
Institut für angewandte Mathematik
Universität Bonn

Prof. Dr. K.-Th. Sturm
Frank Miebach
Bernhard Hader
http://www-wt.iam.uni-bonn.de/~sturm/sturm vorl/vorlesungSS09

Markov Processes

Exercise sheet 1 from 04/17/2009

Definition: Let a, b ∈ R and T > 0. A one-dimensional Brownian Bridge from (0, a) to (T, b) is an R-valued
Gaussian Process {Xt}t∈[0,T ] with expectation EXt = a

(
1− t

T

)
+b t

T and covariance Cov (Xs, Xt) = (s∧t)− st
T .

Exercise 1 : Brownian Bridge - SDE (10 points)

Let {Bt}t∈[0,T ] denote a one-dimensional Brownian Motion, a, b ∈ R and T > 0. Consider the following
stochastic differential equation on the Interval [0, T ):{

dXt = b−Xt

T−t dt+ dWt, t ∈ [0, T )
X0 = a

(1)

i) Show that (1) is solved by the process

Xt := a

(
1− t

T

)
+ b

t

T
+ (T − t)

∫ t

0

dWs

T − s
.

ii) Set XT := b, so that Xt is defined on the Interval [0, T ]. Show that {Xt}t∈[0,T ] is a Brownian Bridge
from (0, a) to (T, b).

Exercise 2 : Brownian Bridge - Finite dimensional distributions (10 points)

Let 0 = t0 < · · · < tn < T , x0 := a and pt(x) := (2πt)−
1
2 exp(−x2

2t ). Show that the finite dimensional
distributions of the Brownian Bridge {Xt}t∈[0,T ] from (0, a) to (T, b) are given by

P [Xt1 ∈ dx1 . . . Xtn
∈ dxn] =

n∏
i=1

pti−ti−1(xi − xi−1)
pT−tn(b− xn)
pT (b− a)

dx1 . . . dxn.

Exercise 3 : Brownian Bridge as conditioned Brownian Motion (10 points)

Let {Xt}t∈[0,T ] be the canonical process on C([0, T ]), Pa the distribution of the Brownian Motion, starting in
a, and Pa,b the distribution of the Brownian Bridge from (0, a) to (T, b). Show that

Pa,b(•) = Pa(•|XT = b).

(Interpretation: The Brownian Bridge from (0, a) to (T, b) is a Brownian Motion, starting in a, which is forced
to reach the point b at time T .)

Exercise 4 : Brownian Bridge as time-changed Brownian Motion (10 points)

i) Let {Bt}t∈[0,T ] be a Brownian Motion, starting in 0. Show that

Xt :=

{
a
(
1− t

T

)
+ b t

T + T−t√
T
B t

T−t
, t ∈ [0, T )

b, t = T

defines a Brownian Bridge from (0, a) to (T, b).

ii) Let {Xt}t∈[0,T ] be a Brownian Bridge from (0, 0) to (1, 0). Show that

Bt := (1 + t)X t
1+t

, t ≥ 0

defines a Brownian Motion, starting in 0.


