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Hand in solutions on Thursday 19.11. during the lecture.

1. (Stochastic versus sub-stochastic) (6 points)
Take S = {0, 1, 2, . . . } and for β ≥ 0, δ ≥ 0 and α > 0 consider the following Q-matrix:

q(i, j) =


δiα, if j = i− 1,

βiα, if j = i+ 1,

−(β + δ)iα, if j = i.

For which values of β, δ and α is the minimal solution to the KBE stochastic?

2. (Homogeneous vs non-homogeneous jump rates) (6 points)
Let X(t) be a Markov chain with exponential holding time parameters 1 for all sites, i.e.
c(x) = 1,∀x ∈ S. Let b(·) be a strictly positive and bounded function on S. Define

λ(t) =

∫ t

0

1

b(X(s))
ds,

and let γ(·) be its inverse function. Show that X(γ(t)) is a Markov chain with the same
embedded discrete time chain as X(t), but holding time parameter b(x) at x ∈ S.

Hint: You may proceed as follows. Let q(x, y) be the Q-matrix of X and define q̃(x, y) :=
b(x)q(x, y). From this new Q-matrix construct a Markov processes as in the lecture. As
waiting times choose τ̃i = τi/b(Zi), where τi are the waiting times of X. Compare the
resulting process to X. Justify each step!

3. (Stationary measures) (4 points)
Suppose that

∑
x c(x)π(x) < ∞ for some Markov chain on S with transition function

pt(x, y). Prove that π is stationary if and only if∑
x

π(x)q(x, y) = 0 for all y ∈ S.



4. (Stationary Markov chains and reversibility) (2+2 points)
Let π be a probability measure on S and {X(t)}t≥0 a Markov chain with transition pro-
babilities pt(x, y) and initial distribution π.

(i) Show that the Process X(t) is stationary if and only if π is stationary.

(ii) If π is stationary, the stationary process X(t) can be extended to negative t by
using the Kolmogorov extension theorem. Show that π is reversible if and only if the
processes X(t) and X(−t) have the same distribution.


