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SPECTRAL CHARACTERIZATION OF AGING:
THE REM-LIKE TRAP MODEL!

BY ANTON BOVIER AND ALESSANDRA FAGGIONATO
Weierstrass Institut fiir Angewandte Analysis und Stochastik

We review the aging phenomenon in the context of the simplest trap
model, Bouchaud’s REM-like trap model, from a spectral theoretic point
of view. We show that the generator of the dynamics of this model can
be diagonalized exactly. Using this result, we derive closed expressions for
correlation functions in terms of complex contour integrals that permit an
easy investigation into their large time asymptotics in the thermodynamic
limit. We also give a “grand canonical” representation of the model in terms
of the Markov process on a Poisson point process. In this context we analyze
the dynamics on various time scales.

1. Introduction. The particular properties of the long term dynamics of many
complex and/or disordered systems have been the subject of great interest in the
physics and, increasingly, the mathematics community. The key paradigm here
is the notion of aging, a notion that can be characterized in terms of scaling
properties of suitable autocorrelation functions. Typically, aging can be associated
to the existence of infinitely many time-scales that are inherently relevant to the
system. In that respect, aging systems are distinct from metastable systems, which
are characterized by a finite number of well separated time-scales, corresponding
to the lifetimes of different metastable states.

Aging systems are rather difficult to analyze, both numerically and analytically.
Most analytical results, even on the heuristic level, concern either the Langevin
dynamics of spherical mean field spin glasses or trap models, a class of artificial
Markov processes that in some way tries to mimic the long term dynamics of
highly disordered systems (see, e.g., [8]).

One of the natural questions one is led to ask when being confronted with
phenomena related to multiple time-scales is whether and how they can be related
to spectral properties. This relationship has been widely investigated in the context
of Markov processes with metastable behavior (see, e.g., [12-14, 20, 21, 10]),
and it would be rather interesting to obtain a spectral characterization of aging
systems as well, at least in the context of Markov processes. To our knowledge,
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this problem has not been widely studied so far. The only papers dealing with the
problem are [24], by Butaud and Mélin, that have tackled one of the simplest trap
models and on which we will comment below, and [17] and [23], that investigate
convergence to equilibrium in the Random Energy Model (REM).

The present paper is intended to make a modest step in this direction by
analyzing the relation between spectral properties and aging rigorously in the
REM-like trap model. While this model may seem misleadingly simple, it has
in the past provided valuable insights into the mechanisms of aging, and it is our
hope that the analysis presented here will provide useful guidelines for further
investigations of more complicated models.

The paper will be divided into two parts. In the first we analyze the REM-like
trap model in the standard formulation of Bouchaud [9]. In the second part we go
one step further and reformulate the model in a slightly different way as a Markov
process on a Poisson point process. This formulation makes the relation to the real
REM more suggestive (see [3, 4] for a full analysis), and allows, in a natural way,
to study the dynamics of the model on different time scales.

2. The REM-like trap model. Let us recall the definition of trap models as
introduced by Bouchaud and Dean [9]. Let ¢ = (4, &) be a finite graph with vertex
set, 4, and edge set, &. Let E :={E;,i € 8} be a random field, called energy
landscape, and let Y (¢) be a continuous-time random walk on § with E-dependent
transition rates, ¢; j, such that ¢; ; > 0iff {i, j} € €, and

P(Y(t +dt)y=jlY (1) =i)=c; ;dt.

Setting rl._l = Zj# ¢i,j and p;; = ¢; jt;, the random walk, Y(r), can be
described as follows: after reaching the site i, the walk waits an exponential time
of mean 7; and then jumps to an adjacent site, j, with probability p; ;. In the trap
model, the transition rates are assumed to satisfy the following properties:

2.1) elicij=ebc;; Vi, jles,
(2.2) E(7;) = o0,

where E denotes the expectation w.r.t. the random field £. Since in several physical
experiments (see [26]) the system is initially in equilibrium at a high temperature,
T > T, and then is quickly cooled to a temperature smaller than Ty, and then
its response to an external perturbation is measured, it is reasonable to consider
Y (¢) with uniform initial distribution. A classical time—time correlation function is
given by

[1(t, 1) :=P(Y (s) = Y (1) Vs € [t 1y +1]).

In order to observe aging, it is necessary to consider a thermodynamic limit,
with the size of § going to infinity, and possibly a suitable time-rescaling. Rather
recently, there have been a number of rigorous papers devoted to the analysis of
trap models on the lattices Z [5, 18, 19] and 74 [6, 11].
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In this paper we consider the simplest trap model, called the REM-like trap
model [9], that corresponds to choosing § to be the complete graph on N vertices,
that is,

Gn = (4N, EN), Sy :={1,2,..., N}, env:={{i,j}i#jesn}

and to take as energy landscape a family, £ = {E;:i € N}, of independent,
exponentially distributed random variables, with parameter, o, with 0 < o < 1.
Given N € N, let Y (¢) be the continuous-time random walk on 4 with transition
rates ¢; j = e Ei/N, fori # j.Setting x; = e~Fi, the infinitesimal generator of the
random walk is given by

(N — 1xg X1 X1
N N N
x2 (N — Dxz X2
(2.3) Ly := N N N
XN XN (N — Dxy
N N N
The dynamics can be described as follows: after reaching the state i, the walk waits

an exponential time of mean %e’zi and then jumps with uniform probability

to another state. Although, strictly speaking, the mean waiting time is given by
%eE" ,wecall 7; := xi_l = e waiting time (the discrepancy is negligible in the
thermodynamic limit N 1 00).

Note that 7; and x; have distributions given by

p(v)dr =at™ 1 7%dt (r>1); p(x)dx = ax® 'dx O<x<1),

respectively; in particular, E(t;) = co. Moreover, the equilibrium measure is given
by teq(i) =i/ (Z?’Zl 7;). We are interested in the out-of-equilibrium dynamic
with uniform initial distribution. P denotes the law of this random walk, given a
realization of the random variables E;.

Aging in the REM-like trap model is manifest from the asymptotic behavior of
the time—time correlation function

(2.4) My (t, 1) =Py (Yn(s) = YN(ty) Vs € [ty, 1y +1]).
Namely, as shown in [9], for almost all £, and for all 6 > 0,
sin(ma) !

T 0/(146)

(2.5)  lim lim Ty (61, t,) = 0 (1 — 1) du.
w oo N1oo

fwt

Our main aim here is to show that the aging behavior of the system, derived
in [9] using renewal arguments, can be obtained solely from spectral information
about the generator L. The method developed below will allow us to get further
information on Yy (¢) from the spectral properties of Ly. In particular, given
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a function 4 on (0, 00), it is possible to describe the asymptotic behavior of
En(h(xy(2))) and En(h(tyn(2))), where Ey denotes the expectation w.r.t. Py,
and where xy (¢), Ty (¢) are defined as

xn () = xg, iv(@) =11 if Yn(@) =k.

These results will allow us to investigate how the walk, as time goes on, Vvisits
deeper and deeper traps, that is, sites with larger and larger waiting time t; (see
Section 2.2).

We start by giving a complete description of the eigenvalues and eigenvectors
of L. Let 4 = uy be the measure on 8y with p(i) = xl._l = 1;. Note that Ly is a
symmetric operator on LZ([L) and, trivially, Ly T = 0, where I is the vector with all
entries equal to 1. The following proposition is based on elementary linear algebra:

PROPOSITION 2.1.  Let x1, x2, ..., xn be all distinct. Then, Ly has N positive
simple eigenvalues 0 = Ay < Ay < --- < Ay Such that

A, A2, ..., AN ={2reC:p(1) =0},

where ¢ (L) is the meromorphic function

N

(2.6) P =)

=t Xj—A

A eC).

If the x; are labelled such that x1 < xp < --- < XN, then x; < Ait1 < Xit+1,
for i =1,...,N — 1. Moreover, for any i = 1,..., N, the vector w(i) e RV,
defined as

0 X .
= orj=1,...,N,
v; PRy Jor j

is an eigenvector of Ly with eigenvalue Ai. ¥V, ...,y ™) form an orthogonal

basis of LZ(,u).

Since the x; have an absolutely continuous distribution, we trivially have the
following:

COROLLARY 2.2. The assertions of Proposition 2.1 hold with probability one
forall N.

PROOF. Let A be a generic eigenvalue and let us write the corresponding
eigenvector, ¥, as ¥ = a(l,...,1)" + w, where Z;VZI w; =0. Since (Lyy); =
xjw;j, we have to solve the system

2.7 Xjwj=2Aa+Aw; vVi=1,...,N.
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Since x1, ..., xy are distinct, it must be true that a # 0 (otherwise we get ¥y = 0).
Without loss of generality, we set a = 1. Note that A # x;, for j =1,..., N,
since otherwise (2.7) would imply that A = 0 = x;. Therefore, we get w; = xj%x
Since it must be true that Zﬁv yw; =0, we get that A is an eigenvalue with
st. ¥ = = 25 being the corresponding eigenvector, iff ¢ (1) = 0. This 1mpl1es
that ¢ has at most N zeros. Since ¢ (0) =0, and, for real A, lim;, |, ¢ (A) = —o0,
lim; 4y, ¢ (1) = 00, we get that ¢ has exactly N zeros. From here the assertions of
the theorem follow immediately. [J

Proposition 2.1 has the following simple corollary:

COROLLARY 2.3. With probability one, the spectral distribution oy =
AV?I:l(SAj converges weakly to the measure ax®Vdx on [0, 1].

REMARK. The results of Proposition 2.1 are incompatible with the heuristic
predictions in [24]. The discrepancy is particularly pronounced in the case of the
eigenfunction. The reason for this is an inappropriate use of perturbation expansion
in [24]. We will explain this in some detail in the Appendix.

We will now show that Proposition 2.1 allows to derive the asymptotics of the
autocorrelation functions easily. In fact, it contains far more information on the
long time behavior of the systems, some of which we will bring to light later.

Recall that p;(i, j), the probability to jump from i to j in an interval of
time ¢, can be expressed as p;(i, j) = (e"LN)i j- In particular, by writing v, for
the probability distribution of Yx (¢#) and thinking of the Radon derivative Z”’ as
column vector,

ﬂ — 1L @,
du du

we see that

dvt _ (dvo/dp, y®) (k)
2.8) ;_merfw.

The above formulas are true for an arbitrary initial distribution. Taking vy to be the
uniform distribution, by Proposition 2.1, we get

dv, N

——Zw“‘) where ' i= (y @, y ) = Z

— ;\k)z

Then, by Proposition 2.1 and (2.8),

N N _
(2.9) M&M—ZZX ¢~ (N=D/N)xjt
j=lk=1 J
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and

(2.10) En (h(xn (1)) Zzyke

j=t1k=1"%

—Ait

h(x;).
Ak

The above formulas (that may appear rather ugly at first sight) admit a nice
complex integral representation through the following lemma:

LEMMA 2.4. Let y be a positive oriented loop on C containing in its interior
A, ..., AN. Let g be a holomorphic function on a domain D C C with y C D.
Then, forany j=1,...,N,

i vg() _ 1 g
Xj—Ar  2miJy p(A)(x; —A)

@2.11)

PROOF. Let us set X := {x1,...,xy} and A := {Aq, )»2,.. ,An}. Then,
X

¢ (1) is a holomorphic function on C \ X, where ¢'(1) = j 1W’ and,

in particular, ¢'(A;) = yj_ . Moreover, the function [¢ (1) (x; — A)]™ 1 a priori
defined on C \ (X U A), can be analytically continued to X as a meromorphic
function with simple poles only at the points of A. Now the conclusion follows
from a trivial application of the residue theorem. [

We can obviously use Lemma 2.4 to rewrite (2.9) and (2.10) in the form

1 e—twk e—(N—l)/Nth 1
2.12) TIn(z,t f <A ; Av; )dk,
( ) N tw) = 2mi A Vi Xj—AX / Vi Xj—A

1 —tA hix: 1
(2.13) En(h(x;)) = o l/e/\ (A"ij()ij)k/Afoj_Jd)”’

where Av; denotes the average over j =1,2,..., N.

The above integral representations of Iy (¢,t,) and Ey(h(x;)) have two
advantages. First, the appearance of averages allows to compute their limiting
behavior as N 1 oo easily by using the ergodicity of the random field E. Second,
by means of the residue theorem, their Laplace transform can be easily computed
in order to derive the asymptotic behavior of Ily(¢,t,) and Ey(h(x;)), for
N, ty,t > 1 (see Sections 2.1 and 2.2).

A much more general derivation of the above integral representations is
discussed in Appendix A.3.

2.1. Aging behavior of TN (¢, ).

PROPOSITION 2.5. Let us define
1 [ e Ei(e ™ /(A —x))

e N = 5 ), R0
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where E, is the expectation w.r.t. the measure ax®Vdx on [0, 1] and y is any
positive oriented complex loop around the interval [0, 1]. Then,

(2.15) lim Iy (t, t,) =T1(¢, ty) Vi, ty, a.s.
Ntoo

PROOF. Recall (2.12) and fix 0 < § < 1/2. Due to analyticity, we can choose
the integration contour, y, to have distance 1 from the segment [0, 1]. For each
A € y, the random variables (x; — AL j € N, are i.i.d. and bounded. Therefore,
for a suitable positive constant ¢ > 0,

—=G)
Xj—A “\n—x

Since foreach x € [0, I]Jand A € y, |% x—-n"l<1,a simple chaining argument
allows to deduce from the pointwise estimate (2.16) uniform control in A. Using
the Borel-Cantelli lemma, one can then infer that, a.s.,

1 1
Avivzl _EX( )
Xj—A A—Xx

Similar arguments show that, a.s., given M € N, there exists a constant, ¢y, such
that

N
Aijl

(2.16) IP(

Z N1/2+3> E 6*6‘1\12(S V)\. c y

(2.17)  sup <cN71/2H  ¥NeN.

NS

Av

e—((N—l)/N)th ( e—xjt
- Lx

j=1 .
Xj—A

sup  sup )’ <cyN~V2He

(2.18) M—1<t<Mirey A—X;

VN eN.

Note that, for each A € y, AVN:1 (xj — 1)~ ! is a convex combination of points of
modulus larger or equal than 1/2, contained in an angular sector with angle non-
larger than a suitable constant, ¢ < 7. In particular, |AV§.V:1(x j— N> >0,
for all N. From here the assertion of the proposition follows from Lebesgue’s
dominated convergence theorem. [J

Given 0 > 0, we are interested in the limit of I1(01t,, ), as t,, 1 oo. This will
be done using the Laplace transform of [1(6t,,, t,),

R 00
H(@,a))::/ e (Oty, ty) dty,  [R(®) > 0].
0

The computation of this Laplace transform is trivial, if we use the integral
expression (2.14).

Let w € C, with R(w) > 0, and fix a positive oriented loop, y, around the
segment [0, 1], such that y C {z € C:N(z) > —N(w)}; see Figure 1. Then,
RN(w~+ A+ x60) >0, for x €[0, 1] and A € y, so that (2.14) implies

f[(@,a)):E«#/y[k(k—x)()»—i—w—i—@x)E;(ﬁ)]_]d)u).
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FI1G. 1. Possible integration contour.

Here E, and E; denote the expectation w.r.t. the measure ax®1dx on [0, 1].

Let us consider the change of variables z = % and write p for the path y with

inverted orientation (i.e., positive oriented w.r.t. . = c0). Then we get

. 1 1 -1
I, w) =E, (—/ [(1 —zx)(1 +zw+z€x)E;( _)} dz).
27i Jp 1 —zx

Given x € [0, 1], the integrand is a meromorphic function in C \ [1, co) that has

only a single pole of order 1 inside 7, namely, at z = —(w + x6)~'. By the residue
theorem, we get
A 1 w + x0
2.19 Nneo,w)=F,( — /Ez( —————— ) ).
( ) @@ x<w+x0+x/ x<w+x9+x)>

LEMMA 2.6. The rh.s. of (2.19) is well defined and holomorphic for any
w € C\ (—o00,0]. In particular, the function T1(0, w), defined for R(w) > 0, can
be analytically continued to the set C \ (—o0, 0].

PROOF. As proved in [15], Chapter 3, the Laplace transform, ﬁ(@,a)), is
holomorphic on the set of convergence points. Therefore, we only need to show
that the r.h.s. of (2.19) is well defined and holomorphic on J(w) # 0. Let us assume
that J(w) > a > 0. Then, trivially, Vx, x € [0, 1],

w + x6 . .
— e B:={zeC:z=zle" with0 <6 <6, |z| > ¢},
o+x0+Xx
for suitable constants, c, 6y, depending on a and satisfying 6y < . Moreover, since
. w+x0
limwiteo o 3g4r = 1

w + x60

(2.20) O<ci(a) < ‘m‘ <ca(a) Va>0,Vo:3J(w)>a.
By (2.20) and the geometry of B, we have that Ez (wj’_jgzi ) is well defined and has

distance c3(a) > 0 from the origin. Moreover, | + x6 + x| > J(w). Therefore, the
r.h.s. of (2.19) is well defined and, due to the previous estimates and Lebesgue’s
dominated convergence theorem, it is continuous on {J(w) # 0}, thus implying
continuity on C \ (—o0, 0].

We recall Morera’s theorem: if f(w) is defined and continuous in a open set
Q c Candif fy fdw =0, forall closed curves, y, in €2, then f(w) is holomorphic
in 2. Therefore, using Fubini’s and Morera’s theorems, one can prove that the
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function E; (a)fio—jc—g—?-i ) is holomorphic on C\ (—o0, 0]. The proof can be concluded

by a second application of the same theorems. [J

In what follows, we keep the notation, ﬁ(@, w), for the analytic continuation of
the Laplace transform. The next lemma describes the behavior of I (0, w) near the
origin. Using the Laplace inversion formula, we then derive from this result the
asymptotic behavior of I1(6, t,), as t, 1 0.

LEMMA 2.7. Forany 0 > 0, set

A9) = ST w1l — ) du.
T 0/0+1)
Moreover, define
(2.21) A= {re'®:r>0,|¢| < 37}
Then, for a suitable positive constant, ¢ > 0,
(2.22) 116, o) <clw|™'  VYoesa:|lw >1,
(2.23) IT1(0, ) — A@B) /| < c|lw| ™ YoeA: o <1.

PROOF. The first estimate (2.22) follows trivially from (2.19) and (2.20). Let
us prove (2.23) for w € A and |w| < 1.

In what follows, cp,c1, ... denote positive constants depending only on 6.
Moreover, given z € C, we denote by [; and ]ZOO the integrals over the
paths {sz:0 < s < 1} and {sz:s > 1}, respectively. We extend the functions
7z~ and z%~!, defined on (0, 00), to C \ (—o0, 0] by analytic continuation. Then,
(2.19) implies

o0, »)
/o 1/w a—1 -1
2.24 - [1+x(1 +6)][1 + x0 _ Y 4y) 4
e =[x (+x(+>] +a0) [ 1+x9+yy> x
l/o o (1+x0) yo— -1
_f ( +x(1+0)][1+x9]“/ dy> dx.
1+y

Define

:8::{(a),x)€<C2s.t.weA,x:iforsomes:0§s§1}.
w

Since (w(1+x0)"'eAN{z:]z| > co}, we obtain

(@(1+4x6)) yo=
(2.25) ‘/ dy‘ >cy,
I+y
ya—l
(2.26) / dy‘ <clw(1+x6)' 7.
lo(+x6) 1 +y
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Let B(«) be defined as

yot—l 1
dy:f u 1 —uw) du=
+y 0

(2.27) B(x) ::fo 1

sin(ra)

[note that the above second identity follows from the change of variables u =
y(1+ y)_1 , while the last one is well known in the theory of the Gamma function].
Using (2.25) and (2.26), we obtain

A 1 l/w x4 ldx
“"H(Q’w)_B( )/ T+ x( 1+ 0)(1+x0)°
o X X
(2.28) , 0 1
) a—
s|w|““/ ™ dlx| < el
1+ x(1+6)[|1 +x6)21
Since

< ¢4l

/00 x*ldx
1o (1 4+x(14+6))(1+ x6)«

and, using analyticity and integrability of the singularities around z = 0 and
=00,

/‘ x*ldx _/00 x*Ldx
sw:s20 (1+x(14+0))A+x0)*  Jo (14+x(1+6))(1+x0)%’
we get
o0 a—1
1 / X J
Ba)Jo (1+x(1+0)(1+x0)

'wﬁ(@,a))— x’ <cslo|' .

Using the change of variables v = x~' +6 and u = v(1 4+ v)~!, we obtain

o0 x()l*l 1
/ dxzf u 1 —w* du,
o0 (1+x(1+6)A+x0)* 6/(6+1)

which implies the assertion of the lemma. [

Lemma 2.7 and Proposition A.1 allow us to conclude the proof of the aging
behavior of I1y (¢, t,,), that is, to recover the result of Bouchaud and Dean [9]:
PROPOSITION 2.8.  For almost all energy landscapes E, given 6 > 0,

sin(zrer) (! w1 —uw)* du.

(229)  lim lim Ty (0ty, tw) =
o0

twtoo Nt T Joja+e)
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2.2. Visiting deeper and deeper traps. In this section we use the integral
representation (2.13) in order to study the probability that the walk at time ¢ is
in a deep trap, that is, in a state with large waiting time. In Proposition 2.9 we
first prove that the probability to be in a site with waiting time smaller than O(1)
decays as t*~!, thus implying the aging behavior of correlation functions described
in Section 3. In the second part, we will investigate the random variable txy (¢) and
show that, for almost all E, it has a weak limit, as first N 1 oo and then ¢ 1 oo.
As consequence, with high probability, at time 7, the system is in a state of waiting
time O (t), as stated in Proposition 2.10.

Reasoning as in the proof of Proposition 2.5, we can prove, for almost all
energy landscapes, E, that, given a function ~ on [0, 1], that can be uniformly
approximated by piecewise C! functions,

H({) = ]yTrgOEN(h(xN(t)))

(2.30) o 1
1 -t h A— “='d
_ L[ ROW/G i
2rily A (/0 —x))x4dx
where y is a positive oriented loop around [0, 1]. .
Since H (t) is a bounded function, the Laplace integral H (w) := fOOOH (t)e “dt
is absolutely convergent when R (w) > 0. By the same arguments we used to de-
rive (2.19), it is easy to deduce from the integral representation (2.30) that

1 fy(h()/ @+ x)x* " dx
T o [J(1/(@+x)xetdx

In the following proposition we concentrate on the case i (x) := I;>s. By (2.31),
we can give precise information on the asymptotic behavior of the probability to
be at time ¢ in a site with waiting time smaller than 1/4:

2.31) H(w)

PROPOSITION 2.9. Let

Jix*2dx
Jooxe /(1 +x)dx’
Then, for almost all energy landscapes, E,

(2.33) lim 5!~ Al/iTrn Py (xn(s) > 8) = B(8)/c(a).

stoo

(232)  B(§):= c(@) := /Ooy“”e*y dy.
0

Finally, we show that, with high probability, at time ¢, the walk is in a trap of
depth of order O(t). In particular, the random variables rxy (t) converge weakly
to a nonnegative random variable, as first N 1 co and then ¢ 1 oo, a.s. This
result corresponds to the convergence of the expectation of bounded, continuous
functions and, due to Lemma 2.11, such a convergence can be extended to the
larger class of bounded, piecewise continuous functions, which is more suitable
for the investigation of the phenomenon of visiting deeper and deeper traps:
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PROPOSITION 2.10. Let Z be the unique random variable with range
in (0, 00) having Laplace transform

sin(rar) !

E(e~%%) w1 —uw)* du.

T 0/(0+1)

Then, for almost all energy landscape E, given a bounded piecewise continuous
function, h, on (0, 00),

lim lim E
lim lim n(h(txn (D))

1 [ e [ (h(xt)/(n —x))x " dx "

(2.34) = lim — ]
ttoe 2mi Jy A fy(1/(A —x))x@Tdx
=E((2)).
In particular, for almost all energy landscapes, E,
t
lim lim }P’(TN—() > u) —P(Z<u"') Vu=0.
ttoo Ntoo

PROOF OF PROPOSITION 2.9. We have to prove that lim”oosl_"‘H(s) =
B(8)/c(a), where H is given by (2.30) with A(x) := I,>s. As in the proof of
Lemma 2.6, we can show that the r.h.s. of (2.31) is well defined and holomorphic
on C\ (—o00,0]. We keep the notation H for this extended function. Changing
variables x = wy, we get

1 xot—l yot—l
(2.35) / dx = o*! dy,
0 w+x yo 1 +Y

where y,, is the oriented path {s/w}o<s<i. Let Y, be the path {s/w}s>0. By
analyticity and integrability of the singularities at z = 0, z = 0o, we have

a—1

o0 a—1
J dy=/ J dy.
P 1+ o 1+vy

Let us define A4 := {re’?:0 <r < o0, |0] < %n}. Then, for a suitable constant ¢y,

ya—l
f dy‘fclla)ll_" Voweh: o <1,

?w\)’w 1 +y
implying

! xa_l a—1 * ya_l l—«a
2.36 / dxza)(/ dy+ O(lw|' ™~ )
( ) 0 w+x o 1+vy Y (o)

where A = B + O(1/N) is understood to mean that there exists C < oo such that
|A — B| < C/N. Trivially,

1 o=l 1
(2.37) / dx=(1+0(|a)|))/ x“2dx.
s w+x B
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Note that the estimate of the error terms in (2.36) and (2.37) is uniform in w € A,
|w| < 1. Then, from (2.31), (2.36) and (2.37), we get

(2.38) 0 H() — B@)| <clo|'™  Voei: o <l

Since, trivially, |I:I ()| < c3lw| ™!, for w € A with |w| > 1, the assertion of the
proposition follows from Proposition A.1. [J

PROOF OF PROPOSITION 2.10. As discussed before (2.30), one can show
that, for almost all energy landscapes, E, given a piecewise continuous function &
on (0, 00),

D, (h) = 1\17iTrgoEN(h(th(t)))

_ L et g hen/Go— o dx
S 2wy A L 1/00—x))xedx

Vt>0,

where y is a positive oriented loop around [0, 1]. Note that @, defines a positive
linear functional on the space of continuous functions on (0, oo) that decay at co
and satisfy ®,(1) = 1. Therefore, the Riesz—Markov representation theorem (see
Theorem IV.18 in [25]) implies that ®;(h) = u;(h), for a unique Borel probability
measure (; on [0, 00). In particular, there exists a random variable, Z; on (0, co),
such that

lim txy(t) —> Z; weakly, V¢ > 0 a.s.
Ntoo

If we take h(t) = e %, then ®,(h) = p,(h) = I[1(61,1), with I1 defined as
in (2.14). That means that [1(6z,¢) is the Laplace transform of Z;. As proved
in Section 2.1,

: 1
sin(wor) u (1 —uw)* 'du:= £ ).

lim I1(6¢,t) =
1100 4 6/0+1)

We claim that f(0) is the Laplace transform of a random variable Z with range
in [0, o). To show this, we apply the criterion given by Theorem 1, Section XIII.4
in [16]. By (2.27), f(0) = 1. Moreover, f((9) = —2T%g=o(] 4 9)~! thus
implying (by trivial computations) that (—1)f f®)(9) > 0. This completes the
proof of our statement.

Since the Laplace transform of Z; converges to the Laplace transform of Z,
as t 1 oo, it follows that Z; converges weakly to Z, implying (2.34), whenever
h is a bounded continuous functions on (0, c0). Finally, due to Theorem 5.2
in [7], convergence still holds if % is a bounded measurable function, whose set
of discontinuity points has zero measure w.r.t. the distribution of Z. Therefore,
Lemma 2.11 allows to prove (2.34) for & bounded and piecewise continuous. [J
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LEMMA 2.11. The distribution function, F(z) :=P(Z < z), of the positive
random variable Z is continuous.

PROOF. Trivially, F is increasing and right continuous. Therefore, it has
a countable set of points of discontinuity. Moreover, by the Laplace inversion
formula (see [16], XIIL.4), if x is a point of continuity, then

F(x):aliyolo Z ( na) f(n)( ).

n<ax

Given s =0,1,2,... and y > 0, let ¢;(y) > 0 be such that Dja™7 = (—1)* x
¢s(y)a=?7%. Then the Leibniz formula implies

(_l)nDZ(Cl_a(l +a)_1) = ch(a)cn—s(l)a_a_s(l +a)_1_n+s
s=0

<(=1)'Da"*71,

Since
@) = =2 e g,
bug
the above estimate implies
n ) . sin(ra) "=} Cw
D" ") = | (@] = [[k+a Vn>2.
k=1

In particular, given two points of continuity, 0 < x < z, we have

sin(ra) 1l
(239)  F(z)—F(x) < - lmsupa > ]‘[<1+)

ax<n <az

One can prove that the sequence ]_[Z;% e~/ (1 + %) is convergent (see [1],
Chapter 5, Section 2.4). Denote its limit by ¢, and let y be Euler’s constant

1 1 1
=lim(14+=4=-++——logn).
anrgo( +2+3 + +l’l Ogn>

Then we can write
1 n— 1
- ]‘[ <1 - >

21+ 1/24+1/ =) =log(n—1)) " = D7 (n—1D* 1—[ —a/k(1+ )
n el k

(2.40)
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In particular, we can substitute in (2.40) [;Z 11 e /K1 + 7) with ¢, with an error
term in (2.39) bounded by

- @) | a4 @
const.a” “(az — ax) 1_[ e 14+ =) —cq
k=1 k
n—1 a
<c(x, | [] e“"/k(l + —> — Cals
k=1 k

which is negligible, as a 1 co. Therefore,

F(z) — F(x) < const.limsupcya *e’“ Z (n— 1)1+

a—00 ax<n<az

(2.41)

=< C,(Za - xa)’

for some positive constant ¢’. Since (2.41) is valid almost everywhere and F is
monotone, it follows that F' is continuous. []

3. Other correlation functions. In this section we study the asymptotic

behavior of different time—time correlation functions, Hg\l,)(t, tw), H%) (t, ty), for
which deep traps play a special role. This section is mainly a preparation of what
is to follow in the second part of the paper.

Given § > 0, we define the set of sites with small waiting time as Dy := {i : x; >
6,i=1,..., N}. Moreover, we set

G.1) N, 1,) =Py (Yn(u) € Dy Vu € (ty, tw + 1] 8.t Yy () # Yy (™))

) N (¢, ) := Py (Yy @) € Dy U {Yy (1)}
' Vit € (ty, ty + 1] 8.t xy (1) # Xy (7).

Given asubset A C 8y,i € A and s > 0, let ¢ 4 (i, s) be defined as
oN.AG,$) :=Pn(YN(u) € AVu €[0,s]|]Yn(0) =i).
Then
4 (¢, t) = My (1, 1)
(3.3)

,—SX
Xje J

N t
+ Y Py =) [ ds S ooyt — 9,

j=1 ieDy

N
(3.4) Hﬁ) (t,tw) = Z Pr (xn (tw) = xj)@n, Dyugjy (s s
j=1

where the first identity can be derived by conditioning on the first jump performed
after the waiting time #,, and by recalling the following realization of the dynamics:
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after arriving at the state i, the system waits an exponential time with parameter x;
and after that it jumps to a site in 4 with uniform probability.

The following proposition is mainly a consequence of the phenomenon of
visiting deep traps with higher and higher probability. Recall that Proposition 2.10
implies

3.5 lim lim P t 0 Ve > 0.
(3.5 lim lim NN () > €)= £ >
PROPOSITION 3.1. For almost all x,

(3.6) lim sup |11 (7, 8,) — Ty (1, 1) =0 fori=1,2.

Iy Too t>0

PROOF. We consider first the case i = 1.
We claim that, forany u > 0 and i € Dy,

. ( ( |DN|))
(3.7) oN, Dy (i, u) <exp| —du I_T .

In order to prove such a bound, we introduce a new random walk, Yy (1), whose
generator, I.*, defined as the r.h.s. of (2.3) with x; replaced by é if i € Dy. By a
simple coupling argument, one gets

@n.py (i, 1) < @y p, (1),

where the function (pN Dy is the analogue of ¢y, DN(z u) for the random
walk Yy (¢). At this point, it is enough to observe that ¢N.py €quals the rhs.
of (3.7).

Now fix £ > 0. Then, due to (3.3) and (3.7),

I 2, 1) — TN (e, 1))

<Ppy(xn(tw) > ¢)

+ 3 Pa(Yn() =) ZfsoNDNw 5)ds

Jjixj<e zeD

(3.8)

t
SIEDI\I(JCI\I(tu}) 28) —|—8/ €_5u(1_|DN|/N)dM'
0

By the law of large numbers,

lim | e—t(=1DNI/N)
Ntoo Jo

<0 a.s.

The proposition now follows from the fact that ¢ is arbitrary and from (3.5).

To deal with case (ii), one proceeds in essentially the same way, decomposing
the path of the process at its returns to the point x;, and summing over the number
of these returns. One finds easily that the case when the process does not leave x;
for the entire period ¢ dominates, leading to the assertion of the proposition. We
leave the details to the reader. [



SPECTRAL CHARACTERIZATION OF AGING 2013

4. The REM-like trap model on a Poisson point process. In this section we
consider a slightly different formulation of the REM like trap model that betrays
more directly its connection to the REM dynamics (see [3, 4]) and that offers a
somewhat more natural insight in the role of time-scales in the analysis of aging
systems. Let us consider a Poisson point process, » =) _; 8f;, on R with intensity
measure ae~*F dE, where 0 < a < 1. Note that such processes arise naturally as
the extremal process of sequences of random variables. Almost surely, the support
of P is an infinite set of points, whose maximal element is finite. Thus, we can
label the points in the support of & in decreasing order: £ > E; > ---. The
energy landscape, E, is defined as £ = (Eq, E», ...). We want to define a random
process on the support of this point process that jumps “uniformly” from any point
to any other point in the support. To do this, we need to introduce a cut-off. Here
we fix an energy threshold E and set

Ng =max{i: E; > E}.

Note that N is a Poisson random variable with expectation e ~*£. Moreover, the
probability that Ng = 0 can be made as small as desired when E is chosen small
enough, as we assume in what follows.

Let g = (8E, Eg) be the graph with

/3E2={1,2,...,NE}, 8E2={{i,j}2i#j€5E}.

Since we want to investigate the effect of time rescaling, we introduce a time unit,
70 = e£0. Then, the continuous-time random walk, Yz (1), is the random walk on
9k having uniform initial distribution and such that, after arriving at site i € &g,
it waits an exponential time with mean NIZ ES e /7o and then jumps with uniform
probability to a different site of 4. In particular, the Markov generator L for the
above defined random walk is given by Ly in (2.3) with N := Ng and x; := Toe Ei
(since for £ < 0, % ~ 1 when referring to waiting time, we disregard the

coefficient %, as in Section 2). Note that Y (¢) depends on tp, but we do not
make this explicit in our notation. In what follows we denote by P the probability
measure on the path space determined by Yg(-), and by Eg the corresponding
expectation.

Note that the physical waiting time (the absolute one) for the system at state i
is given by T; := e, while in the above dynamics the waiting time is 7; := T} /10,
in agreement with the choice to consider 7y as our new time unit. In what follows
we consider, when taking the thermodynamic limit £ | —oo, three different kinds
of time rescaling: 7o fixed, 7o := ef (e., Eo=E)and 1 J 0 after E | —oo0.

As in Section 2, we are interested in the asymptotic behavior of time—time
correlation functions. In particular, let us introduce here the correlation function

Mg, t,) = PE(YE(S) =Ye(ty), Vs €[ty, ty + t])

We will prove that, when 1y is fixed, the system exhibits fast relaxation, thus
excluding aging behavior (see Proposition 4.2). At the other extreme, the scaling
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79 = eF corresponds to the implicit choice made in the standard Bouchaud model

considered in the previous sections. In fact, with this choice the system can be
thought of as a grand canonical version of the original REM-like trap model and
all the results of the previous sections carry over. Finally, we consider the third
scaling: tp | O after £ | —oo. In Proposition 4.6 we show that, when performing
such limits, the correlation function I1g (¢, t,,) converges to f(0), where 6 =t/t,,
and f(0) denotes the r.h.s. of identity (2.29), that is, the limiting behavior of the
correlation function I1g(t, f,) is trivial. At this point, a simple consideration is
fundamental. If we assume that the physical instruments in the laboratory have
sensibility up to the time unit tp, then it is natural to disregard jumps into states
whose physical waiting time, T; = e, is much smaller than 7o. Therefore, it
is more appropriate to consider instead of Il1g(¢,t,) the time—time correlation
function Hg)(t, tw), defined, for § > O fixed, as

N (1, 1) =Pr(xp) > 8 Vu € (t, fy + 1]: x5 (u) # xp0)),

where xg(t) := xr, whenever Yg(¢) = k. In Section 5 we prove that Hg)(t, tw)

exhibits aging behavior: Hg) (0ty, tyy) converges to f(0) after taking the (ordered)
limits E || —o0, 79 | 0 and t,, 1 o0.

Finally, we discuss the asymptotic spectral behavior for the above time
rescalings. We will show that aging appears whenever the limiting spectral density
has a singularity of order O (x*~!) at 0.

Let us recall some properties of the Ppp ) ;8,, with intensity measure
arty, “x*=1 dx on (0, 00), which will be frequently used below. Given M > 0, the
truncated Ppp, _,. < dx;, can be realized as follows: Let n1ps be a Poisson variable

with expectation (IMO)"‘ = fOMatO_“x“_ldx and let X;, i € N, be i.i.d. random
variables on [0, M] with probability distribution p(X)dX = oM —aya-lgy.
Then

nm
(4.1) > 8~ 8,
i=1

xXi <M

in the sense that the point processes above have the same distribution. In particular,
taking M = t9e £, we get

(4.2) D 8~ 8xi
i=1

i<Ng

where n}, is a Poisson variable with expectation e @E and X;,i e N, are i.i.d.
random variables, independent of n%, distributed on [0, t0e~£] with probability
distribution p(X)dX = e*Fary “X* 1dX.
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NOTATION. It is convenient to introduce the random walks xg(t), Tg(?),
defined as

XE(1) = Xk, gt):=1  ifYp@t)=k.
We denote by yg the positive oriented loop having support
supp(ye) = {x i:x e [-1,9¢" E + 1]}
U{—1+bi:[b| <1}U{roe ™ + 1 +bi:|b| < 1}.

Moreover, we call Y, the infinite open path, oriented from oo + i to co — i, having
support

sSupp(Yoo) ={x £i:x > —-1}U{—-14bi:|b| < 1}.

Finally, for given E, 0 = )\SE) < AgE) < < )\5\2 are the N distinct
eigenvalues of the infinitesimal generator L (see Proposition 2.1).

4.1. 1 fixed. Let us first observe that ) 72, 7; < oo, for almost all E. In fact,
since the Ppp }; 8;; has intensity measure at(‘)"r_(H"‘) dt on (0, 00),

o0
E({i: 7 > 1}]) =f atdt™ M dr < oo,
1

1
IE( Z ri)z/ aty T “dt < oo.
0

i:ti<l

Whenever Y 7, 7; < 00, it is easy to derive the asymptotic spectral behavior of
the system from Proposition 2.1 and to show its fast relaxation, thus implying the
absence of aging:

PROPOSITION 4.1.  For almost all E,
Ng fe'e)
4.3) lim Y8 & =) 68, vaguely in M([0, 00)),
EL—ooj:1 j iz

where M ([0, 00)) denotes the space of locally bounded measure on [0, 00) and

X
{0=A<dp<iz<--}={reC:)_ =0t.
o1 T Xk

PROOF. In what follows we assume that ) 70, 7; < 0o, which is true a.s.
Then the function ¢oo() 1= > 70, ka—A is well defined on C \ {x;:i > 1} and
has nonnegative zeros 0 = A1 < Ay <---, such that x;_1 < X; < x; forany i > 1.
At this point it is enough to show that

Jlim W= vi=1,2,....
—00
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The assertion is trivial for i = 1. Suppose that Ng > i > 1 and set Yg(A) :=

Z k=1 =% - Due to Proposition 2.1, A( ) is the unique zero of ¥ g (1) in the interval
(xi—1, x,) In particular,

Ve = Ve — v () = f Y.
Since &E(A) > m forall » € (x;_1, x;), we get

|)»§E) — ] < i = xim ) [WEG))
and, therefore, the assertion follows by observing that the identity ¢oo(X;) =0
implies
o0

lWeGDI <

PROPOSITION 4.2.  For almost all E,

(4.4) tl%lglElilElooPE(XE(t):xj): = Vi=12,...,
thus implying
4.5) lim lim TIg0ty,ty) =0 Vo >0,
twtoo E|—00
(4.6) lim lim Ilg(t,t,) = M Vit >0.
twloo E—o00 i=1Ti

PROOF. In what follows we assume that E satisfies ) ; ; < oo. Setting
hx)= ]Ix:Xj in (2.13), we get the integral representation

1 e M Ne 1 -
4.7) Pe(xe() =x;) = 2ri ve Mo — A) (Z X — )») ar.

Applying the residue theorem [see the arguments used in order to derive (2.19)],
it is easy to compute the Laplace transform, F £(w) = fo Pe(xp(t) =x; )e“‘” dt
for R(w) > 0:

-1
R 1
4.8 F = .
(4.8) () (w(w+x])zw+xk)
Using that, for ® =a +ib and N is any positive integer,
1
_ ifa>0,
i o + x1|
=rah b ifa <0,

(a+x1)2+b?
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we obtain that, almost surely, there exists ¢ > 0, such that

4.9) |Fp(o)| < cﬁ VE, Voei:={re’:0<r<oo,|0] <3n}.
Let us now introduce the path, 7, consisting of the parabolic arcs {—f it :t > 1}
and the circular arc of radius +/2 around the origin connecting (in anti-clockwise
way) —1 —i to —1 + i. The orientation of y is such that —1 4+ i comes before
—1 +i. Then, by means of (4.9), the Laplace inversion formula and Lebesgue’s
dominated convergence theorem, we get

. 1 A
Jim P =) =3 [ o F)do,

-1
F(w):= <a)(w+x1)2w+x]€> .

Note that F (w) is the limit of F £(w), as E | 0o; in particular, it satisfies (4.9).
Moreover, F () is the Laplace transform of limg | oo Pg(xg(f) = x;) and

‘a)ﬁ(a)) _ ZE‘Z Tk‘ <clw| VYol <l:och
At this point (4.4) follows from Proposition A.1. Moreover, from (4.4) and the
identity
Ng
Mgt tw) = ) Pr(xp () = x;)e” Ve D/NEN!
j=1
one infers (4.5) and (4.6). [

42. 1o =ef. Note that, choosing 79 = ef, the random variables X, X», ...
introduced in (4.2) are i.i.d. with distribution given by p(X)dX = aX*ldx
on [0, 1]. Therefore, due to (4.2), we can think of Y (¢) as the grand canonical
version of Bouchaud’s REM-like trap model. In particular, it exhibits the same
asymptotic spectral density and the same aging behavior:

PROPOSITION 4.3. For almost all E,

hm — Z 5)\@ =ax® dx weakly in M ([0, 1]).

PROOF. Approximating continuous functions on [0, 1] by step functions
having rational values and jumps at rational points, it is enough to prove that,
given0<a<b<l,

ElfmmN—’{] 1<j<Ne P ela.bl}[=b*—a*  as.
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We set

Ap:=|{j:1<j=<Ng,xj €la,bl}|

=lj:j=1leEieleEa, e Eb].

Then, due to Proposition 2.1, we only need to prove that
lim — =b% —a“ a.s.

To do so, observe that Nr and Afg are Poisson variables with parameter ek

and e @£ (b* — a%). Forn € N, we set E(n) = —% Inn, that is, e @£ = p2 The
Chebyshev inequality and Borel-Cantelli lemma then imply that

. NEw . AEm o«
nhTrglo pury i 1, r}lTIcl;lo ) =b"—a a.s.

By monotonicity, one can extend the first limit to limg | _ % =1, a.s. In order
to extend the second limit to general E, we observe that, whenever E(n + 1) <
E < E(n),

|Ag — Apw| < |{j:e 5 € [ae ™ ae DU [be B pe=EMHDI|.

Since the r.h.s. is a Poisson variable with expectation of order O (n), the Chebyshev
inequality and the Borel-Cantelli lemma imply

|Ag — AEm|

lim sup ey E 0 a.s.,

n1o0 E(n+1)<E<En)

Ab = p* — g% as. O

e*O(

which allows, to prove that limg |

PROPOSITION 4.4. For almost all E, and y a positive oriented loop
around [0, 1],

lim Ig(t,1
gm E(, ty)

(4.10) 1 —twh 1o, —xt A — a—1 4
= / e Jo /O =) Ydn Vi
14

“2midy v [N/ — x)xeldx
In particular, for almost all E, given 6 > 0,

sin(re) ! u (1 —uw)* du.

4.11)  lim lim Tg@ty, ty) =
J—00

twtoo E b4 6/(146)
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PROOF. Our starting point is (4.2) and the following inequality, which holds
for any bounded function, f, with E(f(X;))=0:

k8?2
P(|AVE_, f(X ;)| = 8) < 2exp( — V8>0,k=1,2,....
j=1 J
4l flloo

In particular, conditioning on n7; [see (4.2)], we get
(4.12) P(IAVE, f(X;)] = 8) < 2exp{—e E(1 — e~ 4 ),

(4.10) can now be derived from (4.12), the Borel-Cantelli lemma, and the integral
representation

1 —tuh AVYVE et [(x — M)
4.13) Me(t, ) =— [ < =l L "
ity A AVE T/ (xj—2)

’

where y is a positive oriented closed path around [0, 1] [see (2.12)]. Note that the
r.h.s. of (4.10) corresponds to the function I1(¢, t,,) introduced in Proposition 2.5.
Therefore, the assertion of Proposition 4.4 follows from Propositions 2.5 and 2.8.

0

43. 19 ) O after E | —oo. In this scaling regime, we show that the vague
limit of the suitably rescaled spectral density is given by the measure «x*~! dx on
[0, 00) and we recover the aging property of the correlation function. Moreover,
due to the fact that we are effectively already at “infinite times” on the microscopic
scale, we get a pure aging function even before taking ¢ and #,, to infinity:

PROPOSITION 4.5. For almost all E,

Ng
lim lim Z 8, = ax® Ldx vaguely in M([0, 00)).
j=1

7040 E|—00 J
PROPOSITION 4.6. For almost all energy landscapes, E, given positive t, t,y,
etk T 3% e /(x) — 1)

oY /(=)

1
4.14 lim Mg, ty) =—
@iy lim e =g |

and
li li Mg, ¢t
zéﬂ%EfI—noo E(, tw)
(4.15) _sin(ra) !

t
= u 1 —u)* du where § = —.
b4 8/(146) fy

REMARK. The integral in (4.14) exists due to Lemma 4.8.
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Due to Proposition 2.1, Proposition 4.5 follows, if one is able to prove that
Ty Z?’ZE | 8x; converges vaguely to ax®~!dx on [0, co) when taking the (ordered)
limits £ | —oo, 79 | 0. This is the content of Lemma 4.7 below (which is
analogous to Lemma 4.16 in [4]). Finally, the proof of Proposition 4.6 is based
on (and given after) the technical Lemmas 4.7 and 4.8.

LEMMA 4.7. Let M > 0 and let f be a bounded, continuous function
on [0, M]. Then, there exists § > 0, such that, for almost all energy landscapes, E,
(4.16) <c V>0,

M
W X £ = [ et ds

xXi <M

where ¢ > 0 is a positive constant.

PROOF. Let X1, X»,... and ny; be as in (4.1). Due to (4.1) and since
Var(ny) =E(ny) = (M/7)%,
IP’(‘ {j:x; =M}
(M /70)"
In particular, given y,s > 0 such that 2s — yo < —1, using the Borel-Cantelli

lemma, we obtain that, for almost all energy landscapes, there exists ¢ > 0, such
that

1‘ > s) < (t9/M)%e 2.

{j:x; =M}
(M /70)*
Due to this estimate, we get that

l‘fck_s Vk=1,2,...,where o :=k" 7.

<ck™ | flloo

¢ Y f i) — MAvy <y f(x;)

xi <M

4.17)
Vkel,2,...,where top:=k™7,

where Av,. <y denotes the average over the set {x; < M}. As done for (4.12), if

O<p<l,
M
P(|Avizus ) = [ pwantax] = p)
0

cooof-(4) 1)

J 2 —a
<2e P

In particular, by the Borel-Cantelli lemma, for almost all E,

M
Avy, <m f(xi) — M_“/(; F)ax®dx| <ck™

(4.18)
Vk=1,2,...,where 1o := k7Y,
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if s is chosen small enough. Now (4.17) and (4.18) imply the assertion of the
lemma, if 7o = k=7, for some k =1, 2, .... The general case 79 > 0 follows easily
from the uniform continuity of f. [J

LEMMA 4.8. For almost all energy landscapes, E, there are positive con-
stants, Tg, c1, ¢2, such that the following holds: If to < 75, N > |[{j :x; < 1}| and
A€V (or A=a+ib,with|b| <1anda > x; + 1, forall j < N), then

N
r(‘)"z

j=l1

1

4.19
(4.19) -

>c|A 72

Moreover, if o < 15 and M > 1, then

o
1
420) <A n(d + |2 if A € Yoo
(4.20) ’O;m—xr”" n(1+1A)  ifrerx
@20 1 3, AI5cZMw—llnz\4 if ) € oo 0r RO = M + 1,
x-_
XjZM J

where Zx_,zM means ijlzszM.

PROOF. It is convenient to introduce the nonrescaled Ppp }_;§y,, where
y; :=e~Fi with intensity measure ay*~'dy on (0,00). We set Xj = T0yj-
Moreover, we fix § > 2 and 0 < y < /2 — 1 and we define

Ny = |{j:nP/% <y; < (n+ DP/YY),

for n positive integer. Then the Borel-Cantelli lemma implies that, for almost
all £,
N

(4.22) i

llfcn_y Yn=1,2,....

Moreover, again using the Borel-Cantelli lemma and a simple argument based on
monotonicity, one can prove that there exists § > 0, such that, for almost all E,

(4.23) }I{j :yljas ul

1‘5/{14_5 Yu>1,

where « is a positive constant. We leave this proof as an exercise.
In what follows we write A =a +ib. Then

Al ? N xXj—a 2 N b 2
= :(Zm> *(Zm)

j=1 j=1

1
Xj—A

4.24)
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In order to prove (4.19), we assume (4.22) and (4.23) to be valid and we let
0 <19 <1y <1, where 7§ is such that 1 > K(‘L'(;“)5. This implies that {x;:x; <
1} #3.By (4.24),if N > [{j:x; <1} and A € y,

N
62

T
=1
D] _ . 1
Y > gy < 1Y i (B> g,
o G —a?+b?
- o Xj+1 - . 1
A — 1 f|b| < 5.
g xZ<:1 (xj+ 12+ b2 = crg iy < 1, b <3
J=

At this point, (4.19), for A € Y, follows from (4.23). The case A = a +ib, with
|b|<landa > x; + 1, forall j < N, can be treated similarly.

It is easy to derive (4.20) and (4.21) from the estimates (4.25)—(4.31) below that
hold for almost all E:

ifa<100,1 <M and A =a +ib € yx, then

o0
4.25
*22 3 |x,—x|
j=l1
(4.26) 73 <cM* L
szM| _)“|

if 7o is small enough and a > 100, then

1

4.27 & <ca* !,
4.27) &y v al S
xj<a/2
1
4.28 7y <ca® 'na,
(4.28) Y o al S
a/2<xj<a—1
1
(4.29) i <ca® ! ifra=a+4ibe€ yo,
a—1=<xj<a+l |xj _)\l
1
(4.30) ¥ <ca® 'Ina,
a+1<x;<2a |xJ —al
4.31) > <cT* ' ifT>2a.
s |x; —a|
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Let A € 5o with a < 100. Then, due to (4.23),
1
¢ —t </,
0 Z {J Yi= TOH -

while, due to (4.22)

C‘L'O

|xj_)\'|

Z ¢ a 1 Z ﬂflfﬁ/a SCU,

Xj >l > n>I_T Of/ﬂJ

which proves (4.25). The proof of (4.26) follows from the same arguments.
(4.27) is a simple consequence of (4.23). The Lh.s. of (4.29) can be bounded by
tol{j:a—1=<1y; <a+ 1}| and (4.22) allows to conclude the proof of (4.29).
The proof of (4.28), (4.30) and (4.31) can be easily derived from the following
estimate. Let 1 <A < B with B <a —1or A >a+ 1, then (4.22) implies

r(‘)"z

A<x;<B

| n=ny Bl v Bl
CT Z C T / ———dx
0 L |ronble —a| =" O Jy Ja — woxP/e|

/ —1+a /U(TO/a)a/ﬁ yP-!
=ca -z
u(ro/ay/p |1 — yP/e|

lxi —al —

)

where n_ = [(A/10)*P] — 1, n. = |(B/t))*P |+ 1, u=n_—1,v=ny +1
(we assume tp small enough in order to exclude the singular point in the above
intervals of sum and integral). [J

PROOF OF PROPOSITION 4.6. In order to avoid confusion, we underline here
the dependence on 79 = efo by writing Ilg g,(t, t,) instead of ITg(z,t,). Our
starting point is given by the integral representation (2.12):

—tpA T NE th Xi—A
(4.33) HE,EO(t,tw)=%/ G N [5=n,
midyg A g YUE 1/ (xj—A)
Let us choose E satisfying Lemma 4.8. Then, due to the exponential decaying
factor e »* and Lemma 4.8, if 7y < 7y, and E is small enough, such that
t9e £ > 1, the integration path yg in (4.33) can be replaced by yuo. At this point,
(4.14) follows from Lemma 4.8 and Lebesgue’s dominated convergence theorem.
To prove (4.15), given a positive integer M, we set

PR / e h T Y e (= D)
&M, Eg\l, = =
e AT Ygem 1/ (xj =)

2mi
where I'y; is the positive oriented path whose support is

E)

supp(I'y) ={L € C:|» — x| =1 for some x € [0, M]}.
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Then, applying Lemma 4.8, whenever 1y < 7,

Eliim Mg gt tw) — gm.E,(t, tw)| <cM* 'InM VM eNy.
—o0

Let us assume that E satisfies (4.16), for all M € N, and for f(x) = %, or

fx)= x%)»’ for all A in a countable dense set of I3, and for all rational positive ¢.
Then, by a chaining argument, we get

EolJi,rEoo 8M, Ey(t ty) = gm(t, ty) Vi, ty >0,
where
et fOM e /(h —x)x*Vdx
A fOMl/()»—x)x“*Idx

1
@34) gt te) = — / s,
Ly

2mi

which implies

lim sup <cM* 'InMm VM eN,.

Egl—o00

lim HE,E()(tv lw) - gM(t’ lw)
J—o0

At this point, we observe (see the proof of Lemma 4.8) that there exist ¢, ¢’ > 0
such that for all M € N:

M xa—l
‘/ dx| > c|r 72 VAel'm Uy,
0 A—Xx
M xa—l
(4.35) / dx <c VA ey Uy,
0 |A—x|

o0 xC{—]
/ dx <'M*'InM VA€ ys.
M |A— x|

From the above estimates, we infer
(4.36) lgm (1, tw) — g(t, 1) <cM*~ ' In M,
where
1 etk [ o™X /(L — x)x* Ldx
@3 gt =5 [ Jo ¢ ~
TiJye A Jo 1/ —x)x*"ldx
Using the analytic properties of the integrand in the r.h.s. of (4.37), one can show
that g(¢,t,) = g(t/ty, 1). In order to compute g(6, 1), we observe that for a
suitable positive constant c, |g(0s,s) — gy (0s, s)| < eM*n M, for any s > 1
[in fact, the constant ¢ in (4.36) can be chosen uniformly if ¢, > 1]. By the results
of Section 2.1 [cf. (4.34) with I1(z, t,) in Proposition 2.5], we get

lim gy (0s, s) = r.h.s. of (4.15),
stoo

dh.

thus concluding the proof. [J
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5. Other correlation function when 79 | 0 after £ | —oco. As stated in
Proposition 4.6, the standard time—time correlation function I1g(, t,,) has trivial
behavior after taking the limits £ | —oo, 19 | 0. For physical reasons, it is more
natural to disregard jumps into states with physical waiting time 7; = ¢ much
smaller than 79, since we assume that the physical instruments in the laboratory
have sensibility up to the time unit ty. Therefore, let us fix § > 0 and consider here
the more natural time—time correlation function

N (1 1) =Pr(xp ) = 8 Yu € (ty. ty +1]:xg W) # xp (7).

The main result of this section is the following:

PROPOSITION 5.1. For almost all E,

5.1) lim sup lim sup lim sup fl'[g)(t, tw) — Mg, ty)| =0.
1100450 Egl—o00 E|—o00

In particular, for almost all E,

. . . 0
lim lim lim TI
zwlgo Eoillloo Eilgloo E (Ql‘w, tw)
(5.2) | 1
_ Sin(ra) W= du Vo >0.
r  Joate

Note that the correlation function Hg)(t, ty) 1s the analog of Hg\p(t, tw) of
Proposition 3.1. As for the proof of Proposition 3.1, a useful observation is that,
given § > 0,

53 lim lim lim P t)>48)=0 8.
(5.3) lim lim _ lim E(xg (1) > 9) a.s
We can prove a stronger result concerning the phenomenon that with high
probability the system visits deeper and deeper traps. In fact, note that, by (2.13),

1 / e YN Ly 25/ (xj = 2) N
i dye A ENE /(-0

Then, reasoning as in the proof of Proposition 4.6 and using the results of
Section 2.2, one can easily show the analog of Proposition 2.9:

Pe(xp(r) > 8) =

PROPOSITION 5.2.  For almost all E,

(5.4) lim lim lim P (rp (1) > 8) = D)
' 11607040 E | —00 EVIE (@)
where
fsoo x%=2 dx /oo L
B 8 = s = o yd .
©) Jooxe= /(1 +x)dx c@) o 2 ¢
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PROOF OF PROPOSITION 5.1. Trivially, (5.2) follows from (5.1) and Propo-
sition 4.6. Since Eg | —oo after E | —oo, we assume that £ < Eg and define

Dg gy:={i: E < E; < Eyp}.

This set corresponds to the small traps into which we allow the particle to jump.

By (5.3) and the same arguments used in the proof of Proposition 3.1 for i =1

. . . . D .
(with exclusion of the last step since here limg | | If/fO' =1 a.s.), it is easy to

derive the assertion of the proposition from Lemma 5.3. [

LEMMA 5.3. For almost all E, there exist positive constants, p, ¢, indepen-
dent of E, Ey, satisfying the following property. Whenever |{i : E; > Eg}| > 0,

1
(5.5) limsupN— > @EE,1)<ce?  Vi>0,

E\L—OO E iEDE,EO

where Dg g, :={i:E < E; < Eo}, for E < Ey, and the function ¢g g, is
defined as

(5.6) 0E £, (i, 1) :=Pp(Ygu) € Dp g, Yu € [0, 1]|YE(0) =1).

PROOF. Let us assume that E < Eg, |{i: E; > Eg}| > 0 and, without loss of
generality, § = 1.
We fix £ > 0 such that e~%¢ < % and define
Wieg={i:E<E <E+U{}, Ny e =W El
Wrp:={i:E+{=<E; < Eop}, No g = |WaEl
Note that Dg g, = Wi, U Wa g and Ng, Ny g, N g are Poisson variables

with parameters e *F, ¢7*E(1 — ¢7%¢) and e *E~¢ — ¢=@E0_ respectively. In
particular, for almost all E,

N N
li =1, p1:= lim LE =1—e
El—oco e ®E El-0 Ng
5.7)
. NZ,E —al 1
p2:= lim —/— = —.
El-~ Ng 2

We observe that n := Ng — N1 g — N g is a positive integer, independent of E
and x; > eE0—E—L ifj W1.E, while x; > 1, if i € W5 g. Let us introduce a new
random walk, Y g (1), on 8, whose infinitesimal generator, IL%, is defined as Lg,
with x; replaced by x* defined as

Xi, ifi ¢ Dg gy,
xf={ Ag=ebomE=t ifie W g,

1, ifi e Wa k.
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We denote by [P}, the probability on path space associated to Y (¢) with uniform
initial distribution and we set

(5.8) 0k £, i, 1) ==PE(Yiw) € D gy Yu € [0, 1]]Y5(0) = i).

By a simple coupling argument, one gets ¢g g, (i, 1) < (pE £, (i, ). In particular,

: 1 :
N Y epE i, 1) <D= . > Ok g,
(5.9 E i€DE E i€DE

Vie DE,E()a Vi>0.

At this point, it remains to estimate ®. In order to simplify notation, we write
D, N, N1, N, A, dropping the index E. Moreover, we consider the following
realization of the dynamics of Y}: after arriving at a site i, the walk waits an
exponential time of parameter x and then it jumps to a point of 8¢ with uniform
probability. In particular, jumps can be degenerate, that is, initial and final sites
can coincide.

We claim that

S =P + Dy + P3,

where
_ i i (lq +k2> (&)kn (&>1<2+1Ak1
P N N
l_ =l
(5.10)
/ du e A" uht™! e (t—u) (t_u)kz
(ky — 1)! k!
k1+k2 N1 1 N2 2
w=2 5 (")) (F)
k1=0ky=1 1
(5.11)
x Ak /t du e_A”u—kle_(’_”) t-w> we!
0 ky! (kr— D!’
N N N N
(5.12)  ®3:= W‘exp{—m@ _ #)} n erxp{ (1 _ #)}

The above identities can be derived from the probabilistic interpretation of ky, k»
as

k; = |{ jumps performed before time ¢ having starting point in W;}|
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and from the following simple identities:

P(Ti+ T+ + T, €lz,z+d2))

anl

=e dz,
(n—1)!
P(h+T+- - +Ty<zandT1 + o+ -+ T+ Ty41 > 2)
N n!’
where z > 0 and T1, T3, ... are independent exponential variables with parame-

ter k.
Finally, we only need to prove that, for suitable positive constant ¢, p > 0,

(5.13) limsup ®; < ce 7' Vi=1,2,3.
El—o0

We give the proof in the case i = 1; the case i =2 is completely similar, while the
case i = 3 follows directly from (5.7).
Wefix y:a <y <1,setkg:= AY and write

@ =7 + o,
where CIDISkO is the contribution to ®; of addenda in the r.h.s. of (5.10) with

1 <ky <kgpandk, >0.
If k; > ko, then

Nk N — N\ A i ki N — N\ K 1\4
) = 1— < 1——) .
(%) =C57) (-5"%) =(57) (%)

thus implying that

ko N—N, 1\4" 1\4
P, <9 N ,N2> I_N §<1_ﬁ> 30 as E | —oo,

where <I>1( ~ No , N») is defined as in the r.h.s. of (5.10) with N| replaced by
N — N»>. Note that it does not exceed 1 since it corresponds to the probability
of a certain event.

Let us now consider the term CIDIEkO. To this aim, since (k ‘,:kz) < okitka

2AN; 21N> \F2 10, 1)
Z Z( ) ( N > (ky — D!

ki=1ky=

where

w2
I(wi, wy) ::/ o= —Au k=1 g
wi
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Fix 0 <m < 1 with 2py 4+ 2mp; < 1 (recall that 2py < 1). Then, trivially,

mt 1 mt\ K
5.14 100, — ) < — l“m/A)(—) .
(5.14) < A ) =’ A

From such a bound, one gets immediately

2ANI\X1 12Ny \ R2 1 mt
Z Z( ) ( N ) (k1—1>!k2!1(0’7>

ki=1ky=
N N
§cexp{—t<1—ﬂ—2—1 —2—2)}
A N

The last expression, when E | —o0, converges to cexp(—t(1 —2pim — 2p3)), in
agreement with (5.13).

In order to estimate the integral 7(%4f, 1) = e_’f qe ADuyki=l gy we
observe that

/w o ”du_( 1) d e ¥ —e 2w
s Z

e—ZS 1 n e—zw 1 n
< <s+—> + (w—i——) Vs, w,z>0,
Z Z Z Z

(5.15)

thus implying the bound

mt k ki—1 A 1o
I(X’t> <ce "A M+ Db e A - D! (t—l——l) .

The contribution of ce ™' A=¥1 (mt + !1=1 to @7 >ko

estimates similar to the ones leading to (5.15).
In order to conclude, we only need to show that

Al Z Z(ZAtNl)kl ‘<2r]ffv2>"2 - _11)!k2! Lo

(5.16) ki=1ky=1

can be treated by means of

as £ | —o0.

To this aim, observe that

rh.s. of (5.16) < e~ A+ N2/N Z(

2AtN1)
f=0

N
<c)e AMAY (4rA)Y =c(t) exp{—Ar +yInA + AY In(41 A)}.

Since 0 < y < 1, we get (5.16), thus concluding the proof. [J
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APPENDIX
A.1. Laplace transform.

PROPOSITION A.1. Let G(t) be a bounded measurable function on (0, 00)
and let us consider the Laplace transform

R 00
G(w) :/ G(t)e '“dt
0
well defined if R (w) > 0. Let us define
(A.]) A= {rei9:0<r<oo, |<9|§%7r}.

Suppose that G can be analytically continued to C\ (—o0, 0] and that there are
positive constants y, B, «, c and B € R such that

(A.2) G| <clo]™  Yweah,|ol=>1,
(A.3) |wﬁé(w) — B| <c|w|® Yoe A, | lwl <1.
Then,

B o0
lims'#G(s) = — where ¢(B) = / yPle ™V dy.
stoo c(B) 0

PROOF. If we set H(s) := ( ﬁ)sﬂ I with s > 0, then the Laplace transform

H (w) is well defined for N(w) > 0, H (w) = Bo~? and, trivially, H (w) can be
analytically continued to C \ (—o0, 0].

By the inverse formula for Laplace transform (see Chapter 4, Section 4 in [15]),
we have

1 x+iK n
(A4) G(s) = hm —/ e°G(w)dw Vs>0,x>0,
—00 21i Jx—iK

where w runs over the vertical path connecting x — i K and x + i K. The above
formula remains true if substituting G with H. Therefore,

B s1=B rx+ik R .
PG (s) — 2 . v B
(A.5) Gs) () = Jim i fx_l.K ¢’“(G(w) — H(w))dw

Vs>0,x>0.

Let p := min(y, )/2. Fix a positive number x and, given K and s, define the
following paths (see Figure 2).

vk 1s the vertical path from x —iK to x +iK. y; 4+ is the segment from
—s V45 lito —1+4i.yy is an arc from —1 4 i to —K” 4+ iK given by the
parametrization z(¢) = —f +i tVP with r € [1, KP]. ¥3.+ 1s the horizontal segment
from —K” +iK tox+iK.Fori =1, 2,3, we define the path y; _ by considering
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—K? +iK T +iK
73,4+

72,+

YK

Y1,+ . \’}/0
1/

A3,

—KP —iK T — 1K

FIG. 2. The integration path in the Laplace inversion formula.

the reflection of y; 1 w.r.t. the real axis and inverting the orientation. Let yp be
the positive-oriented circular arc of radius s ! from —s ™! —s7lito —s~! + 571
crossing the axis of positive real numbers.

Note that the above paths depend on s and/or K.

Because of analyticity, the integral over yx of ¢ G(w) is equal to the sum of
the integrals over y3 _, ¥2.—, ¥1.—, Y0, V1.4+> ¥2.4+» ¥3.+. The same is valid with G
replaced with H.

By (A.2), we have that

(A.6) / |es“’(A}(a))||dw| <ce*KP77 |0 as K 1 oo
V3,+
and, for a suitable rational function f,

s1=P 1°° G (w)||dw|

V2,+

o0 . ~
(A7) < s‘—ﬂf |8 DG (—t 4 it1PY (=1 4 p~ PP} | dy
1

o0
§cs1*’3/ e dr <s'Pe™2 L0 ass 1 oo.
1
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Similarly, it can be proved that the corresponding integrals with G substituted with
H go to 0 by taking the limits K 1 oo, s 1 00.

Let us now estimate s' =7 [ Sl,l e~*'t%~P dt by dividing the path of integration in
two paths. Choosing 0 < 4 < 1,

—1+6

RE: /sl 18P 4t < 51 B[ Hap) _ ~(tap))
a
<C,S_a +C/S—a+8(1+ot—/3)

1
s]_’g/ e P gr < sl_’ge_ssg(s)
=148

for a suitable rational function g(s). In particular, choosing § small enough, the
above upper bounds imply

1
lims'~# f e 1P dr =0.
STOO s*l
This result, together with (A.3), implies
1 A .
lims'# — / ¢’“(G(w) — H(w))dw =0.
STOO 27Tl )/l,i

Trivially, by (A.3),

s1=p

/ e‘m(é(a))—[:](a)))dw‘ <s %10 as s 1 oo.
Y0
The proposition now follows from the estimates above and (A.5). [

A.2. Perturbation theory. In this appendix we comment on a paper by Melin
and Butaud [24] where the eigenvalues and eigenfunctions of the generator of
our model were computed using perturbation theory. As pointed out earlier, these
results are at variance with our exact results, and it may be worthwhile to point
out the flaw in their arguments. Melin and Butaud write the generator L defined in
23)asL =T+ %T(l), where

x1 O 0
0 xp 0
T = )
0 0 ... xn
(A.8)
_xl —x1 DY —XI
ro._ | T TR TR

_-XN _xN oo —XN
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The factor 1/N in front of the second term encourages them to consider this term
as a small perturbation. Both T and 7! are symmetric operators on L?(x), where
w() = xi_l. We denote (-, -) the scalar product in LZ(,u) and assume X1, ..., Xy
to be distinct positive numbers.

Given an operator A:Lz(,u) — L%(n), we write ||A| for its operator norm.
Because of symmetry, ||| and |7V are given by the maximum of ||, with

A eigenvalue. Trivially, T has eigenvalues xi,...,xy and T (e;) = xje;, where
e1,...,ex is the canonical basis of RY, while TM has eigenvalues 0, —(x1 +
X2 4+ xn).

Given z € C, we can define the holomorphic function 7(z) = T + 2T,
A natural condition in order to apply perturbation theory to 7(z) (see [22],
Chapter II) is

d
2ay
where
. . X1+x2+---+x
d = inf |x; — x;|, aO::mm”T(])—a”: ! 2 N.
i#j aeR 2

In this case, we can conclude that T(z) = T + zTV has N eigenvalues
M (@), - Ay (@) with A (2) = Y020 AU 27, where, forn > 2, |A)"| < afl (2/d)" ",
and

(TWey, ex)

)]
A —
g (ek, ex)
1 )2
2 _y (T e, ej)
W=D
ot (e, ex)(ej, ej)

Similar series exist for the perturbed eigenvectors.
However, the crucial condition (A.9) is hardly satisfied when z = %, since it
reads

(A.10) AV xj < inf [x; — x;],
' i#]

while a.s. the Lh.s. of (A.10) has nonzero limit and the r.h.s. converges to 0 at least
like 1/N.

The fact that the conditions for the application of perturbation theory are
violated explains why its predictions are incorrect. This discrepancy happens not to
be too obvious as far as the eigenvalues are concerned (which are caught between
the diagonal elements of the generator and thus are somewhat similar to them, but
the shape of the eigenfunctions is sharply different).

Namely, by Proposition 2.1, when j # 1 and x;_1, x; are very near each other,

the eigenvector ¥ /) related to the eigenvalue A;:x;_1 < A; < x; has two main
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peaks of opposite sign given by wj(i) , and wj(.j ); this is very different from the
predictions of [24] (see their Figure 4).

A.3. Complex integral representation. Let L. be a Markov generator on the
state space 4 := {1, 2, ..., N}, reversible w.r.t. a positive measure ©. We can think
of L as a linear operator on RY, symmetric w.r.t. the scalar product (-, -) > Where

N
(a.b), =) u()aib;

i=1

In what follows we endow RV with the scalar product (-, ), (and not with the
standard Euclidean scalar product). Since L. is symmetric, we can orthogonally
decompose RN as RN =W, & Wo & --- ® W, such that L = Y e A Pw,
where Py, denotes the orthogonal projection on Wy and A; # A if i # j. Given
AreC\{A1,..., Ay}, we write R()) for the resolvent

“ 1

R(A\):=I—-1L)"'=
) = ( ) ;A_Ak

Py, .

Then, the residue theorem implies the integral representation
1
(A.11) e = —f e ™R\ dAx,
27 1%

where y is a positive oriented loop containing in its interior Ay, Ao, ..., Ay.

Given a probability measure v on 4, we denote by P, the probability measure
on the path space associated to the continuous-time random walk Y (¢) on 4 with
generator L and initial distribution v. Fix j € 4 and let v € RY be such that
v; = & j. We write d” for the Radon derivate, that is, du Y (j) = ;((’l)) Then the
symmetry of I w.r.t. the scalar product (-, -),, implies

N
Py(Y(1)=j) =D vk "),
k=1
(2 ) (e )
(A.12) —(du,e '), 7\ aw?),
_tL (k)

By plugging (A.11) in the r.h.s. of (A.12), we get the integral representation

1
(A.13) IP’v(Y(t)=j)=2—m./y ”{ZM(])R]k(A) ((k))}
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In particular, given % function on 4,

Ep, (h(Y (1)) = Z Z — um(n% e " Rjx(\) .,
j=lk= 1

thus allowing to get an integral representation for I1(¢,?,) := P, (no jump
in [ty, ty + t]). If we set u(i) =1 = xl._l and v(i) = N~! (uniform initial
probability), then

1 1 Xk
A.14 Y(t) = / TN TR (M) (.
(A.14) Py(Y()=j)= i {NXk:Xj ]k()}

Let us consider now the special case given by Bouchaud’s REM-like trap model
where I := Ly is defined in (2.3) and v is the uniform distribution on 4. Note that
all the integral formulas obtained in Section 2 can be derived from the following
one:

1 1
(A.15) IP’U(Y(t):j):%/ e

—d
A —xj)¢pR)

where ¢ (1) = Zk 1 A — . In what follows we prove that (A.15) corresponds
to (A.14).

We know already that det(Al — IL) has distinct zeros given by the N distinct
zeros of ¢ (X). In particular, it must be

k]

(A.16)  det(AI—L)= —¢(A)H(k —xj) = —AZ [T &—x).
ko j:j#k
Given a matrix A, we write [A]; ; for the determinant of the matrix obtained from
A by erasing the ith row and the jth column. Since
[AL — L],
det(A\I — L)
and due to (A.16), in order to derive (A.15) from (A.14), we only have to show
that

(A.17) ST Ly = [T 06— x0).
k Xj S:5#£j

In order to prove the above identity, observe that [AI — L] ; is a polynomial of
degree N — 1 if k = j, otherwise it has degree N — 2. The Lh.s. of (A.17) is a
monomic polynomial of degree N — 1. At this point, we only have to verify that
Xs, § # j, are zeros of the Lh.s. of (A.17). This is trivial if one observes that the
L.h.s. of (A.17) is the determinant of the matrix obtained from AI — L by replacing
the jth column with the vector w with w; = )f—; fori =1,2,..., N.Itis easy to

verify that, if A = x; for some s # j, the jth row and the sth row in such a matrix
are proportional, thus implying the thesis.

Rjx(h) = (=11
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