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ON THE GEOMETRY DEFINED BY DIRICHLET FORMS

KARL-THEODOR STURM

ABSTRACT. Every regular, local Dirichlet form on a locally compact, separable space
X defines in an intrinsic way a pseudo metric p on the state space. Assuming that
this is actually a complete metric (compatible with the original topology), we prove
that (X, p) is a geodesic space. That is, any two points in X are joined by a minimal
geodesic.

Also analogues of the Hopf-Rinow Theorem and of the Cartan-Hadamard The-
orem are obtained. The latter requires the notion of curvature which is defined by
means of the CAT-inequality.

§1 THE DIRICHLET SPACE (£,F) AND THE ENERGY MEASURE I’

The basic object for the sequel is a fixed regular Dirichlet form £ with domain
F = F(X) on a real Hilbert space L%(X,m) with norm ||u|| = ([ u?dm)¥/2. F
is again a real Hilbert space with norm |ju||z := /& (u,u) + |[u]|.

The underlying topological space X is a locally compact, separable Hausdorff
space and m is a positive Radon measure with supp[m| = X. The initial Dirichlet
form £ is always assumed to be symmetric (i.e. £(u,v) = E(v,u)) and of diffusion
type (i. e. E(u,v) = 0 whenever u € F is constant on a neighborhood of the support
of v € F or, in other words, £ has no killing measure and no jumping measure).
The selfadjoint operator associated with the initial form £ is denoted by L.

Any such form can be written as

S(u,v):/xdf(u,v)

where I' is a positive semidefinite, symmetric bilinear form on F with values in the
signed Radon measures on X (the so-called energy measure). It can be defined by
the formulae

[ #drtu) = ew.ou) - 366 9)
X
= lim —/ o(z) - [u(z) — u(y))® Ti(z,dy) m(dz)

X JX
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232 K.-T. STURM

for every u € F(X)NL>(X,m) and every ¢ € F(X)NCy(X). Since £ is assumed
to be of diffusion type, the energy measure I is local and satisfies the Leibniz
rule as well as the chain rule, cf. [8], [13], [2], [3] and [18]. As usual we extend
the quadratic forms u — &(u,u) and u — I'(u,u) to the whole spaces L?(X,m)
resp. L2 (X, m) in such a way that F(X) = {u € L*(X,m) : £(u,u) < o0} and
Froe(X) ={u € L% (X,m) : I'(u,u) is a Radon measure }.

loc

§2 THE INTRINSIC METRIC p AND ASSUMPTION (A)

The energy measure I' defines in an intrinsic way a pseudo metric p on X by
p(z,y) = sup{u(z) —u(y) : u € Froc(X) NC(X), dT(u,u) <dmon X}, (1)

called intrinsic metric or Carathéodory metric (cf. [2], [3], [5], [22]). The condition
dIl'(u,u) < dm in (1) means that the energy measure I'(u,u) is absolutely continu-
ous w. . t. the reference measure m with Radon-Nikodym derivative & I'(u,u) < 1
on X (m-almost everywhere). The density - T'(u,u)(z) should be interpreted as
the square of the (length of the) gradient of u at z € X. In general, p may be
degenerate (i.e. p(z,y) = o or p(z,y) = 0 for some = # y). Throughout this
paper we make the

Assumption (A). p is a complete metric on X which is compatible with the
original topology on X.

This assumption in particular implies that p is non-degenerate and that for any
y € X the function = — p(z,y) is continuous on X. It is discussed in more details
in the paper [18]. There we also compared it with the weaker

Assumption (A’). The topology induced by p is equivalent to the original topol-
0gy.
Note that under (A’) the following assertions are equivalent:
e p is a metric (i.e. it is non-degenerate),

o p(zr,y) < oo for all z,y € X,
e X is connected.

In [18] we proved that under (A’) the following basic property of the distance
function holds true.

Lemma 1. For every y € X the distance function py : © — p(z,y) satisfies
py € Froc(X) NC(X) and
dL(py, p,) < dm. (2)

Hence, the distance function p, can be used to construct cut-off functions on
intrinsic balls B,.(y) of the form p, . : ¢ — (r — p(z,y))+.

Let us list up some important facts on intrinsic balls (which need not be true
in general metric spaces).
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Proposition 1. Under (A’) the following properties are satisfied for any ball
B.(z)={y € X :p(x,y) <r} resp. its closure B.(x):

(i) Br(x) is connected;

(i) Br(z) ={y € X :p(z,y) <r}.

Proof. (i) Put B = B,(z). Assume that B is not connected. Let A be a nonempty
subset of B which is open and closed in B. Put C = B\ A. Without restriction
z € C. Define the function 9 to be =0 on X \ C and to be r — p(z,-) on C. Then
1 satisfies ¥ € Floc(X) NC(X) and dT(¢,v) < dm. Moreover, ¥(z) — Y(y) =r
for all y € A. Hence, by the definition of p we must have p(z,y) > r forally € A,
ie. ANB=0.

(i) Put K, (z) = {y € X : p(z,y) < r}. Obviously, K,.(z) is closed and
contains B, (z). Assume that K,(z) # B,(x). Then there exists y € K,(z) and
€ > 0 such that B.(y) N B.(z) = 0. Now consider the following function %: on
B.(z) we put ¥ =1 — p(z,-), on B.(y) we put ¥ = p(y,-) — € and on the rest we
put ¥ = 0. Then v satisfies ¢ € Fioc(X) NC(X) and dT' (¥, 9) < dm. Moreover,
Y(z) — ¥(y) = r +e. Hence, by the definition of p this is a contradiction to

plz,y) =r. 0O

In Theorem 2 we shall see that under Assumption (A) all balls B,.(x) are rela-
tively compact.

83 EXAMPLES

The main examples which we have in mind are:

e L is the Laplace-Beltrami operator on a Riemannian manifold and m is
the Riemannian volume; in this case, p is just the Riemannian distance.
More generally, L can be chosen to be a uniformly elliptic operator on a
Riemannian manifold (cf. [16]).

e L is a uniformly elliptic operator with a nonnegatlve weight ¢ on RY, i.e.
E(u,v) = Z;N] S ai ai u- Bz v-¢dz and (u,v) = [uwvgdr with (a;;)
symmetric and uniformly elhptlc and ¢ as well as ¢! € LIOC(RN ,dz); in
this case, p is equivalent to the Euclidean distance (cf. [3], [14], [21]).

e L is a subelliptic operator on RY, i.e.

and (u,v) = [wvdz with (a;;) symmetric and such that £(u,u) > 6 -
llull%. — |lul|? for some 8,6 > 0; in this case, p is equal to the metric
used e.g. by Fefferman/Phong [6], Fefferman/Sanchez-Calle [7], Jerison
[11], Jerison/Sanchez-Calle [12], Nagel/Stein/Wainger [15]; it can locally
be estimated by the Euclidean distance | - | as follows

1
5'Iw—y|Sp(w,y)§C-lx—ylf.
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This includes also Hérmander type operators with bounded measurable
coefficients in the sense of Saloff-Coste/Stroock [17].

§4 CONSTRUCTION OF GEODESICS

We always take Assumption (A) for granted. A curve (or path) on X is a continu-
ous map 7 : I — X where I is an interval (=connected set) in R. The length L(v)
of a curve v : I — X is defined as

L(y) = sup{z p(v(ti),¥(tic1)) ineN, ISty <t; <--- <tn€ I}. (3)
i=1
Obviously, the length of a curve 7 : [a,b] — X dominates the distance of its
endpoints, i.e.
L(7) = p(v(a),7(»))
and the length of a composed curve v : [a,b] U [b,¢] — X is the sum of the lengths
of the parts y1 = 7¥|a,5) and v2 = V|p,o, i. €.

L(v) = L(m) + L(v2)-
Let us state (without proof) the following elementary properties of curves on X.

Lemma 2. For a curve v : I — X the following properties are equivalent:
(i) for allr,s,t el withr <s<t

p(v(r), 7)) = p(7(r),¥(s)) + p(7(s),7(1)); (4)

(i) for all compact intervals J = [s,t] C I
Ls,4) = p(7(5),7(1)); (5)
(iii) for an increasing sequence of compact intervals J, = [sp,tn] with I =

Unen Jn (e.g. for J, = I if I itself is compact) property (5) holds true;
(iv) there exists a reparametrization 5 : I — X with ¥(I) = v(I) and

p(3(s), () = [t —s| foralls,tel (6)

Definitions.

(i) A minimal geodesic on X is a curve v : I — X with one (hence all) of the
properties mentioned in the Lemma 2.

(ii) A subunit curve on X is a curve v : I — X with |¥| <1 on I, where the

speed |y| of v is defined by |¥(t)| = limsup,_, MG—D.

Property (6) in Lemma 2 states that the reparametrized curve % is an isometry
from I to X. Such a curve is also called minimal geodesic parametrized by arc
length. A geodesic on X is a curve v : I — X with the property that for every
t € I there exists an € > 0 such that the restriction of y on INJt — €, + €[ is a
minimal geodesic. Obviously, every geodesic which is parametrized by arc length
is a subunit curve.
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Lemma 3. For any points x,y € X with p(x,y) = R and for any r €10, R| there
exists an intermediate point z € X with

plz,z) =r and p(z,y) =R—r.

In general, this intermediate point z between x and y is of course not unique.

Proof. If there exists a point z with p(x,z) < r and p(z,y) < R — r then by the
triangle inequality this point z already must satisfy p(z, z) = r and p(z,y) = R—r.
(Otherwise p(z,y) < R!)

If p(z,y) = 0 then 2 = y and thus one can choose z = z. Assume that
0 < p(z,y) < co and that there exists no such point 2. That is, K, = B,(z) and
Ky, = Br_,(y) are disjoint closed sets and K, is compact. In this case, these two
sets must have a strictly positive distance, say p(K,,K,) > 36 > 0. But then
also the larger sets Ly, = B,1s(z) and L, = Bgr_,15(y) have a strictly positive
distance p(L, Ly) > 6 > 0.

Now let us consider the following function

p(:l;a ) - (T’ + 6) in LZv
Yo=14 0 in X\ (L, ULy),
—p(y,-)+R—7r+6 in L,.

From Lemma 1 and the truncation property it follows that 1 € C(X) N Floc(X)
with
dl'(v0,%0) = 11, dT(pz, pz) + 0+ 11, dl'(py, py) < dm.

Moreover, one obviously has to(y) — ¥o{z) = R+ 26 > R. But this is a contra-
diction to R = sup{ ¢(y) — ¥(z) : ¥ € C(X) N Froc(X) with dT(¢p, ) <dm}. O

Theorem 1. (X,p) is a geodesic space. That is, any two points T,y € X are
Jjoined by a minimal geodesic. In other words, there exists a continuous map -y :
[0,1] = X with v(0) =z, v(1) = y and

p(v(r),¥(@®) = p(v(r),¥(s)) + p(v(s),¥(t)) forall0<r<s<t<l.

Proof. (i) We fix points z,y € X with p(z,y) = R > 0. By Assumption (A),
the metric space (X, p) is complete and locally compact. Hence, for the point
To = z there exists a maximal radius Ry €]0, R] with the property that B,(Xy)
is relatively compact for all 7 < Ry. First of all, we construct the desired geodesic
7 on the interval [0, Ro] such that its graph lies inside the closed ball Br (o).
(i) According to Lemma 3, there exists an intermediate point v(R/2) be-
tween v(0) = xo and y(R) = y with the properties p(7(0),v(Ro/2)) = Ro/2 and
p(7(Ro/2),v(R)) = R— Ry/2. Applying the same argument to the pairs of points
7(0),v(Ro/2) and v(Ry/2),7(R) one obtains intermediate points y(Rg/4) (be-
tween v(0) and y(Ro/2)) and v(3/4Ry) (between v(Rp/2) and v(R)). Doing this
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iteratively, one finally gets a countable set of points { v(aRy) : a € [0,1] dyadic }
with the property

p(z,v(aRp)) = aRo = R — p(v(aRy),y) for all dyadic numbers o € [0, 1[.

The closure of this countable set is the minimal geodesic v restricted to [0, Ry).

(iii) Denote the point y(Rp) on 0Bg,(z¢) by z1. Either Ry = R then ; = y
and we are finished, or Ry < R.

In the latter case, similarly as in (i), we fix a maximal radius R; €]0, R — Ry
such that B,.(z;) is relatively compact for all r < R, and (as in (ii)) we construct
the geodesic v on the interval [Rg, Ro + R1]. The graph of this part of v lies in
Bg, (z1) C Bry+r, (%0)- Its endpoint y(Rg + R;) on 0Bg, (z1) (which lies also on
OB+ R, (%0)) will be denoted by z.

Doing this successively, one obtains sequences {x,}, of points in X and {R, }
of radii in ]0,R]. Put S, = > ,_, Rx and S = sup,, S,. Then z, = v(S,).
The above construction yields the desired geodesic 7 restricted to the interval
[0,Ss] C [0, R].

(iv) If Soo = R we are already finished. Hence, suppose Soo < R. Then {R,},
converges to 0 and {z,}, is a Cauchy sequence in Bgr(z) which converges to the
point T := Y(Swo). By Assumption (A), there exists a radius Re, €]0, R — Sso]
such that Bg_ (T ) is relatively compact. For finally all n € N, the balls Byg, (x5,)
are contained in that ball Br_ (2« ) which implies that they are also relatively
compact. This, however, contradicts the maximality of R,,. Therefore, So, must
equal R and we are finished. O

Remark. Assume that instead of (A) only (A’) is satisfied and that p(z,y) < oo
for two points under consideration. Instead of requiring that (X, p) is complete it
suffices to assume in Lemma 3 and Theorem 1 that there exists a complete (w.r.t.
the metric p) subset Y C X containing the convex hull of  and y. The latter
means that all z € X satisfying the equality p(z, 2) + p(2,y) = p(z,y) liein Y.

For instance, the closed ball Bg(z) contains the convex hull of z and y €
OBgr(x). Thus, in Lemma 3 and Theorem 1 it suffices to assume that either
Br(z) or Bg(y) is complete.

Let us again assume that (A) is satisfied.

Corollary 1. The following distances on X coincide:

o p(z,y) =sup{y(z) —Y(y) : ¥ € C(X) N Froc(X),dL(¢h,9) < dm },
o po(z,y) = sup{ Y(z) —P(y) : ¥ € Co(X) N F(X),dl'(¥,¥) < dm},
e pi(z,y) =inf{ L(vy): v is a geodesic in X joining z and y },

e po(x,y) =inf{ L(v): 7 is a curve in X joining x and y },

e p3(z,y) =inf{ R > 0: there exists a subunit curve v : [0,R] — X

with v(0) =z and v(R) =y }.

Proof. The equality “p = py” was already proven in [18]. For the inequality
“p > p1” note that the previous Theorem states that p(z,y) is the length of
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)

a suitable (minimal) geodesic joining z and y. The inequalities “p; > py” and
“pa > p” are obvious.

In order to see “p; > ps3”, note that in the definition of p; we may replace
“geodesic” by “geodesic parametized by arc length” and that for the latter the
length equals the length of its defining interval. Finally, note that every geodesic
parametrized by arc length is a subunit curve.

For the remaining inequality “p3 < p” note that every subunit curve v : [0, R] —
X satisfies p(y(s),¥(t)) < |t — s for all s,¢ € [0, R]. In particular, p(v(0),¥(R)) <
R. O

We close this section with some analogue to the Hopf-Rinow Theorem.

Theorem 2. Under Assumption (A’) and assuming that X is connected the fol-
lowing are equivalent:
(i) the metric space (M, p) is complete;
(ii) every ball B,.(z) is relatively compact,
(iil) every (minimal) geodesic v : I — X defined on an interval I C R can be
extended to a (minimal) geodesic defined on I.

Proof. The implication (i) = (ii) was proved by Gromov ([10], Thme. 1.10, cf.
also [9], Lemme III. 18). It is based on the result of Theorem 1 saying that under
(i) the metric space (X, p) is a geodesic space. The implications (ii) = (i) and (i)
= (iii) are trivial. In order to prove the converse implication, assume that (X, p) is
not complete, say, the ball Br,(x) is not relatively compact for some fixed z € X
and some Ry < 00. Let R = R(z) = inf{r > 0: B,.(z) is not relatively compact }.
By assumption (A’), Br(z) is not relatively compact whereas B,.(x) is relatively
compact for all r < R.

Now consider a Cauchy sequence {yn}, in (Bg{(x), p) which does not converge
in Br(z) but to an abstract point y. Take B = Bg(z) U {y}. Lemma 3 allows
to construct a midpoint z between z and y. Namely, for any n € N there exists
a midpoint z, between z and y, satisfying p(z,z,) = p(zn,yn) = 1/2p(z,yn)-
Obviously, |p(z, zn) — 1/2p(z,y)| = 1/2|p(z,yn) — p(z,y)| < 1/2p(yn,y) — 0 and
lp(2n,y) — 1/20(z,9)| < |p(2n,Yn) — 1/2p(x, Yn)| + 3/20(Yn,y) = 3/2p(yn,y) — 0
(for n — 00). All these points z,, n € N, lie in the compact set B, /5(z). Hence,
there exists a cluster point z of {z,}, in B, /5(x) which (by continuiuty of p) must
satisfy p(z,2) = 1/2p(z,y) and p(2,y) = 1/2p(z,y).

Therefore, a slight modification of Theorem 1 allows to construct a (minimal)
geodesic v : [0, R] — B from « to y. The curve v : [0, Rl— Bg(x) is a (minimal)
geodesic in X defined on the parameter interval [0, R[ which can not be extended
to a curve in X defined on [0, R]. O

Even if the state space (X p) is complete, it is in general not possible to extend
a geodesic v : I — X to a geodesic defined on the whole interval R. For instance,
it is not possible if X is the closed unit ball in RY and £ is the classical Dirichlet
form with Neumann boundary conditions (i.e. F = H(B;(0))). In this case, no
(1) geodesic can be extended to a geodesic defined on the whole R.
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Remark. Let (A) be satisfied. The following two conditions are equivalent:

e every geodesic v : I — X can be extended to a geodesic defined on R;
e every point x € X has a neighborhood Y such that for every y € Y there
exists a point z € X \ {z} satisfying

p(y, z) = p(y,x) + p(x, 2).

§5 AN ALTERNATIVE APPROACH TO THE INTRINSIC METRIC

Up to now we can measure the distance p between two points z and y on X only
by means of functions ¥ which are defined on the whole space. Our aim is to
localize this procedure. In particular, we want to measure distances by moving
along paths.

Of course, this can already be done according to Corollary 1. Note, however,
that our previous definition of the length of a curve requires the knowledge of the
distance of points. In the sequel, we will reverse the procedure. We define an
alternative notion L* of length of curves without referring to the metric p and by
means of L* we define an alternative notion p* of distance of points.

Definitions.

(i) For a curve v : [a,b] — X we define

L* () = sup{ u(v(a)) — u(y(b)) : Y is an open neighborhood of
¥([a,b]) C X, u € Foc(Y)NC(Y), dT'(u,u) <dmon Y }

and, generally, for a curve v: I — X we define

L*(y) = lim&lp L*(Y|1n[=n,n])-
n

(if) For z,y € X we define

p*(z,y) =inf{ L*(y) : v is a curve joining = and y }.

Note that this notion L* of length ignores loops. In particular, the L*-length
of a closed curve is 0.

The main advantage of this alternative definition L*(7y) is that it depends only
on quantities in an arbitrary close neighborhood of v(I). Obviously, L*(y) >
o(v(a),~(b)) for any curve v : [a,b] — X and thus

p* 2 p. (7)

This holds true without Assumption (A) or (A’).
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Lemma 4. Let~: [a,c] — X be a curve without selfintersections and let b €]a, c[.
Define 11 = oy and 7 = Al[brc]. Then

L*(y) = L*(m) + L*(72).

Proof. Let x = y(a), y = v(b) and z = y(c). The inequality “<” is obvious since
every function u used in the definition of L*(7) can simultaneously be used in the
definition of L*(71) and L*(72) and since u(z) —u(z2) = [u(x) —u(y)]+ [u(y) —u(z)].

For the converse inequality, choose € > 0. We have to construct a neighborhood
Y of ¥([a, ¢]) and a suitable function u on it with u(z) —wu(z) > L*(v1)+L*(y2)—4e
and dI'(u,u) < dm on Y. For ¢ = 1,2 there exist neighborhoods Y; of the graphs
of 7; and functions u; € Fioe(Y;) NC(Y;) with uy(z) — ui(y) > L*(y1) — € and
ug(y) —ua(z) > L*(72) — € and dT'{(u;,u;) < dm on Y;.

Let U C Y1 NYs be a neighborhood of y such that u; < u;(y) + € on U and
uy > ug(y) — €. Since vy is without selfintersections, we may assume without
restriction that U = Y] NY;. Now choose an open neighborhood Y of the graph
of vy with Y C Y7 UY5. Define

_{(ul—ul(y)—e)VO in Y NYi,
| (ua(y) —ug+€) A0 inYNYy.

Then u(z) — u(z) > L*(71) + L*(ye) — 4e. Moreover, u = 0 in U. Therefore
(by means of the truncation property), we deduce that u € Fi,.(Y) NC(Y) with
dl(u,u) <dmonY. O

Theorem 3. Assume (A’) and let v : I — X be a curve without selfintersections
and such that y(I) is relatively compact in (X, p). Then

L*(y) = L(v)-

Proof. Let L*(y) = L* and, without restriction, I = [a,b]. Choose ¢ > 0, an open
neighborhood Y of v(I) and an admissible function v on Y with u(v(a))—u(y(b)) >
L* —e. (Here and below we call a function u on an open set Y C X admissible on
Yifu€ FooY)NCY) and dI'(u,u) <dmon Y.)

Let 6 = 1/4- p(v(I), X \'Y). The relative compactness of y(I) implies § > 0.
Choose a = tg < t; < ... < t, = b with §; := p(y(t:),¥(ti=1)) < 6. Then
for every ¢ = 1,...,n the function u is defined and admissible on the whole ball
Bys, (v(t:)). Hence, o; = [36; —p(7(t:), )] A[u—u(y(ti—1))] is defined and admissible
on Bys, (v(t;)). It immediately follows that ¥; < 0 on Bys, (v(t;)) \ Bss, (v(t:))-
Hence,

9; VO, on Bss, (v(t:)),
vi= { 0, else,

is defined and admissible on the whole space X. From the definition of p it follows
now that

vi(Y(t:)) — vi(v(tic1)) < p(v(t), v(ti1)) = 6
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and thus
u(y(t:)) — u(y(tiz1)) < 6.

This implies

and, hence, L*(v) = L(vy). O
Corollary 2. Assume that (X, p) satisfies Assumption (A). Then

p*=p. (8)

§6 CURVATURE AND THE CARTAN-HADAMARD THEOREM

In the following section we briefly sketch some ideas and results from the general
theory of geodesic spaces and the method of “comparison of geometries”. This ap-
proach goes back to A.D. Aleksandrov (cf. [1]) and was further elaborated among
many others by M. Gromov (cf. [10]).

We again make Assumption (A) which implies that (X, p) is a locally compact,
complete, geodesic metric space. The basic idea is to define upper bounds for the
“curvature” on X by comparing geodesic triangles in X with isometric triangles
in spaces of constant sectional curvature.

For « € R, we denote by H, the two-dimensional complete, simply connected
Riemannian manifold of constant sectional curvature x. For k& = 0 this is the
Euclidean plane, for « > 0 it is a two-dimensional sphere of radius 1/1/k and for
k < 0 it is the two-dimensional hyperbolic plane (homothetic to the Poincaré disc).

A geodesic triangle T in X consists of three points in X and three minimal
geodesics connecting them. A comparison triangle T, for T in H, is a geodesic
triangle in H, with the same edge lenghts as T'. It is clear that T} is unique up
to an isometry of H, and such a triangle T exists if K < 0 or if kK > 0 and the
perimeter of T is less than 2mw/y/k. There is a unique map T — T, which takes
each edge of T isometrically onto the corresponding edge of T);. For each z € T
let z, denote its image in T}, under this map.

Definitions.

(i) A triangle T in X (of perimeter < 27//k if K > 0) satisfies the CAT(k)-
inequality iff for any vertex y € T and any point € T on the side opposite
to y we have

p(2,Y) < pe(Tr: Ys), (9)
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where z,, and y,. are the corresponding points of a comparison triangle
in H, and p, denotes the distance in H,. (The abbreviation CAT comes
from C=comparison, A=Aleksandrov, T=Toponogov.)

(ii) The geodesic space X has curvature < & iff any x € X has a neighborhood
Y such that any geodesic triangle in Y (of perimeter < 27/y/k in the case
k > 0) satisfies the CAT(k)-inequality.

Remark (cf. {1], [9]). Let (M, g) be a complete Riemannian manifold. Then M has
curvature < & (in the sense of the above definition) if and only if it has sectional
curvature K < k.

Having at hand the notion of curvature, one can derive for our geodesic spaces
many properties which are known to hold for complete Riemannian manifolds with
sectional curvature K < k. We pick out one of these results, namely the famous
Cartan-Hadamard Theorem. A complete proof of this result in the full generality
of geodesic spaces was given by W. Ballmann ([9], Chap. 10, Thm. 14).

Theorem 4. If X is simply connected and has curvature < 0, then it is con-
tractible. Any two points x,y € X are joined by exactly one geodesic and this
geodesic is minimal and depends continuously on x and y.
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