
1 Exam procedure

Each exam will last about 30–35 minutes. You will choose two of the fol-
lowing topics and/or exercises, and the exam will begin with those. You are
welcome to discuss the exercises with your fellow students. You may bring
handwritten notes into the exam with you, but it will be best if you do not
spend the whole exam reading from them.

I expect you to know your chosen topics in detail, including the proofs
of the main results – I may even ask you to explain some of the small
technical details that I glossed over in class. You should also know about
the relationship between your chosen topics and the rest of the course.

2 Topics and exercises

2.1 Compact Markov triples

The basic construction of compact Markov triples, including the relationship
between semigroup, generator and carré du champ. This also includes the
curvature-dimension conditions and the related gradient bounds.

2.2 Poincaré inequalities

Global and local Poincaré inequalities, their connection to curvature-dimension
conditions, and their implications.

2.3 Log-Sobolev inequalities

Global and local log-Sobolev inequalities, their connection to curvature-
dimension conditions, and their implications.

2.4 Isoperimetric inequalities

Isoperimetric inequalities, including global and lobal Bobkov inequalities,
their connection to curvature-dimension conditions, and their implications.

2.5 Riemannian manifolds

The construction of Markov triples on Riemannian manifolds, and the con-
nection between Ricci curvature and the curvature-dimension condition.
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2.6 Gaussian measures

The construction and properties of Gaussian measures on separable Banach
spaces, and of their compact Markov triples.

2.7 From Gaussian-type isoperimetry to log-Sobolev

We showed in class that Bobkov’s inequality implies a log-Sobolev inequality.
Show that a Gaussian-type isoperimetric inequality (which is a priori weaker
than Bobkov’s inequality) also implies a log-Sobolev inequality. Don’t worry
about getting sharp constants. Hint: imitate the proof that exponential-type
isoperimetry implies a Poincaré inequality.

2.8 A stochastic version of Bobkov’s inequality

Let Bt be a Brownian motion started from zero. Let mt, nt, and at be
bounded, adapted processes, where at is also non-negative. Define

Mt = M0 +

∫ t

0
ms dBs

Nt = N0 +

∫ t

0
ns dBs

At = A0 +

∫ t

0
as ds,

and assume that A0 ≥ 0 and Mt takes values in [ε, 1−ε] for some ε > 0. Show
that if atN

2
t ≥ m2

t for every t ≥ 0 then
√
I2(Mt) +AtN2

t is a sub-martingale,
where I is the Gaussian isoperimetric function. Deduce Bobkov’s inequality
on (R, γ).

2.9 Compact Markov triples for strongly log-concave mea-
sures

Let W : Rn → R be a smooth, strongly convex function such that e−W (x) dx
is a probability measure. Under whatever extra regularity conditions you
find useful, construct a compact Markov triple with stationary measure e−W .

2.10 Jensen’s inequality for Gaussian measures

For ρ ∈ (0, 1), suppose that J : R2 → R is a twice-differentiable function
satisfying (

∂2xJ(x, y) ρ∂x∂yJ(x, y)
ρ∂x∂yJ(x, y) ∂2yJ(x, y)

)
≥ 0
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for all x, y ∈ R. Let X and Y be jointly Gaussian random variables on R
with EX = EY = 0, EX2 = EY 2 = 1, and EXY = ρ. Show that for every
pair of bounded, measurable f, g : R→ R,

EJ(f(X), g(Y )) ≥ J(Ef,Eg).
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