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1

Continuous time martingales

In the last course we have seen that martingales play a truly funda-
mental réle in the theory of stochastic processes in discrete time, and
in particular we have seen an intimate connection between martingales
and Markov processes. In this course we will seriously engage in the
study of continuous time processes where this relation will play an even
more central role. Therefore, we begin with the extension of martingale
theory to the continuous time setting. We will see that this will go quite
smoothly, but we will have to worry about a number of technical details.
Most of the material in this Chapter is from Rogers and Williams [13].

1.1 Cadlag functions

In the example of Brownian motion we have seen that we could construct
this continuous time process on the space of continuous functions. This
setting is, however, too restrictive for the general theory. It is quite
important to allow for stochastic processes to have jumps, and thus live
on spaces of discontinuous paths. Our first objective is to introduce a
sufficiently rich space of such functions that will still be manageable.

Definition 1.1.1 A function f: R, — R is called a cadlag ! function,
iff

(i) for every t >0, f(t) = limg¢ f(s), and
(ii) for every t > 0, f(t—) = limgps f(s) exists.
Recall that this definition should remind you of distribution functions.

In fact, a probability distribution function is a non-decreasing cadlag
function.

1 From “continue & droite, limites & gauche”.
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It will be important to be able to extend functions specified on count-
able sets to cadlag functions.

Definition 1.1.2 A function y : Q; — R is called regularisable, iff

(i) for every t > 0, limyy; y(q) exists finitely, and
(ii) for every t > 0, y(t—) = limgy y(s) exists finitely.

Regularisability is linked to properties of upcrossings. We define this
important concept for functions from the rationals to R.

Definition 1.1.3 Let y : Q4 — R, N € N and let a < b € R. Then
the number Uy (y, [a,b]) € NU {oo} of upcrossings of [a,b] by y during
the interval [0, N] is the supremum over all £ € N, such that there are
rational numbers ¢;,r; € Q, ¢ < k with the property that

0<qp<rm<---<qg<r,<N

and

y(gi) <a<b<y(ry), foralll<i<k.

Theorem 1.1.1 Let y : Qy — R. Then y is regqularisable if and only
if, for all N € N and a < b € R,

sup{ly(q)| : ¢ € QN [0, N]} < oo, (1.1)

and

Un(y,[a,b]) < . (1.2)

Proof. Let us first show that the two conditions are sufficient. To do
so, assume that limsup,|; y(¢q) > liminfy; y(q). Then choose b > a such
that limsup,|, y(q) > b > a > liminf, y(g). Then, for N > ¢, y(q) must
cross [a, b] infinitely many times, i.e. Un(y, [a,b]) = 400, contradicting
assumption (1.2). Thus the limit lim,, y(g) exists, and by (1.1) it is
finite. The same argument applies to the limit from below.

Next we show that the conditions are necessary. Assume that for
some N y(q) is unbounded on [0, N]. Then for any n there exists ¢,
such that |y(gyn)| > n. The set U,{¢,} must be infinite, since otherwise
q will be infinite on a finite set, contradicting the assumption that it
takes values in R. Hence this set has at least one accumulation point, .
But then either limgq; y(g) or limg); y(¢) must be infinite, hence y is not
regularisable.

Assume now that Un(y;[a,b]) = oo. Define ¢ = inf{r € Ry :
U, (y;[a,b]) = oco}. Then there are infinitely many upcrossings of [a, ]
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in any interval [t — e, ¢] or in the interval [t,t + €], for any € > 0. In the
first case, this implies that limsup 4, y(y) > b and liminf, y(y) < a,
which precludes the existence of that limit. In the second case, the same
argument precludes the existence of the limit limg; y(y). O

One of the main points of Theorem 1.1.1 is that it can be used to
show that the property to be regularisable is measurable.

Corollary 1.1.2 Let {Y,,q € Q+} be a stochastic process defined on
(Q, F,P) and let
G={we:qg— Y, (w) is regularisable} (1.3)

Then G € F.

Proof. By Theorem 1.1.1, to check regularisability we have to take
countable intersections and unions of finite dimensional cylinder sets
which are all measurable. Thus regularisability is a measurable property.

O

Next we observe that from a regularisable function we can readily obtain
a cadlag function by taking limits from the right.

Theorem 1.1.3 Let y : Qy — R be a reqularisable function. Define,
foranyt € Ry,

ft) = lqifgy(fJ)- (1.4)

Then f is cadlag .

The proof is obvious and left to the reader.

1.2 Filtrations, supermartingales, and cadlag processes
We begin with a probability space (2,G,P). We define a continuous

time filtration G;,t € R essentially as in the discrete time case.

Definition 1.2.1 A filtration (G, ¢t € R4) of (2,G,P) is an increasing
family of sub-o-algebras G;, such that, for 0 < s < ¢,

G.CGCGu=0| ] G| (1.5)

reR4

We call (Q,G,P; (G, t € Ry)) a filtered space.
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Definition 1.2.2 A stochastic process, {X;,t € R4}, is called adapted
to the filtration {G;, ¢t € Ry}, if, for every ¢, X; is G;-measurable.

Definition 1.2.3 A stochastic process, X, on a filtered space is called
a martingale, if and only if the following hold:

(i) The process X is adapted to the filtration {G;,t € R, };
(ii) For all t € Ry, E|X}| < oc;
(iii) For all s <t € Ry,

E(X:|Gs) = X, as.. (1.6)

Sub- and super-martingales are define in the same way, with “=" in (1.6)
replaced by “>” resp. “<”.

We see that so far almost nothing changed with respect to the discrete
time setup. Note in particular that if we take a monotone sequence of
points t,, then Y;, = X; is a discrete time martingale (sub, super)
whenever X is a continuous time martingale (sub, super).

The next lemma is important to connect martingale properties to
cadlag properties.

Lemma 1.2.4 LetY be a supermartingale on a filtered space (2,G,P; (G, t €
Ry)). Let t € Ry and let q(—n), n € N, such that g(—n) | t, as n 1 oo.
Then

li Y, _
q(*lg;it a(=n)

exists a.s. and in L.

Proof. This is an application of the Lévy-Doob downward theorem (see
[2], Thm. 4.2.9). Il

Spaces of cadlag functions are the natural setting for stochastic pro-
cesses. We define this in a strict way.

Definition 1.2.4 A stochastic process is called a cadlag process, if all
its sample paths are cadlag functions. cadlag processes that are (su-
per,sub) martingales are called cadlag (super,sub) martingales.

Remark 1.2.1 Note that we do not just ask that almost all sample
paths are cadlag .
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1.3 Examples
Brownian motion We have already seen that Brownian motion is de-
fined in such a way that all its sample paths are continuous, and thus
a fortiori cadlag . We had also argued that Brownian motion is a mar-
tingale, and from the definition of continuous time martingales given
above, we see that we checked exactly the right things. Thus Brownian
motion is our first example of a cadlag martingale.

Poisson process. As a second example we will construct a Poisson
counting process. We begin with a o-finite measure space (W, W, \)
where W is assumed to contain all points (think of W C R, W = B(R)).
Assume first that A(W) < co. Then we can construct, on a probability
space (2, G,P), a family of independent random variables

NaZI;ZQa"'a
where
(i) N is a Poisson random variable with parameter (W), i.e.

PN =n] = )‘(—W{)ne—/\(w),
n!
for all n € Ny, and
(ii)
A(B)
(W)’

for all B € W. Then we can construct the random measure, A, by

P[Zk S B] =

(w)
Aw (B,w) = Z I5(Zn(w)),

for Be€ W and w € Q.

Exercise: Verify by direct computation that if W, C W, and Wy =
WA\W1, then

Aw = AW1 + AW2.

where Ay, are independent of each other.

On the basis of the exercise, we can readily extend the construction
to the case where X is only o-finite. In that case, there exists a disjoint
partition W;, U;W; = W, with A(W;) < co. Thus we can construct
independent random measures Ay, and set
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Aw(B,w) = > Aw,(BNW;,w). (1.7)

This defines the Poisson process. Note that the result of the exercise is
crucial to guarantee that this construction is consistent and independent
of the choice of the partition W;.

Now let W = Ry, and A the Lebesgue measure. We can define the
random functions

Ni(w) = Ag, ([0,t],w) = A([0, 1], w).

By construction, these functions are cadlag for every w, and so N; is
a cadlag process. This process is called a Poisson counting process.
Moreover, by the properties of the Poisson process, for s < t,

N; — Ny = A((s, 1])

is independent of G; = o(N,,r < s) and E(N; — Ng) =t — s. Therefore,
the process Cy = N, — t is a cadlag martingale.

Lévy processes An important class of cadlag processes generalizes
both Brownian motion as well as the Poisson counting process. Their
characterization is the independence of increments. Quite naturally,
they generalize the notion of sums of independent random variables to
continuous time processes, and it will not be surprising that they appear
as limits of these in non-central limit theorems. An excellent presenta-
tion of these Lévy processes was given by Kiyosi It6 in his Aarhus lectures
[8]. Another good reference is Bertoin’s book [1].

Definition 1.3.1 A stochastic process (X¢,t € Ry ) with values in R?
is called a Lévy process, if:

(i) X is a cadlag process;
(ii) For any collection 0 < t1 < ty--+ < t < 00, the family of random
variables

}/iEXtiiXtiflv iil,...,

is independent;
(iii) The law of X4 — X; is independent of ¢.

The theory of Lévy processes is intimately linked to the theory of in-
finitely divisible laws, and we will provide some background information
on this.
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Definition 1.3.2 A probability measure on R? is called infinitely divis-
ible if, for each n, there exists a probability measure, p,,, on R?, such
that, if V; are independent random variables with law p,,, then the law
of

is p.

The connection with Lévy processes is apparent, since clearly the law
of X; is infinitely divisible, being the law of the sum of iid random vari-
ables Y; = X/, — X(i_1)t/n- Note also that the Gaussian distribution is
infinitely divisible, and that Brownian motion is the corresponding Lévy
process.

The following famous theorem gives a complete characterization of
infinitely divisible laws. We will state it without proof, but give the
proof in a special case.

Theorem 1.3.5 For each b € R?, and non-negative definite matriz M,
and each measure, v, on RI\{0}, that satisfies

/min(|x|2, 1v(dx) < oo, (1.8)

the function
¢(0) = exp(y(9)),

where
w(6) Ei(b,@)—%(H,MH)—l—/(ei(e’m)—1—i(9,x)]1‘z‘31)u(dx), (1.9)

1s the characteristic function of an infinitely divisible distribution. More-
over, the characteristic function of any infinitely divisible law can be
written in this form with uniquely determined (b, M, v).

Note that it is easy to see that any law of the form given above is
infinitely divisible. Namely, for any n € N, consider the function

Un(6) = 2(0).

n
Then ¢,, corresponds to a Lévy triple (b/n, M/n,v/n), and if X; are iid
with characteristic function exp(t,(6)), then > | X; has the charac-
teristic function ¢.
In the case of distributions that take values on the positive reals only,
one has the following alternative result. Its proof will be easier since



8 1 Continuous time martingales

here the characterisation involves the Laplace rather than the Fourier
transform.

Theorem 1.3.6 Let F' be a distribution function on Ry.. Then F is the
distribution function of an infinitely divisible law, iff, for
g9eq0,

/000 e M F(dz) = exp {c)\ - /OOO (1— ™) p(dz)) | (1.10)

where ¢ € R and p is a measure on (0,00) such that

/Ooo(sc A 1)p(dr) < . (1.11)

Proof. The fact that the right-hand side of (1.10) represent the Laplace
transform of an infinitely divisible law follows by inspection. The con-
verse direction is more interesting. The starting observation is that the
infinite divisibility implies that for any n € N, there exists distribution
functions with support on Ry such that

FX(\) = /OOO e NE, (dr) = [F*(V)]Y™. (1.12)

Clearly F(\) 1 1, uniformly on compact subsets of R;. Taking loga-
rithms, we get first that

InF*(\) = nln F*(A) = nln (1 — (1 — FX(\)) < —n(1 — EX()).

(1.13)

We want to proof that for n large, the last inequality is essentially an

equality. To see this, note that the convergence of F;’ mentioned above

means that for any 6 > 0 and K < oo, there exists ng < oo, such that
for all A < K and n > ng,

(1= F,(\) <o. (1.14)

On the other hand, for any € > 0, there exists § > 0 such that for all
0<x<y,

In(1+2z) > (14¢e)x. (1.15)

Hence, for all ¢ > 0, K < oo, there exists ng < oo, such that for all
A< K and n > ng,

Im(1-1-F;N)>—-1+e)(1—=(1-=F;(N)). (1.16)
Thus

3

n(l—F;(N\) = —InF*(\),as n 1 oo, (1.17)
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uniformly on compact intervals. Now we can write

1— e—)\m

1—e*

n(1—e ") Fy(dx).

(1.18)
Now my(dx) = n(1l —e *) F,(dx) is a measure on (0,00) with total

n(-F0) =n [ (=) Ean) = [

mass n(l — F (1)), which by the observations above converges to the
finite value —In F*(1). Hence there exist subsequences (which) along
which m,, converges to some finite measure m on [0, +0c]. Then

1— ef)\:n

T o= dw) £ m({+oc}),  (1.19)

n(l — F;(N) = m({0})A + / :

which thus must be —In F*(\). The first two terms are what we want
(with m(0) = ¢ and m(dx) = (1 — e~ *)u(dx), while setting A = 0 shows
that in fact

InF*(0) =Inl=0=m({+o0}).
This proves the theorem. [l

The description of infinitely divisible laws in terms of the (Lévy)
triplets (b, M, v) is called the Lévy-Khintchine representation, v is called
the Lévy measure, and 1) the characteristic exponent.

We now use the Lévy-Khintchine representation to study Lévy pro-
cesses. Since X; = 22:1 Y; where Y; has the same law as X; (assume
t € N for a moment), we should expect that

Eexp (i(0, X1)) = exp (t(0)) (1.20)

where 1) is the characteristic exponent of the distribution of X;. In fact,
for any infinitely divisible law, (1.20) provides a characteristic function
of a process with independent and stationary increments. Let p; be the
law of Xy. Just like in the case of Brownian motion, we can thus define
a Markov transition kernel for the process X via

(Pf)(x) = / Fl@ 4 y)ue(dy), (1.21)

for bounded continuous functions, f, vanishing at infinity. We will see
later that properties of this transition kernel guarantee that X can be
constructed as a cadlag process, and hence a Lévy process.

An important example of Lévy processes can be constructed from
Poisson counting processes. Let N; be a Poisson counting process, and
let Y;,i € N be iid real random variables with distribution function F'.
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Then define
Ny
Xt = Z }/Z
i=1

Clearly X has cadlag paths and independent increments (both the in-
crements of N; and the accumulated Y's are independent). Moreover,
it is easy to compute the characteristic function of X;4s — Xy:

Eei(0-Xiea=X0) = 3 i e; ( / ei“)@)F(dx)) (1.22)
n:
n=0

= exp <s/ (e“"vz) - 1) F(dz))
erfafof o)

+s/ (ei(e’z) -1- i(@,x)]l‘z‘gl) F(dw))

Thus X is a Lévy process, called a compound Poisson process with Lévy
triple (fl\ml\él xF(dz),0, F), where the Lévy measure is finite.
Compound Poisson processes are of course pure jump processes, i.e.
the only points of change are discontinuities. We will, as an application,
show that a non-trivial Lévy measure always makes a Lévy process dis-
continuous, i.e. produces jumps. This is the content of Lévy’s theorem:

Theorem 1.3.7 If X is a Lévy process with continuous paths, then it’s
Lévy triple is of the form (b, M,0), i.e.

X, = MB, + bt,

where By is Brownian motion.

Proof. Let X; be a Lévy process with triple (b, M,v). Fixe € (0,1) and
construct an independent Lévy process with characteristic exponent

=1 ,l ) 1 (0, x v(dz
0e(0) = i(0,0) — 2(0,M0) + /W( 1= i(0,2) Iy 1 ().
Finally set 1°(0) = 1(0) — v (0), i.e.

Ve (0) = (") — 1 —i(0,2)0},)<1)v(dz).

|z|>e



1.3 Examples 11

Due to the integrability assumption of Lévy measures, flz|>8 v(dr) < oo,
and therefore, the process Y¢ with characteristic exponent . is a com-
pound Poisson process, and as such has only finitely many jumps on any
compact interval. If X*¢ is the process with exponent ¢, independent of
Y®, then X¢ 4 Y* have the same law as X. Now X°¢ has only countably
many jumps, that occur at times independent of the process Y. But
this means that, with probability one, all the jumps of Y¢ occur at times
when there is no jump of X¢, and whence X jumps whenever Y© jumps.
But this means that X cannot be continuous, unless the process Y*
never jumps, which is only the case if v = 0. This proves the theorem.

O

A slightly different look at the construction of compound Poissom pro-
cesses will provide us with the means to construct general Lévy processes
with pure jump part. For notational simplicity we consider only the case
of Lévy processes with values in R. To this end, let v be any measure
on R that satisfies the integrability condition (1.8). For ¢ > 0, set
ve(dx) = v(dx)l|;)~.. Then v° is a finite measure. Define the measures
on A (dz,dt) = v*(dz)dt be a measure on R?. Then we can associate to
A a Poisson process, P., on R? with intensity measure \.. Clearly, for
any £ > 0, and any t < oo, v°((0,t] x R) < oo. Thus we can define the
functions

Xe(t) = /Ot/zPE(ds,d:c). (1.23)

Note that this is nothing but a random finite sum, and in fact, up to a
time change, a compound Poisson process (with Y distributed according
to the normalization of the measure v°). Now we may ask whether the
limit € | 0 of these processes exists as a Lévy process. To do this, we
would like to argue that

/Ot/x’P(ds,dac) :/Ot/x’Pa(ds,dx)—i—/Ot /m<8x’P(ds,dac)

and that the second integral tends to zero as € | 0. A small problem
with this is that we cannot be sure under our conditions on v that

t t
E/ / xP(ds, dx) :/ / xA(ds,dx) = t/ av(dx)
0 J)z|<e 0 J)z|<e |z|<e

is finite. To remedy this problem, we modify the definition of our target
process and set

X(t)=ect +/0 /ac (P(ds,dz) — Tjy<iv(dx)) . (1.24)
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This can indeed be decomposed as (for 0 < e < 1)

X(t) = ct+/0 / N x (P(ds,d:c) — ]I|z|§11/(dz)) (1.25)

4 /Ot /|I|<€x(73(ds,dz) — U(dz)).

The first line is well defined. The second line satisfies

IE/O /|I|<€:c (P(ds,dz) — v(dz)) =0, (1.26)

E (/Ot /|I|<E:c(73(ds,dx) _ u(dx))>2 (1.27)
_ /Ot /z<€x2/\(ds,dz) t/|x|<ssc21/(d:c)

The last expression is finite, and hence it follows that the second line
in (1.25) represents a square integrable martingale, for any 0 < e < 1.
The last expression tends to zero as € |= 0, and hence the second line in
(1.25) tends to zero in probability as € | 0 (This follows from Lebesgue’s
dominated convergence theorem).

and

Since ¢ is arbitray, we see that X (¢) is a finite random variable (with
possibly infinite variance), and that X (¢) is the limit of the cadlag
processes given by the first line of (1.25). To conclude that X(t) is
a Lévy process we still need to show that, using a maximum inequality,
the convergence of the second line to zero holds for maxima on compact
sets, and that uniform limits of cadlag functions are cadlag functions.
To make this waterproof, we will need to have closer look at the issue of
weak convergence. We come back to this later.

The decomposition of a Lévy process given above with € = 1 is called
the Lévy-Itd6 decomposition.

Markov jump processes. Another class of Markov processes with
continuous time can be constructed “explicitly” from Markov processes
with discrete time. They are called Markov jump processes. The idea is
simple: take a discrete time Markov process, say Y,,, and make it into a
continuous time process by randomizing the waiting times between each
move in such a way as to make the resulting process Markovian.

Let us be more precise. Let Y,,, Y,, € S, n € N, be some discrete time
Markov process with transition kernel P and initial distribution p. Let
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m(z) : § — R4 be a uniformly bounded, measurable function. Let e; 4,
1 € N,z € §, be a family of independent exponential random variables
with mean m(x), defined on the same probability space (2, F,P) as Y,
and let Y;, and the e, be mutually independent. Then define the process

Sn)=> ey, (1.28)
=0

S(n) is called a clock process. It is supposed to represent the time at
which the n-th jump is to take place. We define the inverse function

S7Ht) =sup{n:S(n) <t}. (1.29)
Then set
X(t) = YS—I(t). (1.30)

Theorem 1.3.8 The process X (t) defined through (1.30) is a continu-
ous time Markov process with cadlag paths.

Proof. FExercise. [

1.4 Doob’s regularity theorem

We will now show that the setting of cadlag functions is in fact suitable
for the theory of martingales.

Theorem 1.4.9 Let (Y;,t € Ry) be a supermartingale defined on a
filtered space (2,G,P, (G, t € Ry)). Define the set

G ={w € Q:the mapQy > ¢ — Y (w) € R is regularisable}.  (1.31)
Then G € G and P(G) = 1. The process X defined by

li Y, (w), ifwedG,
Xt(w){olmq“ a() ;1:; (1.32)

18 a cadlag process.

Proof. The proof makes use of our observations in Theorem 1.1.1. There
are only countably many triples (N, a,b) with N € N, a < b € Q. Thus
in view of Theorem 1.1.1, we must show that with probability one,

sup |Yg] < o0, (1.33)
q€QN[0,N]

and
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Un([a,b];Ylg) < oo, (1.34)
where Y| denotes the restriction of Y to the rational numbers.
To do this, we will use discrete time approximations of Y. Let D(m) C
QN 0, N] be an increasing sequence of finite subsets of Q converging to
QnNJ0,N] as m 1 co. Then

P| sup |[Yy]>3c| = lmP| sup |Yy| >3c (1.35)
4€QN[0,N] e [qeD(m)

< ¢! (4E[Yo| + 3E[YN]) |

by Lemma 4.4.15 in [2]. Taking ¢ 1 oo (1.33) follows. Note that we used
the uniformity of the maximum inequality in the number of steps!

Similarly, using the upcrossing estimate of Theorem 4.2.2 in [2], we
get that

. E\Yn|+ |a
E[Un(la,8); Yol = lim E [Un (fa,); Y|p(m))] < oo < %
(1.36)
uniformly in m, and so (1.34) also follows.
Now Theorem 1.1.1 implies the asserted result. ]

We may think that Theorem 1.4.9 solves all problems related to con-
tinuous time martingales. Simply start with any supermartingale and
then pass to the cadlag regularization. However, a problem of measur-
ability arises. This can be seen in the most trivial example of a process
with a single jump. Let Y; be defined for any w € Q as

Vi) = 4 ift<1, .
w) = )
‘ q(w), ift>1,

where Eq = 0. Let G; be the natural filtration associated to this process.
Clearly, for t < 1, G; = {0,Q}. Y; is a martingale with respect to this
filtration. The cadlag version of this process is

0, ift <1,
Xi(w) = . (1.38)
q(w), ift>1,

Now first, X; is not adapted to the filtration G;, since X; is not mea-
surable with respect to G;. This problem can also not be remedied by
a simple modification on sets of measure zero, since P[X; =Y;] < 1. In
particular, X} is not a martingale with respect to the filtration G;, since

E[X14]G1] =0 # X.
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We see that the right-continuous regularization of Y at the point of the
jump anticipates information from the future. If we want to develop our
theory on cadlag processes, we must take this into account and introduce
a richer filtration that contains this information.

Definition 1.4.1 Let (2,G,P, (G;,t € R;)) be a filtered space. Define,
for any t € Ry,

Gr=(9:= () % (1.39)
s>t Q3g>t
and let
N(Goo) = {G € Goo : P[G] € {0,1}). (1.40)

Then the partial augmentation, (H¢,t € Ry), of the filtration G; is de-
fined as

Ht = U(QH_,N(QOO)). (141)

The following lemma, which is obvious from the construction of cadlag
versions, justifies this definition.

Lemma 1.4.10 If Y; is a supermartingale with respect to the filtration
Gt, and Xy is its cadlag version defined in Theorem 1.4.9, then X; is
adapted to the partially augmented filtration H;.

The natural question is whether in this setting X; is a supermartin-
gale. The next theorem answers this question and is to be seen as the
completion of Theorem 1.4.9

Theorem 1.4.11 With the assumptions and notations of Lemma 1.4.10,
the process X is a supermartingale with respect to the filtrations Hy.
Moreover, X is a modification of Y if and only if Y is right-continuous
in the sense that, for everyt € Ry,

lim E[Y; — Y| =0. (1.42)
st

Proof. This is now pretty straight-forward. Fix s > t, and take a
decreasing sequence, s > ¢(n) € Q, of rational points converging to ¢.
Then

E[Ys[Go(m] < Ygm)-
By the Lévy-Doob downward theorem (Theorem 4.2.9 in [2]),

ntoo q
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Thus
E[Y;|[He] < X

Next take v >t and g(n) | u. Then
E[Yq(n)w'lt] < X;.

On the other hand, Lemma 1.2.4 and Theorem 1.4.9, Yy(,,) — X, in L1,
SO

E[X,|H:] = rlli%g E[Yy ()| He] < X

Hence X is a supermartingale with respect to H;.
The last statement is obvious since

lm E[Y; — Y| = imE[Y, - X + X, = Yi| = B[Y; - X,
slt slt
Ol

With the partial augmentation we have found the proper setting for
martingale theory. Henceforth we will work on filtered spaces that are
already partially augmented, that is our standard setting (called the
usual setting in [13]) is as as follows:

Definition 1.4.2 A filtered cadlag space is a quadruple (Q, F, P, (F¢, ¢ €
R)), where (92, F,P) is a probability space and F; is a filtration of F
that satisfies the following properties:

(i) F is P-complete (contains sets of outer-P measure zero).
(ii) Fo contains all sets of P-measure 0.
(iil) Fy = Fiy, i.e. Fp is right-continuous.

If (Q,G,P, (G, t € Ry)) is a filtered space, then the the minimal en-
largement of this space, (2, F,P, (Ft,t € R;)) that satisfies the con-
ditions (i),(ii),(iii) is called the right-continuous regularization of this
space.

On these spaces everything is now nice.
The following lemma details how a right-continuous regularization is
achieved.

Lemma 1.4.12 If(Q,G,P, (G, t € Ry)) is filtered space, and (2, F, P, (F,t €
Ry)) its right-continuous regularization, then

(i) F is the P-completion of G (i.e. the smallest o-algebra containing G
and all sets of P-outer measure zero;
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(i1) If N denotes the set of all P-null sets in F, then

Fe= () 0(Gu N) = oGy, N); (1.43)

u>t

(iii) If ' € Fy, then there exists G € Gy such that
FAG € N, (1.44)

where FAG denotes the symmetric difference of the sets F' and G.

Proof. FExercise. [

Proposition 1.4.13 The process X constructed in Theorem 1.4.9 is a
supermartingale with respect to the filtration F;.

Proof. Since by (1.44) F; and H, differ only by sets of measure zero,
E(X4s|Ft) and E(X;ys|He) differ only on null sets and thus are versions
of the same conditional expectation. O

We can now give a version of Doob’s regularity theorem for processes
defined on cadlag spaces.

Theorem 1.4.14 Let (Q, F, P, (Fi,t € Ry)) be a filtered cadlag space.
LetY be an adapted supermartingale. Then'Y has a cadlag modification,
Z, if and only if the map t — EY; is right-continuous, in which case Z
is a cadlag supermartingale.

Proof. Since Y is a supermartingale, for any u > t, E(Y,,)|F;) < Y3, a.s..
Construct the process X as in Theorem 1.4.9 Then

since Y, | Y; in £1. Since X, is adapted to Fy, this implies X; < Y3, a.s..

If now E(Y;) is right-continuous, then lim,; EY, = EY;, while from
the £'-convergence of Y, to Xy, we get EX;, = lim, + EY;, = EY;. Hence
EX; = EY;, and so, since already X; < Y3, a.s., Xy = V3, a.s., i.e. X
is the cadlag modification of Y. If, on the other hand, EY; fails to
be right-continuous at some point ¢, then it follows that X; < Y; with

positive probability, and so the cadlag process X; is not a modification
of Y. O
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1.5 Convergence theorems and martingale inequalities

Key results on discrete time martingale theory were Doob’s forward and
backward convergence theorems and the maximum inequalities. We will
now consider the corresponding results in continuous time. This will not
be very hard.

Theorem 1.5.15 Let X be a cadlag supermartingale with respect to a
filtered space (Q,G,P,G;) and assume that sup, E|X;| < co. Then
lim X; = X, € R, (1.46)

tToo

exists almost surely.

Proof. A cadlag function is determined by its values on the rational
numbers. Thus X; will converge if and only if X,, ¢ € Q does. Therefore,
the proof of our theorem can be reduced to proving the same fact for
the restriction of X to the rationals, and all arguments of the discrete
time case simply carry over. O

Similarly, one obtains the corresponding uniform integrability results.
Theorem 1.5.16 Let X be as in the previous theorem. Then

(i) if X is uniformly integrable, then X; — Xoo in LY, and for any t,
E(Xx|G:) < Xi, a.s., with equality in the martingale case;

(ii) If X is a martingale (or a supermartingale that is bounded from above)
and X; = Xoo in LY, then X is uniformly integrable.

Proof. The proof of the first statement uses Theorem 1.4.15 from [1]
(Vitali’s theorem) which implies that uniform integrability and a.s. con-
vergence implies convergence in £! along any discrete subsequence t,,. If
X is a martingale that converges in £, then X; = E (X|G:) a.s., and
so X; is a family of conditional expectations, and hence uniformly inte-
grable by Theorem 4.2.6 of [1]. If X is a supermartingale and bounded
from above by a constant C' < oo, then C' > X; > E(X|G:) where
the lower bound is uniformly integrable. This implies that X} is itself
uniformly integrable. [

Remark 1.5.1 In general, (ii) does not hold for supermartingales with-
out further assumptions. This is different from the discrete time case,
where Vitali’s theorem yields uniform integrability of £!'-convergent su-
permartingales.
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Finally we have an analog of the downward theorem, with a slightly
different twist:

Theorem 1.5.17 Suppose we have a cadlag supermartingale as before
but on the parameter space (0,00). Assume that sup,,EX; < co. Then

Xot+ =lim X,
04 = 0 Ay
exists a.s. and in L*. Moreover, E(X;|Goy) < Xoy, a.s..

Again the proof is virtually the same as in the discrete case and will
not be given.

In a similar way the maximum inequalities for cadlag submartingales
can be inferred from the discrete ones.

Theorem 1.5.18 Let Z be a non-negative cadlag submartingale on a
filtered space. Then, for any ¢ >0 and t > 0,

P (Sup Z.> c) <R (Ztnsups<t ZSZC) < EZ,. (1.47)

s<t

Proof. The proof contains some basic ideas how to control suprema
over uncountable sets and is thus instructive. Consider an increasing
sequence, D(m), of finite subsets of [0,¢] containing each 0 and ¢ such
that D = U,, D(m) is dense in [0,1]. Then, since 7 is cadlag

sup Zg(w) =sup sup Zs(w). (1.48)
s€[0,t] m seD(m)

Thus,

w: sup Zs(w)>cp=limqw: sup Zs(w)>cy.
s€[0,t] m seD(m)

Now use the discrete time submartingale inequality to see that

P sup Zs>c| =1limP sup Zs >c¢
s€[0,t] m seD(m)
<lime¢ 'E (Zt]IsuPsED(m) ZsZC)
— ¢ R (Zt]lsupse[(),t] ZSZC)
Ol

Finally we state the continuous time analog of Doob’s LP inequality.
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Theorem 1.5.19 Let 1/p+1/q =1, p > 1. Let Z be a non-negative
cadlag sub-martingale on a filtered space (,G.IP,G;) such that EZY <
oo, uniformly in t € R. Let Z* = sup;~y Zi. Then

1Z%|lp < g sup [|Z]p- (1.49)
teR,

Then Zs = limyyoo Z¢ exists a.s. and in LP, and

1Zoollp = sup ([ Z¢]l, = lim [|Z][. (1.50)
teR 4 tfoo
In the case when Z is a martingale, then Z; = B (Zx|Gt), a.s. .

Proof. Compare to Theorem 4.3.13 in [2] and adopt the proof to the
continuous setting. Il

1.6 Brownian motion revisited

We have shown in [2] Theorem 6.2.1 that Brownian motion exists through
an explicite construction. We now want to show an alternative that
starts with the “pre-Brownian” motion that we had defined without
reference to continuity of paths.

Now we want to take that process, show first that it can be regularized
to define a cadlag martingale and show than that it has almost surely
continuous paths.

We consider the Gaussian stochastic process Y; defined on a filtered
space (Q,G,P,G;) with covariance EY;Y; = s A t; we have seen that
Y:—Ys, for t > s, is independent of the o-algebra Gs and E (Y; — Y5|Gs) =
0 so that Y is a martingale with respect to the filtration G;. Since E|Y; —
Yy < VE(Y; — Y;)? =/t — s tends to zero as t | s, the assumption of
Theorem 1.4.11 are verified and there exists a cadlag modification, X,
of Y, that is a cadlag martingale relative to the usual augmentation F;.

It is not entirely trivial that this modification will have the desired
independence properties of Brownian motion, but the following lemma
shows why it does.

Lemma 1.6.20 With the notation abowve,

(i) Fort >0, the o-algebra Uy = 0 (Y4 — Yy, u € Ry}, is independent of
Gt
(ii) Fort >0, Gy C 0(Gt, N(Goo)), where N(Goo) denotes the P-null sets

in Goo.
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Proof. First it is clear that the cadlag modification of Y, satisfies that
Xttute — Xtye is independent of G; ./ and hence of G;y. Thus, for
G € Gy,

E (f(Xttute — Xive)Ia) = P(G)E (f (Xiture — Xite))

for any bounded continuous function. Since X is right-continuous, bounded
convergence shows that

E(f(Xiru = Xi)lg) = P(G)E (f (Xiyu — Xi))

Then the monotone class theorem shows that Xy, — X; is independent
of Gy+. Since Y is a modification of X, the same holds for Y, — Y.

Next, let n be G;-measurable and let £ = n — E(n|G;) almost surely.
We want to show that ¢ = 0 a.s. . We know that ¢ is independent of U,
so for any Gy € Gy and A; € Uy,

E(¢lg, 14,) = P(A)E(nlg,) — P(A)P(G)E(|Gy) = 0, as.  (1.51)

as desired. Now events of the form A; NG, form a w-system that gener-
ates the o-algebra Goo = o (U, G;). Thus (1.51) shows £ = Oa.s.. O

By definition of the augmentation F;, the statements of the lemma
can also be read as

(i) For t > 0, the o-algebra o(X¢y, — Xt),u € Ry}, is independent of F.
(i) For t > 0, i = 0(Gt, N(G)), where N denotes the P-null sets in F.

Therefore, X; as a cadlag martingale satisfies the properties required
of Brownian motion, except so far the continuity of paths. We will now
show that this also holds.

Theorem 1.6.21 P-almost all paths of X are continuous.

Proof. The process X* is a cadlag submartingale, since by Jensen’s
inequality

E(X{|Fs) = E ((Xi — Xs + Xo)4Fs) < (B(Xy — X+ X[ Fo)! = X2
Hence

P (sup | Xs| > 5) =P (sup|Xf| > 54) < eEXY = 37162
s<d s<d
Put

Dp={k27":0<k<2"},
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and ¢,, = 27 ". Then
P ( sup sup | X,4s — X, > 1/n) <2"P (sup | Xs — Xo| > 1/n)
reD, s<d, s<0n
< 3270%n* = 3nt27".
The right-hand side is summable over n, and so the first Borel-Cantelli
lemma implies that on a set of probability one, for all except finitely
many values of n,

sup sup |Xr+s - Xrl < 1/”
r€Dy, s<0n

and so

sup sup | X,y — X,| <3/n

r€[0,1] 5<6n,
which implies uniform continuity of all paths on a set of measure one.
Then it suffices to modify the process on a set of measure zero to obtain
Brownian motion. [

1.7 Stopping times
The notions around stopping times that we will introduce in this section
will be very important in the sequel, in particular also in the theory of
Markov processes. We have to be quite a bit more careful now in the
continuous time setting, event though we would like to have everything

resemble the discrete time setting.
We consider a filtered space (2,G : P, (G, t € Ry)).

Definition 1.7.1 A map T : Q — [0, 0] is called a G;-stopping time if
{T<t}={weQ:T(w) <t} € Gy, Vt <oo. (1.52)
If T is a stopping time, then the pre-T-c-algebra, Gr, is the set of all
A € G such that
An{T <t} € G;,Vt < 0. (1.53)
With this definition we have all the usual elementary properties of
pre-T-o-algebras:
Lemma 1.7.22 Let S, T be stopping times. Then:
(i) If S < T, then Gs C Gr.

(H) gT/\S = gT N gS-
(iii) If F' € Ggyr, then FN{S <T} € Gr.
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(iv) Gsyr = o(Gr,Gs).

Proof. Exercise. O

It will be useful to talk also about stopping time with respect to the
filtrations Giy.

Definition 1.7.2 A map 7' : Q — [0, 00] is called a G;-stopping time
if

{T<ty={weQ: T(w) <t} e gVt <oo. (1.54)

If T is a Gy -stopping time, then the pre-T-o-algebra, Gr. , is the set of
all A € G such that

ANA{T <t} € G, Vt < 0. (1.55)
Lemma 1.7.23 Let S,, be a sequence of Gi-stopping times. Then:

(i) if Sn, TS, then S is a G stopping time;
(i) if Sp 1 S, then S is a Gy -stopping time and Gsy = (), cn 95,0+

Proof. Counsider case (i). Since S,, is increasing, the sequence of sets
{S,, <t} € G; is decreasing, and its limit is also in G;. In case (ii), since
it S, 1 S, {S < t} contains all sets {S,, < ¢t}. On the other hand, for
any ¢ > 0, there exists ng < oo, such that {S <t —e} C {5, <t} for
all n > ng. Hence the event {S < t} is contained in J,{S, < t}, and
by the previous observation, {S <t} =J,{S, <t} € G;. O

Definition 1.7.3 A process X;,t € Ry is called Gi-progressive if, for
every t > 0, the restriction of the map (s,w) — Xq(w) to [0,¢] x Q is
B([0,t] x G-measurable.

The notion of a progressive process is stronger than that of an adapted
process. The importance of the notion of progressiveness arises from the
fact that T-stopped progressive processes are measurable with respect
to the respective pre-T' o-algebra.

The good news is that in the usual cadlag world we need not worry:

Lemma 1.7.24 An adapted cadlag process with values in a metrisable

space, (S,B(S)), is progressive.

Proof. The whole idea is to approximate the process by a piecewise
constant one, to use that this is progressive, and then to pass to the
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limit. To do this, fix ¢t and set, for s < ¢, (we will always understand
X(s) = X)

X"(s,w)=X((k+1)27",w), ifk27"t<s<[k+1]27

For n fixed, checking measurability of the map X™ involves the inspec-
tion of only finitely many time points, i.e.

(X")f (B) ={(w,s) € 2 x[0,t] : X"(s,w) € B}
={(w,s) € Qx [0, : X"(k(s)27"t,w) € B}

where k(s) = max{k € N: k27"t < s}. The latter set is clearly measur-
able.

Finally, X™ converges pointwise to X on [0,¢], and so X shares the
same measurability properties. O

Exercise: Show why the right-continuity of paths is important. Can
you find an example of an adapted process that is not progressive?

Lemma 1.7.25 If X is progressive with respect to the filtration G; and
T is a Gi-stopping time, then Xp is Gr measurable.

Proof. Fort > 0let O = {w: T(w ) < t}. Define G: to be the sub-o-
algebra of G; such that any set A € G, is in Q. Let p: Q — [0,¢] x Q.
be defined by

pw) = (T(w),w).
Define further the map X : [0, x € — S by
Xi(s,w) = X, (w).

Note that the map X; is measurable with respect to B([0,t]) x G; due
to the progressiveness of X. p is measurable with respect to G; by the
definition of stopping times and the obvious measurability of the identity
map. Hence X0 p as map from O, — Sis Qt- measurable.

Then we can write, for w € Q;, Xp(w) = X, o p(w), and hence, for
any Borel set T’

{weQ: Xp(W) eT}N{T <t} ={weQ: Xp(w) €T}
= (Xi0p) (D)€ G CG,

which proves the measurability of Xp. O
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1.8 Entrance and hitting times

Already in the case of discrete time Markov processes we have seen that
the notion of hitting times of certain sets provides particularly important
examples of stopping times. We will here extend this discussion to the
continuous time case. It is quite important to distinguish two notions
of hitting and first entrance time. They differ in the way the position of
the process at time 0 is treated.

Definition 1.8.1 Let X be a stochastic process with values in a mea-
surable space (E,E). Let T' € £. We call

T (w) =inf{t > 0: Xy(w) €T} (1.56)
the first hitting time of the set I'; we call

Ar(w) =inf{t > 0: Xy(w) € T'} (1.57)

the first entrance time of the set I'. In both cases we infimum is under-
stood to yield +oc if the process never enters I'.

Recall that in the discrete time case we have only worked with 7,
which is in fact the more important notion.
We will now investigate cases when these times are stopping times.

Lemma 1.8.26 Consider the case when E is a metric space and let F
be a closed set. Let X be a continuous adapted process. Then Ap is a
G.-stopping time and T is a Gy -stopping time.

Proof. Let p denote the metric on E. Then the map = — p(z, F) is
continuous, and hence the map w — p(X4(w), z) is G, measurable, for
q € Q4. Since the paths X;(w) are continuous, Ap(w) < ¢ if and only if

inf X F)} = 0.
qeé%[o,t]{p( W), 1)}

and so Ap is measurable w.r.t. G;. For 7p the situation is slightly
different at time zero. Let us define, for r > 0, AL = inf{t > r: X; €
F'}. Obviously, from the previous result, D7 is a G;-stopping time. On
the other hand, {77 > 0} if and only if there exists ¢ > 0, such that, for
all Q > r >0, A > J. But clearly, the event

A§ = 0@9T>0{A% > 6}
is Gs-measurable, and so the event
{rr =0} ={7p > 0} = Ns>045

is Go+-measurable and so 7F is a Gy4-stopping time. O
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To see where the difference in the two times comes from, consider the
process starting at the boundary of . Then Ap = 0 can be deduced
from just that knowledge. On the other hand, 77 may or may not be
zero: it could be that the process leaves F' and only returns after some
time ¢, or it may stay a little while in F', in which case 7 = 0; to
distinguish the two cases, we must look a little bit into the future!

1.9 Optional stopping and optional sampling

We have seen the theory of discrete time Markov processes that mar-
tingale properties of processes stopped at stopping times are important.
We want to recover such results for cadlag processes.

In the sequel we will work on a filtered cadlag space (Q, F,P, (F,t €
R4 )) on which all processes will be defined and adapted.

Our aim is the following optional sampling theorem:

Theorem 1.9.27 Let X be a cadlag submartingale and let T, S be Fy-
stopping times. Then for each M < oo,

E(X(TAM)|Fs) > X(SATAM), as.. (1.58)
If, in addition,
(i) T is finite a.s.,

(i1) E|X(T)| < oo, and
(’LZZ) hmIV[TooE(X(M>]IT>M> == 0,

then
E(X(T)|Fs) > X(SAT), as.. (1.59)

Equality holds in the case of martingales.

Proof. In order to prove Theorem 1.9.27 we frst prove a result for
stopping times taking finitely many values.

Lemma 1.9.28 Let S, T be F; stopping times that take only values in
the set {t1, ..., tm}, 0 <ty < -+ <ty <oo. If X is a Fy-submartingale,
then

E(X(T)|Fs) > X(SAT), as.. (1.60)

Proof. We need to prove that for any A € Fg,
E(I4X(T)) > E(IAX(TAS)). (1.61)
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Now we can decompose A = U AN {S = t;}. Hence we just have to
prove (1.61) with A replaced by AN{S =¢;}, for any i = 1,...m. Now,
since A € Fg, we have that AN {S =t;} € F;,. We will first show that

E(X(T)|F,) > X(T At;). (1.62)
To do this, note that

E(X(T A tgy1)Fr,) =

Since S = S Aty this gives (1.62) for i = m — 1. Then we can iterate
(1.63) to get (1.62) for general i.
Using (1.61), we can now deduce that

E (Tangs=1) X (T)) = E (Tan{s=1 E(X(T)|F)) (1.64)
>E (HAX(T A tl))
=E (T4 X (T AS))
as desired. This concludes the proof of the lemma. 1

We now continue the proof of the theorem through approximation
arguments. Let S" = (k+1)27",if S € [k27",(k+1)27"), and T =
00, if T = oo; define 7™ in the same way. Fix o € R and M > 0. Then
the preceeding lemma implies that

E (X(T(") A M)V a|]:s(n>) > X(T™ AS™ AM)Va, as..  (1.65)
Since Fs C Fgm), it follows that

E (X(T(") A M)V a|fs) >E (X(T(") AS™ A M)V a|fs) , as..
(1.66)
Again from using Lemma 1.9.28, we get that

a < X(TWAM)Va<E(X(M)Va|Fpm), as.,

and therefore X (7™ AM)Va is uniformly integrable. Similarly X (7™ A
S A M)V « is uniformly integrable. Therefore we can pass to the limit
n 1 oo in (1.66) and obtain, using that X is right-continuous,

E(X(TAM)Va|Fs) >E(X(TASAM)ValFs), as.. (1.67)

Since this relation holds for all «, we may let a | —oo to get (1.58).
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Using the additional assumptions on 7'; we can pass to the limit M 1 oo
and get (1.59) in this case: First, the a.s. finiteness of T" implies that

I&gn X(TANSAM)=X(TAS), as.,

Do deal with the left-hand side, write
E(X(T'AM)|Fs) = E(X(T)|Fs)
+ E(X(M)Ipspm|Fs) — E(X(T)Lpsn|Fs)

The first term in the second line converges to zero by Assumption (iii),
since

B (X (M)Trsm|Fs)| < E (X (M)[Trsn|Fs)
and
EE (| X (M)[1r>nm|Fs) = E (| X (M)[Trar) L 0.
The mean of the absolute value of the second term is bounded by
E (IX(T)|Ur>n)

which tends to zero by dominated convergence due to Assumtions (i)
and (ii). U

A special case of the preceeding theorem implies the following corol-
lary:
Corollary 1.9.29 Let X be a cadlag (super, sub )martingale, and let

T be a stopping time. Then XT = Xga is a (super, sub) martingale.

In the case of uniformly integrable supermartingales we get Doob’s
optional sampling theorem:

Theorem 1.9.30 Let X be a uniformly integrable or a non-negative
cadlag supermartingale. Let S and T be stopping times with S < T.
Then X1 € L' and

E(X|Fr) < X7, as. (1.68)
and

E (Xr|Fs)) < Xg, a.s., (1.69)
with equality in the uniformly integrable martingale case.
Proof. The proof is along the same lines of approximation with discrete

supermartingales as in the preceding theorem and uses the analogous
results in discrete time (see [13], Thms (59.1,59.5)). O
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Weak convergence

In this short section we collect some necessary material for understand-
ing the convergence of sequences of stochastic processes with path prop-
erties. This will allow us to put the analysis of the Donsker theorem
into a general framework.

2.1 Some topology

We consider the general setup on a compact Hausdorff space, J. We
denote by C(J) the Banach space of bounded, continuous real-valued
functions equipped with the supremum norm. We denote by M, (J) the
space of probability measures on J. We denote by C(J)* the space of
bounded linear functionals C'(J) — R on C(J).

We need two basic facts from functional analysis:

Theorem 2.1.1 [Stone-Weierstrass theorem] Let A be a sub-algebra of
C(J) that contains constant functions and separates points of J, i.e. for
any x € J there exits f,g € A such that f(x) # g(x). Then A is dense
in C(J).

Theorem 2.1.2 [Riesz representation theorem| Let ¢ be a linear in-
creasing functional ¢ : C(J) — R with ®(1) = 1. Then there exists a
unique inner reqular probability measure, p € My (J), such that

o(f) = ulf) = /] fdu. (2.1)

Recall (see [2], page 12) that a measure is inner regular, if for any Borel
set, B, pu(B) = sup{u(K),K C B, compact}. We have shown there
already, that if J is a compact metrisable space, then any probability
measure on it is inner regular.

29
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The weak-* topology on the space C(J)
of the form

By....fue(d0) = {0 € C(J)" : Vici<ald(fi) — ¢°(fi)| < €} (2.2)

with n € Nye > 0, f; € C(J) as a basis of neighborhoods. The ensuing
space is a Hausdorff space.

is obtained by choosing sets

When speaking of convergence on topological spaces, it is useful to
extend the notion of convergence of sequences to that of nets.

Definition 2.1.1 A directed set, D, is a partially ordered set all of
whose finite subsets have an upper bound in D. A net is a family
(o, € D) indexed by a directed set.

If (xo,« € D) is a net in a topological space, E, then z, — x if, for
every open neighborhood, G, of x, there exists ag € D such that for all
a > g, o € G.

Lemma 2.1.3 A net ¢, in C(J)* converges in the weak-* topology to
some element, ¢, if and only if, for all f € C(J), da(f) = &(f).

Proof. Let us prove first the “if” part. Then for any f, and any ¢, there
exists ay, such that for all & > ay, ¢ (f) — ¢(f)| < e. Now take any
neighborhood By, .y, «(¢). Then, let oy = max!" , ay,, and it follows
that ¢o € By, .. f..e(¢), for a > ap, hence ¢, — ¢. For the converse,
we have that for any n € N, any collection fi,..., f,, and any € > 0,
there exists o such that, if ¢o, € By, . 1..e(¢), then for all & > ay,
¢a € By, 1,.c(¢). Thus to show that for any given f, ¢o(f) — &(f)
we just have to use this fact with By .(¢). O

One of the most important facts about the weak-* topology is Alaoglu’s
theorem. The space C'(J)* is in fact a Banach space equipped with the

norm |6 = supec(s) s
Theorem 2.1.4 The unit ball

{peC) ol <1} (2.3)
s compact in the weak-+ topology.

(for a proof, see any textbook on functional analysis, e.g. Dunford
and Schwartz [5]).

The importance for us is that when combined with the Riesz repre-
sentation theorem, it yields:
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Corollary 2.1.5 The set of inner regular probability measures on a
compact Hausdorff space is compact in the weak-x topology.

Proof. By the Riesz representation theorem, each inner regular proba-
bility measure corresponds to a unique increasing functional, ¢ € C'(J)*
with ¢(1) = 1. Since the function f = 1 is the largest function such
that || fllec < 1, it follows that ||¢|| < ¢(1) = 1. Hence this set is a
subset of the unit ball. Moreover, the set of increasing (in the sense of
non-decreasing) linear functionals mapping 1 to 1 is closed, and hence,
as a closed subset of a compact set, compact. O

Corollary 2.1.6 The set of probability measures on a compact metris-
able space is compact in the weak-x topology.

Proof. By Theorem 1.2.6 in [2], any probability measure on a compact
metrisable space is inner regular, hence the restriction to inner regular
measures in Corollary 2.1.5 can be dropped in this case. ]

As a matter of fact, in the compact metrisable case we get even more.

Theorem 2.1.7 Let J be a compact metrisable space. Then C(J) is
separable, and M (J) equipped with the weak-x topology is compact metris-
able.

Proof. We may take J to be metric with metric p. Since J is separable
(any compact metric space is separable), there is a countable dense set
of points, x,,, n € N. Define the functions

hn(z) = p(x, Tp).

The functions h,, separate points in J, i.e. if x # y, then there exists n
such that h,(x) # h,(y). Now let A be the set of all functions of the
form

qll + Z q(nl,...,nr;kl,...,kr)hflll...hffr

N1y Nrika, . ke

where all ¢’s are rational. Then the closure of A is an algebra containing
all constant functions and separating points in J. The Stone-Weierstrass
theorem asserts therefore that the countable set A is dense in C(J), so
C(J) is separable.

Now let f,,, n € N, be a countable dense subset of C(.J). Consider the
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map ® : My (J) =V = Xpen[=|[falloc; [ fnlloc], given by

() = (p(fr), u(fa),--.).

This map is one to one. Namely, assume that p # v, but ®(u) = ®(v).
Then on the one hand, there must exists f € C(J) such that u(f) #
v(f), while for all n, u(f,) = v(fn). But there are sequences f; € A such
that f; — f. Thus lim; u(f;) = lim; v(f;), and by dominated conver-
gence, both limits equal p(f), resp. v(f), which must be equal contrary
to the assumption. Moreover, the set A determines convergence, i.e. a
net pi, converges to p (in the weak- topology , if po(fn) — u(fn), for
all f, € A. But the product space V is compact and metrisable (by
Tychonoff’s theorem), and from the above, M (J) is homeomorphic to
a compact subset of this space. Thus it is compact and metrisable. [

Let us remark that a metric on M;(J) can be defined by

plu,v) = i 2—" (1 - e_l“(f")_”(f")‘) . (2.4)
n=1

2.2 Polish and Lousin spaces

When dealing with stochastic processes, an obviously important space
is that of continuous, real valued functions on R;. We will call

W = ([0, 0), R). (2.5)

This space is not compact, so we have to go slightly beyond the previous
setting.

Lemma 2.2.8 The space W equipped with the topology of uniform con-
vergence on compact sets is a Polish space. The o-algebra, A, of cylin-
ders generated by the projections m : W — R, m(w) = w(t), is the
Borel-o-algebra on W .

Proof. We can metrise the topology on W by the metric

o0

—n pn(wlaw2)
= 27— =
p(wlan) Z 1+pn(w1,w2),

n=1
where

pn(wi,w2) = sup |wi(t) — wa (1)l
0<t<n

Then it inherits its properties form the metric space C'([0,n), R) equipped
with the uniform topology.
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Now the maps m; are continuous, and hence A C B(W). On the other
hand, for continuous functions, w;,

pn(wi,w2) = sup |wi(q) — w2(q)l,
q€QN[0,n]
so that p, and hence p are A-measurable. Now let F' be a closed subset
of W. Take a countable dense subset of F', say w,,n € N. Then

F ={we W :inf p(w,w,) = 0},

which (since all is countable) implies that F' € A, and thus A = B(W).
O

This (and the fact that quite similarly the corresponding spaces of
cadlag functions are Polish) implies that we can most of the time assume
that we will be working on Polish probability spaces. In the construction
of stochastic processes we have actually been working on Lousin spaces
(and used the fact that these are homeomorphic to a Borel subset of
a compact metric space). The next theorem nicely clarifies that Polish
spaces are even better.

Theorem 2.2.9 A topological space is Polish, if and only if it is home-
omorphic to a Gs subset (i.e. a countable intersection of open subsets)
of a compact metric space. In particular, every Polish space is a Lousin
space.

Proof. We really only care about the “only if” part and only give its
proof. Let S be our Polish space. We will actually show that it can be
embedded in a G subset of the compact metrisable space J = [0, 1]V.
Let p be a metric on S, and set p = 1—%3. This is an equivalent metric
that is bounded by 1. Chose a countable dense subset z,,, n € N, of S
and define

a(z) = (p(x,21), plx, z2),. .. ).

Let us show that « is a homeomorphism from S to its image, a(S) C
[0, 1], For this we must show that a sequence of elements z(n) converges
to x, if and only if

ﬁ(z(n>5zk> — /3(1',1'k>,

for all k. The only if direction foillow from the continuity of the map
p(+, zk). To show the other direction, note that by the triangle inequality

ﬁ($(7’b),$) < ﬁ(x(n)axk) + ﬁ($k,$).
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Therefore, for all &,

Now take a sequence of zj, that converges to . Then (2.6) implies that
lim sup p(x(n),z) < 0, and so z(n) —, as desired.

Next, let d be a metric on J. By continuity of the inverse map a~
on the image of S, for any n € N we can find 1/2n > ¢ > 0, such that
the pre-image of the ball By(a(x),d) N «(S) has diameter smaller than
1/n (with respect to the metric p).

Now think of «(S) as a subset of J. Let @(S) be its closure. For
n given, let U, be the union of all points € @(S) such that it has a
neighborhood, N,, , in J such that o= (N,, , N «(S)) has p-diameter at
most 1/n. Note that by what we just showed, all points in «(S) belong
to U,. Now we show that U, is open in &(S): if x € Uy, and y € a(S)
is close enough to z, then y € N, ,, and the set N,, , may serve as N,, ,,
so that y € U,,. Thus U, is open.

Now let z € (,, Uy. Choose for any n a point z,, € (S)N(,<,, Vk,z-
Clearly d(x,x,) < 1/n and hence z, — x. Moreover, for anyir > n,
both z,, € N,,, and z, € Ny, so that pla= (z,),a  (z,)) < 1/n.
Thus a~!(x,) is a Cauchy sequence in complete metric space, and so

1

a~Yx,) — y € S. Thus, since « is a homeomorphism, x,, — a(y) in J,
and clearly a(y) = z, implying that «(S) =, Un. Finally, since U, is
open in @(5), there are open sets V;, such that U, = @(S) NV,,. Hence

a(S) = a(S)n <ﬂ Vn> :

Remember that we want to show that «(S) is a countable intersection
of open sets: all that remains to show that is that @(S) is such a set,
but this is obvious in a metric space:

a(S) =Ny € J:dy a(S)) < 1/n}.

O

On the space of probability measures on Lousin spaces we introduce
a the weak-* topology with respect to the set of bounded continuous
functions (the boundedness having been trivial in the compact setting).
Convergence in this topology is usually called weak convergence, which
is bad, since it is not what weak convergence would be in functional
analysis. But that is how it is, anyway.

Let us state this as a definition:
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Definition 2.2.1 Let S be a Lousin space. Let Cp(S) be the space of
bounded, continuous functions on S, and let M;(S) be the space of
probability measures on S. Then a net, p, € M;(S) converges weakly
to u € M1 (S), if and only if, for all f € Cy(S5),

pa(f) = p(f)- (2.7)
Weak convergence is related to convergence in probability.

Lemma 2.2.10 Assume that X,, is a sequence of random variables with
values in a Polish space such that X, — X in probability, where X is
a random variable on the same probability space. Let ji,, v denote their
distributions. Then p, — p weakly.

Proof. Let us first show that convergence in probability implies conver-
gence of p,(f) if f be a bounded uniformly continuous function. Then
there there exists C' < oo such that |f(x)] < C and for any 6 > 0 there
exists € = £(d) such that p(x —y) < e implies |f(z) — f(y)| < d. Clearly

lun () = n(f)l = [E(f(Xn) — f(X))]
< B [(f(Xn) = fF(X))Tyx, —x)<e] |
+|E[(f(Xn) = F(X)Tpx, - x)>e] |
<5+ CP(p(Xn—X)>e) (2.8)

Since the second term on the right tends to zero as n T oo for any € > 0,
for any 6 > 0,

limsup [ (f) — pu(f)| <6,

ntToo
hence

lin [ () — ()] = 0.
as claimed.

To conclude the prove, we must only show that convergence of p, (f)
to u(f) for all absolutely continuous functions implies that the same
holds for all bounded continuous functions. To this end we use that
if f is a bounded continuous function, then there exists s sequence of
uniformly continuous functions, fi, such that || fx — f|lcc — 0. One then
has the decomposition

ln (f) — (O] < pa(If = Frl) + [pn(fe) — p(fe)l + pllfe — £1)-

by unifrom convergence of fi to f, the first term is smaller than /3,
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provided only k is large enough; the second bracket is smaller than £/3
if n > ng(k); the last bracket is smaller than €/3, of k is large enough,
independent of n. Hence choosing k > ko and n > ng(k), we see that
for any € > 0, there exists ng, s.t. for n > no, |un(f) — p(f)| <e. O

The following characterization of weak convergence is important, but
the proof is somewhat technical and will be skipped (try as an exercise).

Proposition 2.2.11 Let p1, be a net of elements of M1(S) where S is
a Lousin space. Then the following conditions are equivalent:

(i) pro — p weakly;
(i1) for every closed F C S, limsup pq(F) < u(F);
(ii1) for every open G C S, liminf puo(G) > p(G);

Thus, if B € B(S) with u(0B) = 0, then, if po — [, then po(B) —
1(B).

We will use this proposition to prove the fundamental result that the
weak topology on M;(S) is metrisable if S is Lousin. This is very
convenient, and in particular will allow us to never use nets anymore!

Theorem 2.2.12 Let S be a Lousin space and let J be the compact
metrisable space such that S is homeomorphic to one of its Borel subsets,
B. Let i be the extension of (the natural image of*) p on B on J such
that (i(J\B) = 0. The map p — fi is a homeomorphisms from M(S)
to the set {v € My(J) : v(B) = 1} in the weak topologies. Therefore,
the weak topology on M1(S) is metrisable.

Proof. 'We must show that, if 1, is a net in My (S) and u € M;(S5),
then the conditions

(1) pa(f) = p(f),Vf € Cy(S5), and

(i) fa(f) = a(f),Vf e C(J)
are equivalent. Assume that (i) holds. Let f € C(J) and set fp = f1p.
Clearly fp is bounded on B, and if ¢ : S — B is our homeomorphism,
then g = fp o ¢ is a bounded function on S, and u,(g9) = fn(fB) =
fin(f). Thus (i) implies (ii).

Now assume that (ii) holds. Let F' C S be a closed. Then there exists
a closed subset, Y, of J such that F' = ¢~1(BNY). By Proposition
92.2.11,

L That is, if A € B(J), then i(A) = u(¢~1 (AN B))
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lim sup o, (F) = limsup jio(BNY) = limsup /i (Y)
< i) = A(BOY) = u(F).

Hence again by Proposition 2.2.11, (i) holds.
Now that we have shown that the space M;j(S) is homeomorphic to a

subspace of the compact metrisable space M (J) (because of Theorem
2.5), M1(S) is metrisable. O

We now introduce the very important concept of tightness. The point
here is the following. We already know, from the Kolmogorov-Daniell
theorem, that the finite dimensional marginals of a process determine
its law. It is frequently possible, for a sequence of processes, to prove
convergence of of the finite dimensional marginals. However, to have
path properties, we want to construct the process on a more suitable
space of, say, continuous or cadlag paths. The question is whether the
sequence converges weakly to a probability measure on on this space.
For this purpose it is useful to have a compactness criterion for set of
probability measures (e.g. for the sequence under consideration). This
is provided by the famous Prohorov theorem .

We need to recall the definition of conditional compactness.

Definition 2.2.2 Let S be a topological space. A subset, J C S, is
called conditionally compact if its closure in the weak topology is com-
pact. J is called conditionally sequentially compact, if its closure is
sequentially compact. If S is a metrisable space, then any conditionally
compact set is conditionally sequentially compact.

Remark 2.2.1 The terms conditionally compact and relatively compact
are used interchangebly by different authors with the same meaning.

The usefulness of this notion for us lies in the following. Assume that
we are given a sequence of probability measures, u,, on some space, S.
If the set {u,,n € N}, is conditionally sequentially compact in the weak
topology, then there exist limit points, u € M;(S), and subsequences,
ng), such that p,, — p, in the weak topology. E.g., if we take as our
space S the space of cadlag paths, if our sequence of meaures is tight,
the limit points will be probability measures on cadlag paths.

Definition 2.2.3 A subset, H C M;(S) is called tight, if and only if
there exists, for any ¢ > 0, a compact set K. C S, such that, for all
p € H,
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WK >1—e. (2.9)

Theorem 2.2.13 (Prohorov) If S is a Lousin space, then a subset
H C M;(S) is conditionally compact, if it is tight.

If S is a Polish space then any conditionally compact subset of M1 (S)
18 tight.

Moreover, since the spaces M1(S) are metrisable under both hypothe-
sis, conditionally compact may be replaced by sequentially conditionally
compact in both statements.

Proof. We prove the first (and most important statement). Let again
J be the compact metrisable space, and let ¢ be a homeomorphiosm
¢: 3 — B C J, for some Borel set B. We know that M (J) is compact
metrisable, so that every subset of it is conditionally compact. Since
compactness and sequential compactness are equivalent in our setting,
we know that any sequence, fi,, € Mj(J) has limit points in M (J).
Now let H = {j,,n € N} C M;(S) be tight. Let iy = pn 0o~ L. Let
it be a limit point of the sequence fi,,. We want to show that [ is the
image of a probability measure on S, and thus pu = fi o ¢ exists and is a
limt point of the sequence p,,. For this we need to show that i(B) = 1.
Now let K. be the compact set in S such that p,(K:) > 1 —e. Then,
by Proposition 2.2.11,

fi($(K.)) = limsup fin ((K:)) = imsup pn(K:) > 1 —¢,

n

for all e > 0, and so ji(B) = 1, as desired.
The proof of the less important converse will be skipped. 1

We will consider an application of the Prohorov theorem in the case
when S is the space, W, of continuous paths defined in (2.5).

This is based on the Arzela—Ascoli theorem that characterizes condi-
tionally compact set in W.

Theorem 2.2.14 A subset, I' C W is conditionally compact if and only
if the following hold:

(i) sup{|w(0)] : w € T} < o0;
(11) ¥newlims o sup,,er A0, N,w) = 0, where

A(0, N.w) = sup {|w(t) —w(s)| : t,s € [0, N], [t — s| < d}. (2.10)
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For the proof, see texts on functional analysis, e.g. [5].
This allows us to formulate the following tightness-criterion.

Theorem 2.2.15 A subset, H C Mq1(W), is conditionally compact
(equiv. tight), if and only if:

(i) Yimegoe sup,e 1 ((0)] > ) = 0
(ii) for all n € N and all € > 0, limsjosup,cy (A6, Nw) >¢€) = 0,
where A is defined in (2.10)

Proof. We give only the prove of the relevant “if” direction. We should
find a compact subset of W of measure aritrarily close to one for all
measures in H. Clearly, we can do this by giving a conditionally compact
set, I'c, of measure u(T';) > 1 — ¢, since then its closure is a compact set
of at least the same measure. Now assume that (i) and (ii) hold. Then
take, for given ¢, C' such that the set

A={weW:|w(0) <C}

satisfies, for all p € H, p(A) < 1—¢/2. By (ii) we can chose §(n, N)
such that the sets

A, v ={weW:A(5,N,w) <1/n}
satisfy, for all yu € H, u(A, n) > 1—e27("+N+2) Then the set
r=A4n ﬂ Ap N
n,NeN

satisfies u(I') > 1 —¢, for all p € H.
This proves this part of the theorem. ]

Finally we come to the most important result of this chapter.

Lemma 2.2.16 Let py,, 1 be probability measures in W. Then py, con-
verges weakly to u, if and only if

(i) the finite dimensional distributions of p, converge to those of p;
(11) the family {pn,n € N} is tight.

Proof. Let us first show the “if” direction. From tightness and Pro-
horov’s theorem it follows that the family {u,,n € N} is conditionally
sequentially compact, so that there are subsequences, n(k), along which
Hn (k) converges weakly to some measure p. Assume that there is another
subsequence, m(k), such that ji, ) converges weakly to a measure v.
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But then also the finite dimensional distibutions of i, ), respectively,
i (k)> converge to those of u, repectively v. But by (i), the finite dimen-
sional marginals of p,, converge, so that u and v have the same finite
dimensional marginals, and hence, are the same measures. Since this
holds for any limit point, it follows that p,, — u, weakly.

The “only if” direction: first, the projection to finite dimensional
marginals is a continuous map, hence weak convergence implies that of
the marginals. Second, Prohorov’s theorem in the case of the Polish
space W implies that the existence of sequential limits, hence sequential
conditional compactness, hence conditional compactness implies tight-
ness. Ol

Exercise. As an application of this theorem, you are invited to prove
Donsker’s theorem (Theorem 6.3.3 in [2]) without using the Skorokhod
embedding that was used in in the last section of [2]. Note that we al-
ready have: (i) convergence of the finite dimensional distributions (Ex-
ercise in [2]) and the existence of BM on W. Thus all you need to prove
tightness of the sequences S, (t). Note that here it pays to chose the
linealy interpolated version (6.3) in [2].

Finally, we give a useful characterisation of weak convergence, known
as Skorokhod’s theorem, that may appear somewhat surprising at first
sight. It is, however, extremely useful.

Theorem 2.2.17 Let S be a Lousin space and assume the p,,u are
probability measures on S. Assume that p, — u weakly. Then there
exists a probability space (2, F,P) and random variables X, with law
tn, and X with law p, such that X,, — X P-almost surely.

Proof. The proof is quite simple in the case when S = R. In that
case, weak convergence is equivalent to convergence of the distribution
function, F,(z) = u([—o0,z]) at all continuity points of the limit, F.
In that case we chose the probability space Q = [0,1], P the uniform
measure on [0,1] and define the random variables X, (x) = F,!(z).

Then clearly
P(X, <z)=P(x < F,(z)) = Fu(2)

so that indeed X, has the desired law. On the other hand, F, (x) con-
verges to F(z) at all continuity points of F', and one can check that the
same is true for F,!, implying almost sure convergence of X,,.

In the general case, the prove is quite involved and probably not very
enlightening.... [
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Skorohod’s theorem is very useful if one wants to prove convergence
of functionals of probability distributions.

2.3 The cadlag space Dg[0,00)

In the general theory of Markov processes it will be important that we
can treat the space of cadlag functions with values in a metric space as a
Polish space much like the space of continuous functions. The material
from this section is taken from [6] where omitted proofs and further
details can be found.

2.3.1 A Skorokhod metric

We will now construct a metric on cadlag space which will turn this
space into a complete metric space. This was first don by Skorokhod.
In fact, there are various different metrics one may put on this space
which will give rise to different convergence properties. This is mostly
related to the question whether each jump in the limiting function is
associated to one, several, or no jumps in approximating functions. A
detailed discussion of these issues can be found in [15]. Here we consider
only one case.

Definition 2.3.1 Let A denote the set of all strictly increasing maps
ARy — Ry, such that A is Lipshitz continuous and

A(s) — At
~Y(A) = sup lnM < 00. (2.11)
0<t<s -
For z,y € Dg[0,00), u € Ry, and X € A, set
d(x,y, \,u) =supp (x(t Au), y(AE) Au)). (2.12)
>0

Finally, the Skorohod metric on Dg[0,00) is given as
d(z,y) = inf (7()\) \// e“d(w,y,u,)\)du) . (2.13)
AEA 0

To get the idea behind this definition, note that with A\ the identity,
this is just the metric on the space of continuous functions. The role of
the A is to make the distance of two functions that look much the same
except that they jump at two points very close to each other by sizable
amount. E.g., we clearly want the functions
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to converge to the function

Too (t) = 1[0,oo] (t)

This is wrong under the sup-norm, since sup, ||z, (t) — 2o (t)|| = 1, but
it will be true under the metric d (Exercise!).

Lemma 2.3.18 d as defined a above is a metric on Dg[0,00).

Proof. We first show that d(x,y) = 0 implies y = 2. Note that for
d(xz,y) = 0, it must be true that there exists a sequence \,, such that
v(Ao) 4 0 and limy100 d(, Y, A, u) = 0; one easily checks that then
lim sup |\, (t) —t| =0,
ntoo 0<t<T
and hence z(t) = y(¢) at all continuity points of x. But since x and y
are cadlag , this implies z = y.
Symmetry follow from the fact that d(z,y, \,u) = d(y,z, \~!,u) and
that y(A\) = y(A71).
Finally we need to prove the triangle inequality. A simple calculation
shows that

d(.fC, 2, )\2 © )\1; U) < d(xvya A17u) + d(yv 2, >\2; U)

Finally (A1 0A2) < (A1) +7v(A2), and putting this together one derives
d(z,z) < d(z,y) +d(y, 2). O

Exercise: Fill in the details of the proof of the triangle inequality.
The next theorem completes our task.

Theorem 2.3.19 If E is separable, then Dg[0,00) is separable, and if
E is complete, then Dg[0,00) is complete.

Proof. The proof of the first statement is similar to the proof of the
separability of C'(J) (Theorem 2.1.7) and is left to the reader. To prove
completeness, we only need to show that every Cauchy sequence con-
verges. Thus let z,, € Dg[0,00) be Cauchy. Then, for any constant
C > 1, and any k € N, there exist values ny, such that for all n, m > ng,
d(2p, Tm) < C7F. Then we can select sequences ug, and )y, such that

’Y()‘k) \ d(znk y Tngyrs >\k7 uk) < 27}6'
Then, in particular,

pr = Hm Agyom © Agpm—1 0+ 0 A1 © A
mToo
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exists and satisfies

Y(px) < Z Y(Ap) < 27FFL

m=k>

Now
sup (e (i () AN k), @y (gL () A u))

= Supp (@ (g () A )y g (Ve (g (8) Aug))

= iggp (znk (t A uk)v Lngyq (Alzl(t) A uk))

<27k,

Therefore, by the completeness of E, the sequence of functions z; =
T, (117, (t)) converges uniformly on compact intervals to a function z.
Each zj being cadlag , so z is also cadlag . Since y(ui) — 0, it follows
that

lim sup _p(an, (1 (1)), 2(t)) = 0,
Too 0<t<T

for all T, and hence d(zy,,z) — 0. Since a Cauchy sequence that con-
tains a convergent subsequence converges, the proof is complete. 1

To use Prohorov’s theorem for proving convergence of probability mea-
sures on the space D0, 00), we need first a characterisation of compact
sets.

The first lemma states that the clusure of the space of step functions
that are uniformly bounded and where the distance between steps is
uniformly bounded from below is compact:

Lemma 2.3.20 Let I' C E be compact and § > 0 be fized. Let A(T,0)
denote the set of step functions, x, in Dg[0,00) such that

(i) x(t) €T, for all T € [0,00), and

(ii) sip(x) — sk—1(x) > d, for all k € N,

where
sp(x) = inf{t > sp_1(z) : x(t) # x(t—)}.
Then the closure of A(T,0) is compact.

We leave the prove as an exercise.

The analog of the modulus of continuity in the Arzela-Ascoli theorem
on cadlag space is the following: For x € Dg[0,00), 6 > 0, and T < oo,
set
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w(x,0,T) =infmax  sup  p(z(s), z(t)), (2.14)
123 z S,tG[tifl,ti)
where the first infimum is over all collections 0 =t < t1 < - < tp_1 <
T <ty,, with t; —t,_1 < 5, for all i.
The following theorem is the analog of the Arzela-Ascoli theorem:

Theorem 2.3.21 Let E be a complete metric space. Then the closure
of a set A C Dg([0,00) is compact, if and only if,

(i) For every rational t > 0, there exists a compact set I'y C E, such that
for all x € A; x(t) € Ty.
(i1) For each T < oo,
lim sup w(z,,T) = 0. (2.15)
610 zea
A proof of this result can be found, e.g. in [6].
Based on this theorem, we now get the crucial tightness criterion:

Theorem 2.3.22 Let E be complete and separable, and let X, be a
family of processes with cadlag paths. Then the family of probability

laws, po, of Xea, is conditionally compact, if and only if the following
holds:

(i) For every n > 0 and rational t > 0, there exists a compact set, I'y; C
FE, such that

inf pio (z(t) €Tyyp) > 1 -1, (2.16)
and
(i1) For everyn >0 and T < oo, there exists § > 0, such that
sup pa (w(w,6,T) = n) < 1. (2.17)

An application of the preceeding theorem to the case of Lévy processes

allows us to prove that the processes constructed in Section 1 from Pois-
son point processes do indeed have cadlag paths with probability one,
i.e. they have a modification that are Lévy processes.
Exercise. Consider the family of processes defined by the first line of
(1.24). Show that the corresponding family of laws on Dg[0, 00) is tight.
Hint: Introduce a further cutoff, g¢, to break this process into one with
small jumps and one with few jumps. Use a maximum inequality for the
small jump part, and the fact that the large jump part is a compound
Poisson process.
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Markov processes

In this chapter we return to the most important class of stochastic pro-
cesses, Markov processes. In Chapter 5 of [2] we have seen a lot of aspects
of Markov processes in the case of discrete time. We would expect to
have many similar results in continuous time, but on the technical level,
we will encounter many analytical problems that were absent in the dis-
crete time setting. The need for studying continuous time processes is
motivated in part from the fact that they arise a natural limits of dis-
crete time processes. We have already seen this in the case of Brownian
motion, but the same holds for certain classes of Lévy processes. We
will also see that they lend themselves in may respects to simpler, or
more elegant computations and are therefore used in many areas of ap-
plications, e.g. mathematical finance. In the remainder of this section,
S denotes at least a Lousin space, and in fact you may assume S to be
Polish. In this section we will restrict our attention to time-homogeneous
Markov process.

Notation: In this section S will usually denote a metric space. Then
B(S,R) = B(S) will be the space of real valued, bounded, measurable
functions on S; C(S,R) = C(S) will be the space of continuous func-
tions, Cp(S, R) = C(5) the space of bounded continuous functions, and
Co(S,R) = Cy(S) the space of bounded continuous functions that vanish
at infinity. Clearly Co(X) C Cy(S) € C(S) C B(S5).

3.1 Semi-groups, resolvents, generators

The main building block for a time homogeneous Markov process is the
so called transition kernel, P : Ry x S x B — [0, 1].

45
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3.1.1 Transition functions and semi-groups

We will denote in the sequel by B(S) = B(S,R) the space on bounded
real valued functions on a space S.

Definition 3.1.1 A Markov transition function, P; is a family of kernels
P : S x B(S) — [0,1] with the following properties:

(i) For each ¢ > 0 and « € S, Pi(x,-) is a measure on (S,B) with
Py(x,S) < 1.
(ii) For each A € B, and t € Ry, P,(-, A) is a B-measurable function on
S.
(iii) For any t,s > 0,

Puii(n, A)) = / Pu(y, A)P.(z. dy). (3.1)

Definition 3.1.2 Then, a stochastic process X with state space S and
index set R is a continuous time homogeneous Markov process with law
P on a filtered space (Q, F,P, (F, t € Ry)) with transition function P,
if it is adapted to F; and, for all bounded B-measurable functions f,
t,s € Ry,

E[f(Xeps) | Fl (@) = (Pf)(Xs(w)), as.. (3:2)

It will be very convenient to think of the transition kernels as bounded
linear operators on the space of bounded measurable functions on S,
B(S,R), acting as

(Pf)(x) = /S Py(, dy) f (4). (3.3)

The Chapman-Kolmogorov equations (iii) then take the simple form
PP, = Piys. P; can then be seen as a semi-group of bounded linear
operators. Note that we also have the dual action of P, on the space of
probability measures via

WP)(A) = [ p(dn)Pi(a. ). (34)

Of course we then have the duality relation

(WP (f) = /5 w(de) (Pf) () = o (Puf)
for f € B(S,R).

Remark 3.1.1 The conditions P;(x, S) < 1 may look surprising, since
you would expect P¢(x,S) = 1; the latter is in fact the standard case,
and is sometimes called an “honest” transition function. However, one
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will want to deal with the case when probability is lost, i.e. when the
process can “die”. In fact, there are several scenarios where this is use-
ful. First, if our state space is not compact, we may want to allow for
our processes to explode, resp. go to infinity in finite time. Such phe-
nomena happen in deterministic dynamical systems, and it would be too
restrictive to to exclude this option for Markov chains, which we think of
as stochastic dynamical systems. Another situation concerns open state
spaces with boundaries where we want to stop the process upon arrival
at the boundary. Finally, we might want to consider processes that die
with certain rates out of pure spite.

In all these situations, it is useful to consider a compactification of the
state space by adjoining a so-called coffin state, usually denoted by 0.
This state will always be considered absorbing. A dishonest transition
function then becomes honest if considered extended to the space SUOQ.
These extensions will sometimes be called P?. To be precise, we will set

(i) P?(xz,A) = Pi(x,A), for x € S, A € B(S),
(i) PY(9,0) =1,
(iii) P?(x,0) =1 — Pi(x,9).

We will usually not distinguish the semi-group and its honest extension
when talking about S?-valued processes.

It is not hard to see, by somewhat tedious writing, that the transition
functions (and an initial distribution) allow to express finite dimensional
marginals of the law of the Markov process. This also allows to construct
a process on the level of the Daniell-Kolmogorov theorem. The really
interesting questions in continuous time, however, require path proper-
ties. Given a semi-group, can we construct a Markov process with cadlag
paths? Does the strong Markov property hold? We will see that this
will involve analytic regularity properties of the semi-groups.

Another issue is that semi-groups are somewhat complicated and in
almost no cases (except some Gaussian processes, like Brownian motion)
can they be written down explicitly. In the case of discrete time we have
seen the role played by the generator (respectively one-step transition
probabilities). The corresponding object, the infinitesimal generator of
the semi-group, will be seen to play an even more important réle here.
In fact, our goal in this section is to show how and when we can charac-
terize and construct a Markov process by specifying a generator. This
is fundamental for applications, since we are more likely to be able to
describe the law of the instantaneous change of the state of the system,
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then its behavior at all times. This is very similar to the theory of differ-
ential equations: there, too, the modeling input is the prescription of the
instantaneous change of state, described by specifying some derivatives,
and the task of the theory is to compute the evolution at later times.

Eq. (3.1) allows us to think of Markov kernels as operators on the
Banach space of bounded measurable functions.

Definition 3.1.3 A family, P; of bounded linear operators on B(S,R)
is called sub-Markov semi-group , if for all t > 0,

(i) P : B(S,R) — B(S,R);

(i) if 0< f < 1, then 0 < Pof < 1;
(iii) for all s > 0, Pyys = P Ps;
(iv) if f,, 4 0, then P, f, | 0.

A sub-Markov semigroup is called normal if Py = 1. It is called honest,
if, for all t > 0, P,1 = 1.

Exercise. Verify that the transition functions of Brownian motion (Eq.
(6.18) in [2]) define a honest normal semi-group.

In the sequel we assume that P; is measurable in the sense that the
map (x,t) = Pi(z, A), for any A € B, is B(S) x B(R)-measurable.

Let us now assume that P, is a family of Markov transition kernels.
Then we may define, for A > 0, the resolvent, Ry, by

(Baf)(x) = / T NP (@)t = /S Ra (e, dy) (). (3.5)

where the resolvent kernel, Ry(x,dy), is defined as

Ry(z, A) = /Ooo e MPy(z, A)dt. (3.6)

The following properties of a sub-Markovian resolvent are easily es-
tablished:

(i) For all A > 0, Ry is a bounded operator from B(S,R) to B(S,R);
(i) if0< f<1then 0 < Ryf <A1
(iii) for A\, u >0,

Ry~ R, = (u— NRaRy:; (3.7)

(iv) if f, 1 0, then Ry f, | 0.
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Moreover, if P; is honest, then Ry1 = A~!, for all A > 0.
Eq. (3.7) is called the resolvent identity. To prove it, use the identity

e—ku — e Hu
/e_’\se_“tf(s + t)dsdt = / —— f(u)du.
w—A
Our immediate aim will be to construct the generator of the semi-
group. Let us see how this goes formally. We search an operator, G,
such that P, = exp(t@), where exp is the usual exponential map, defined
e.g. through its Taylor expansion. Then, formally, we see that

o 1
Ry = / e MeCldt =
0

— (3.8)

This should make sense, because e“* is bounded, so that the integral
converges at infinity. Finally, we can recover G from Ry: set

G

formally, at least Gy — G, if A T oc.

While the above discussion makes sense only for bounded G, we can
define, for A > 0, exp(tG)), since G is bounded, and we will see that
(under certain circumstances, exp(tGy) — P, as A 1 o0.

3.1.2 Strongly continuous contraction semi-groups

These manipulations become rigorous in the context of so called strongly
continuous contraction semi-groups and constitute the famous Hille-
Yosida theorem.

Definition 3.1.4 Let By be a Banach space. A family, P : By — By,
of bounded linear operators is called a strongly continuous contraction
semigroup if the following conditions are verified:

(i) for all f € By, limeyo | Prf — f]| = 0:
(i) |2 < 1, for all £ > 0;
(111) PtPS = Pt+s; for all t,S Z 0.

Here || - || denotes the operator norm corresponding to the norm on By.

Lemma 3.1.1 If P is a strongly continuous contraction semigroup,
then, for any f € By, the map t — P:f is continuous.



50 8 Markov processes

Proof. Let t > s > 0. We need to show that P, f — Psf tends to zero in
norm as t — s | 0. But

[Pef = Pofll = |1 Ps(Pe—s f = DIl < [|Pe—sf = [,

which tends to zero by property (i). Note that we needed all three
defining properties!. O

Note that continuity allows to define the resolvent through a (limit
of) Riemann integrals,

T
= i “Ap, f
Ry\f TlTrgo/O e v f

The inherited properties if such an Ry are now used to define a
strongly continuous contraction resolvent.

Definition 3.1.5 Let B be a Banach space, and let Ry, A > 0, be a
family of bounded linear operators on B. Then R is called a contraction
resolvent, if

(i) A|RAl <1, for all A > 0;
(ii) the resolvent identify (3.7) holds.

A contraction resolvent is called strongly continuous, if in addition
(iii) 1im,\¢oo |‘)\ka - fH =0.

Exercise. Verify that the resolvent of a strongly continuous contraction
semi-group is a strongly continuous contraction resolvent.

Lemma 3.1.2 Let Ry be a contraction resolvent on Bg. Then the the
range of Ry is independent of A\, and that the closure of its range coin-
cides with the space of functions, h, such that ARxh — h, as A T oco.

Proof. Both observations follow from the resolvent identity. Letu, A >

0, then R, = Rx(1 + (A — p)R,. Thus, if g is in the range of R,

then it is also in the range of Ry: if ¢ = R, f, then g = R)h, where

h= (14 (XA—p)R,)f! Denote the common range of the Ry by R.
Moreover, if h € R, then h = R, g, and so

AR»
A—p

(ARy —1)h = (ARx» —1)R,g = R,.g— g

I
A—p
Since AR) is bounded, it follows that the right-hand side tends to zero,
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as A T oo. Also, if & is in the closure of R, the there exist h,, € R, such
that h,, — h; then

IARAR — Bl < [[ARxhp = R + [|hn = Bl + [ARA(f = fu)l;

and since AR is a contraction, the right hand side can be made as small
as desired by letting n and A tend to infinity. Finally, it is clear that if
h = limytoe Rxh, then h must be in the closure of R. O

As a consequence, the restriction of a contraction resolvent to the
closure of its range is strongly continuous. Moreover, for a strongly
continuous contraction resolvent, the closure of its range is equal to By,
and so the range of R) is dense in By.

We now come to the definition of an infinitesimal generator.

Definition 3.1.6 Let By be a Banach space and let P;, t € Ry be
a strongly continuous contraction semigroup. We say that f is in the
domain of G, D(G), if there exists a function g € By, such that

. 1 . . _
lim [[¢7(Pef = f) = gll = 0. (3.9)
For such f we set Gf = g if g is the function that satisfies (3.9).

Remark 3.1.2 Note that we define the domain of G at the same time
as G. In general, G will be an unbounded (e.g. a differential) operator
whose domain is strictly smaller than By. Some authors (e.g. [6]) de-
scribe the generator of a Markov process as a collections of the pairs of
functions (f, g) satisfying (3.9).

The crucial fact is that the resolvent is related to the generator in the
way anticipated in (3.8).

Lemma 3.1.3 Let P; be a strongly continuous contraction semigroup
on By. Then the operators Ry and (A — G) are inverses.

Proof. Let g € By and let f = Ryg. We want to show that (A\—-G) f = g,
i.e. that (3.9) holds for pairs of functions f and Af — g where f is in the
range of Ry. But

Mt B~ ) =t (A + ) - P
As t | 0, we may replace (1 + At) by e* and write

HmAf —t Y (Pof — f) = limeMt ! —e Mp,
i f (Pf— 1) ime (Rag — e M PiRyg)
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Now

o oo
e_)‘tPtRAg = / e_/\(t"'sPtJrsgds = / e_/\sPSgds,
0 t

and so
t
tH(Rag — e_’\tPtRAg) = t_l/ e~ P,gds.
0

By continuity of P, the latter expression converges to g, as t | 0, so we
have shown that (A — G)Rxg = ¢, and that Ryg € D(G).
Next we take f € D(G). Then e N (Pyyof —Pif) = Pi(e Y (P.f— f) —
P,Gf. Thus,
d
—P,f=PGf.
gl =nGs

Integrating this relation gives that

t
Ptff/o P,Gfds.

Multiplying with e~** and integrating gives
Raf = A7'f = A'RAGY,

which shows that for f € D(G), R\(A — G)f = f, and in particular
f € R. Thus D(G) = R. This concludes the proof of the lemma. O

3.1.3 The Hille-Yosida theorem

We now prove the fundamental theorem of Hille and Yosida that allows
us to construct a semi-group from the resolvent.

Theorem 3.1.4 Let Ry be a strongly continuous contraction resolvent
on a Banach space By. Then there exists a unique strongly continuous
contraction semi-group, Py, t € R, on By, such that, for all A > 0 and
all f € By,

/ e MP,fdt = Ryf. (3.10)
0
Moreover, if

Gr=AARy — 1) (3.11)
and

P\ =exp (tGy), (3.12)

then
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Pif = lim Poxf. (3.13)

Proof. When proving the Hille-Yosida theorem we must take care not
to assume the existence of a semi-group. So we want to rely essentially
on the resolvent identity.

We have seen before that the range, R, of Ry is independent of \ and
dense in By, due to the assumption of strong continuity. Now we want
to show that R, is a bijection. Note that we cannot use Lemma 3.1.3
here because in its prove we used the existence of P;. Namely, let h € By
such that Ryh = 0. Then,by the resolvent identity,

Ruh = (1— (A= p)R,)Rah =0,

for every pu. But by strong continuity, lim, 4o pf2,h = h, so we must
have that h = 0.

Therefore, there exists an inverse, R;l, of Ry, with domain equal to
R, such that for all h € By, Ry 'Ryh = h, and for g € R, Ry\Ry'g = g.
Moreover, by the resolvent identity,

RaR,' = (R, + (n— MRaR, )R, =14 (1 — MRy,
Thus
R;'—(n—X) =Ry, (3.14)
which we may rewrite as
Ry'=A=R,'—p=-G (3.15)

in other words, there exists an operator G with domain D(G) = R, such
that, for all A,
1

We now show the following lemma:

Lemma 3.1.5 Let G be defined in (3.11). Then, f € D(G) if and only
if

;1& G \f=g

erists. Then Gf = g.
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Proof. Let first f € D(G). Then
Grf = AXAR) —1)f = AR\(A — Ry ") f = AR\GY,

and by strong continuity, limytee ARNGf = G f, as claimed.
Assume now that limy1oc Gxf = ¢g. The by the resolvent identity,

pR,— AR\ ., Au A

As X T o0, the right-hand side clearly tends to pRR, f — f, while the left
hand side, by assumption, tends to R, g. Hence,

f=wnRuf—Rug=Ru(nf —g).
Therefore, f € R, and
Gf=(n—R,"VRu(uf —g) = pf — R, 'Ru(uf —g) =pnf —pf+g9=9.
O

We now continue the proof of the theorem. Note that G is bounded,

RHGAfZA(

and so by the standard properties of the exponential map, we have the
following three facts:

(1) PaPsx = Pits .
(ii) limeyot ! (Ppy — 1) = Ga.
(i) Py —1= [y PyaGads.
Moreover, since ||ARy|| < 1, from the definition of P; y it follows that
HPL)\” < e*)\tet/\H)‘Rﬂ <1.

Now the resolvent identity implies that the operators Ry and R, com-
mute for all A\, > 0, and so all derived operators commute. Thus we
have the telescopic expansion

Pt,)\ - Pt,,u - Pt,)\PO,,u - PO,/\Pt,,u (317)

= (PutsnrPin—ryt/np = Ple1yt/mrPin—rks1)t/np)

B
Il
—

I
WE

Plo—1yt/nxPon—tyt/np (Pemx — Pinoy) -

=~
Il
_

By the bound on || P, ||, it follows that for any f € By,

| Penf — Peufll < nl|Pmrf — Pinufll
=n||(Pynr—1) f = (Piynp—1) f]| -
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Passing to the limit n 1 oo, and using (ii), we conclude that
1Penf = Popfl <HIGAS = Gufll- (3.18)

This implies the existence of limyjoo P f = P f whenever limyjoo G f
exists, hence by Lemma 3.1.5 for all f € D(G). Moreover, the conver-
gence is uniform in ¢ on compact sets, so the map ¢t — P, f is continuous.
Since D(G) = R is dense in By, and P} are uniformly bounded in norm,
these results in fact extends to all functions f € By.

It remains to show that (3.10) holds. To do so, note that

I I T
e P, fdtf/ e wfdt =
/0 bl 0 )‘_Gu

As u tends to infinity, the left-hand side converges to fooo e MP,f, and,
using the resolvent identity, the right hand side is shown to tend to Ry f.

f

This concludes the prove of the theorem. O

The Hille-Yosida theorem clarifies how a strongly continuous contrac-
tion semi-group can be recovered from a resolvent. To summarize where
we stand, the theorem asserts that if we have a strongly continuous con-
traction resolvent family, Ry, then there exists a unique operator, G,
such that Ry, = (A — G)~!, that is the generator of a unique strongly
continuous contraction semi-group, Py.

One might rightly ask if we can start from a generator: of course, the
answer is yes: if we have linear operator, G, with D(G) C By, this will
generate a strongly continuous contraction semi-group, if the operators
(A—G)~! exist for all A > 0 and form a strongly continuous contraction
resolvent family.

One may not be quite happy with this answer, which leaves a lot to
verify. It would seem nicer to have a characterization of when this is
true in terms of direct properties of the operator G.

In the next theorem (sometimes also called the Hille-Yosida theorem,
see [6]), formulates such conditions.

Theorem 3.1.6 A linear operator, G, on a Banach space, By, is the
generator of a strongly continuous contraction semi-group, if and only if
the following hold:

(i) The domain of G, D(G), is dense in By.
(i1) G is dissipative, i.e. for all A > 0 and all f € D(G),

A =G)fII = Al A (3.19)
(iii) There exists a A > 0 such that range(A — G) = By.
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Proof. By theorem 3.1.4, we just have to show that the family (A—G)~!
is a strongly continuous contraction resolvent, if and only if (i)—(iii)
hold. In fact, we have seen that properties (i)—(iii) are satisfied by
the generator associated to a strongly continuous contraction resolvent:
(i) was shown at the beginning of the proof of Thm. 3.1.4, (ii) is a
consequence of the bound [[AR,|| < 1: Note that

A ARA(N — A
1> sup PRMI S IR =G)gll - Allgl

reBo  IfIl 7 gepia) A =Gyl gen(c) [(A=G)gl”

Finally, since for any function f € By,
(>\ - G)RAf = fa

any such f is in the range of (A — G).
It remains to show that these conditions are sufficient, i.e. that under
them, if Ry = (A — G)~! is a strongly continuous contraction resolvent.
We need to recall a few notions from operator theory.

Definition 3.1.7 A linear operator, G, on a Banach space, By, is called
closed, if and only if its graph, the set

T(G) = {(f,Gf): f € D(G)} C By x Bo (3.20)

is closed in By x By. Equivalently, G is closed if for any sequence f,, €
D(G) such that f, = f and Gf, — ¢, f € D(G) and g = Gf.

Definition 3.1.8 If G is a closed operator on By, then a number A € C
is an element of the resolvent set, p(G), of G, if and only if
(i) (A — G) is one-to-one;
(ii) range(A — G) = By,
(iii) Ry = (A — G)7!is a bounded linear operator on By.

Tt comes as no surprise that whenever A, u € p(G), then the resolvents
R, R, satisfy the resolvent identity. (Exercise: Prove this!).

Another important fact is that if for some A € C, A € p(G), then
there exists a neighborhood of A that is contained in p(G). Namely, if
A — | < 1/||Rx]|, then the series

(oo}

E# = Z()\ — p)" Ry

n=0

converges and defines a bounded operator. Moreover, for g € D(G), a
simple computation shows that

Ru(p—G)g =g,
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and for any f € By,
(h=G)Ruf = .

Hence ﬁu = (p— G)71, range( — G) = By, and so p € p(G). Thus,
p(G) is an open set.
We will first show that (i) and (ii) imply that G is closed.

Lemma 3.1.7 Let G be a dissipative operator and let X > 0 be fixed.
Then G is closed if and only if range(\ — G) is closed.

Proof.  Let us first show that the range of (A — G) is closed if G is
closed. Take f, € D(G) and assume that (A — G)f, — h. Since G is
dissipative, [[(A — G)(fn — fat+x)|l = Allfn — farkll, so fn is a Cauchy
sequence, and by closedness, there exists a limit f = lim, f,, € D(G).
Thus lim,, Gf, = Af —h. But also, lim,, Gf, = Gf,soh=(A=G)f, i.e.
lim,, (A—G) f,, is in the range of (A\—G) and so the range is closed. On the
other hand, if range(\ — G) is closed, then take some D(G) > f, — f
and Gf, = g. Then (A — Q) f, = Af — g in the range of (A — G). Thus
there exists fo € D(G), such that

A=G)fo=Af—g.
But since G is dissipative, if (A — G)f,, = (A = G) fo, then f,, — fo, so
fo=f. Hence (A—G)f = \f —g, or Gf = g. Hence f is in the domain
and ¢ in the range of G, so G is closed. O

It follows that if the range of (A — G) is closed for some A > 0, then
it is closed for all A > 0.

The next lemma establishes that the resolvent set of a closed dissipa-
tive operator contains (0, 00), if some point in (0, 00) is in the resolvent
set.

Lemma 3.1.8 If G is a closed dissipative operator on By, then the set
pT(G) = p(G) N (0,00) is either empty or equal to (0,00).

Proof. We will show that (0,00) is open and closed in (0,00). First,
since p(G) is open, its intersection with (0,00) is relatively open. Let
now A\, € pt(G) and A\, — X € (0,00). For any g € By, and any n we
can define g, = (A — G)R), g. Then

lgn — gl = |(A = G)Rx, g — (An = G) R, gll = [(A = An)Rx, gl
< A=)l
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which tends to zero as n T co. Note that the inequality used the dissi-
pativity of G. Therefore, the range of (A — G) is dense in By; but from
the preceding lemma we know that the range of (A —G) is closed. Hence
range(\ — G) = By. But since G is dissipative, if || f — g|| > 0, then
IA=G)f — (A= G)g| > 0, and so (A — G) is one-to one. Finally, for
any g € By, f = (A —G)"!gis in D(G). Then dissipativity shows that

lgll = IA = G = AlLSI = Al = G) gl

so that (A—G)~! is bounded by A~! on By. Thus A € p™(G), and hence
pT(G) is closed. O

We now continue with the proof of the theorem. We know from (ii)
and (iii) and Lemma 3.1.7 that G is closed and range(\ — G) = By for
all A > 0. Moreover, just as in the proof of Lemma 3.1.8, dissipativity
implies then that p*(G) = (0,00). Also as in that proof, we get the
bound A||Ry|| < 1. As we have already explained, the resolvent identity
holds for all A > 0, so R) is a contraction resolvent family.

All what remains to prove is the strong continuity. Let first f € D(G).
Then we can write

IARAS = fIl = MBA(f = AT A= G) )l < ATHIGH.

Since f € D(G), Gf € By, and ||Gf|| < oo, so the right hand side tends
to zero as A 1 oo.

Thus ARy f — f for all f in D(G). For general f, since D(G) is dense
in By, take a sequence f,, € D(G) such that f,, — f. Then,

and so

lirilTSUpII)\RAf =l <20f = fall-

Since the right-hand side can be made as small as desired by taking
n 1 0o, it follows that | AR f— f|| — 0, as claimed. Thus Ry = (A—G) ™!
is a strongly continuous contraction resolvent family, and the theorem
is proven. 1

One may find the the conditions (i)—(iii) of Theorem 3.1.6 are just as
difficult to verify then those of Theorem 3.1.4. In particular, it does not
seem easy to check whether an operator is dissipative.

The following lemma, however, can be very helpful.
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Lemma 3.1.9 Let S be a complete metric space. A linear operator,
G, on Cy(S) is dissipative, if for any f € D(G), if y € S is such that
f(y) = maxzes f(x), then Gf(y) < 0.

Proof. Since f € Cy(S) vanishes at infinity, there exists y such that
[f(y)] = ||f]|- Assume without loss of generality that f(y) >, so that
f(y) is a maximum. For A > 0, let g = f — A"'Gf. Then

max f(z) = f(y) < f(y) = AT Gf(y) = g(y) < maxg(x).
Since the same holds for the function — f, we also get that
min f(z) > min g(z),

and hence G is dissipative. [l

Examples We can verify the conditions of Theorem 3.1.6 in some sim-

ple examples.

o Let $=0,1], G = 15 D(G) = {f € C2([0,1] : f/(0) = f'(1) = 0}.
Since here S is compact, clearly any continuous function takes on
its minimum at some point y € [0,1]. If y € (0,1), then clearly
%j—; (y) = 0; if y =0, for 0 to be a minimum, since f’(0) = 0, the
second derivative must be non-negative; the same is true if y = 1.
Thus G is dissipative.

The fact the D(G) is dense is clear from the definition. To show
that the range of A — G is C([0, 1]), we must show that the equation

1

-3l =g (3.21)

with boundary conditions f/(0) = f/(1) = 0 has a solution for all
g € B([0,1]). Such a solution can be written down explicitely. In fact,
(we just consider the case A = 1, which is enough)

flx) = eV /OI eV /Otg(s)dsdt + K sinh(v/2z) (3.22)

with
1 t
K sinh V2 = 726\/5/ eiﬁt/ g(s)dsdt
0 0

is easily verified to solve this problem uniquely.
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(ii) The same operator as above, but replace [0,1] with R and D(G) =

(iil)

CZ(R). We first show that the range of R is contained in C?(R).
Let f be given by f = Ryg with ¢ € B(R). R, is the resolvent
corresponding to the Gaussian transition kernel

z—u)2
1 6_( 2ty) dy

Pt('rvdy) =

N
i‘
~

Thus

f(z) = (Rag)(x / /OO ¢ -3 fy)zg(y)dy-

Now one can show that

N2
/ - = L e V2Ale—yl
)

\/ﬁ V22X

and so

/ \/— VENE=ul g () dy.

f(x) = /6‘m'z‘y'signg(y)dy (3.23)

= —/ e‘m'z‘y'g(y)dyﬂL/ ™V r=ulg(y).

Thus, differentiating once more,

f(x) = —2g(x) + \/ﬁ/_z e VR lg(ydy  (3.24)
Jﬂ/ﬁ/m e VR (y)

= —2¢g(x) + 2\ f(x).

Hence f € B(R) as claimed. Moreover, f solves (3.21) and thus
(A/2 = \) is the inverse of Ry. Since this operator maps CZ(R) into
B(R), we see that CZ(R) C D(G). Hence CZ(R) = D(G), A is closed
and is the generator of our semigroup.

If we replace in the previous example R with R?, then the the result
will not carry over. In fact, A is not a closed operator in R? if d > 2.
This may appear disappointing, because it says that %A is not the
generator of Brownian motion in d > 2. Rather, the generator of
BM will be the closure of %A. We will come back to this issue in a
systematic way when we discuss the martingale problem approach to
Markov processes.
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3.2 Feller-Dynkin processes

We will now turn to a special class of Markov semi-groups that will be
seen to have very nice properties. Our setting is that the state space
is a locally compact Hausdorfl space with countable basis (but think of
R? if you like). The point is that we do not assume compactness. We
will, however, consider the one-point compactification of such a space
obtained by adding a “coffin state”, 9, (“infinity”) to it. Then S? = SUO
is a compact metrisable space.

We will now place ourselves in the setting where the Hille-Yosida the-
orem work, and make a specific choice for the underlying Banach space,
namely we will work on the the space Cy(S) of continuous functions
vanishing at infinity. This will actually place a restriction of the semi-
groups to preserve this space. This (and similar properties) is known as
the Feller property.

Definition 3.2.1 A Feller-Dynkin semigroup is a strongly continuous
sub-Markov semigroup, P, acting on the space Cy(5), in particular for
all ¢ > 0,

P Co(S) — Co(S) (325)

It is an analytic fact that follows from the Riesz representation theo-
rem, that to any strongly continuous contraction semigroup corresponds
a sub-Markov kernel, P (z,dy), such that (Pif)(z) = [ Pi(x,dy)f(y),
for all f € Cp(9).

To see this recall that the Riesz representation theorem asserts that
for any linear map, L, from the space of continuous functions C(S) there
corresponds a unique measure, u, such that

sz/sf(y)u(dy)-

If moreover L1 = 1, this measure will be a probability measure.
Thus for any « € S, there exists a probability measure P;(x,dy), such
that for any continuous function f

(Bf) () = / )Pz, dy).

Since P, f is measurable, we also get that [ f(y)P:(x, dy) is measurable.
Finally, using the monotone class theorem, one shows that P:(z, A) is
measurable for any Borel set A, and hence P;(x,dy) is a probability
kernel, and in fact a sub-Markov kernel.

Note that, since we are in a setting where the Hille-Yosida theorem
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applies and that there exists a generator, G, exists on a domain D(G) C
Cy(S). Note that then we have for f € D(G) the formula

61w =t ([ A - 1) (3.26)

Therefore, if f attains its maximum at a point z, then

/S Py(x,dy)f(y) < f(x),

and so Gf(x) < 0, if f(x) > 0 (this condition is not needed if P; is
honest).

Dynkin’s maximum principle states that this property characterizes
the domain of the generator. Let us explain what we mean by this.

Definition 3.2.2 Let G, C be two linear operators with domains D(G), D(C),
respectively. We say that C' is an extension of G, if

(i) D(G) Cc D(C), and
(ii) For all f in D(G), Gf =Cf.

Lemma 3.2.10 Let G be a generator of a Feller-Dynkin semigroup and
let C' be an extension of G. Assume that if f € D(C) and f attains its
mazximum in x with f(x) >0, then Cf(x) <0. Then G =C.

Proof. Note first that C = G if C'f = f implies f = 0. To see this, let
g=f—Cfund h = R1g. But R1g € D(G) and thus

h—Ch=h-Gh=g=f—Cf.

Hence f —h = C(f —h), and so f = h. In particular f € D(G).

Now let f € D(C) and C'f = f. We see that if f attains its maximum
at « with f(x) > 0, then under the hypothesis of the lemma, C'f(z) < 0.
Since C'f = f, this means that f(z) = Cf(x) = 0. Thus max, f(y) = 0.
Applying the same argument to — f, it follows that min, f(y) =0. O

The now turn to the central result of this section, the existence theo-
rem for Feller-Dynkin processes.

Theorem 3.2.11 Let P; be a Feller-Dynkin semigroup on Co(S). Then
there exists a strong Markov process with values in S° and cadlag paths
and transition kernel P;.

Remark 3.2.1 Note that the unique existence of the Markov process
on the level of finite dimensional distributions does not require the Feller

property.
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Proof. First, the Daniell-Kolmogorov theorem guarantees the existence
of a unique process on the product space (S?)%+, provided the finite
dimensional marginals satisfy the compatibility conditions. This is easily
verified just as in the discrete time case using the Chapman-Kolmogorov
equations.

We now want to show that the paths of this process are regularisable,
and finally that regularization entrains just a modification. For this we
need to get martingales into the game.

Lemma 3.2.12 Let g € Co(S) and g > 0. Set h = Ryg. Then
0<e 'Ph<h. (3.27)

IfY is the corresponding Markov process, e h(Y;) is a supermartingale.

Proof.  Let us first prove (3.27). The lower bound is clear since P, and
hence Ry map positive function to positive functions. Next

e *Psh=¢e¢ °P;Rig = e_sPs/ e " P,gdu (3.28)
0

= / e “Pugdu < Rig = h.

Now e~ *h(Y;) is a supermartingale since
Ele™* " h(Yiys|Gi) = e Pih(Yr) < e 'h(Y7),

where of course we used (3.27) in the last step. ]

As a consequence of the previous lemma, the functions e~ ?h(Y;) are
regularisable, i.e. lim, ; e~ 7h(Y;) exists for all ¢ almost surely.

Now we can take a countable dense subset, g1, ¢go, ..., of elements of
Co(S9), and set h; = R1g;. The set H = {h;}ien separates points in S?,
while almost surely, e~ 9h;(Y;) is regularisable for all ¢ € N. But then
X; = limgy+ Y, exists for all ¢, almost surely and is a cadlag process.

Finally we establish that X is a modification of Y. To do this, let
fy9 € Co(S). Then

E[f(¥1)g(X:)] = Im B[ (¥Y;)g(Y,)] = im E[f (Y1) Py —qg (V)] = E[f (Yt)g(Y:)]

where the first inequality used the definition of X; and the third the
strong continuity of P.. By an application of the monotone class theo-
rem, this implies that E[f(Y:, X¢)] = E[f (Y}, Yz)] for any bounded mea-
surable function on S? x S?, and hence in particular P[X; = Y;] = 1.

O
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The previous theorem allows us to henceforth consider Feller-Dynkin
Markov processes defined on the space of cadlag functions with values
in S? (with the additional property that, if X; = 9 or X;_ = 0, then
X =0 for all s > t). We will henceforth think of our Markov processes
as defined on that space (with the usual right-continuous filtration).

3.3 The strong Markov property

Of course our Feller-Dynkin processes have the Markov property. In
particular, if ¢ is a F; measurable function and f € Cy(S), then

E[Cf(Xivs)] = E[CPs f(X4)]. (3.29)

Of course we want more to be true, namely as in the case of discrete time
Markov chains, we want to be able to split past and future at stopping
times. To formulate this, we denote as usual by 6, the shift acting on
Q, via

X(Htw)s = (QtX)(w)S = X(Q.J)S+t. (330)
We then have the following strong Markov property:

Theorem 3.3.13 Let T' be a F;istopping time, and let P be the law
of a Feller-Dynkin Markov process, X. Then, for all bounded random
variables n, if T is a stopping time, then

E[0rn|Fr+] = Ex,[n], (3.31)

or equivalently, for all Fr,-measurable bounded random variables &,

E[§0rn] = E[EEx [n]], (3.32)

Proof. We again use the dyadic approximation of the stopping time 7'
defined as

( k277, if(k—1)27" < T(w) < k2" k € N
TM(w) =
+oo, ifT(w) = 4o0.

For A € Fr4 we set
App={weQ:TM(W)=2""k}NA € Frp-n.

Let f be a continuous function on S. Then
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E[f(Xrwida] = D E[f(Xponisla,,]  (3:33)
kENU{+oo}

= Z E [P f(Xp-—nTa, ]

kENU{+oo}
= E [P f(Xpe) 1]

Now let n tend to infinity: by right-continuity of the paths,
Xrmyis — Xris,
for any s > 0. Since f is continuous, it also follows that

f(XT(")Jrs) — f(XT-l-s)a

and since, by the Feller property, Psf is also continuous, it holds that
Py f(Xpo) = Psf(X1)

Note that finally working with Feller semi groups has payed off!
Now, by dominated convergence,

E[f(Xr1s)Ta] = E [P f (X7 14]

To conclude the proof we must only generalize this result to more
general functions, but this is done as usual via the monotone class theo-
rem and presents no particular difficulties (e.g. we first see that T can
be replaced by any bounded Fri-measurable function; next through
explicit computation one shows that instead of f(Xr4s) we can put
[T, fi(Xr4s;), and then we can again use the monotone class theorem
to conclude for the general case. O

3.4 The martingale problem

In the context of discrete time Markov chains we have encountered a
characterization of Markov processes in terms of the so-called martin-
gale problem. While this proved quite handy, there was nothing really
profoundly important about its use. This will change in the continu-
ous time setting. In fact, the martingale problem characterizations of
Markov processes, originally proposed by Stroock and Varadhan, turns
out to be the “proper” way to deal with the theory in many respects.
Let us return to the issues around the Hille-Yosida theorem. In prin-
ciple, that theorem gives us precise criteria to recognize when a given
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linear operator generates a strongly continuous contraction semigroup
and hence a Markov process. However, if one looks at the conditions
carefully, one will soon realize that in many situations it will be essen-
tially impractical to verify them. The point is that the domain of a
generator is usually far too big to allow us to describe the action of the
generator on all of its elements. E.g., in Brownian motion we want to
think of the generator as the Laplacian, but, except in d = 1, this is
not the case. We really can describe the generator only on twice differ-
entiable functions, but this is not the domain of the full generator, but
only a dense subset.

Let us discuss this issue from the functional analytic point of view
first. We have already defined the notion of the (linear) extension of a
linear operator.

First, we call the closure, G, of a linear operator, G, the minimal
extension of G that is closed. An operator that has a closed linear
extension is called closable.

Lemma 3.4.14 A dissipative linear operator, G, on By whose domain,
D(G), is dense in By is closable, and the closure of range(\ — G) is
equal to range(\ — G) for all A > 0.

Proof. Let f, € D(G) be a sequence such that f, — f, and Gf, —
g. We would like to associate with any such f the value g and then
define Gf = g for all achievable f that would then be the desired closed
extension of G. So all we need to show that if f/ — f and Gf, — ¢/,
then ¢’ = g. Thus, in fact all we need to show is that if f,, — 0, and
Gfn — g, then ¢ = 0. To do this, consider a sequence of functions
gn € D(G) such that g, — g. This exists because D(G) is dense in By.
Using the dissipativity of GG, we get then

[A=G)gn—Agl = gigglo [A=G)(gn+Afr)|l > %iéfé M gn+Afell = Mlgnl-

Note that in the first inequality we used that 0 = limy fr and g =
limy, G fi. Dividing by A and taking the limit A T oo implies that

lgnll < llgn — gl|-

Since g, — g — 0, this implies g,, — 0.

The identification of the closure of the range with the range of the
closure follows from the observation made earlier that a range of a dis-
sipative operator is closed if and only if it is closed. ]



3.4 The martingale problem 67

As a consequence of this lemma, if a dissipative linear operator on By,
G, is closable, and if the range of A — G is dense in By, then its closure
is the generator of a strongly continuous contraction semigroup on By.

These observations motivate the definition of a core of a linear oper-
ator.

Definition 3.4.1 Let G be a linear operator on a Banach space By. A
subspace D C D(Q) is called a core for G, if the closure of the restriction
of G to D is equal to G.

Lemma 3.4.15 Let G be the generator of a strongly continuous con-
traction semigroup on By. Then a subspace D C D(G) is a core for G,
if and only if D is dense in By and, for some A >0, range(\ — G|p) is
dense in By.

Proof. Follows from the preceding observations. O
The following is a very useful characterization of a core in our context.

Lemma 3.4.16 Let G be the generator of a strongly continuous con-
traction semigroup, Py, on By. Let D be a dense subset of D(G). If, for
allt >0, P, : D — D, then D is a core [in fact it suffices that there is
a dense subset, Dy C D, such that P, maps Dq into D].

Proof. Let f € Dy and set

2
I~ ai/m
fnzgze Ak/ Pk/nf
k=0

By hypothesis, f, € D. By strong continuity,

n2

: _ T l —Ak/n _
lim (A~ G)fn = lim k:Oe Pion(A=G) f (3.34)
_ /OO e MP(A— G f
0
=R\ -G)f = f

Thus, for any f € Dy, there exists a sequence of functions, (A — G) f,, €
range(\ — Gp), that converges to f. Thus the closure of the range of
()\—G‘D) contains Dg. But since Dy is dense in By, the assertion follows
from the preceding lemma. [



68 8 Markov processes

Example. Let G be the generator of Brownian motion. Then C*°(R%)
is a core for G and G is the closure of %A with this domain.

To show that C'*° is a core, since obviously C'*° is dense in the space
of continuous functions, by the preceding lemma we need only to show
that P, maps C*° to C*°. But this is obvious from the explicit formula
for the transition function of Brownian motion. Thus it remains to check
that the restriction of G to C* is $A, which is a simple calculation (we
essentially did that in [2]). Hence G is the closure of A.

We see that these results are nice, if we know already the semigroup.
In more complicated situations, we may be able to write down the action
of what we want to be the generator of the Markov process we want to
construct on some (small) space of function. The question when is how
to know whether this specifies a (unique) strongly continuous contraction
semigroup on our desired space of functions, e.g. Cp(S)? We may be
able to show that it is dissipative, but then, is range(A — G) dense in
CQ?

The martingale problem formulation is a powerful tool to address such
question.

We begin with a relatively simple observation.

Lemma 3.4.17 Let X be a Feller-Dynkin process with transition func-
tion P, and generator G. Define, for f,g € B(S),

t
M; = f(Xy) —/ g(Xs)ds. (3.35)
0
Then, if f € D(G) and g = Gf, M; is a Fe-martingale.

Proof. The proof goes exactly as in the discrete time case.

t t+u
E[Myl ] = E[f (X1l ] / (GF)(X.)ds - / E[G(X.)|F/)ds

(3.36)

:/Pu(Xt,dy)f(y)—/Ot(Gf)(Xs)ds—/Ou/Ps(Xtady)(Gf)(y)ds

- sx) - | (@D)(X0)ds
+/Pu(Xt,dy)f( f(Xy) /O /PS X, dy)(Gf)(y)ds

:Mt+/ w(Xesdy) f(y) — [(Xe) = | (PG f)(Xe)d
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But
(P.GF)(2) = - (P)(E).
and so
[ Pt so) - 500 - [ eGpxds=o,
from which the claim follows. 0

By “the martingale problem” we will consider the inverse problem
associated to this observation.

Definition 3.4.2 Given a linear operator, G, with domain D(G) and
range(G) C Cp(S), a S-valued (cadlag ) process defined on a filtered
cadlag space (Q, F, P, (F,t € Ry)), is called a solution of the martingale
problem associated to the operator G, if for any f € D(G), M, defined
by (3.35) is a Fy-martingale.

Remark 3.4.1 One may relax the cadlag assumptions. Ethier and
Kurtz [6] work in a more general setting, which entails a number of
subtleties regarding the relevant filtrations that I want to avoid.

One of the key points in the theory of martingale problems will be the
fact that G may not need to be the full generator (i.e. the generator with
maximal domain), but just a core, i.e. an operator defined on a smaller
subspace of functions. This really makes the power of this approach.

Before we continue, we need some new notion of convergence in Ba-
nach spaces.

Definition 3.4.3 A sequence f,, € B(S) is said to converge pointwise
boundedly to a function f € B(S), iff

(1) sup,, an”oo < 00, and
(ii) for every € S, limp1oo fr(x) = f(x).

A set M € B(S) is called bp-closed, if for any sequence f, € M s.t.
bp —lim f,, = f € B(S), then f € M. The bp-closure of a set D C B(S)
is the smallest bp-closed set in B(S) that contains D. A set M is called
bp-dense, if its closure is B(S).

Lemma 3.4.18 Let f,, be such that bp —lim f,, = f and bp —lim G f,, =
Gf. Then, if fo(X:) — fOt(an)(Xs) is a martingale for all n, then
f(Xy) — fg(Gf)(Xs) is a martingale.
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Proof. Straightforward. Il

The implication of this lemma is that to find a unique solution of the
martingale problem, it suffices to know the generator on a core.

Proposition 3.4.19 Let Gy be an operator with D(G1) and range(G1),
and let G be an extension of G1. Assume that the bp-closures of the
graphs of G1 and G are the same. Then a stochastic process X is a
solution for the martingale problem for G if and only if it is a solution
for the martingale problem for G .

Proof. Follows from the preceding lemma. 1

The strategy will be to understand when the martingale problem has
a unique solution and to show that this then is a Markov process. In
that sense it will be comforting to see that only dissipative operators
can give rise to the solution of martingale properties.

We first prove a result that gives an equivalent characterization of the
martingale problem.

Lemma 3.4.20 Let F; be a filtration and X an adapted process. Let
fyg € B(S). Then, for A € R, (3.85) is a martingale if and only if

e F(X) + / e (M (X) — g(X,)) ds (3.37)
0

is a martingale.

Proof. The details are left as an exercise. To see why this should be
true, think of P} = e P, as a new semi-group. Its generator should
be (G), which suggests that (3.37) should be a martingale whenever
(3.35) is, and vice versa. O

Lemma 3.4.21 Let G be a linear operator with domain and range in
B(S). If a solution for the martingale problem for G exists for any
initial condition Xg = x € S, then G is dissipative.

Proof. Let f € D(G) and g = Gf. Now use that (3.37) is a martingale
with A > 0. Taking expectations and sending ¢ to infinity gives thus

F(Xo) = F(x) = E [ / N (XL — g(X.)) ds



3.4 The martingale problem 71

and thus,

o0

F@I [ NEAG) ~g(Xolds < [ e ar-gl = A IAf-glds,
0 0
which proves that G is dissipative. O

Next, we know that martingales usually have a cadlag modification.
This suggests that, provided the set of functions on which we have de-
fined our martingale problem is sufficiently rich, this property should
carry over to the solution of the martingale problem as well. The fol-
lowing theorem shows when this holds.

Theorem 3.4.22 Assume that S is separable, and that D(G) C Cy(S).
Suppose moreover that D(G) is separating and contains a countable sub-
set that separates points. If X is a solution of the associated martingale
problem and if for any € > 0 and T < oo there exists a compact set
K. 1 C S, such that

PVte0,71NQ: X, € Kep) >1—c¢, (3.38)

then X has cadlag modification.

Proof. By assumption there exists a sequence f; € D(G) that separates
points in S. Then

MY = fi(X,) - /O gi(X,)ds

with g; = Gf; are martingales and so by Doob’s regularity theorem
regularisable with probability one; since fot 9i(Xs)ds is manifestly con-
tinuous, if follows that f;(X:) is regularisable. In fact there exists a set
of full measures such that all f;(X;)) are regularisable. Moreover, by
hypothesis (3.38), the set {X;(w),t € [0,T]} has compact closure for
almost all w for all T. Let ' denote the set of full measure where all
the properties above hold. Then, for all w € €, and all ¢ > 0, there
exists sequences Q > s, | ¢, such that lim,, | X, (w) exists and whence

Jillim X, @) = lim [i(X. ().

Since the sequence f; separates points, it follows that limgssy, Xs(w) =
Yi(w) exists for all ¢. In fact, X has a cadlag regularization. Finally we
need to show that f;(Y:) = fi(X:) , a.s., in order to show that YV is a
modification of X. But this follows from the fact that the integral term
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in the formula for M; is continuous in ¢, and hence

[i(%1) = Bf(V)IRJES (V)| F] = Im E(fi (Xs)[72) = fi(Xe), as.

by the fact that Mt(i) is a martingale. O

3.4.1 Uniqueness

We have seen that solutions to the martingale problem provide candi-
dates for nice Markov processes. The main issues to understand is when
a martingale problem has a unique solution, and whether in that case is
represents a Markov process. When talking about uniqueness, we will of
course always think that an initial distribution, g, is given. The data
for the martingale problem is thus a pair (G, ), where G is a linear
operator with its domain D(G) and p is a probability measure on S.
The following first result is not terribly surprising.

Theorem 3.4.23 Let S be separable and let G be a linear dissipative
operator on B(S) with D(G) C B(S). Suppose there exists G' with
D(G') € D(G) such that G is an extension of G'. Let D(G') = range(A — G') =
L, and let L be separating. Let X be a solution for the martingale prob-

lem for (G,u). Then X is a Markov process whose semigroup on L is
generated by the closure of G, and the martingale problem for (G, p)
has a unique solution.

Proof. Assume G’ closed. We know that it generates a unique strongly
continuous contraction semigroup on L, hence a unique Markov process
with generator G’. Thus we only have to show that the solution of the
martingale problem satisfies the Markov property with respect to that
semigroup.

Let f € D(G') and A > 0. Then, by Lemma 3.4.20,

e”%@ﬁ+/é”@ﬂ&%GTMm%
0

is a martingale,

1) = [ [T 0 - e asfE]. @

0

To see this note that for any 7" > 0, by simple algebra,
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/0 e (M (Xeys — G f(Xi1s))) ds (3.40)
t+T t
e / e (AF(XL) — G (X)) ds — / e (M(Xs) = G'f (X)) ds
0 0
t+T
e [ /0 e (A(Xo) = G'f (X)) ds + e<f+Tf<Xt+T>] —e P f(Xivr)

t

_M / e (AVF(X,) — G F(X,))) ds
0

Hence,

T
E / e (M (Xos) = G'f(Xiys))) ds
0

ft] (3.41)

— F(X) + / e (AF(X,) — G'f(X,)) ds

0
—e ME [f(Xegr) | F2] — eAt/O e (M(Xy) = G'f(Xy))) ds

= f(Xi) — e ME [f(Xey1)| F] -

Letting T tend to infinity, we get (3.39).
We will use the following lemma.

Lemma 3.4.24 Let P, be a SCCSG on By and G its generator. Then,
for any f € By,

lim (1 —n~1'G)~""f = P f. (3.42)

nToo

Proof. Set V(t) = (1 —tG]~*. We want to show that V(1/n)ltn] — P;.
But

n[VA/n)f = fl=n[1-n""G)"f — f] = Gnf,
where G, is the Hille-Yosida approximation of G. Hence
V(1/n)"f=[1+n1G,]" .
Now one can show that for any linear contraction B (Exercise!),
1B"f — "BV || < VallBF — f.
We will apply this for B = %Gn + 1. Thus

|[1+072Ga] "™ f = exp(tGa) || < 721Gl
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Since the right-hand side converges to zero for f € A(G), and exp(tG,,) [ —
P, f, by the Hille-Yosioda theorem, we arrive at the claim of the lemma
for f € A(G). But since A(G) is dense, the result holds for all By by
standard arguments. Il

Now from (3.39)

1-n"'G) ' f( X)) =n F(Xy) (3.43)

n—G'
=K |:n /OOO e_nsf(Xt-i-s)dS’}—t]

=E {/0 e f(Xyyn—1s)ds

Iterating this formula and re-arranging the resulting multiple integrals,

-

and using the formula for the area of the k-dimensional simplex, gives

(1—n7'G) (X0 (3.44)

=F [/ 6751752---75[un]f(XtJrnfl(Sl+...+s[un]))d51 .. dS[un] ]:t]
0
E [/m LT )d ]-‘]
= e —— n1(s))ds
(T e
We write, for f € D(G’),
s/n
fXegn-10s) = F(Xpgu + / G f(Xiqw)dv
and insert this into (3.44). Finally, since
o0 S[un]—l
e f——ds=1,
/0 I'([un])
we arrive at
1—n'G) " F(Xy) = E [ f(Xita)| F] (3.45)
| [ e b yuds|
v\ [y [, 7

We are finished if the second term tends to zero. But, re-expressing the
volume of the sphere through multiply integrals, we see that

00 glun]—=1  ps/n
E / 6757/ G’ f(Xtty))dvds|Fy
0 u

3.46

T (3.40)

< ||G’f||oo/ dsy ... ds[un) ‘n71(81 + e Spun)) — u‘ e 51T T Sun]
0




3.4 The martingale problem 75

un]

But the last integral is nothing but the expectation of ’nil Z£:1 €; — u’
where e; are iid exponential random variable. Hence the law of large
numbers implies that this converges to zero. Thus we have the desired
relation

P f(Xt) = E[f (Xi4u)|Fi]

for all f € D(G’). In the usual way, this relation extends to the closure
of D(G") which by assumption if L. O

Finally we establish an important uniqueness criterion an the strong
Markov property for solutions of uniquely posed martingale problems.

Theorem 3.4.25 Let S be a separable space and let G be a linear oper-
ator on B(S). Suppose that the for any initial distribution, u, any two
solutions, X, Y, of the martingale problem for (G, u) have the same one-
dimensional distributions, i.e. for any t > 0, P(X; € A) = P(Y; € A)
for any Borel set A. Then the following hold:

(i) Any solution of the martingale problem for G is a Markov process
and any two solutions of the martingale problem with the same ini-
tial distribution have the same finite dimensional distributions (i.e.
uniqueness holds).

(ii) If D(G) C Cy(S) and X is a solution of the martingale problem with
cadlag sample paths, then for any a.s. finite stopping time, T,

E[f(Xt"rT)l]:T] = E[f(Xt-i-T)'XT]a (347)
for all f € B(S).

(iii) If in addition to the assumptions in (ii), there exists a cadlag solution
of the martingale problem for any initial measure of the form 6., x €
S, then the strong Markov property holds, i.e.

E[f(Xt"rT)l]:T] = Ptf(X‘r)' (348)

Proof.

Let X be the solution of the martingale problem with respect to some
filtration G;. We want to prove that it is a Markov process. Let F' € G,
have positive probability. The, for any measurable set B let

O (3.49)
and
py(B) = ELPEMBX ] (3.50)

P(F)
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Let Ys = X,4s. Wesee that, since E[f (X,)|X,] = f(X,) = E[f(X,)|G.],
Pi(YoeTl) =P (Y, eTl') =P[X, € T'|F] (3.51)

Now chose any 0 < t; < to < -+ < tpt1, [ € D(G), g = Gf, and
hi € B(S), (k € N. Define

n(Y) = (f(YtW) s - [ g(&)ds) [[mi). (352
t k=1

n

Y is a solution of the martingale problem if and only if En(Y) = 0 for
all possible choices of the parameters (Check this!).

Now E [(X;+.)|Gr] = 0, since X is a solution of the martingale prob-
lem. A fortiori, E [n(X,+.)|X,] = 0, and so

Er[n(Y)] = E2[n(Y)] =0,

where F; denote the expectation w.r.t. the measures P;. Hence, Y is a
solution to the martingale problem for G under both P; and P», and by
(3.51),

Er[f(Yy)] = Ex[f(Y1)],
for any bounded measurable function. Thus, for any F' € G,.,
E [HFE[f(Xr+s)|gT]] =K []IFE[f(XT+S)|XT]] )
and hence
E[f(Xr-i-s)'gT] = E[f(XT-i-S)lXT]'

Thus X is a Markov process.
To prove uniqueness one proceeds as follows. Let X and Y be two
solutions of the martingale problem for (G, ). We want to show that

[T x| =& [ﬁ (Vi)
k=1

k=1
By hypothesis, this holds for n = 1, so we will proceed by induction,

E (3.53)

assuming (3.53) for all m < n. For with we define two new measures
ﬁ(B) = E []IB 1;[2:1 hk(th)] ,
E[[Tx=r he (X))

R IT, ()]
e T

Set )?t = X4+, and 57,5 = Yi+s,. Asin the proof of the Markov property,

(3.54)

(3.55)
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X and Y are solutions of the martingale problems under P and @,
respectively. Now for ¢ = 0, we get from the induction hypothesis that

E” f(Xo) = E2f(Yp)

where the expectations are w.r.t. the measures defined above. Thus X
and Y have the same initial distribution. Now we can use the fact the by
hypothesis, any two solutions of our martingale problem with the same
initial conditions have the same one-dimensional distributions. But this
provides immediately the assertion for m = n 4+ 1 and concludes the
inductive step.

The proofs of the strong properties (ii) and (iii) follows from similar
constructions using stopping times 7 instead of r, and optional sampling
theorem for bounded continuous functions of cadlag martingales. E.g.,
to get (ii), note that

E[W(XT+5)|QT] =0.

For part (iii) we construct the measures P; replacing r by 7 and so get
instead of the Markov property the strong Markov property. 1

Note that in the above theorem, we have made no direct assumptions
on the choice of D(G) (in particular, it need not separate point, as in
the previous theorem). The assumption is implicit in the requirement
that uniqueness of the one-dimensional marginals must be satisfies. This
is then also the main message: a martingale problem that gets unique-
ness of the one-dimensional marginals implies uniqueness of the finite
dimensional marginals. This theorem is in fact the usual way to prove
uniqueness of solutions of martingale problems.

Duality. One still needs methods to verify the hypothesis of the last
theorem. A very useful one is the so-called duality method.

Definition 3.4.4 Consider two separable metric spaces (S, p) and (E, r).
Let G1,G2 be two linear operators on B(S), resp. B(FE). Let u,v
be probability measures on S, resp. E, o : § — R, 8 : E — R,
f:SxFE — R, measurable functions. Then the martingale problems for
(G1, 1) and (Ga,v) are dual with respect to (f, a, 8), of for any solution,
X, of the martingale problem for (G, i) and any solution Y of (Ga,v),
the following hold:

() [7(le(X)| + |B(Y2)])ds < oo, aus.,
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E Uf(Xt,y)exp (/Ota(Xs)ds) H v(dy) < 0o,  (3.56)

/
JE |l es ([ o) || wan <. @7

/IE Uf(Xt,y) exp (/Otoz(Xs)ds) H v(dy) (3.58)
- [ & |l ve ([ ) || as)

for any ¢ > 0.

(iii) and,

Proposition 3.4.26 With the notation of the definition, let M C M1(S)
contain the set of all one-dimensional distributions of all solutions of
the martingale problem for Gy for which the distribution of Xy has com-
pact support. Assume that (G1,p) and (G2,9,) are dual with respect
to (f,0,8) for every p with compact support and any y € E. Assume
further that the set {f(-,y) : y € E} is separating on M. If for every
y € E there exists a solution of the martingale problem (Gs,d,), then
uniqueness holds for each p in the martingale problem (Gy, ).

Proof. Let X and X be solutions for the martingale problem for (Gy, )
where p has compact support, and let Y¥ be a solution to the martingale
problem (G2, d,). By duality we have then that

t
Bl ()] = £ e v e ([ 02005 ) | ) = S (Erw)
’ (3.59)
Now we assumed that the class of functions {f(-,y) : y € E} is separating
on M, so the one-dimensional marginals of X and X coincide.

If u does not have compact support, take a compact set K with
#(K) > 0 and consider the two solutions X and X conditioned on
Xo € K, )?0 € K. They are solutions of the martingale problem for
the initial distribution conditioned on K, and hence have the same one-
dimensional distributions. Thus

P[X, € '|X, € K] =P[X; € X, € K]

for any K, which again implies, since p is inner regular, the equality
of the one dimensional distributions and thus uniqueness by Theorem
3.4.25. 0
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This theorem leaves a lot to good guesswork. It is more or less an art
to find dual processes and there are no clear results that indicate when
and why this should be possible. Nonetheless, the method is very useful
and widely applied.

Let us see how one might wish to go about finding duals. Let us
assume that we have two independent processes, X, Y, on spaces S, 52,
and two functions g, h € B(S7 x S2), such that

F(Xny) - / o(X ., y)ds (3.60)
and
fa ¥~ [ . viyas (3.61)

are martingales with respect to the natural filtrations for X, respectively
Y. Then (3.58) is the integral of

%E [f(XS,Yt_s) exp (/05 a(Xy,)du +

t—s

B(Yu)du)} : (3.62)

0

Computing (assuming that we can pull the derivative into the expecta-
tion) gives that (3.62) equals

E [(gocs, Yims) = h(Xe Yimd) + (a(Xe) = B(Yim)) F(Xe, Vi)

X exp </O a(Xo)du + /Ots B(Yu)duﬂ . (3.63)

This latter quantity is equal to zero, if
9(@,y) + o(x)f(z,y) = h(z,y) + By)f(z,y). (3.64)

To see how this can be used, we look at the following simple ex-
ample. Let S = R and S; = Ny. The process X has generator Gy
defined on smooth functions by G; = # — x% and Y has generator
Gaf(y) =yly—1)(f(y —2) — f(y)). Clearly the process Y can be real-
ized as a Markov jump process that jumps down by 2 and is absorbed
in the states 0 and 1. The Second process is called Ornstein-Uhlenbeck
process. Now choose the function f(x,y) = z¥. If X is a solution of the
martingale problem for G, we get, assuming the necessary integrabil-
ity conditions, that will be satisfied if the initial distribution of X, has
bounded support), that

t
Xty—/ (yly — XY —yX¥) ds (3.65)
0
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are martingales. Of course, this suggest to choose

gz, y) = yly — 12?2 — ya?, (3.66)
Similarly,
¥t — /Ot V(Y —1) (2772 — 2% ds (3.67)
is a martingale and hence
h(z,y) =yly—1) (a¥> —aY). (3.68)
Now we may set & = 0 and see that we can satisfy (3.64) by putting
Bly) =y* - 2y. (3.69)

Thus we get
t
E [Xty"} =E {th exp (/ (Yo —2Yy,) du)] . (3.70)
0

This explains in a way what is happening here: the jump process Y
together with the initial distribution of the process X determines the
moments of the process X;. One may check that in the present case,
these are actually growing sufficiently slowly to determine the distribu-
tion of X, this in turn is, as we know, sufficient to determine the law of
the process X.

The general structure we encounter in this example is rather typical.
One will often try to go for an integer-valued dual process that deter-
mines the moments of the process of interest. Of course, success is not
guaranteed.

The tricky part is to guess good functions f and a good dual process
Y. To show existence for the dual process is often not so hard. We will
now turn briefly to the existence question in general.

3.4.2 Existence

We have seen that a uniquely solvable martingale problem provides a
way to construct a Markov process. We need to have ways to produce
solutions of martingale problems. The usual way to do this is through
approximations and weak convergence.

Lemma 3.4.27 Let G be a linear operator with domain and range in
Cy(S). Let Gp,n € N be a sequence of linear operators with domain and
range in B(S). Assume that, for any f € D(A), there exists a sequence,
fn € D(G,) , such that
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tim || — f]| = 0, and lim |Gy fo — GF || = 0. (3.71)

Then, if for each n, X™ is a solution of the martingale problem for G,
with cadlag sample paths, and if X™ converges to X weakly, then X is
a cadlag solution to the martingale problem for G.

Proof. Let 0 <t; <t < s be elements of the set C(X) = {u € Ry :
PX, = X,—] = 1}. Let h; € Cy(S), i € N. Let f, f,, be as in the
hypothesis of the lemma. Then

E (f(Xs) s - [ s Gf(Xu>dU) f[hxxti)] (3.72)
= lmE l<fn(X;’) — fu(X]) — /t an(XJZ)du> _lf[hi(XZD]
=0

Now the complement of the set C(X) is at most countable, and then the
relation (3.72) carries over to all points ¢; < ¢ < s. But this implies that
X solves the martingale problem for G. Ol

The usefulness of the result is based on the following lemma, which
implies that we can use Markov jump processes as approximations.

Lemma 3.4.28 Let S be compact and let G be a dissipative operator on
C(S) with dense domain and G1 = 0. Then there exists a sequence of
positive contraction operators, Ty, on B(S) given by transition kernels,
such that, for f € D(Q),

lim n(T, — 1)f = G/. (3.73)

ntoo

Proof. 1 will only roughly sketch the ideas of the proof, which is closely
related to the Hille-Yosida theorem. In fact, from G we construct the
resolvent (n — G)~! on the range of (n — G). Then For a dissipative
G, the operators n(n — G)~! are bounded (by one) on range(n — G).
Thus, by the Hahn-Banach theorem, they can be extended to C(S) as
bounded operators. Using the Riesz representation theorem one can
then associate to n(n — G)~! a probability measure, s.t.

n(n - G)f(x) = / F (), dy),
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and hence n(n — G)~! =T, defines a Markov transition kernel. Finally,
ist remains to show that n(T,, —1)f = %f = T,Gf converges to Gf,
for f € D(G), which is fairly straightforward. O

The point of the lemma is that it shows that the martingale prob-
lem for G can be approximated by martingale problems with bounded
generators of the form B

GuF(z) =n / (F(4) — F(2))pin(, dy).

For such generators, the construction of a solution can be done explicitly
in various ways, e.g. by constructing the transition function through the
convergent series for exp(tGp,).

Such Markov processes are called Markov jump processes because
they can be realized in a very simple through a time change of a discrete
time Markov chain. To be a bit more general, let G be a generator of
the form

GHX) =2 [ (1) = f@Duta,dy)
Let Y%, k € N be a Markov chain with state space S and transition kernel
Py(x.A) = p(z, A).

Then let 7; be a family of iid exponential random variables with param-
eter one. Define

B {YO, if0<t< %,
t — .
Yi, if Y5 oy St < Yo D)

Then X; is a Markov process with generator G. In other words, the

(3.74)

process X follows the same trajectory as the Markov chain Y, but waits
an exponential time of mean 1/A(Y}) before making the next move when
it reaches a state Yj.

I leave it as an exercise to check this fact.

3.5 Convergence results

This section is still under construction!!!

An obvious question to be asked in the theory of Markov processes
is to what extend convergence of sequences of semi-groups implies con-
vergence of the corresponding processes. As a preparation we need to
connect convergence of semi-groups and generators.
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Theorem 3.5.29 Let Pt(n), Pt") be SCCSG’s on a Banach space By with
generators G,,, G, respectively. Let D be a core for G. Then the following
are equivalent:

(i) For each f € By, Pt(")f — P.f for all t € Ry, uniformly on bounded
intervals.
(ii) For each f € By, Pt(n)f — Pif for allt € Ry.
(iii) For each f € D, there exists f, € D(G,,) for each n, such that f, — f
and G f — Gf.

Proof. Tt is clear that (i) is stronger than (ii). Next we show that (ii)
implies (iii): Let A > 0, f € D(A), and g = (A — G) [, so that f = Rxg.
Set fn = Rf\")g € D(Gy,). Since

0

(ii) together with Lebesgue’s dominated convergence theorem implies
that f, — f. But since (A — G},) fn = g, it follows that G, f,, — Gf.

It remains to show that (iii) implies (i): Let Pt("))‘ be defined as in
the Hille-Yosida theorem. For f € D, let f,, be defined as above. Then

P = Pof = P (f = fu) + [P fo = PO
B (o = f) + [P = P
+Pf = P.f].

Trivially, the first and the third term tend to zero, since

1P = Fa)l < ILF = f)ll 4O

Also, the last term can be made arbitrarily small by taking A to infinity
(by the Hille-Yosida theorem).
To deal with the remaining two terms, we need an auxiliary results:

Lemma 3.5.30 Let P; be a SCCSG with generator G and P, G* be
the Hille-Yosida approzimants, for any f € D(G),

[P f = Pof| < tIGAf = Gf|. (3.75)

Proof. This follows immediately from the Hille-Yosida-theorem and the
bound (3.18). O

Thus we see that
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Pt(n)fn - Pt(n)ﬁ/\fn < tOHann - G:\zan

sup
0<t<to

< to||Gnfn — Gf|| +tol|Gf — G || + tol| G (t — fa)ll-

The first term tends to zero with n by assumption and so does the last
term since |G| < A. The second term can be made arbitrarily small
by taking A to infinity for f € D(G). Thus we have shown that P{"™ f —
P, f, uniformly in compact t-sets, on a dense set of functions f. But this
implies the same convergence on the closure, by the boundedness of the
semi-groups.

This concludes the proof of the theorem. O
The following theorem gives a first answer.

Theorem 3.5.31 Let S be a locally compact and separable space. Let
Pt("), n € N be a sequence of Feller semi-groups on Co(S) and let X,
be the corresponding Markov processes with cadlag paths. Suppose that
P, is a Feller semi-group on Cy(S) such that, for all f € Co(S) and for
allt € R,

lim P =pf. (3.76)

Then, if P(X,(0) € A) — v(A), for all Borel sets A, then there exists a

Markov process X with cadlag paths and initial distribution v such that
D

X, = X.

Proof. Clearly weak convergence will involve some tightness argument.
We will in fact use the following lemma.

Lemma 3.5.32 Let S be a Polish space and let {X,} be a family of
processes with cadlag sample paths. Suppose that for every n > 0, and
T < oo, there exist compact sets K, v C S, such that

nfP (X, (t) € Ky, VO<t<T)<1—n. (3.77)
Let H be a dense subset of Co(S,R). Then {X,} is conditionally com-

pact, if and only if {f o X,,} is relatively compact in Dg[0,00), for each
feH.

The proof of this lemma can be found in [6] (Chapter 3.8).
Let G, be the generators of the semi-groups Pt(n). By the preceding
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theorem, for any f € D(G), there exist functions f,, € D(G,,), such that
fn— fand G, f, = Gf. Then we know that

Fu(Xn(T)) — / G fou (X (5)dls

0
is a martingale. One can show (see Chapter 3.9 in [6]) that this implies
that f o X, is relatively compact, and hence by Lemma 3.5.32, X, is
relatively compact.

O



4

[t0 calculus

In this chapter we will develop the basics of the theory of stochastic
integration and, closely related, stochastic integral, resp. differential
equations. We will be far from the most general setting possible, but our
treatment will of course include the most important case of integration
with respect to Brownian motion. Apart form our standard texts, there
is an ample literature on stochastic calculus. For further reading see e.g.
the texts by Karatzas and Shreve [11] and It6 and McKeane [9].

In this chapter we will always work on a filtered space (Q, F, P, (F;, T €
R)} that satisfies the conditions of the “usual setting” of Definition 1.4.2.
We will be interested to define stochastic integrals of the form

/O t XdM, (4.1)

where M is a martingale and X is a progressive process. In fact, the
full ambition of stochastic analysis is to find the largest class of pairs of
processes M and X for which such an integral can be reasonable defined
(which will lead to the notion of semi-martingale, but here we will limit
our ambition to the considerably simpler case when M is a continuous,
square-integrable martingale, i.e. when M has continuous paths (a.s.)
and EM? < oo for all ¢ < co. This includes the important case when M
is a Brownian motion. In fact, we could limit ourselves to this particular
case in a first step, and you are welcome to think that M; = B; if that
helps. But doing so we would loose some structural information which
would be regrettable.

86
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4.1 Stochastic integrals

In [2] we have defined the discrete stochastic integral of a progressive
process with respect to a (sub-) martingale, C'e M. The key property of
this construction was that it preserved the martingale properties of M.
We want to do the same for continuous martingales.

In the theory of stochastic integration it will be useful to relax the
notions associated with martingale properties to local ones.

Definition 4.1.1 A stochastic process M is called a local martingale
if there exists a sequence of stopping times, 7,, < 7,41 such that 7, 1

0o, such that the processes M™ = M.5,, are martingales. The same
terminology applies to sub and super-martingales, as well as to various
integrability properties.

Remark 4.1.1 In the sequel I will sometimes state results for martin-
gales. They can all be extended to local martingales.

Let us note as a first step that the definition of the stochastic integral
can be done in the standard way as Stieltjes integral in the case when
the integrand has (locally) bounded variation.

Proposition 4.1.1 Let M be a cadlag (local) martingale, and let V' be
a continuous, adapted process that is locally of bounded variation. Then

t t
Wi(t) = / VedMs =V ()M (t) — V(0)M(0) —/ MdVy (4.2)
0 0
s a local martingale.

Proof. We can find stopping times v, such that both |M 7| is bounded
by n and the total variation of V',

m—1

Ry(t) = sup Y |[V(ugs1) = V(ug)| (4.3)
{ur} =g

is smaller than n. We have that
t m—1
[ vadare =t ST V@O0 (i) - M),
0 L —

where {u} } is any sequence of partitions of [0, ] such that max(|up , —
u}|) — 0. This limit exists since by elementary reshuffling,
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3
L

V@) (M () = nM () = VI (OM (2) = V(0)M7 (0)

>
Il
=)

T M () (VI () — V(). (4.4)
k=0

Since V is of bounded variation, and M7 is bounded, the latter sum
converges to fg M,dVy, both almost surely and in £', as n T co. As a
consequence the same holds true for the left-hand side, and, since for
any finite n, the left hand side is a martingale, this property remains
true in the limit 1 co. Finally, we pass to the limit n 1 oo, which exists
since v, T oo (and thus eventually will be larger than ¢, a.s.. O

We see that the challenge will be to define stochastic integrals when
also the integrand is not of bounded variation. Before doing so we need
to return briefly to the theory of martingales.

4.1.1 Square integrable continuous (local) martingales

Let M be a cadlag martingale. We want to define its quadratic variation
process [M] in analogy to the discrete time case. This will be contained
in the following very fundamental proposition.

Proposition 4.1.2 Let M be a continuous square integrable martingale.
Then there exists a unique increasing process, [M|, such that the process
M? — [M] is a uniformly integrable continuous martingale.

Proof. We will only consider the case when M is continuous. We can
also assume that M is bounded; otherwise we consider the martingale
stopped on exceeding a value N. Now define stopping times

Ty =0, T, =inf{t > T} : [M(t) - M(T}}) > 27 "}.
Set t} =t AT}'. Then we can write (by telescopic expansions)

M =23 Mt ) (M) — M(£_y) + > (M) - M(tp_)".

(4.5)
Let
HP = M(T} ) Arp <<y,

k>1
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Note that the process H™ is left-continuous, which makes it previsible.
This is of course the natural choice from the point of view that we want
to define stochastic integrals that are martingales. Then the first term
on the right of (4.5) is H™ ¢ M (see [2], Chapter 4), and we know that
this is a L2-bounded martingale. We define

Ap =" (M) - M) (4.6)

k>1
Then
M? =2(H" e M), + A?.
By construction H™ approximates M very well:
sup | Hj' — H™ <277 (4.7)

sup |H}' — M| < 27" (4.8)
t

The sets J,(w) = {TJ(w);k € N} refine each other, ie. J,(w) C
Jnt1(w), and
AMTy) < AM(Tylyy)- (4.9)

Now it is elementary to see that

E[(H" — H™") o M)oe)?| =E Y (Hj_y — H{" ) (My — My—1)?

k>1
S 272n72EZ(Mk - Mk71)2
E>1
=EM2. (4.10)

Thus the continuous martingales (H™e M) converge, as n 1 0o, uniformly
to a continuous martingale, N. This implies that the processes A"
converge to some continuous process A, and

M? = 2N; + Ay,

Due to the fact that the sets J,, form refinements and that A,, increases
on the stopping times 7}, it follows that

A(Ty) < A(Ty4a),

for all k,n. So A is increasing on the closure of J(w) = U, J,(w). Thus
if J(w) is dense, A is increasing. The remaining option is that the
complement of J(w) contains some open interval I. But in that case,
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since no 17" in in I, M must be constant on I, and so is then A. Thus
A is a continuous increasing process such that

M? — Ay

is a continuous martingale; hence A = [M].
It remains to show the uniqueness of this process. For this we use the
following (maybe surprising) lemma.

Lemma 4.1.3 If M is a continuous (local) martingale that has paths of
finite variation, then, if My =0, then M; =0 for all t.

Proof. Again by stopping M when at 7, = inf{t : Va;(t) > n}, where
Var(t) = lim 3" [M(uf) - M(uj_)|
k

is the total variation process, we may assume that M has bounded total
variation. Then, obviously,

Ap =37 (M) - M(tpy)” (4.11)

k
<27y M) — M(t_o)| < 27" Var()
k

which tends to zero as n T co. Thus M? is a martingale. So EM? = 0,
for all ¢, and a positive random variable of zero mean is zero a.s. O

Now we derive uniqueness from this: Assume that there are two pro-
cesses A, A’ with the desired properties. Then A — A’ is the difference of
two uniformly integrable martingales, hence itself a uniformly integrable
martingale. On the other hand, as A and A" are increasing and hence of
finite variation, their difference is of finite variation, and thus identically
equal to zero by the preceding lemma. O

Remark 4.1.2 The condition that M is square integrable is not nec-
essary. Omne can extend the construction by considering the stopped
martingales M ™ where 7, = inf{¢ : [M; > t}. M™ is square integrable,
and so [M™] exists. Moreover, we can set [M], = [M™]; for ¢ < 7,.
Since [M™+1], = [M™]; for t < 7,, this construction can be extended

consistently to all ¢ since 7, T co.
It will be convenient to know the following fact:

Proposition 4.1.4 Let M be a cadlag martingale. Then , for each
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t > 0 and any sequence of partitions {uj}, of the interval [0,t] such that
limy, oo maxy |up —up_y| =0,

Z (M(“ZH) - M(“Z))Q = [M]s. (4.12)
k

Moreover, if M is square integrable, then the convergence also holds in

Lt

The proof of this proposition is somewhat technical and will not be
given, but see e.g. [6].

Let us note that in the case when M is Brownian motion, we have
already seen in [2] that

Lemma 4.1.5 If B; is standard Brownian motion, then [B]y = t.

Let us recall from the discrete time theory that there were two brack-
ets, < M > and [M] associated to a martingale: the first corresponds
to the process given by Proposition 4.5, and the second is the quadratic
variation process. In the case of continuous martingales, both are the
same.

4.1.2 Stochastic integrals for simple functions

We have already seen that the stochastic integral can be defined as
a Stieltjes integral for integrators of bounded variation. We will now
show the crucial connection between the quadratic variation process of
the stochastic integral and the process [M] first in the case when the
integrand, X is a step function.

Let &, be the space of all bounded step functions, i.e. functions X of
the form

X =Y X)L, <r<t,,
i>1

for some sequence 0 =t < t; < -+ <t, < ... and values X; € R. Note
that X (¢;) = X;. Clearly then, our stochastic integral for such function
is defined and equals

XdM = Y Xi(M(t:) = M(t;i—1)) + Xy (M () = M(tyne)),
0 i>1t, <t
where m(t) = max(m : t,, <t).
The following lemma states the crucial properties of stochastic inte-
grals.
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Lemma 4.1.6 Let M be a continuous square integrable martingale and
X e&. Then fot XdM as defined above is a continuous square integrable

U XdM} /X dM (4.13)

Proof. We have already seen that f XdM is a martingale. To see that
it is square integrable, note that

martingale and

E (/(:XCZM)2 =Y E[XZ(M(t;) — M(t;—1))*] < CEM? < oo,

i>0

by assumption. To show (4.13), we have to show that

([ o) - f

is a martingale. To prove this, we need to compute

E l(/jﬂ XdM)2 - /; X%[M]‘ft] (4.14)

ZXin(M(tiJrl) — My, )(M(tj11) — M(t;))

.

XPE [(M(tiy1) — Me,)? | Fe,]

) m] \ft]
since of course

E [(M(tiJrl) - Mti)2|fti} =E [([M]ti+1 - [M]tz) 1} :

This proves the lemma. O

=E

= X ()M, — (M)

:ZE

i

7X(ti)2E [([M]ti+1 - [M]tl

:0,

The lemma states the key properties that we want the general stochas-
tic integral to share. Naturally, our ambition will be to extend the inte-
gral to integrands X for which the objects characterizing it make sense.

Note that, in particular, it follows from (4.13) that
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E</0thM)

This means that the map X — fot XdM, from the space of left-continuous
step-functions equipped with the norm

' 1/2
1X la.agar) = <E / X?d[M])
0

to the space of local, square integrable martingales with the norm £2(PP)
is an isometry, called the Ito isometry. We will extend this isometry to
to all of £2(d[M]) to define the Ité integral .

To do so we need an approximation result.

:IE/O X2d[M]. (4.15)

Lemma 4.1.7 If M is a square integrable martingale and X is in L2([M]).
Then there exists a sequence of bounded, left-continuous step functions,
X, such that

lim E/t(X — X,,)%d[M] = 0. (4.16)
0

nToo

Proof. We go in several steps. First, we can approximate any X by
bounded functions X,,: set X,,(t) = X (t)1|x,|<,. Then (X, — X)? |0,
so that the convergence in (4.1.1) follows by monotone convergence.
Thus we may from now on assume that X is bounded. For bounded X
we then construct the approximants (assume n is so large that N =1 < ¢):

1 /t
X, (t) = Xy (d[M], + du). 4.17

0 [M]; — [M]¢—15 +n71 t—1/n (d[M] ) ( )
One verifies that in fact lim,4 X, () = X (¢), while X, is continuous.
Since X is bounded, convergence as in (4.16) follows by dominated con-
vergence. Thus we can assume that X is continuous. In that case, we
approximate

[nt]

Xo(t) =X <—> , (4.18)

n

which is a left-continuous step function if [z] = min{n € N : n > z}.
Then again convergence as in (4.16) follows by dominated convergence.

O

We can now extend the definition of the stochastic integral.
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Theorem 4.1.8 Let M be a continuous, square integrable local mar-
tingale, and let X € L2(d[M]). Then there exists a unique continuous
square integrable local martingale, fo XdM, such that, whenever a se-
quence of left-continuous step-functions, X,,, satisfies

> {IE Uon(X" — X)%[M]} }1/2 < 00, (4.19)

neN
then

=0, (4.20)

lim sup

t
/ (Xn fX)dMS
ntoo 0<t<T |Jo

almost surely and in £L?. Moreover,

UO XdML = /OtXQd[M]. (4.21)

Proof. Note first that, by taking subsequences, Lemma 4.1.7 implies
that we can always find sequences of step functions that satisfy (4.19).

Hence
t t
EY " sup /Xn+1dM—/ XndM’ (4.22)
n 0<t<T 0 0
¢ 27\ 1/2
< E| su / Xpi1 — Xn)dM
< (2 | [ o o] ])

o7\ 1/2

T
/ (Xpi1 — Xp)dM
0

SZ 4E

- 1/2
/O (X,,H_Xn)%[M]D < 0

o

Here we used the maximum inequality and the finiteness of the last
expression follows from the assumption (4.19).

It follows from the Borel-Cantelli lemma that there exists a set, A € F,
of measure zero, such that

T4 / XpdM
0

converges uniformly on bounded time intervals. The limiting process
is continuous, square integrable and adapted (since we assumed com-
pleteness of Fy). Thus we have (4.20) almost surely. To prove uniform
convergence in £2, note that
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t 2
E | sup /(anX)dM ] (4.23)
0<t<T |Jo
t 2
=E |liminf sup /(Xn—Xm)dM
mtoo 0<t<T |Jo
t 2
<liminfE | sup /(Xn—Xm)dM ]
mtoo 0<t<T |.Jo
e 2
glimTinféL]E / (X, — Xn)dM
m oo 0
T
zlimTinfzﬂE / (Xn—Xm)Qd[M]]
m oo 0
=4E

/0 (X - X)Qd[M]]

which converges to zero as n 1 oo. Thus convergence in £2 holds for
(4.20).

Finally, that fact that fo XdM is a local martingale follows form the
fact that this holds for the approximants and the uniform convergence
we have just established. Similarly, the formula for the bracket follows.

O

Remark 4.1.3 Theorem 4.19 extends the isometry X — fXdM from
the dense set of left-continuous bounded step functions to the full space
L2(d[M]).

Remark 4.1.4 Theorem 4.1.8 is not the end of the possible extension
of the definition of stochastic integrals. Using localization arguments as
indicated in the definition of the bracket [M], one can extend the space
of integrators to continuous local martingales without the assumption
of square integrability.

4.2 Ito’s formula

We now come to the most useful formula involving the notion of stochas-
tic integrals, the celebrated It6 formula . It is the analog of the funda-
mental theorem of calculus for functions of stochastic processes with
unbounded variation.



96 4 TIto calculus

We consider a stochastic process X of the form

X = Xo + Vi + My, (4.24)

where V; is a continuous, adapted process of bounded variation, M; is a
local martingale (you may assume £2, but see the remark above), and
Vo =My =0. Let f:R; xR — R be continuously differentiable in the
first and twice continuously differentiable in the second argument.

Theorem 4.2.9 With the assumptions above, the following holds:

f(t, Xe) = £(0, Xo) (4.25)

t o t
:/ —f(s, Xs)ds + | —f(s, Xs)dV;
0o 0 z

Remark 4.2.1 The It6 formula can be stated more conveniently in dif-
ferential form as

(LX) = 2 f( X+ (1, X)X, (4.26)

82
+ @f(tv Xi)d[ X,

1
2
with the understanding that d[X] = d[M], since the quadratic variation
of the finite variation process V' is zero.

Proof. As usual, we first localize. Let
T, =1inf {t > 0: (| Xo| + |[M¢| + Rv (¢)) > n}.

Then 7, are stopping times tending to infinity, and we can prove first
(4.25) with ¢ replaced by ¢ A7, and then let n tend to infinity to extend
the result to all . Thus in the sequel we can assume M bounded and V'
of bounded variation. Let {t;} be a partition of [0,¢], and set ApX =
X, — X4, ,, etc.. Then
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m—1

= (f(tk+1’th+1) - f(tk’th) - f(tk’th+1) + f(tka th+1))
k=0
m—1

tht1 o
/t En (t, Xit1)du

k

i

10

=~
Il

2
+

Tl

f (e, §k)(AkX>2> ;

for some &, with | X, — &k| < |ArX]|, by Taylor’s theorem. Clearly, as
we refine the partition {tx}, the first two terms tend to the integrals,
resp. stochastic integrals appearing in the It6 formula. It is not very
difficult to see that the last term produces the integral of 8‘9—; (t,z) with
respect to the bracket of M. To see this, note first that

Z AXI% = Z(‘/tk+l - V;fk)2 + 2Z(Wk+1 - V;fk)(MthA - Mtk)
k k k

+> (M, — My,)? (4.28)
k

If we take a sequence of partitions such that maxy, [tg+1 — tx| J 0, then
the first two terms clearly tend to zero (since V' has bounded variation
and M is continuous, so [My,,, — My, | tends to zero. Also, since f is
C? and X is continuous, it follows that
2 2

0 0
@f(tk,&c) - @f(tk,th)

max
k

Lo. (4.29)

Thus we are left to show that
0? 2 0?
> 53tk Xe,) (Myy,, — My,)” — 5.z (5 Xo)d[M]s. (4.30)
k

But this is relatively straightforward. O

To see how useful the Ito6 formula can be, we will use it to prove Lévy’s
famous theorem that says that Brownian motion can be characterized
as the unique local martingale whose bracket is equal to ¢.

Theorem 4.2.10 Let X be a continuous local martingale such that [X], =
t. Then X is Brownian motion.
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Proof. Let f(t,x) = exp (i9z+ %9215). Clearly f (reps. the real and
imaginary parts of f) satisfies the hypothesis of Theorem 4.2.9. Since
X is a local martingale, and

3] 1 0?

—flt.z)==0*Ff(t,2) = —= — f(t

2 f(tw) = 507 (t3) = —3 S f(tm),

and since d[z]; = dt, by hypothesis, Itd’s formula implies that f(t, X3)

is a local martingale, i.e. one checks that
Ef(t+ s, Xeys) | Fi] = f(E, Xi) (4.31)
Writing this out implies that

E [e®Xere=X0)| £,| = 6_%927
for all 0,s,t, so the increments of X are independent and Gaussian,
implying the X is Brownian motion. O

4.3 Black-Sholes formula and option pricing

In this section we give a derivation of the Black-Sholes formula as a
simple application of It6’s formula.

The basic idea of option pricing can be expressed in a rather fun-
damental intrinsically mathematical way. A stochastic integral can be
interpreted as the evolution of the wealth of an investor who invests
according to a previsible strategy C' in a stock whose price evolves as a
continuous martingale, M (we disregard here interest rates or inflation).
An (European) option is a function, F' : S — R, that corresponds to
a payoff of an amount of money, F(Mr), at fixed time T. If a bank
engages in such a contract, it must ensure that it will charge a price for
this option that allows it, by following a previsible investment strategy,
to procure the payoff F'(Mr) at the end of the period from the proceeds
of the received option price. Thus the issue is whether we can represent
the payoff as a sum of initial price, II, plus a consecutive wealth process:

T
F(My) :/ CdM + 11y, a.s. (4.32)
0

where of course 11y should be minimal. In purely mathematical terms,
this corresponds to asking for a representation formula of the random
variable F(Mry).

Let us now see how the Itd formula relates to the issue of option
pricing. As we said, on option is a contract that guarantees the pay-out
of an amount F(Mr) at time T. Thus, the value, V(T, M7), at time
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T is precisely F'(Mr). We are interested to know that the value of the
option is at earlier times ¢ < T, given the stock price M;. To this end
we consider the value function V (¢, M) as a function of two variables.
Then Ito’s formula tells us that

AV (t, My) = %V(t,Mt)dt (4.33)

0
537V (1 Mo)dM,
L
2 OM?2

An investment strategy can replicate the martingale part

V(t, My)d[M];

) 6Mv(ta Mt)tha
whereas the other terms should cancel. I.e. we will demand that

P

= V(M) (4.34)
Lo

NERIVE

Note that if M; is exponential Brownian motion, then

V(t, M)d[M]+

th = O'(t)MtdBt
and
d[M]; = o®(t)M?2dt

so that the differential equation becomes

o 1 02
O—EV(t M)+§(9M2

This equation can now be considered as a partial equation for the func-
tion V' with the final conditions

V(t, M)o?(t) M? (4.35)

V(T,M) = F(M).

Let us now see that this then gives the desired reproduction strategy.
Take an initial amount of capital Xy, = V' (0, My). Invest according to
the strategy C(t, M) = aMV(t,Mt) in M. As a result, at time T, you
will have accumulated the wealth

T
0
X(T) = —V(t, My)dM; + Xo. 4.36
(T) /o oM (t, My)dM; + Xo (4.36)
But according to (4.33), since (4.34) holds,

F(Myp) = V(T, M) = V(0, M) / aagV (6 M)dM, = X(T)!
(4.37)
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Thus our investment strategy has produced exactly the desired amount
of money needed to cover the pay-out of the option. V(0, Mp) is then
the reasonable price for the option.

4.4 Girsanov’s theorem

Girsanov’s theorem is a particularly useful result to study properties of
processes that can be seen as modifications of Brownian motions. For
simplicity I will consider only the one-dimensional situation, but the
obvious extensions to multi-dimensional settings hold true as well.

Suppose we are living on a filtered space (2, F,P, F;) that satisfies
the usual assumptions and we are given a Brownian motion B and an
adapted process X that is square integrable with respect to dt, i.e. an
integrand for Brownian motion.

Suppose we want to study the process

t
Wt = Bt —/ XSdS. (438)
0

For example, we could think of the case X, = b(s, B;), for some bounded
measurable function (as in the last section). The simplest case of course
would be b(s, X5) = b, so
Wt - Bt - bt,
which is Brownian motion with a constant drift b.
How can we compute properties of W7 In particular, can we find
a new probability measure, P, such that under this new measure, W

becomes simple? Girsanov’s theorem is a striking affirmative answer to
this question.

Theorem 4.4.11 Let B, X, W be as above and define
t 1 [t
Zy(X) = exp (/ XdB — 5/ des) (4.39)
0 0

and let P be defined by
Pr(A) = E[Z7(X)14]. (4.40)

Then, g‘ Z is a martingale, the process Wy, t < T is a Brownian motion
under Pr.

Remark 4.4.1 One can check using It6’s formula that Z; solves

dZ; = 7, X,dB;
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and hence is always a positive local martingale, and so, by Fatou’s
lemma, a super-martingale. It is a martingale whenever EZ; = 1.

Proof. Let us first show a more abstract looking result. To formulate
this, and to proof Girsanov’s theorem, we need to introduce the notion
of a bracket between two martingales:

[M,N]; = [M—l—N]t—%([N]t-i—[M]t) (4.41)

One may verify that with this notion, one has the following generaliza-
tion of It6’s formula to the case of functions of several variables:

ft, Xe) — f(O Xo) (4.42)
d t P
+ ;/O axif(s,Xs)dMi(s)

+ = Z/ 8361830] X )d[M;, M.

)dVi(s)

Lemma 4.4.12 Let M be a continuous local martingale and let Z; =
exp (Mt - %[M]t) Assume that Z is uniformly integrable. Let Q be
the measure that is absolutely continuous with respect to P such that the
Radon-Nikodym derivative % = Zso. Then, if X is a continuous local
martingale under P; then X — [X, M] is a local martingale under Q.

Proof.  As usual we stop at a time 7, = inf{t > 0 : |X¢| + [M, N]; >
n}. By assumption, Z; is a uniformly integrable martingale and Z; =
E[Z|Fi], as.. Let

Y=X"—[X", M].
Note that Z is the solution of the stochastic differential equation
dZy = ZdMy,

which can be verified using It6’s formula. Next we use It6’s formula
(4.42) to compute
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A(Z:Yy) = Z,dY, + YedZy + d[Z,Y ], (4.43)
= Zy(dX; — d[X, M) + (X; — [X, M];) ZdM, + d[Z, Y]
= Zy(dX; — d[X, M) + (X; — [X, M];) Zed M, + Zyd[M, X]
= ZydX, + (X; — [X, M],) Z,dM,.

Here we used that first [Z,Y] = [Z, X], since Y — X is of bounded
variation, and then the fact that Z = f ZdM, and finally the theorem
of Kunita-Watanabe that states that

UZdM,X] = UZdM,/dX} = /Zd[M, X1,

which extends the formula for the bracket of a stochastic integral to
that of the co-bracket of two such integrals in a natural way. Thus ZY
is a stochastic integral and hence a martingale under P. Therefore, for
A€ Fs,

Eg [(Yi = Yo)Ia] = E[(ZooY: — ZooYs)Ua] = E[(Z:Y; — Z,Y,)1a] =0,
(4.44)

and so Y; is a martingale under Q. Thus the un-stopped X — [X, M] is

a local martingale. |

We can now conclude the proof of Theorem 4.4.11 rather easily. We see
that we are in the setting of Lemma 4.4.12 with X, = By, M, = [} XdB
and Y, = W, = B, — [} Xd[B] = B; — [, Xds. Thus we know that W,
is a local martingale. To show that it is Brownian motion, it suffices
to compute its bracket. But since fot Xds is an ordinary integral, it is
of bounded variation and hence [W]; = [B]; = t, so W as a continuous
local martingale with bracket ¢ is Brownian motion by Lévy’s theorem.

O

In the special case when W, = B; — bt, Z; = exp (bBt — %th).

Let us now consider a Brownian motion B; in R and let for b € R 7,
be the first hitting time of b, T, = inf{t > 0: B; > b}. Using a simple
symmetry argument and the strong Markov property, one can show that

2 o0
Po[Ty < t] = 2Po[B; > b] = \/j/ e 24z, (4.45)
™ Ju/\VE
and hence the probability density of this variable is

b
PQ[Tb S dt] = \/%e_lﬁ/%,
s
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and, for a > 0,
Ee=Ts = ¢~ lblv2a,

Now consider W, = By — ut. Let Z; = etBi=it?/2  The we have that
under the measure P#, defined by P#(A) = EZ; 14, the process W, is
a Brownian motion, or B; under P* is a Brownian motion with drift u.
Since on the set {T}, < t}, Tyyr, = Zr,, the optional sampling theorem
implies
PA[T} < t] = Blyg,<i Z (4.46)

= E[l1, <yE[Z¢|Fr,ve]]

= E[l{TbSt}ZTth]

= E[l{TbSt}ZTb]

=E [I{Tbﬁt}e“b*%“%”}

t 1,2
_ / et =310 SP (T, € ds]
0

Differentiating, we get that

b 2
P(T}, € dt] = \/%e(b“t) /2t (4.47)

One can also conclude that
Po[Tp < o0] = etb=lnbl,

so that if b and p have the same sign, the drifted Brownian motion
reaches the level b with probability one, whereas in the opposite case
the level b is hit with probability strictly smaller than one.

Novikov’s condition As we have noted, the process Z in Girsanov’s
construction is a martingale if and only if EZ; = 1, for all ¢t € R;.
We need verifiable criteria for this to hold. The following proposition
that we take from [12], gives such a criterion, also known as Novikov’s
condition.

Proposition 4.4.13 Let M be a continuous local martingale starting
in zero. If

E exp <%[M]oo> <, (4.48)

for allt € Ry, then Z; is a unifomrly integrable martingale.
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Proof. We show first that M is a uniformly integrable martingale and
that Eexp (%Moo) < 00. In fact, (4.48) implies that M is a martingale
bounded in £2, and hence uniformly integrable. Next,

exp (5Moc) = 2302 exp (§[M] )
so that by the Cauchy-Schwarz inequality,
1/2 1/2

E exp (%MOO) < [Zoo]l/2 [Eexp (%[M]Oo)} < [Eexp (%[M]OO)] < oo.
Now since M; is a uniformly integrable martingale, M; = E [Loo|F:], and

exp (%Mt) <E [exp (%Moo) | |.7:t] )
Therefore, exp (3 M;) is in £! and a submartingale. Then for any stop-
ping time, 7T,

exp (%MT) <E [exp (%Moo) | |.7:T} ,
which shows that the family {exp (3Lr),T stopping time} is uniformly
integrable. Now set, for 0 < a < 1, Yt(a) = exp (%) and Zt(a) =
exp (aMt — “—;[Mt]) Then

2 1—a?
Zt(a) — Z;l (}/t(a)) .
Then for A € F and T a stopping time, by Hoélder’s inequality

B[] <E[z” B[] " <E[Lyi] " <E[Liexp (3307)] 07
where the second inequality used that Z is a submartingale and the last is

Jensen’s inequality. This implies that the family {Z(Ta), T stopping time}

is uniformly integrable. Hence Z(®z is a uniformly integrable martin-

gale. It follows that

1= B [20] < E(Zu]” B [exp (20000

Turning this arround and letting a 1 1, we get E[Z.] > 1, hence
E[Zs] = 1. O
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Stochastic differential equations

5.1 Stochastic integral equations

We will define the notion of stochastic differential equations first.

We want to construct stochastic processes where the velocities are
given as functions of time and position, and that have in addition a
stochastic component. We will consider the case where the stochastic
component comes from a Brownian motion, B;. Such an equation should

look like
dXt = b(t, Xt)dt + O'(t, Xt)dBt, (51)

with prescribed initial conditions Xy = zg. The interpretation of such
an equation is not totally straightforward, due to the term o (t, X;)dBs.
We will interpret such an equation as the integral equation

X = o +/O b(s,X(s))ds+/O o(s, X (s))dBs, (5.2)

where the integral with respect to B is understood as the It6 stochastic
integral defined in the last chapter. The functions b, o are in the most
general setting assumed to be locally bounded and measurable.

The questions one is of course interested are those of existence and
uniqueness of solutions to such equations, as well as that of properties
of solutions. We begin by discussing the notions of strong and weak
solutions.

5.2 Strong and weak solutions

We will denote by W the Polish space C(R,R™) of continuous paths
and we denote by H the corresponding Borel-o-algebra, and by H; =
o{xs,s < t} the filtration generated by the paths up to time ¢.

105
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The formal set-up for a stochastic differential equation involves an ini-
tial conditions and a Brownian motion, all of which require a probability
space. We will denote this by

(. F,B,{F}.&, B), (5.3)
where

(i) (Q,F,P,{F:}) is a filtered space satisfying the usual conditions;
(ii) B is a Brownian motion (on R?), adapted to J,
(iii) € is a Fo-measurable random variable.

The minimal or canonical set-up has Q =R" x W, P = u x Q, where p
is the law of ¢ and Q is Wiener measure and JF; the usual augmentation
of FY = o{&, Bs,s < t}.

The precise definition of path-wise uniqueness of a SDE is as follows:

Definition 5.2.1 For a SDE, path-wise uniqueness holds, if the follow-
ing holds: For any set-up (9, F,P,{F:},§, B), and any two continuous
semi-martingales X and X', such that

/0 (|b(s, Xs)| + |o(s, X,)|*)ds < oo, (5.4)

and the same condition for X’ hold and both processes solve the SDE
with this initial condition ¢ and this Brownian motion B,

P[X; = X[, Vi =1. (5.5)

If a SDE admits for any setup (2, F, P, {F:}, &, B) exactly one continu-
ous semi-martingale as solution, we say that the SDE is ezact.

The notion of strong solutions is naturally associated with the setting
of exact SDE’s.

Definition 5.2.2 A strong solution of a SDE is a function,
F:R"xW =W, (5.6)

such that
F~Y(H;) € B(R™) x Hy,Vt >0, (5.7)
and on any set-up (Q, F, P, {F:},, B), the process
X = F(¢, B)

solves the SDE. H, is the augmentation of H; with respect to the Wiener
measure.
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Existence and uniqueness results in the strong sense can be proven in
a very similar way as in the case of ordinary differential equations, using
Gronwall’s inequality and the Picard iteration scheme.

The general approach is to assume local Lipshitz conditions, to prove
existence of solutions for finite times, and then glue solutions together
until a possible explosion.

Let us give the basic uniqueness and existence results, essentially due
to Ito.

Theorem 5.2.1 Assume that o and b are bounded measurable, and that
i addition there exists an open set U C R, and T > 0, such that there
exists K < oo, s.t.

lo(t, ) —a(t,y)| + [b(t, x) = (¢, y)| < Kl -yl (5:8)

forallx,y e Uyt <T. Let X,Y be two solutions of (5.2) (with the same
Brownian motion B), and set

T=inf{t >0: X, gUorY; U}. (5.9)
Then, if E[Xo — Yp]? = 0, it follows that
PIX(EAT) =Y (AT VO<t<T]=1. (5.10)

Proof. The proof is based on Gronwall’s lemma and very much like the
deterministic analog. We compute

E [Org?ict (X(sAT) —Y(s/\T))Q] (5.11)
< 2E | max, (/OSAT(U(U, X (u)) — o(u, Y(u)))dBu>2

+2E
0<s<t

e ([ b X0 — b0, ¥ () ]
<se [ [ otux0) - ot v )]
s [ 7 b X ) — bl Y ()P
<2+ a8 | [ " ) — Y (w)? i

< 2K2%(4+1t) /OtE[maX (X (uAT) —Y(u/\T))2ds] .

0<u<s

Note that in the first inequality we used that (a+b)? < 2a?+ 2b%, in the
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second we used the Schwartz inequality for the drift term and Doob’s
L2-maximum inequality for the diffusion term; the next inequality uses
the Lipshitz condition and in the last we used Fubini’s theorem.
Gronwall’s inequality then implies that
E X(tAT)=Y({tAT)?| =0.
max (X(¢AT) = Y(EAT)

This is most easily proven as follows: Let f be a non-negative function
that satisfies the integral equation f(t) < Kfot f(s)ds. Set F(t) =
fotf(s)ds. Then

0< (e K R() < e (KF() + 7(1) <0,

and hence e "8 F'(t) < 0, meaning that F(t) < 0. But since F is the
integral of the non-negative function f, this means that f(¢) = 0.

Thus we have in particular that Plmaxo<;<7 |X; — Yi| = 0] = 1 as
claimed. O

Finally, existence of solutions (for finite times) can be proven by the
usual Picard iteration scheme under Lipschitz and growth conditions.

Theorem 5.2.2 Let b,o satisfy the Lipshitz conditions (5.8) and as-
sume that

[b(t 2)* + [o(t, o) < K*(1+ [2f). (5.12)

Let € be a random vector with finite second moment, independent of By,
and let Fy be the usual augmentation, Fi, of the filtration associated with
B and &. Then there exists a continuous, Fi-adapted process X which
is a strong solution of the SDE with initial condition £&. Moreover, X
is square integrable, i.e. for any T > 0, there exists C(T, K), such that,
forallt < T,

E|X,|? < C(K,T)(1 + E|¢|?)eCED)E, (5.13)

Proof. We define a map, F, from the space of continuous adapted
processed X, uniformly square integrable on [0, T, to itself, via

F(X),=&+ /Otb(s,Xs)ds + /Ota(s,Xs)st. (5.14)

Note that the square integrability of F'(X) needs the growth conditions
(5.12)

Exercise: Prove this!

Asin (5.11)
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E ( sup (F(X); — F(Y)t))Q (5.15)

0<t<T

§2E<&ggr(47ﬂxg(wn»dBQ2>
+2E <0§135T (/Ot(b(Xs) - b(Ys))dS)2>

T
§2K2(1+T)/ E sup (X, —Y,)dt
0

0<s<t

and hence

E(wpﬁﬂxnﬂumﬁzsCZ%E(mm@anQ%

0<t<T 0<t<T
(5.16)
Thus, for n sufficiently large, F'™ is a contraction, and hence has a unique
fixed point which solves the SDE. O

Remark 5.2.1 The conditions for existence above are not necessary.
In particular, growth conditions are important only when the solutions
can actually reach the regions there the coefficients become too big.
Formulations of weaker hypothesis for existence and uniqueness can be
found for instance in [10], Chapter 14. Their verification in concrete
cases can of course be rather tricky.

We will now consider a weaker form of solutions, in which the solution
is not constructed from the BM, but the BM comes from the solution.
This is like in the martingale problem formulation, and we will soon see
the equivalence of the two concepts.

Definition 5.2.3 A stochastic integral equation
t

t
Xt:XO—i—/ a(s,Xs)st—i—/ b(s, X, )ds (5.17)
0 0

has a weak solution with initial distribution pu, if there exists a filtered
space (Q, F,P,{F;}), satisfying the usual conditions, and continuous
martingales X and B, such that

(i) B is an F-Brownian motion;

(il) Xo has law p;
(i) [ (|o(s, Xs)[? + [b(s, Xs)|)ds < 00, a.s., for all t;
(iv) (5.17) holds.



110 5 Stochastic differential equations

Definition 5.2.4 A solution of (5.17) is unique in law (or weakly unique),
if whenever X; and X, are two solutions such that the laws of X, and
X{, are the same, then the laws of X and X’ coincide.

Example. The following simple example illustrates the difference be-
tween strong and weak solutions. Consider the equation

t
X, = X, +/ sign(X,)dBs. (5.18)
0

Here we define sign(xz) = —1, if z < 0, and sign(x) = +1, if z > 0.
Obviously, [X]: = fot dt = t,, so for any solution, X;, that is a continuous
local martingale, Lévy’s theorem implies that X; is a Brownian motion,
if it exists. In particular, we have weak uniqueness of the solution.
Moreover, we can easily construct a solution: Let X; be a Brownian
motion and set

t
Btz/ sign(X;)dXs. (5.19)
0

Then dB; = sign(X;)dX,, and hence

t t t
/ sign(X,)dB, = / sign(X,)%dX, = / dX, = X; — Xo,
0 0 0

so the pair (X, B) yields a weak solution! Note that the Brownian
motion is constructed from X, not the other way around! On the other
hand, there is no path-wise uniqueness: Let, say, Xo = 0. Then, if
X; is a solution, so is —X;. Of course being Brownian motions, they
have the same law. Note that the corresponding B; in the construction
above would be the same. Moreover, the Brownian motion of (5.19)
is measurable with respect to the filtration generated by |X;| which
is smaller than that of X;; thus, X; is not adapted to the filtration
generated by the Brownian motion. Hence we see that there is indeed
not necessarily a solution of this SDE for any B, and so this SDE does
not have a strong solution.

Remark 5.2.2 The example (and in particular the last remark) is hid-
ing an interesting fact and concept, that of local time. This is the content
of the following theorem due to Tanaka:

Theorem 5.2.3 Let X be a continuous semi-martingale. Then there
exists a continuous increasing adapted process, {ls,t > 0}, called the
local time of X at 0, such that

t
|Xt|—|X0|:/ sign(X,)dX, + 4. (5.20)
0
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by grows only when X is zero, i.e.

t
/ 1x, 20005 = 0. (5.21)
0

Proof. The proof uses It6’s formula and an applroximation of the abso-
lute value by C*° functions. Chose some non-decreasing smooth funtion
¢ that is equal to —1 for x < 0 and equal to +1 for x > 1. Then take
fn(z) suc that f](z) = ¢(nz) with f,(0) = 0. Then It6’s formula gives

P00 = £u%0) = [ XX+ 3 [ pixax. (522)

We denote the last term by C}'. Clearly C}* is non-decreasing, and since
f"" vanishes outside the interval [0,1/n], we have that

t
/ ]IXSQ[Oyl/n]dC;L =0. (5.23)
0

It is also important to note that f,(z) converges to |z| uniformly, and
fn converges to the sign from below.

To prove the convergence of C}*, we just have to proce the convergence
of the stochastic integrals.

Now consider the canonical decomposition of the semi-martingale X; =
Xo + M; + A;, where A; can be assumed of finite variation and M;
bounded; otherwise use localisation. We bound the stochastic integrals
with respect to M; and A; seperately. The first is controlled be the

bound
<B [ (sign(x) - £100)° diM]..
0

(5.24)
By the uniform convergence of the integrand to zero, it follows that
the right-hand side tends to zero. Then Doob’s maximum inequatlity

implies that

P (sup > 5] < E*QIE/ (sign(Xs) — f,
t<oo 0

(5.25)

which tends to zero with n. Taking possibly subsequences, we get almost

Am@mmnguxgst

2

Aw@@uaﬂamwm

sure convergence of the supremum, possibly by choosing subsequences.

The control of the integral with respect to A; is similar and simpler.
Note that the convergence of f/ is monotone. From here the claimed
result follows easily. O

(Xs))" d[M]s,
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Note that this theorem implies that in the example above, B; =
| X¢| — ¢, and since ¢; depends only on |X|, the measurability properties
claimed above hold.

The connection between weak and strong solutions is clarified in the
following theorem due to Yamada and Watanabe. It essentially says
that weak existence and path-wise uniqueness imply the existence of a
strong solution, and in turn weak uniqueness.

Theorem 5.2.4 An SDE is exact if and only if

(i) there exists a weak solution, and
(i1) solutions are path-wise unique.

Then uniqueness in law also holds.

The proof of this theorem may be found in [14]

5.3 Weak solutions and the martingale problem

We will now show a deep and important connection between weak solu-
tions of SDEs and the martingale problem.

The remarkable thing is that these issues can be cooked down again
to the study of martingale problems. We do the computations for
the one-dimensional case, but clearly everything goes through in the
d-dimensional case exactly in the same way.

Let us first observe that, using It6’s formula, given that the equation
(5.2) has a solution, then it is a solution of a martingale problem.

Lemma 5.3.5 Assume that X solves (5.2). Define the family of oper-
ator Gy on the space of C*°-functions f : R — R, as
1 d?

d
= — 2 _ _
G = 57 (t,x) s +b(t,x) e (5.26)

Then X is a solution of the martingale problem for G.

Remark 5.3.1 We need here in fact a slight generalisation of the no-
tion of martingale problems in order to include time-inhomogeneous pro-
cesses. For a family of operators G with common domain D, we say that

a process Xy is a solution of the martingale problem, if for all f:S — R
in D,

X0 - / (Gaf)(X.)ds (5.27)

is a margingale. A simple way of relating this to the usual martingale
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problem is to consider an process (¢, X;) on the space Ry x S. Then
the operator G = (0r + G) can be seen as on ordinary generator with
domain a subset of B(Ry x S). If f is in this domain, the martingale
should be

Mtzf(t,Xt)—f(O,Xo)—/O (00 F(5, X5) + (Gof)(s, Xo))ds.  (5.28)

Restricting the domain of G to functions of the form f(t,x) = v(t)g(z),
this reduces to

My = g(Xi)v(t) — 9(Xo0)g(0) — /0 (0s7(8)g(Xs) + (Gs9)(Xs, 5)7(s)) ds.

(5.29)
We see immediately, by setting v(t) = 1, that is (¢, X;) makes (5.29)
a martingale, then X; solves the time dependent martingale problem
(5.27). On the other hand it is also easy to see that if X; makes (5.27)
a martingale then (¢, X;) makes (5.29) a martingale. Note that we have
seen this already in the special case y(t) = exp(At).

Proof.  For later use we will derive a more general result. Let f :
R x R — R. We use It0’s formula to express

t t
F(6,X0) — £(0,Xo) = /O 0 (s, X.)ds + /0 0 (5, X,)dX, (5.30)

vy [ 02506 X1,
Now
dXs = b(s,Xs)ds + o(s, Xs)dBs.
We set

t
M; =X, — / b(s, Xs)ds
0

and note that this is by (4.25) equal to fot o(s,Xs)dBs, and hence a
martingale. Moreover,

[M], = /Oto(s,Xs)Qd[B]s = /Oto(s,Xs)2ds.

Hence
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t
£ X0) — £(0, Xo) :/0 D0 f (5, Xo)b(s, X.)ds
t 1 tU S 2 S S
+ [oustsxis g [ ot X002 (5, X)a

t
+ / Do (5, X,)dM,,
0

or

f(taXt)_f(OaXO)_/O [asf(saXs+(Gf)(S’Xs)]ds = _/0 amf(SaXs)dMSa
(

5.31)
where the right-hand side is a martingale, which means that X solves
the martingale problem, as desired. O

This observation becomes really useful through the converse result.

Theorem 5.3.6 Assume that b and o are locally bounded as above and
assume that in addition o~ is locally bounded. Let Gy be given by (5.26).
Assume that X is a continuous solution to the martingale problem for
(G, 6z,), then there exists a Brownian motion, B, such that (X, B) is a
solution to the stochastic integral equation (5.2).

Proof. We know that for every f € C*(R),
10X = %) [ (G x5 (5:32)
is a continuous martingale. Choosing f(x) = x, it follows that
X — Xo — /Ot b(s, Xs)ds = M, (5.33)

is a continuous martingale. Essentially we want to show that this mar-
tingale is precisely the stochastic integral term in (5.2). To do this, we
need to compute the bracket of M. For this we consider naturally (5.32)
with f(x) = z%. To simplify the notation, let us assume without loss of
generality that Xy = 0. This gives

t t
X? — 2/ Xb(s, X,)ds — / o?(s, X,)ds = M, (5.34)
0 0

where M is a martingale. Thus
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2

t t
M? = X? — 2Xt/0 b(s, Xs)ds + (/0 b(s,XS)ds> (5.35)

t t
= 2/ Xsb(s,Xs)ds+/ o?(s, X)ds + M,
0 0

t t 2
_ 2Xt/ b(s, Xs)ds + (/ b(s,XS)ds)
0 0
2

2/; X.b(s, X,)ds — 2X, /Otb(s,Xs)ds + </Ot b(s,Xs)ds> (5.36)

is also a martingale. By partial integration,

t t t s
/ Xsb(s, Xs)ds = Xt/ b(s, Xs)ds — / / b(u, X, )dudX.
0 0 o Jo

Thus (5.36) equals

—2 /Ot /O b(u, X,)dudX, + (/Ot b(s,Xs)ds)Q

t s
= —2/ / b(u, X, )dudMs,
o Jo

which is a martingale. Hence

I claim that

M? — /t o?(s, X,)ds (5.37)
0
is a martingale, so that by definition of the quadratic variation process,
/t o?(s, X,)ds = [M];.
0
Now set

B(t)/o ﬁdMs.

Then
B~ [ o =t

so by Lévy’s theorem, B(t) is Brownian motion, and it follows that X
solves (5.2) with this particular realization of Brownian motion. O

We can summarize these findings in the following theorem.



116 5 Stochastic differential equations

Theorem 5.3.7 Let PY be a solution of the martingale problem associ-
ated to the operator G defined in (5.26) starting in y. Then there exists
a weak solution of the SDE (5.2) with law PY. Conversely, if there is
a weak solution of (5.2), then there exists a solution of the martingale
problem for (5.26). Uniqueness in law holds if and only if the associated
martingale problem has a unique solution.

In other words, solutions of our stochastic integral equation are Markov
processes with generator given by the closure of the second order (ellip-
tic) differential operator G given by (5.26). To study their existence and
uniqueness, we can use the tools we developed in the theory of Markov
processes. Note that we state the theorem without the boundedness as-
sumption on ¢! from Theorem 5.3.6, which in fact can be avoided with
some extra work.

As a consequence, we sketch two existence and uniqueness results for
weak solutions.

Theorem 5.3.8 Consider the SDE with time-independent coefficients,
dXt = b(Xt> + O'(Xt)dBt, (538)

in R where the coefficients b; and o045 are bounded and continuous. Then
for any measure p such that

/ 2™ u(d) < o, (5.39)

for some m > 0, there exists a weak solution to (5.38) with initial mea-
sure fi.

Proof. We only have to prove that the martingale problem with gener-
ator

1
GFy) =D _biw)if(v) + 5 > oin()or; (1905 f (),
i i5,k
for f € C2(R?%) has a solution. To do this, we construct an explicit
solution for a sequence of operators G(™) that converge to G and deduce

from this the existence of the solution of the martingale problem for G.

To do this, let t;n) = 727" and set ¢, (t) = t§")ﬂte

y .. Then set
)

B (t,y) = b(y(dn(t), o (ty) = o(y(n(t)).
Then define the processes Xt(n) by
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xM=c¢ (5.40)
X{ = X0+ X = 1) + (X0 (Be = By )t € (57,6701,

We will denote the laws of the processes X ™ by P(™ . One easily verifies
that the processes X (™) solves the integral equation

t t
X0 =+ [B06 Xt [ XNaB,. 54
0 0

But then X (™) solves the martingale problem for the (time dependent)
operator

(G f) zw Ly f(y za vy (£.)9i0; £ (y(1)).

(5.42)
The first thing to show is that the laws of this family of processes are
tight. For this one uses the criterion given by Proposition ??7. The basic
ingredient is the following:

2m
E HXf”’ XM <ot —s)m (5.43)

for 0 < t,s < T, where (), is uniform in n and depends only on the
bound on the coefficients of the sde. Moreover,

E|X{V | < ¢!, < (5.44)
by assumption. To prove (5.43), we write
9 t 2m
E HXf’” x| <E / b (u, X)) du (5.45)
° t 2m
+E’ / on(u, X{M)dB, (5.46)
i 2m
< (t—s) wl, XE) T (5.47)
w€(s,t]
t 2 m
K, E ( / n(u, X5”>)H du) (5.48)
<Cm)(t—s)™ (5.49)

Here we used the inequality (valid for local martingales
E|M|*™ < K,,E[M]}", (5.50)

for the martingale fst o(u, X (”))dBu. This inequality is a special case



118 5 Stochastic differential equations

of the so-called Burkholder-Davis-Gundy inequality, which we will state
and proof below.

Then Prohorov’s theorem implies that the sequence is conditionally
compact, so that we can at least extract a convergent subsequence.
Hence we may assume that P(") converges weakly to some probabil-
ity measure P*. We want to show that the process whose law is P*
solves the martingale problem for the operator G.

For f € C2(R%), one checks that G™ f(y) — Gf(y). Then Lemma
(3.4.27) implies that P* is a solution of the martingale problem and
hence a weak solution of the sde exists. ]

Remark 5.3.2 Note that we cheat a little here. Namely, the opera-
tors G™ and the form of the approximating integral equations are more
general than what we have previously assumed in that the coefficients
b (t,y) and o™ (t,y) depend on the past of the function y and not
only on the value of y at time t. There is, however, no serious difficulty
in generalising the entire theory to that case. The only crucial property
that needs to be maintained is that the coefficients remain progressive
processes with respect to the filtration F;.

Remark 5.3.3 The preceeding theorem can be extended rather easily
to the case when b and ¢ are time-dependent, and even to the case when
they are bounded, continuous progressive functionals.

Remark 5.3.4 The boundedness conditions on the coefficients can be
replaced by the condition

) + llo()I* < K (1 + llyll?) , (5.51)

if the bound for the initial condition holds for some m > 1. The proof
is simiar to the one given above, but requires to bound a moment of
the maximum of X/* via a Gronwall argument together with the BDG
inequalities. I leave this as an exercise.

We now state the Burkholder-Davis-Gundy inequality.

Lemma 5.3.9 Let M be a continuous local martingale. Then, for every
m > 0, there exist universal constants kn,, K,, depending only on m,
such that, for any stopping time T,
2m
EnE[M] < ( up |Ms|> < K E[M]. (5.52)

0<s<T

Proof. The proof (which is taken from [14]) is based on the following
simple lemma, called the “good A inequality”.
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Lemma 5.3.10 Let XY be non-negative random variables. Assume
that there exists 8 > 1, such that for all A >, > 0,

P(X > B\Y <6A) < (P (X > N, (5.53)

where (0) L 0, as 6 | 0. Then for any function positive, increlasing

function F', such that sup,~g F;gf)) < 00, there exists a constant C' such

that

EF(X) < CEF(Y). (5.54)

Proof. 'The statement is non-trivial only if EF(Y) < co. We may also
assume that EF(X) < co. Now choose « such that for all z, F(xz/8) >
~F(z). Such a number must exist be hypothesis on F. We integrate
both sides of (5.53) w.r.t. F(d)\) and get, using partial integration,

$(5)EF(X) > / FANETy jsrex /s
0

X/B Y/§
E( [ ey - [ F(dm)

> EF(X/8) — EF(Y/6) > yEF(X) — EF(Y/3).

Now we solve this for EF(X) to get
EF(Y/9)

EF(X) < ————= 5.56
(X) = —— o) (5.56)
We can choose ¢ so small that ¢(0) < ~/. Then there exists p such
that F(x/0) < pF(z), for all x > 0. This proves the inequality with
C=2u/y. O
We have to establish the inquality (5.53) for X = MJ = sup,<p M,
and Y = [M ]1T/ ®. Recall that for any continuous martingale N; starting

in zero, for 7, = inf(t : N; = z), and a < 0 < b,

P(re <m) < —a/(b—a). (5.57)

Now fix > 1,A>0,and 0 < § < (8 —1). Set 7 = inf(t : |[My]| > N).
Define

Ny = (Mysr — M,)? = ((M]osr — [M],). (5.58)

One easily checks that N; is a continuous local martingale. Now cond-

sider the event {Mj > S, [M]IT/2 < dA}. Now on this event, we have
that

sup N; > (B — 1)2\2 — 5222, (5.59)

t<T

(5.55)

+
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and

inf N; > —6%\% (5.60)
t<T

This implies that on this event, N hits (8 — 1)2A% — §2A2 before —§2)\?,
and so by (5.57),
P (M7 > B, [MIY* < ONF,) < 6%/(8 - 1) (5.61)

From this it follows that

P (M7 = BA, [M]* < 6X) < 6%/(B=1)P (v < T) = d*/(B-1)"P (|M7] > 0A).
(5.62)
This proves (5.53) and hence
EF(M;) < CEF(IM]Y/?). (5.63)

The converse inequality is obtained by the same procedure but chosing
of Y = M and X = [M]}/>. 0

A uniqueness result is interestingly tied to a Cauchy problem.

Lemma 5.3.11 If for every f € C*(RY) the Cauchy problem
ou(t, )

ot
u(0,z) = f(z), zeR?

has a solution in C([0,00) x R¥) NCM2)((0,00) x RY) that is bounded in
any strip [0, T] x RY, then any two solutions of the martingale problem
for G with the same initial distribution have the same finite dimensional
distributions.

= (Gu)(t,z), (t,z) € (0,00) x R? (5.64)

Proof. Given the solution u let g(t,2) = u(T —t,z). Then g solves, for
0<t<T,
g(t, x)

5t +(Gsg)(t,2) =0, (t,x) € (0,00) x RY (5.65)

9g(T,x) = f(z), =z€ R?

Then it follows from (5.31) that g(¢, X;) is a local martingale for any
solution of the martingale problem. Hence

Emf(XT) = Ezg(Ta XT) = Ezg(oa XO) = g(oa :L'), (566)

is the same for any solution. This implies uniqueness of the one-dimensional
distributions. O

Now Theorem 3.4.25 implies immediately the following corollary:
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Corollary 5.3.12 Under the assumptions of the preceeding lemma, weak
uniqueness holds for the SDE corresponding to the generator G.

5.4 Weak solutions from Girsanov’s theorem

Girsanov’s theorem 4.4.11 provides a very efficient and explicite way of
constructing weak solutions of certain SDE’s.

Theorem 5.4.13 Consider the stochastic differential equation
dX: =0b(t, X)) +dB;, 0<t<T, (5.67)

for fized T. Assume that b : [0,T] x R? is measurable and satisfies, for
some K < 00,

[b(t, 2)[| < K (L + []). (5.68)
Then for any probability measure . on R there exists a weak solution

of (5.67) with initial law p.

Proof. Let X be a family of Brownian motions starting in € R under
laws P,.. Then

t 1 t
Z; = exp (/ b(s, Xs)-dX, — 5/ |b(s,Xs)||2ds) (5.69)
0 0

is a martingale under P,. Thus Girsanov’s theorem says that under the
measure Q, such that ‘fi%i = Zr, the process

t
Wy =X — Xo — / b(s, Xs)ds (5.70)
0

for 0 <t < T is a Brownian motion starting in 0. Thus we have a pair
(Xt, Wh) such that

t
Xt:X0+/ b(S,XS)dS+Wt, (571)
0

holds for 0 < ¢t < T, and W; is a Brownian motion, under Q.. This
shows that we have a weak solution of (5.67). O

A complementary result also provided criteria for uniqueness in law.

Theorem 5.4.14 Assume that we have weak solutions (XO W@y =
1,2, on filtered spaces (Q@), F@) PO .7-',5(1)), of the SDE (5.4.13) with the
same initial distribution. If

P@®

T .
/ b, X )2dt < oo‘| =1, (5.72)
0
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fori=1,2, then (XM, W) and (X@, W) have the same distribu-

tion under their respective probability measures P .

Proof. Define stopping times

7 =T Ainf {o <t<T: / b, X 2dt = k} . (5.73)
0
We define the martingales
) t/\r,ii) ) ) 1 t/\r,ii) )
00 = e (= [ b xOaw -5 [ bs xO) s
0 0

' (5.74)
and the corresponding transformed measures ]P’,(;). Then by Girsanov’s
theorem,

()
. . Tk . .
X9 =x / b(s, XD)ds + W
0

t/\r,ii) - t/\r,ii) (575)
is a Brownian motion with unital distribution u, stopped at T,ii). In
particular, these processes have the same law for i = 1,2. Now the w®
and the stopping times T,El) can be expressed in terms of these processes,
and probabilities of events of the form

() W) () Wiy e T = 1),

t1

for any collections t; < ty < --- < t,, thus have the same probabilipies.
Passing to the limit & 1 oo using that due to our assumption, P(*) [T,El) =
T] — 1 we get uniqueness in law for the entire time interval [0,7]. O

5.5 Large deviations

In this section we will give a short glimpse in what is know as the theory
of large deviations large deviations in the context of simple diffusions.
I will emphasize the use of Girsanov’s theorem and skid over numerous
other interesting issues. There are many nice books on large deviation
theory, in particular [?, 7, ?].

We begin with a discussion of Schilder’s theorem for Brownian motion.

A we know very well, a Brownian motion By starting at the origin will,
at time ¢, typically be found at a distance not greater than v/t from the
origin, in particular, B;/t converges to zero a.s. We will be interested
in computing the probabilities that the BM follows an exceptional path
that lives on the sale t. To formalize this idea, we fix a time scale T
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(which we might also call 1/¢), and a smooth path + : [0,1] — R%. We
want to estimate

P | sup [|T7'Byr —y(s)] <e|. (5.76)

0<s<1

It will be convenient to adopt the notation || f|le = supg<.<q [If(s)]]-
We will first prove a lower bound on the probabilities of the form (5.76).

Lemma 5.5.15 Let B be Brownian motion, set BT = T~'Br,, and let
v be a smooth path in R starting in the origin. Then
1 1
. . —1 T _ : 2
i Jin 7 0P (|57~ <] 2 ~10) = =5 [ 3PS
(5.77)
Proof. For notational simplicity we consider the case d = 1 only. Note

that BT = T~'B,r has the same distribution as T-'/2B,. Thus we
must estimate the probabilities

P Eglf 1B: —VT(1)] < ﬁ} . (5.78)

To do this, we observe that by Girsanov’s theorem, the process
B, =B —VT(t) (5.79)
is a Brownian motion under the measure Q defined through
2 e (VT [ s - F [ ). (5.50)
Hence
P[|B — VTl < VTe| (5.80)
= P[I1B < VTe]
= Eq [enVT R OB L IHOdo g o ]

1 Blloc <VTe

_ —\/Tl'sdgs—%l'szds _
= Ey {e Jo () S5 HHBHOOS\/TE}

— 67% fol ”'V”Q(S)dSQ |:||§||oo S \/TE:| EQ |:eﬁfol’.7(5)d§s

Bl < ﬁ]

— o= 5 o IF@Pdsp [||BHOO < ﬁg} Ep [e—ﬁf(} 3(s)dBs

1Bl < VT

Now we may use Jensen’s inequality to get that
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Ep [e“/ffo1 Y(s)dBs

I1B]loo < \/Tg} (5.82)

> exp (ﬁEP [/01 ¥(s)dBs

On the other hand, it is easy to see, using e.g. the maximum inequality,
that, for any € > 0,

1Bl < T]) _1

%iTm P {I\Bllm < \/Ta} =1. (5.83)
Hence,
1 t
liin T 0P (1B = VT o < VTE] 2 —5/ i(s)l2ds,  (5.84)
o 0

which is the desired lower bound. OJ

To prove a corresponding upper bound, we proceed as follows. Fix
n € N and set ty, = k/n, k=0,...n. Set & = T/n. Let L be the linear
interpolation of BI such that for all tx, B}, = L¢,. Then

P [HBT — Lo > 5] < ZP [ max  ||BI — L|| > (5}
k=1

t—1<t<ty
< nP | max ||Bf — L] > 5]
|0<t<a

[ t
=nP | max ||Bt — —Ba| > (5\/T]
o

0<t<a«

[ t
< nP | max ||B; — —B,| > 6\/T]
a

- [0<t<a

< nP | max ||B|| > 5\@/2} :
[0<t<a

where we used that maxo<i<q || Bi—% Ba| > @ implies that maxo<i<q || Bel| >
x/2. The last probability can be estimated using the following exponen-
tial inequality (for one-dimensional Brownian motion)
2
Tt
P[ sup |Bs| > xt] < 2exp (——) (5.85)
0<s<t 2
which is obtained easily using that Z; = exp (oth — %oﬂt) is a martin-
gale and applying Doob’s submartingale inequality (see the proof of the

Law of the iterated logarithm in [?]).
This gives us
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P | max | By > 5@/2} < dP {max |By| > 6VT/2Vd| (5.86)
0<t<a 0<t<a

< = 2de” 52;;T
and so
2,2
P [|| BT = L|oo > 8] < n2e” 37 (5.87)

which can be made as small as desired by choosing n large enough.

The simplest way to proceed now is to estimate the probability that
the value of the action functional, I, on L, has an exponential tail with
rate T, i.e. that, for n large enough,

limsup 7~ InP[I(L) > \] < \. (5.88)
TToo

This is proven easily using the exponential Chebyshev inequality, since

9 1 dn
= ﬁ;nf

where 7, are iid standard normal random variables. But

n n
=5 |8, - BL
k=1

Eepniz < Ck < 00,

for all p < 1, and so

P

dn

1 v 2

T A] < e PTEer Dt i /2 (5.89)
i=1

< —pAT ~nd
<e Cp

for all p < 1, and so (5.88) follows, for any n.
We can deduce from the two estimates the following version of the
upper bound:

Proposition 5.5.16 Let Ky ={¢: I(¢) < A\}. Then

limsup 7' InP [dist(BT,K,) > §] < —A. (5.90)
TToo
Clearly the meaning of this proposition is that the probability to find
a Brownian that is not near a path whose action is less than A has
probability less than exp(—A\T).
The two bounds, together with the fact that the levels sets K (of T
are compact (a fact we will not prove), imply the usual formulation of a
large deviation principle:
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Theorem 5.5.17 For any Borel set A C W,

. < bimi —1 T .
’YeliIIIIEAI((b)_th%;IfT InP [B" € A] (5.91)

<limsupT 'InP [BT € A] < — inf I(9),
T1oo yEA

where int A and A denote the interior respectively closure of A.

The next step will be to pass to an analogous result for the solution
of the SDE (5.67) with a scaled down Brownian term. i.e. we want to
consider the equation

t
X, =T7'?B, +/ b(X,)ds. (5.92)
0

(for notational simplicity we take zero initial conditions). The easiest
(although somewhat particular) way to do this is to construct the map
F:W —= W, as

F(y) =1, (5.93)

where f is the solution of the integral equation
t
16 = [ br(s)ds +4(0), (5.94)
0
We may use Gronwall’s lemma to show that this mapping is continuous.
Then X = F(BT), and
PX € A]=P[BT ¢ F~1(4)]. (5.95)

Hence, since the continuous map maps open/reps. closed sets in open/resp.
closed sets, we can use LDP for Brownian motion to see that

PIX € AJ< sup I(y)= sup I(y)=supl(F'()),  (5.96)

~yEF—1(A) F(y)€A ~EA

and similarly for the lower bound. Hence the process X7 satisfies a large

deviation principle with rate function I(vy) = I(F~!(v)), and since

F()(t) = 7(t) - / b(2)ds,

i) =5 [ 15— bl ds (5.97)

This transportation of a rate function from one family of processes to
their image is called sometimes a contraction principle.
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Properties of action functionals . The rate function I(v) has the
form of a classical action functional in Newtonian mechanics, i.e. it is
of the form

t
10) = [ £6()3(5), )i (599)
0
where the Lagrangian, £, takes the special form
L(v(s),7(5), ) = [17(5) = b(v(s), 5)|I3- (5.99)

The principle of least action in classical mechanics then states that the
systems follows a the trajectory of minimal action subject to boundary
conditions. This leads to the Euler-Lagrange equations,

d 0 . 0 .
In our case, these take the form
0 = 2o0),0) + b0, 0= b 1)1 (5.101)

One can readily identify a special class of solution of this second order
equation, namely solutions of the first order equations

V() = b(y(t), 1), (5.102)

which have the property that they yield absolute minima of the action,
I(v) = 0. Of course, being first order equations, they admit only one
boundary or initial condition.

Typical questions one will ask in the probabilistic context are: what
is the probability of a solution connecting a and b in time ¢t. The large
deviation principle yields the ansert

-1 .

P Xo —al <d,|X: —b] <] ~exp (5 7:7(0)1—sz,w(t)—b1(7)) ;

(5.103)
which leads us to solve (5.101) subject to boundary conditions v(0) =
a,y(t) = b. In general this will not solve (5.102), and thus the optimal
solution will have positive action, and the event under consideration
will have an exponentially small probability. On the other hand, under
certain conditions one may find a zero-action solution if one does not fix
the time of arrival at the endpoint:

P[|Xo —a|] <d,|X: — b] < 0, for somet < oo

~ exp (51 inf 1(7)) : (5.104)

~v:v(0)=a,v(t)=b,for some too
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Clearly the infimum will be zero, if the solution of the initial value
problem (5.102) with v(0) = a has the property that for some t < oo,
~v(t) =b, or if y(t) — b, as t T 0.

Exercise. Consider the case of one dimension with b(z) = —z. Com-
pute the minimal action for the problem (5.103) and characterize the
situations for which a minimal action solution exists.

A particularly interesting question is related to the so called exit prob-
lem. Assume that we we consider an event as in (5.104) that admits an
zero-action path «, such that v(0) = a,y(T) = (b). Define the time
reversed path 4(t) = y(T —t). Clearly 44(t) = —4(T — t). Hence a
simple calculation shows that

T
1) = I(v) = 2/0 b(v(s)) - (s)ds :/b(v)d'y. (5.105)

Let us now specialize to the case when the vector field b is the gradient
of a potentia, b(z) = VF(z). Then
/ b(y)dy = F(y(T)) = F(v(0)) = F(b) — F(a). (5.106)
.
Hence

1(3) = I(7) + F(b) — F(a), (5.107)

If I(v) = 0, then I(¥) = F(b) — F(a), and this is the miminal possible
value for any curve going from b to a. This shows the remarkable fact
that the most likely path going uphill against a potential is the time-
reversal of the solution of the gradient flow. Estimates of this type are
the basis of the so-called Wentzell-Freidlin theory [?].

5.6 SDE’s from conditioning: Doob’s h-transform

With Girsanov’s theorem we have seen that drift can be produced through
a change of measure. Another important way in which drift can arise
is conditioning. We have seen this already in the case of discrete time
Markov chains. Again we will see that the martingale formulation plays
a useful role.

As in the discrete case, the key result is the following.

Theorem 5.6.18 Let X be a Markov process, i.e. a solution of the
martingale problem for an operator G and let h be a strictly positive
harmonic function. Define the measure P" s.t. for any F; measurable
random variable,
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L

BLY] = s

E.[h(X)Y]. (5.108)
Then P" is the law of a solution of the martingale problem for the oper-

ator G" defined by
1
G" = ——(Lhf)(x). 5.109
(6" 1)) = 5 (B 1)) (5.109)
As an important example, let us consider the case of Brownian motion
in a domain D C R?, killed in the boundary of D. We will assume that

D is a harmonic function in D and let 7p the first exit time of D. Then

1 Vh
Gh=-A4+-—.V
2 + h ’
and hence under the law P, the Brownian motion becomes the solution
of the SDE
Vh(X:)
h(Xt)

dX; = dt + dB;. (5.110)

On the other hand, we have seen that, if h is the probability of some
event, e.g.

H(z) =P,[X,, € 4],
for some A € 0D, then
P[] =P[|X;, € 4] (5.111)

This means that the Brownian motion conditioned to exit D in a given
place can be represented as a solution of an SDE with a particular drift.
For instance, let d = 1, and let D = (0, R). Consider the Brownian
motion conditioned to leave D at R. It is elementary to see that

P.[X;, = R] = z/R.
Thus the conditioned Brownian motion solves

1
dX; = —dt + dB,. (5.112)
Xt

Note that we can take R T oo without changing the SDE. Thus, the
solution of (5.112) is Brownian motion conditioned to never return to
the origin. This is understandable, as the strength of the drift away
form zero goes to infinity (quickly) near 0. Still, it is quite a remarkable
fact that conditioning can be exactly reproduced by the application of
the right drift.
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Note that the process defined by (5.112) has also another interpreta-
tion. Let W = (Wy,...,Wy) be d-dimensional Brownian motion. Set
R, = ||[W(t)||]2. Then Ry is called the Bessel process with dimension d.
It turns out that this process is also the (weak) solution of a stochastic
differential equation, namely:

Proposition 5.6.19 The Bessel process in dimension d is a weak solu-
tion of
d—1
2R,

dR: = + dB;. (5.113)
Proof.  Let us first construct the Brownian motion B; from the d-
dimensional Brownian motions W as follows. Set

. t .
BY E/ W;%(s) dW;(s)
0 s

and
d

B, =Y B

=1

)

The processes in B,g are continuous square integrable martingales since

Moreover the
N NAON
— () U, — MEAY) _
[Bhf}ijj[B ’B”t%:/o ( i ) ds =,

so by Lévy’s theorem, B is Brownian motion. Thus we can write (5.113)
as

1 1d-—1
dRy = —dW;(t) + = dt.
t ; Rt z( ) + 2 Rt
But this is precisely the result of applying It6’s formula to the function
f(W) = ||W||2. Note that this derivation is slightly sloppy, since the
function f is not differentiable at zero, but the result is correct anyway

(for a fully rigorous proof see e.g. [11], Chapter 3.3). O

In particular, we see that the one-dimensional Brownian motion condi-
tioned to stay strictly positive for all positive times is the 3-dimensional
Bessel process. This shows in particular that in dimension 3 (and triv-
ially higher), Brownian motion never returns to the origin. Looking at
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the SDE describing the Bessel process, one might guess that the value of
d, as soon as d > 1, should not be so important for this property, since
there is always a divergent drift away from 0. We will now show that
this is indeed the case.

Proposition 5.6.20 Let R; be the solution of the SDE (5.113) with
d > 2 and initial condition Ry =r > 0. Then

P[Vt>0: R, >0] =1. (5.114)

Proof. Let first r > 0. Let
mn=inf {t >0: R, =k F},

or =inf{t >0: R, =k}

and Ty, = 7; A o, An. Now use It6’s formula for the function h(Rr,),
where h(z) = =271, if (d —1)/2 = a # 1, and h(z) = Inz, if
d = 2. The point is that h is a harmonic function w.r.t. the operator

2 . . .
G= # +at L and hence h(R;) is a martingale. Moreover, since T}

x dx’
is a bounded stopping time, it follows that
E, [h (Rg,)] = h(r). (5.115)
Finally,
E, [h (R7,)] = h(k)P. [Ty = ox] + h(k~®)P.[T}, = 71.] + h(B,,)P, [T} = n].
(5.116)
Hence
h(r) (e Dkpmatl - ifd £ 2,
Pl =1 < ——= < 5.117
[T = 7 h(k=Fk) {kl?nrk, ifd = 2. (5:-117)

Now all what is left to show is that Pln < 74 A og] | 0, as n T co. But
this is obvious from the fact that R; > r + By, and Py[B; < n] tends to
zero as n T oo. Hence,

lim P, [Ty = 73] = Pp[1% < o]

nToo

which in turn tends to zero with k. Now set 7 = inf{t > 0 : B, = 0}.
For every k, 7, < 7, so that, again since o 1 00, a.s.,

Plr < oo] < ]lle P.lr < og] < ]gm P, [1 < ox] = 0. (5.118)

This proves the case » > 0. For r = 0, just use that, by the strong
Markov property, for any ¢ > 0,



132 5 Stochastic differential equations

Po[R: > 0,Ve <t < 00| =EogPp_[[R: >0,V0<t <] =1, (5.119)
since Pg[R. > 0] = 1. Finally let € | 0 to complete the proof. O

Remark 5.6.1 The method used above is important beyond this ex-
ample. It has a useful generalization in that one need not chose for h a
harmonic function. In fact all goes through if h is chosen to be super-
harmonics. In many situations it may be difficult to find a harmonic
function, whereas one may well be able to to find a useful super-harmonic
function.
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