for the second one.

Proof. Step 1. We first prove the first inequality. Suppose by contradiction the existence of s € (0,1)
such that t — s € I(y) and ®4(y:—s) < Pi(7:). From Proposition necessarily ®:(yi—s) < P¢(y1). So
let 4 := e; *(7¢_s), then the previous inequality reads as

(%) < (70)-
So we can deduce
1 R R 1
574 (G0, 7e-5) = 9(30) + ¢ (1e-5) < 9 (70) + #1 (V1-5) < 528 (30, %),
and therefore d(%9,vi—s) < d(70,Vt—s). Hence

d2(707’yt75) + d2(’?03’7t) S d2
=d?

Y0, 71—s) + (d(F0, vi—s) + d(’ths»’Yt))2

Y0, Yi—s) + d*(J0, Yi—s) + &> (Ve—s,Ve) + 2d(0, Ve—s)d(Ve—s,Ve)
< (90, 7t—s) + d°(F0, Yi—s) + B (=55 70) + 2d(v0, Vi) d(Ve—s, t)
= d*(vo, 1) + d* (30, Vi-s),

—~ o~~~

and since 4y = v,—, and 4 € G, this is in contradiction with d?-cyclical monotonicity.

Step 2. We now prove the other inequality. Suppose by contradiction the existence of s € (0,1) such
that ¢t + s € Li(vy) and ®4(veys) > Pi(y:). From Proposition necessarily ®;(viys) > Pi(ve). So let
4 :=e; (e4s), then the previous inequality reads as

©(70) < ¢(0)-

So we can deduce
1

2(t+s)

. 1 .
&* (Y0, Ve+s) = p(70) + <P§1+s(%+s) < (o) + </7§1+s(%+s) < md2(7077t+s)7



LIPSCHITZ REGULARITY 11

and therefore d(vo, Vi+s) < d(50,Vt+s)- Hence
d*(30, Ye+s) + 4> (Y0, Fe4s) = d2(F0, Yets) + A2 (10, Yes) + A (Vewss Yets) + 2d(V0, Vet s)A(Vess Yets)

< (o, vivs) + A2 (Y0, Yers) + P (igss rvs) + 2450, Yirs)d(Verss Yers)

= (d(J0, Ye+s) + d(7t+s,ﬁt+s))2 + d* (Y0, Vets)

= d*(F0, Yers) + d* (Y0, Yers)s

where the last inequality comes from 4y = ;4. Since 7,7 € G, this is in contradiction with d?-cyclical
monotonicity. O

Lemma 4.3. Fizt € (0,1). Then for y—a.e. vy € G

I d(7t7 7t+s$) 1+t
im sup < ,
k— o0 d(’yta ’Yf) 11—t

Jor any sequence {(+*}ren C G with p(30) > p(3k) and Bu(7,,,0) = u(4k), where {s}}ren is any
null-sequence of positive numbers so that t + 8£ € Ii(v), and
. d(’Yt,'Yt,S;) 14+t
lim sup o < ,
k—oo AV, 1) 1—t

for any sequence {v*}ren C G with ¢(n0) > @(o) and Bi(y,,,-) = B(3F), where {s; hrer is any
null-sequence of positive numbers so that t + s, € I;(7y).

Proof. Let us start with the case ¢(70) > ©(7¥).
For v € G satisfying Assumption [I] the following holds. From the hypothesis we have
t t
ot ppat) + 5 LEar) = Pelvy ) = 0(00) = (7)) = () + L (7).
Hence using Proposition |3.1

o) — Sﬁt("/tk) B ot (7e) — SDt(’Yt+sk+) d(yt, '7t+sk+) t L?('Ytk) - L%('Yt+sk+_)

dvf)  dOevast)  dOwaf) 2 d(w )
pr(1) = 0t (Vs ) A Yegst) 8

d(%a’)’t“;) d(’Yt,’Yf) 2

Ayt Ve st ) { er(7) = Pt (Vypyst)

(e, 7f) At YVepst)
t
- i(Lt('Yf) + Lt(’yt.ps;r)) y
where we used the triangle inequality in the last step. From Proposition [2.5

ﬁPt(%) - SOt(V s+>
lim T = Li().
k—o0 d(’}/ta ’Yt—‘,-s:)

d(%{ca 'YH.s;r )
d(ye,~F)

(Le(vf) + Li(Vigst))

— (b + Ltms;))}

Then taking the limsup it follows that

d(Ves Vygst)
Li() > limsup — — 5~

mSUp Li(ve)(1 = t) — tLe(ve)

which directly implies the claim.
For the case ¢(70) < p(7%) we have to estimate

et (7F) — @i ()
d(ve,7F)
Using

! t
or(Va) T 5L (o) = @l p) = 0(00) = ®0) = 0e(07) + 5 LE ()

the proof is completely the same as in the first case, proving the claim. ]
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We are now ready to prove the first main result of this note.

Theorem 4.4. Fiz t € (0,1) such that Assumption [1] holds true. Then the length map L : e,(G) — R
has local Lipschitz constant bounded by C/(t(1 —t)), that is for v-a.e. v € G

ky _
Jim sup |Lt(’7t)k Li(v)] < c
k—o00 d('Yt 77t) t(l - t)

where {y*} C G is converging to v, C depends only on the length Li(v;) and it is uniform in G if L(v;)
is uniformly bounded.

Proof. Fixt € (0,1) and v € G satistying Assumption Let {v*}ren C G be converging to v as k * co.
Step 1. Assume p(v9) > ¢(7&). The function s — ®;(y;4s) is defined just for t + s € I;(7y). Since ¢,
is Lipschitz, from Proposition it follows that also the map I () 3t + s — Dy(y:45) satisfies .
Therefore we can find a continuous extension of ®;, say ®,, defined on an interval, say I (7) containing
I(7), still verifying (3.2). Since ®¢(y1) > ®4(7¢+s), the extension d, can be taken strictly smaller than
Dy () as well. By continuity of d, for every k € N sufficiently large there exists s, > 0 such that

Dy(vF) = P4 (Yers,)-
Then it holds:

R A . C
1@:() = ()] = [Pe(Vers) — Pe(3)] = [ D¢ (Yosp) — Po(7e)] < T340 Vesi ),

where the last inequality follows from (3.2)). For every k € N, consider the closest points to t+ s in I;(7)
from the left:

sp = max{s:t+s€ Li(v),t+s<t+s}

Since I;(7) is a compact set, s; is well defined and ¢ +s;” € I;(v). Since ¢ has density 1 in I(7), it follows
that

. d(%ﬁ» 7t+5; )

im —*—

k=00 d(’%‘n fyt+5k)

and by construction sﬁ < si: For every ¢} converging to zero, by Assumption

)

S _
kIEEO aﬁ (It(’y) N [t,tJrEk]) =1.

Since L1 (It(v) N[t t+ sk]) < si, taking e = sy,

+ d(7t7’y +)
1< lim Sk iy — s
k—oo S k— o0 d('Yta’YtJrSk)

Consequently d(vHS;r,7t+5k)/d(7t,7t+sz) — 0 as k — oo.
Step 2. Put @t('ywsz) =: . Lemma implies that if

Bk = min{d(y¢, 2) : P¢(2) = ag },

<1

then
. d(’Yt, 7t+52’) 1+t
lim sup < .
koo Br 11
Moreover since ®; is continuous,
lim sup B <1.

koo AV, V) T
Than we can conclude as follows:

|@4(F) = ®el)| _ 2C (d(%msﬁ d(ms;m+sk)>
d(ye, ) T 1=t d(ve ) (v, vF)

20 (A Yersr) AV Vers) A0 Yy o)

_l—t( (e, ) LICTRATS (T )
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Passing to the limsup as k& * oo, we have
O,(~F) - @ 2C(1+t
e 12608 =00 200+0)
k—o0 d(ve, ) (1-1)
The case ¢(75) < (7o) works the same.

Since ®;(v;) = ¢ (7)) + L7 (74)t/2, it is then fairly easy to obtain the estimate on L; with the additional
1/t factor and with a different C' that however can be taken uniform in 7, provided L:(y:) is uniformly

bounded: .
L —L C
lim sup |Le () kt(%)| < .
ko0 (e, vt) t(1—1)
Interchanging the role of 1 and 0, i.e. considering not the level sets of ¢ but the one of p%, doing the

same calculations we obtain i
L - L C
lim sup |Le(v) kt (7e)] < )
k—o0 d(’Yty Yt ) t (1 - t)

. 1 1 L2
mm{t2(1—t)’t(1—t)2} SHa—t)

hence the claim follows. O

Observe now that

Remark 4.5. If e;(G) happens to be a length space and quasi-convex, that is for all x,y € e;(G) there
is a path in e;(G) joining x to y of length at most Cd(x,y) for some uniform constant C, then the
length map L; is globally Lipschitz. Note that quasi-convexity holds for doubling metric measure spaces
supporting a Poincaré inequality.

5. ADDITIONAL REGULARITY

Restricting the length map L; to a compact subset of e;(G), paying a small error in terms of the
measure 7y, we can strengthen the previous result and prove the local Lipschitz property. We will prove
the following.

Theorem 5.1. Fizt € (0,1). For all n > 0 there exists a compact set K C G so that v(G\ K) <n and
for every x € e, (K)

: |L(2) — Li(w)| c

1 <

s dzw) (=)
where z,w € e (H), C depends on the length Li(v) and on the Lipschitz constant of oy on K. Moreover
C is uniform in x € K if Li(y:) is bounded on K; it does not depend on K if the same holds for the
Lipschitz constant of p; on K.

The proof technique is similar to the one of Theorem [£.4}
Proof. Let n > 0 be given. From Corollary there exists a compact set K with v(G \ K) < 7 so that

. LY L) Nt —et+e))
lim =1,
e—0 2e

uniformly for v € K.

Let v¥,4* € K so that they both converge to v € K. Assume that ¢(5%) > ¢(7%). As before,
considering a continuous extension of the map I;(3%) 3 7 — ®,(3%), say ®F, to a whole interval [0,1],
still verifying (3.2)), we can find a sequence s, so that ®,(vf) = Pk (4F,,) and therefore from

. C k.
@:(7r) — e(3)] < md(%kﬁﬁsk)-

Since it could happen that ¢ + s ¢ I;(5*) we are forced to consider

sf =max{s € (0,1): t+s€ L(¥"),s < si}.
Thanks to the uniformity granted by K:
LY (LAR) O [t + si]) sy

1= lim < lim sup k<1,
k—o0 Sk k—oo Sk
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Hence
d(F, A% 4) AAF A,
. " ltts . sy’ sk
hm Aki/\,gk = 1, hm # =
k—oo d(y, t+sk) koo d(¥; a7t+sk)

So the claim would be proved if

d(ﬁfaﬁ/ﬁr;r) 1+t
(5.1) lim sup 5 < ,
k— o0 d(’}/t » Yt ) 1—t

that in turn would be implied by a uniform version of Lemma We now prove (5.1]) under an additional

assumption and the general case will be then obtained just following the proof of Theorem [£:4] So assume
Dy (3, +) = Pu(7f), then

t+sy

. t . t
‘Pt(’YtkH;) + §Lt2(7tk+sz) = oi(vF) + §Lt2(%k)

Hence ¢
GE) = o) = i) = i3, ) — 5 (L3GE ) = L36F))
It now follows from ([2.3) and Proposition that

R 1 ok ko . R
er(30) = o) = 5 G A ) (d('yfﬁf) + d(vﬁszﬁf))

2(1—t)
— LA, ) (L(A’“ ) + Li( k))
2 Pyt+32r7’Yt t ’Vt_,’_sl:r + ’yt
! 5k Ak ckoak ok ok
> md(q/t 77t+32f) (d(ﬁ)/t 7’71) + d( t+sz7’71))
t . ) . - A
. = 5008 38 (Bl ) + 1)) = 58D (i) + Talad).

Dividing (5-2) by d(3F,+}), we get
d(;yfa ’A}/erskJr)

lipr (i) > limsup ———F= L () (1 — t) — tLe(ne),
k—o0 d(%:%)

where lipk (p¢) denotes the Lipschitz constant of ¢; on K. Hence (5.1)) holds and the claim is therefore
proved. O

The following is a trivial consequence of Theorem

Corollary 5.2. For every n > 0 there exists a compact set K C G(X) so that
* Y(G(X)\ K) <n;
o for every x € e;(K) there exists U(x) open neighborhood of x so that
2C
L —L < —
I24(2) = Lu(w) < s
where C' is the one given from Theorem[5.1}

Vz,w e U(z) Nes(K),
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